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                    Abstract
This paper presents a poro-visco-elastic-plastic damageable model for saturated frozen soils within a rigorous theoretical framework. The effective fluid pressure, obtained considering the interfacial energy, is combined with the total Cauchy stress in order to formulate the hydro-mechanical effective stress applied to a soil skeleton. On the other hand, a two-stress variable constitutive relationship is adopted for saturated frozen soils to describe the essential features of frozen and unfrozen behaviour. Based on the continuum damage theory, the cross-anisotropic damage variables for saturated frozen soils are deduced. The proposed damage criterion and the new nonlinear damage surface for saturated frozen soils are all governed by the second invariants of the “double effective stress”, which combines the damaged effective stress with the effective hydro-mechanical stress. The validity of the visco-elasto-plastic model with no damage is verified by comparing its modelling results with experimental results obtained from uniaxial creep tests.
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                              \(\phi \), \(\phi _{0} \)
                           :
	
                    Overall and initial Lagrangian porosity

                  
	
                    \(\varphi _{\alpha } \)
                  :
	
                    Volume change of phase \(\alpha \)due to deformation of the porous space

                  
	
                    \(\varvec{\varepsilon }\)
                  :
	
                    Strain tensor

                  
	
                    \(p_{\alpha } \)
                  :
	
                    Fluid pressure of phase \(\alpha \)

                  
	
                              \(\Psi _{s} \),\(\mathcal {Q}_{s} \)
                           :
	
                    Free energy and entropy density of the soil skeleton

                  
	
                    T
                  :
	
                    Absolute temperature

                  
	
                    \(S_{\alpha } \)
                  :
	
                    Lagrangian saturation degree of phase \(\alpha \)

                  
	
                              \(\varepsilon _{ij} / \varepsilon _{ij}^{e} \),\(\varepsilon _{ij}^{ve} \),\(\varepsilon _{ij}^{vp} \)
                           :
	
                    Total strain/elastic, visco-elastic and visco-plastic strain

                  
	
                              \(\sigma _{m} \),\(s_{ij} \)
                           :
	
                    Hydrostatic and deviatoric components of the stress tensor

                  
	
                              \(\varepsilon _{v} \),\(e_{ij} \)
                           :
	
                    Volumetric dilation and deviatoric components of the strain tensor

                  
	
                              \(\hat{{p}}_{\alpha } \),\({\hat{p}}'_{\alpha } \)
                           :
	
                    Effective and double effective liquid pressure of phase \(\alpha \)

                  
	
                    \(W_{s} \)
                  :
	
                    Free energy of the solid matrix

                  
	
                              \({\sigma }\), \({\tilde{{\sigma }}}_{b} \)
                           :
	
                    Cauchy stress and “double effective stress”

                  
	
                              K,\(K_{s} \),\(K_{\hbox {mix}} \)
                           :
	
                    Bulk modulus of soil skeleton, soil matrix and frozen soil

                  
	
                    G
                  :
	
                    Shear modulus of soil skeleton

                  
	
                              \(\alpha \),\(\alpha _{J} \),\(\alpha _{s} \)
                           :
	
                    Volumetric thermal dilation coefficient of the solid skeleton, pore volume occupied by phase J and soil matrix

                  
	
                              \(b_{J} \),\(N_{JK} \)
                           :
	
                    Generalized Biot coefficients and generalized Biot coupling moduli

                  
	
                              \(T_{m} \),\(\Sigma _{m} \)
                           :
	
                    Melting point and melting entropy

                  
	
                    U
                  :
	
                    Interfacial energy

                  
	
                    \(\Gamma \)
                  :
	
                    \(\Gamma \) function

                  
	
                    \(e_{0} \)
                  :
	
                    Initial void ratio

                  
	
                              \(\mathcal {K}\),\(\mathcal {G}\)
                           :
	
                    Visco-elastic skeleton bulk and shear moduli

                  
	
                    \(F_{vp} \)
                  :
	
                    Loading surface (visco-plastic potential function)

                  
	
                              \(\Phi ^{ve}\),\(\Phi ^{vp}\)
                           :
	
                    Visco-elastic and visco-plastic dissipation potential

                  
	
                              \(\varsigma \),\(\eta _{1} \)
                           :
	
                    Volumetric viscous coefficient and the shear viscous coefficient

                  
	
                    \(U^{ve}\)
                  :
	
                    Trapped energy depending on the visco-elastic strain

                  
	
                              \(\dot{{p}}\), \(\gamma _{v}^{vp} \)
                           :
	
                    Visco-plastic distortion rate, cumulated equivalent visco-plastic volumetric strain

                  
	
                              \(\gamma \), \(\gamma _{0} \)
                           :
	
                    Fluidity parameter at current state and reference temperature

                  
	
                    \(\Phi _{d} \)
                  :
	
                    Damage dissipation

                  
	
                    \({\varvec{D}}/D\)
                  :
	
                    Damage variable

                  
	
                    \({\varvec{Y}}\)
                  :
	
                    Damage strain energy release rate

                  
	
                              \(\tilde{{E}}\), \(\tilde{{\nu }}\)
                           :
	
                    Effective Young’s modulus and Poisson’s ratio

                  
	
                              \(F_{d} / f_{d} \), \(G_{d} \)
                           :
	
                    Damage criterion, damage surface

                  
	
                              \(\tilde{{\sigma }}_{\hbox {d}} \),\(\sigma _{\hbox {d}t} \)
                           :
	
                    Second invariants of \({\tilde{\varvec{\sigma }}}_{b} \), damage threshold at current time

                  
	
                              \(\tilde{{p}}_{n} \),\(\tilde{{q}}\)
                           :
	
                    Mean effective solid stress and effective equivalent Von Mises stress

                  
	
                    \(\mu \)
                  :
	
                    Damage flow coefficient
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Appendices
Appendix I: Deriving the equation linking \(\varepsilon _{v} \) and \(\hat{{p}}_{\alpha } \)
                        
We assume that the pores are fully saturated by liquid water before the porous material is exposed to low temperatures, and the current total mass of liquid water and ice crystals per unit of initial volume \(d\Omega _{0} \) is
$$\begin{aligned} m_{w} =\rho _{i} \phi _{i} +\rho _{w} \phi _{w} =\rho _{i} (\phi _{0} S_{i} +\varphi _{i} )+\rho _{w} (\phi _{0} S_{w} +\varphi _{w} ). \end{aligned}$$

                    (I.1)
                

The first term of Eq. (I.1) can be rewritten as follows:
$$\begin{aligned} \rho _{i} (\phi _{0} S_{i} +\varphi _{i} )=(\rho _{i} -\rho _{w} +\rho _{w} )(\phi _{0} S_{i} +\varphi _{i} )=(\rho _{i} -\rho _{w} )(\phi _{0} S_{i} +\varphi _{i} )+\rho _{w} \phi _{0} S_{i} +\rho _{w} \varphi _{i}. \end{aligned}$$

                    (I.2)
                

Substitution of Eq. (I.2) in (I.1) provides:
$$\begin{aligned} m_{w} =\rho _{w} \phi _{0} +(\rho _{i} -\rho _{w} )(\phi _{0} S_{i} +\varphi _{i} )+\rho _{w} \varphi _{i} +\rho _{w} \varphi _{w} =\rho _{w} \phi _{0} +(\rho _{i} -\rho _{w} )\phi _{0} S_{i} +\rho _{w} \varphi _{w} +\rho _{i} \varphi _{i}. \end{aligned}$$

                    (I.3)
                

Since the water is not allowed to escape from the soil sample upon loading, the total mass \(m_{w}\) remains equal to the initial water mass \(\rho _{w} \phi _{0} \). Therefore, we have:
$$\begin{aligned} (\rho _{i} -\rho _{w} )\phi _{0} S_{i} +\rho _{w} \varphi _{w} +\rho _{i} \varphi _{i} =\rho _{w} \left[ {(\frac{\rho _{i} }{\rho _{w} }-\text{1 })\phi _{0} S_{i} \text{+ }(\varphi _{w} +\frac{\rho _{i} }{\rho _{w} }\varphi _{i} )} \right] \text{=0 }. \end{aligned}$$

                    (I.4)
                

Finally, using the relation of \(\frac{\rho _{i} }{\rho _{w} }\approx 0.09\approx 1-\frac{\rho _{i} }{\rho _{w}}\le 1\) , we get the following expression:
$$\begin{aligned} {0.09}\phi _{0} S_{i} \text{+ }b\varepsilon _{v} {+}\left( \frac{1}{N_{ii} }+\frac{1}{N_{iw} }\right) \hat{{p}}_{i} +\left( \frac{1}{N_{ww} }+\frac{1}{N_{iw} }\right) \hat{{p}}_{w} -3\left( \alpha _{i} +\alpha _{w}\right) (T-T_{m} )\text{=0 }. \end{aligned}$$

                    (I.5)
                

Appendix II: Deriving the visco-elastic dissipation inequality
The derivation of Eq. (29) uses the following relation:
$$\begin{aligned} \frac{\partial ^{2}\Psi _{s} }{\partial \varphi _{i} \partial \varphi _{i} }=N_{ii} ,\frac{\partial ^{2}\Psi _{s} }{\partial \varphi _{i} \partial \varphi _{w} }=N_{iw} ,\frac{\partial ^{2}\Psi _{s} }{\partial \varphi _{w} \partial \varphi _{i} }=N_{wi} ,\frac{\partial ^{2}\Psi _{s} }{\partial \varphi _{w} \partial \varphi _{w} }=N_{ww}. \end{aligned}$$

                    (II.1)
                

For the sake of simplicity, the following assumptions are used: 
$$\begin{aligned} A_{1}= & {} [(\varphi _{i} -\beta _{i} \varepsilon _{v}^{ve} )+3\alpha _{i} (T-T_{m} )-b_{i} (\varepsilon _{v} -\varepsilon _{v}^{ve} )]^{2} \end{aligned}$$

                    (II.2a)
                

$$\begin{aligned} B_{1}= & {} [(\varphi _{w} -\beta _{w} \varepsilon _{v}^{ve} )+3\alpha _{w} (T-T_{m} )-b_{w} (\varepsilon _{v} -\varepsilon _{v}^{ve} )]^{2} \end{aligned}$$

                    (II.2b)
                

$$\begin{aligned} C_{1}= & {} [(\varphi _{w} -\beta _{w} \varepsilon _{v}^{ve} )+3\alpha _{i} (T-T_{m} )-b_{i} (\varepsilon _{v} -\varepsilon _{v}^{ve} )] \end{aligned}$$

                    (II.2c)
                

$$\begin{aligned} D_{1}= & {} [(\varphi _{i} -\beta _{i} \varepsilon _{v}^{ve} )+3\alpha _{w} (T-T_{m} )-b_{w} (\varepsilon _{v} -\varepsilon _{v}^{ve} )]. \end{aligned}$$

                    (II.2d)
                

 Therefore, the visco-elastic state equations can be derived: 
$$\begin{aligned} \sigma _{m}= & {} \frac{\partial W_{s} }{\partial \varepsilon _{v} }=K(\varepsilon _{v} -\varepsilon _{v}^{ve} )-N_{ii} b_{i} A_{\text{1 }} -N_{ww} b_{w} B_{\text{1 }} -N_{iw} (b_{w} C_{1} \text{+ }b_{i} D_{\text{1 }} )-3\alpha K(T-T_{m}) \end{aligned}$$

                    (II.3a)
                

$$\begin{aligned} s_{ij}= & {} \frac{\partial W_{s} }{\partial e_{ij} }=2G(e_{ij} -e_{ij}^{ve} )\end{aligned}$$

                    (II.3b)
                

$$\begin{aligned} \hat{{p}}_{i}= & {} \frac{\partial W}{\partial \varphi _{i} }=N_{ii} A_{1} +N_{iw} C_{1} \end{aligned}$$

                    (II.3c)
                

$$\begin{aligned} \hat{{p}}_{w}= & {} \frac{\partial W}{\partial \varphi _{w} }=N_{ww} B_{1} +N_{iw} D_{1}. \end{aligned}$$

                    (II.3d)
                

 Substitution of (II-3) and (31) in (6) , we can deduce the Inequality (32).
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