
        
    
        
            
            
                
            

            
        
    

        
    
        
            
            
                
            

            
        
    


        
    




        

        
    Skip to main content

    

    
    
        
            
                
                    
                        [image: SpringerLink]
                    
                
            
        


        
            
                
    
        Log in
    


            
        
    


    
        
            
                
                    
                        
                            
                        Menu
                    
                


                
                    
                        
                            Find a journal
                        
                    
                        
                            Publish with us
                        
                    
                        
                            Track your research
                        
                    
                


                
                    
                        
                            
                                
                                    
                                Search
                            
                        

                    
                    
                        
 
  
   
  Cart
 


                    
                

            

        
    




    
        
    
        
            
                
                    
    
        
            	
                        Home




	
                        Bulletin of Mathematical Biology

	
                        Article

Identifying Species Network Features from Gene Tree Quartets Under the Coalescent Model


                    	Special Issue: Algebraic Methods in Phylogenetics
	
                            Published: 09 August 2018
                        


                    	
                            Volume 81, pages 494–534, (2019)
                        
	
                            Cite this article
                        



                    
                        
                        
                    

                
                
                    
                        
                            
                            
                                
                                [image: ]
                            
                            Bulletin of Mathematical Biology
                        
                        
                            
                                Aims and scope
                                
                            
                        
                        
                            
                                Submit manuscript
                                
                            
                        
                    
                

            
        
    


        
            
                

                

                
                    
                        	Hector Baños1 


                        
    

                        
                            	
            
                
            324 Accesses

        
	
            
                
            13 Citations

        
	
                
                    
                2 Altmetric

            
	
            Explore all metrics 
                
            

        


                        

                        
    
    

    
    


                        
                    
                


                
                    Abstract
We show that many topological features of level-1 species networks are identifiable from the distribution of the gene tree quartets under the network multi-species coalescent model. In particular, every cycle of size at least 4 and every hybrid node in a cycle of size at least 5 are identifiable. This is a step toward justifying the inference of such networks which was recently implemented by Solís-Lemus and Ané. We show additionally how to compute quartet concordance factors for a network in terms of simpler networks, and explore some circumstances in which cycles of size 3 and hybrid nodes in 4-cycles can be detected.
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Appendix
Appendix
Here, Proposition 1 of Section 2 is proved. The argument uses the following.

                  Lemma 17

                  Let \(\mathcal {N}^+\) be a (metric or topological) rooted network on X and let \(Z\subset X\). For any edge e below LSA(Z), with a descendant in Z, there are \(x,y\in Z\) such that e is in a simple trek in \(\mathcal {N}^+\) from x to y whose edges are below LSA(Z).

                
                  Proof

                  Let \(x\in Z\) be below e. By Lemma 2 there exists \(y\in Z\) with LSA(x, y) above e.

                  Suppose y is not below e. Let \(P_x\) be a path from LSA(x, y) to x containing e and let \(P_y\) be a path from LSA(x, y) to y. Let u be the minimal node in the intersection of \(P_x\) and \(P_y\). Since y is not below e, u cannot be below e. Then the subpath of \(P_x\) from u to x, which contains e, and the subpath of \(P_y\) from f to y form a simple trek containing e.

                  Now assume y is below e. Since e is below LSA(x, y), there exists a path from LSA(x, y) to one of y or x that does not pass through the child of e. Without loss of generality suppose such a path \(P_y\) goes from LSA(x, y) to y. Let \(P_x\) be a path from LSA(x, y) to x that passes through e. Let \(A=A(P_x,P_y)\) be the set of nodes above e, common to \(P_y\) and \(P_x\). Let \(a\in A\) be the minimal node in A.

                  Let \(B(P_y,P_x)\) be the set of nodes below e, common to \(P_y\) and \(P_x\). We may assume that we choose \(P_x\) and \(P_y\) such that \(B=B(P_y,P_x)\) has minimal cardinality. If \(B=\emptyset \) then the desired trek is easily constructed, with top a. So suppose \(B\ne \emptyset \) has minimal element \(b^-\) and maximal element \(b^+\). We are going to contradict the minimality of B. Note that \(b^+\) must be the hybrid node of a cycle containing e (see Fig. 25 for a graphical reference).

                  Since \(b^-\) is not LSA(x, y), there exists a path \(P^*\) from LSA(x, y) to one of x or y that does not pass through \(b^-\). Note that \(P^*\) has to intersect at least one of \(P_y\) or \(P_x\) at an internal node below \(b^-\). Let \(C_1\) be the set of nodes below \(b^-\), common to \(P^*\) and \(P_y\) and let \(C_2\) be the set of nodes below \(b^-\), common to \(P^*\) and \(P_y\). Let c be the maximal node in \(C_1\cup C_2\). We can assume, without loss of generality, that c is in \(P_y\). This is because if instead, c were in \(P_x\), we can construct paths \(P_x'\) and \(P_y'\) where \(P_i'\) contains all the edges in \(P_i\) above \(b^-\) and all edges of \(P_j\) below \(b^-\) for \(i,j\in \{x,y\}\), \(i\ne j\). Note that \(P_x'\) passes through e and does not contains c, while \(P_y'\) does not pass through e, contains c, and \(B=B(P_y',P_x')\).

                  Denote by W the set of nodes in \((P^*\cap P_y)\cup (P^*\cap P_x)\) and let w be the minimal node of W above \(b^-\). Since \(\mathcal {N}^+\) is binary, w cannot be a or \(b^+\) (see Fig. 25 for a graphical reference). There are 5 different cases of the location of w in the network composed by the paths \(P_y\) and \(P_x\). These are
	
                        1.
                        
                          w is in \(P_y\), above \(b^+\) but below a.

                        
                      
	
                        2.
                        
                          w is in \(P_x\), above \(b^+\) but below e.

                        
                      
	
                        3.
                        
                          w is in \(P_x\), above e but below a.

                        
                      
	
                        4.
                        
                          w is in one or more of \(P_x\) or \(P_y\), above a.

                        
                      
	
                        5.
                        
                          w is in one or more of \(P_x\) or \(P_y\), above \(b^-\) but below \(b^+\).

                        
                      

Figure 25 depicts in gray the graph composed by the paths \(P_y\) and \(P_x\), and in black we see the possible subpaths of \(P^*\) from w to c. In any of case 1, 2 or 3 we can find a simple trek containing e as depicted in Fig. 26 by choosing the appropriate edges, and thus, B was not minimal. For case 4 and 5 there are two possibilities; (i) w is in both \(P_y\) and \(P_x\); (ii) w is only in one of \(P_y\) or \(P_x\). For case 4 (i), the situation is simple, and we can find a simple trek as depicted on the left in Fig. 27. For case 4 (ii), we first find the node in A that is right above w. Then as depicted on the left of Fig. 27 we can find a simple trek.

                  For case 5 we do not find a simple trek directly, instead we construct two paths \(P_1\) and \(P_2\) from LSA(x, y) to x, y, respectively, only one of which contains e with at least one less node in \(B(P_1,P_2)\) than B. For case 5 (i), we just take \(P_1\) to be the same as \(P_x\) and for \(P_2\) we consider the same edges that are in \(P_y\) above w, the edges below c, and the edges in \(P^*\) between w and c. For case 5 (ii), we assume without loss of generality that w is in \(P_x\). Let b be the node in B right above w. Let \(P_1\) be the path containing the edges in \(P_x\) that are above b, the edges in \(P_y\) that are below b but above the node \(b'\in B\) right below w, and at last the edges in \(P_x\) below \(b'\). Let \(P_2\) the path containing the edges in \(P_y\) that are above b, the edges in \(P_x\) that are above a but below b, the edges in \(P^*\) that are above c but below w and at last the edges in \(P_y\) that are below c. Figure 27 (right) depicts \(P_1\) (red) and \(P_2\) (blue) for (i) and (ii). Since \(B(P_1,P_2)\) has at least one less node that B and we assumed B, the minimality of B is contradicted. \(\square \)

                
                  Fig. 25[image: figure 25]
In gray we see the subgraph composed by P and \(P'\), the dashed edges represent that P and \(P'\) could intersect, the dotted segments represent just a succession of edges. In black we see the different cases of the possible edges in \(P^*\) above b but below a


Full size image


                  Fig. 26[image: figure 26]
The treks in case 1 (left), case 2 (center), and case 3 (right)


Full size image


                  Fig. 27[image: figure 27]
(Left) The treks in the two possibilities of case 4. (Right) The two possibilities of case 5, where the black segments represent possible edges red and blue at the same time


Full size image


                
                  Proof (of Proposition 1)

                  Let \(M^+=\mathcal {N}^\oplus _Z\). Let \(M^-\) be the graph obtained from \(M^+\) by ignoring the direction of all tree edges and then suppressing the LSA(\(Z,\mathcal {N}^+\)), that is, the induced unrooted network from \(M^+\). Denote by \(M'\) the graph obtained by ignoring all directions of the tree edges in \(M^+\), so that by suppressing degree two nodes of either \(M^-\) or \(M'\) gives \((\mathcal {N}^+_Z)^-\). Let K be the graph obtained by considering all the edges in simple treks in \(\mathcal {N}^-\) from x to y for all \(x,y\in Z\), so that suppressing degree two nodes in K gives \((\mathcal {N}^-)_Z\). Showing either \(M'=K\) or \(M^-=K\), will prove the claim.

                  First we show that if LSA(\(Z,\mathcal {N}^+\))\(\ne \)LSA(\(X,\mathcal {N}^+\)) then \(M'=K\), by arguing that \(M'\) and K have the same edges. Let e be an edge of \(M'\). Since LSA(\(Z,\mathcal {N}^+\))\(\ne \)LSA(\(X,\mathcal {N}^+\)), \(M'\) is a subgraph of \(\mathcal {N}^-\) and e is directed in \(M^+\). By Lemma 17, e is in a simple trek in \(M^+\) from x to y, for some \(x,y\in Z\). This trek induces a simple trek in \(M'\) from x to y, and therefore a simple trek in \(\mathcal {N}^-\) from x to y. Thus, e is in K.

                  Now let e be an edge of K. Then there exists a simple trek \((\overline{P_1},\overline{P_2})\) in \(\mathcal {N}^-\) from x to y, for some \(x,y\in Z\) containing e. Let \(v=\)top\((\overline{P_1},\overline{P_2})\) and let T be the sequence of incident edges in \(\mathcal {N}^+\) from x to v conformed of edges inducing those in \(\overline{P_1}\) and \(\overline{P_2}\). Since \((\overline{P_1},\overline{P_2})\) is simple, T does not have repeated edges. Following T in \(\mathcal {N}^+\) from x to y, edges are first transversed “uphill” (in reverse direction) until there is a first “downhill” edge (u, w). The next edge in T cannot be uphill, as otherwise it would be hybrid and \((\overline{P_1},\overline{P_2})\) would have not been a trek in \(\mathcal {N}^-\). This argument applies for all consecutive edges in T until we end at y. Thus, there is a simple trek \((\overline{P_1},\overline{P_2})\) from x to y in \(\mathcal {N}^+\) with top u. Note that u must be below or equal to LSA(\(Z,\mathcal {N}^+\)) since otherwise the trek would not be simple. Moreover, \(P_1\) and \(P_2\) contain only edges in \(M^+\) and thus in \(M'\) after the directions of the tree edges is omitted. Thus, e is in \(M'\), so \(K=M'.\)

                  If LSA(\(Z,\mathcal {N}^+\))\(=\)LSA(\(X,\mathcal {N}^+\)) then \(M^-=K\) follows from a straight forward modification of the previous argument to account for the suppression of LSA\((z,\mathcal {N}^+)\) in both \(M^-\) and K. \(\square \)
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