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                    Abstract
An ancestral configuration is one of the combinatorially distinct sets of gene lineages that, for a given gene tree, can reach a given node of a specified species tree. Ancestral configurations have appeared in recursive algebraic computations of the conditional probability that a gene tree topology is produced under the multispecies coalescent model for a given species tree. For matching gene trees and species trees, we study the number of ancestral configurations, considered up to an equivalence relation introduced by Wu (Evolution 66:763–775, 2012) to reduce the complexity of the recursive probability computation. We examine the largest number of non-equivalent ancestral configurations possible for a given tree size n. Whereas the smallest number of non-equivalent ancestral configurations increases polynomially with n, we show that the largest number increases with \(k^n\), where k is a constant that satisfies \(\root 3 \of {3}\,\le \,k\,<\,1.503\). Under a uniform distribution on the set of binary labeled trees with a given size n, the mean number of non-equivalent ancestral configurations grows exponentially with n. The results refine an earlier analysis of the number of ancestral configurations considered without applying the equivalence relation, showing that use of the equivalence relation does not alter the exponential nature of the increase with tree size.
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Appendices
Appendix 1: Proof of (9)
Let \(C^*(r_S) = \{\gamma _{S,1}, \ldots , \gamma _{S,q} \}\) with \(c^*(r_S)=q\), and let \(C^*(r_L) = \{\gamma _{L,1}, \ldots ,\gamma _{L,Q} \}\), with \(c^*(r_L) = Q\). Because condition (8) is satisfied, the entire tree \(t_{r_S}\) can be displayed in \(t_{r_L}\), each configuration \(\gamma _{S,i} \in C^*(r_S)\) has exactly one corresponding configuration \(\gamma _{L,i} \in C^*(r_L)\) such that \(t_{r_S}(\gamma _{S,i}) \cong t_{r_L}(\gamma _{L,i})\), and \(Q\,\ge \,q\).
From (6), we obtain
$$\begin{aligned} \tilde{C}(r)=\{ \{ r_{S},r_L \} \} \cup \big [ C^*(r_{S}) \otimes \{ \{r_L \} \} \big ] \cup \big [ \{ \{ r_{S}\} \} \otimes C^*(r_L) \big ] \cup \big [ C^*(r_{S}) \otimes C^*(r_L) \big ], \end{aligned}$$

which can be further decomposed as
$$\begin{aligned} \tilde{C}(r)= & {} \{ \{ r_{S},r_L \} \} \cup \big [ \{\gamma _{S,1}, \ldots ,\gamma _{S,q} \} \otimes \{ \{r_L \} \} \big ] \cup \big [ \{ \{ r_{S}\} \} \otimes \big [\{\gamma _{L,1}, \ldots ,\gamma _{L,q} \} \nonumber \\&\cup \{\gamma _{L,q+1}, \ldots ,\gamma _{L,Q} \}\big ] \big ] \nonumber \\&\cup \big [\{\gamma _{S,1}, \ldots ,\gamma _{S,q} \} \otimes \big [\{\gamma _{L,1}, \ldots ,\gamma _{L,q} \} \cup \{\gamma _{L,q+1}, \ldots ,\gamma _{L,Q} \}\big ] \big ] \nonumber \\= & {} \{ \{ r_{S},r_L \} \} \end{aligned}$$

                    (28)
                

$$\begin{aligned}&\cup \big [ \{\gamma _{S,1}, \ldots ,\gamma _{S,q} \} \otimes \{ \{r_L \} \} \big ] \cup \big [ \{ \{ r_{S}\} \} \otimes \{\gamma _{L,1}, \ldots ,\gamma _{L,q} \} \big ] \end{aligned}$$

                    (29)
                

$$\begin{aligned}&\cup \big [ \{ \{ r_{S}\} \} \otimes \{\gamma _{L,q+1}, \ldots ,\gamma _{L,Q} \} \big ] \end{aligned}$$

                    (30)
                

$$\begin{aligned}&\cup \big [\{\gamma _{S,1}, \ldots ,\gamma _{S,q} \} \otimes \{\gamma _{L,1}, \ldots ,\gamma _{L,q} \} \big ] \end{aligned}$$

                    (31)
                

$$\begin{aligned}&\cup \big [\{\gamma _{S,1}, \ldots ,\gamma _{S,q} \} \otimes \{\gamma _{L,q+1}, \ldots ,\gamma _{L,Q} \} \big ]. \end{aligned}$$

                    (32)
                

We merge equivalent configurations to obtain \(C^*(r)\) from \(\tilde{C}(r)\). From (29), we remove those in \(\{\gamma _{S,1}, \ldots ,\gamma _{S,q} \} \otimes \{ \{r_L \} \} \), as they are equivalent to those in \(\{ \{ r_{S}\} \} \otimes \{\gamma _{L,1}, \ldots ,\gamma _{L,q} \}\). Thus, we take only q among the 2q configurations in (29). Moreover, due to the equivalence \(\gamma _{S,i} \cup \gamma _{L,j} \sim _r \gamma _{S,j} \cup \gamma _{L,i}\), we take only those configurations of the form \(\gamma _{S,i} \cup \gamma _{L,j}\) with \(i\,\le \,j\) among those in \(\{\gamma _{S,1}, \ldots ,\gamma _{S,q} \} \otimes \{\gamma _{L,1}, \ldots ,\gamma _{L,q} \}\). Thus, among the \(q^2\) configurations in (31)—those with \(1\,\le \,i, j\,\le \,q\)—we take only \(q(q+1)/2\) non-equivalent ones. No equivalences are possible among configurations in (28), (30), and (32), and all are retained in \(C^*(r)\). From (28)–(32), we then have
$$\begin{aligned} c^*(r)= & {} |C^*(r)| = 1 + q + (Q-q) + \frac{q(q+1)}{2} + q(Q-q) = 1 + q + Q \\&+ qQ - \frac{q(q+1)}{2}. \end{aligned}$$

Replacing q by \(c^*(r_S)\) and Q by \(c^*(r_L)\) gives (9).
Appendix 2: Proof of (12)
The proof follows the approach of Aho and Sloane (1973, Sect. 3) for solving certain recurrences. From (11), we have \(x_{h+1} = x_h^2 [1 + 1/(2x_h) + 1/(2x_h^2) ]\). Taking the logarithm \(y_h = \log x_h\) yields \(y_{h+1} = 2y_h + \alpha _h\), where \(\alpha _h = \log [1+ {1}/{(2x_h)} + {1}/{(2x_h^2)}]\). Following Aho and Sloane (1973), \(y_h\) has solution
$$\begin{aligned} y_h = 2^h y_0 + \sum _{i=0}^{\infty } 2^{h-i-1}\alpha _i - \sum _{i=h}^{\infty } 2^{h-i-1}\alpha _i = 2^{h}\bigg (y_0 + \sum _{i=0}^{\infty } 2^{-i-1}\alpha _i \bigg ) - \sum _{i=h}^{\infty } 2^{h-i-1}\alpha _i. \end{aligned}$$

                    (33)
                

Converting back to \(x_h = \exp (y_h)\), from (33) we have
$$\begin{aligned} x_h= & {} \bigg [ x_0 \exp \bigg (\sum _{i=0}^{\infty } 2^{-i-1}\alpha _i \bigg ) \bigg ]^{(2^h)} \exp \bigg ( - \sum _{i=h}^{\infty } 2^{h-i-1}\alpha _i \bigg ) \\= & {} (k_0^*)^{(2^h)} \exp \bigg ( - \sum _{i=h}^{\infty } 2^{h-i-1}\alpha _i \bigg ), \end{aligned}$$

where the last step uses the fact that \(x_0=1/2\).
We then have
$$\begin{aligned} \frac{x_h}{(k_0^*)^{(2^h)}}= \exp \bigg ( - \sum _{i=h}^{\infty } 2^{h-i-1}\alpha _i \bigg ). \end{aligned}$$

When \(h \rightarrow \infty \), the sum \(\sum _{i=h}^{\infty } 2^{h-i-1}\alpha _i\) converges to zero because it can be bounded \(0 \le \sum _{i=h}^{\infty } 2^{h-i-1}\alpha _i\,\le \,\alpha _h \sum _{i=h}^{\infty } 2^{h-i-1} = \alpha _h\), where because \(x_h \rightarrow \infty \) as \(h \rightarrow \infty \), \(\alpha _h \rightarrow 0\) as \(h \rightarrow \infty \). It follows that \(x_h/(k_0^*)^{(2^h)}\) converges to 1, producing (12).
Appendix 3: Properties of \(w'(n)\)
                        
We prove that for each \(n\ge 2\), \(w'(n)\,\le \,n/2\), with equality only for \(n=2\), 4, or 6. The result is verified by direct computation of \(w'(n)\) for \(2\,\le \,n\,\le \,7\). For \(n\,\ge \,8\), by definition, \(w'(n)=\lfloor x \rfloor \), where x satisfies \(2^{x-2}+x=n-1\). Seeking a contradiction, suppose \(\lfloor x \rfloor = w'(n)\,\ge \,n/2\). Because \(x\,\ge \,\lfloor x \rfloor \), we would have \(x\,\ge \,n/2\), and therefore \(n-1=2^{x-2}+x\,\ge \,2^{n/2-2} + n/2 \ge 2(n/2 - 2) + n/2 = 3n/2-4\), noting that \(2^u\,\ge \,2u\) for \(u \ge 2\). The inequality \(n-1\,\ge \,3n/2-4\) cannot hold if \(n\,\ge \,8\). Therefore, when \(n\,\ge \,8\), we must have \(w'(n) < n/2\).
Appendix 4: Proof that Trees in \(T_{n,w}\) Satisfy (8) for \(w\,\ge \,2\)
                        
We first prove that given any \(w\ge 2\), a caterpillar tree \(t_1\) of size \(|t_1| = w\) can be displayed in any tree \(t_2\) of size \(|t_2| \ge 2^{w-2}+1\) through a root configuration \(\gamma \) of \(t_2\), that is, \(t_1 \cong t_2(\gamma )\). The proof is by induction on w.
For \(w=2\), we have \(|t_2|\,\ge \,2\) and the result follows by taking the root configuration \(\gamma \) determined by the left and right descendants of the root in \(t_2\). For the inductive step, because \(|t_2|\,\ge \,2^{w-2}+1\), the larger root subtree of \(t_2\) has size at least \(\lceil |t_2|/2 \rceil \,\ge \,\lceil 2^{w-3}+1/2 \rceil = 2^{w-3} + 1 \). By the inductive hypothesis, the larger root subtree of \(t_2\) can display a caterpillar of size \(w-1\) through a root configuration \(\gamma '\). Taking the root configuration \(\gamma \) of \(t_2\) obtained as \(\gamma = \gamma ' \cup \{ \rho \}\), where \(\rho \) is the root of the smaller root subtree of \(t_2\), we have \(t_1 \cong t_2(\gamma )\) as desired.
Now suppose we are given a tree \(t \in T_{n,w}\), with \(2\,\le \,w \le w'(n)\). The smaller root subtree \(t_{r_S}\) of t is by definition a caterpillar of size \(w\,\ge \,2\), and the larger root subtree \(t_{r_L}\) has size \(|t_{r_L}| = n-w\). By definition, \(w\,\le \,w'(n) = \lfloor x \rfloor \,\le \,x\), where \(x = n - 2^{x-2} -1\), and therefore, \(w\,\le \,n - 2^{w-2} - 1\). In particular, \(|t_{r_L}| = n-w \ge 2^{w-2}+1\). From what we have shown above, a root configuration \(\gamma \) of \(t_{r_L}\) exists such that \(t_{r_S} \cong t_{r_L}(\gamma )\).
Appendix 5: Proof of (18)
Recall that for each tree \(t \in T_{n,w}\), the smaller root subtree \(t_{r_S}\) is a caterpillar of size \(w \in [1,w']\) and the larger root subtree \(t_{r_L}\) has size \(n-w\). Because we assume \(w < n/2\), \(t_{r_S}\) and \(t_{r_L}\) have different sizes and different unlabeled topologies. Given a tree \(\overline{t} \in T_{n-w}\), the number of trees in \(T_{n,w}\) such that \(t_{r_L} = \overline{t}\) (after rescaling labels for the taxa) is \({{n}\atopwithdelims (){w}} \gamma _w\), where \(\gamma _w\) is the number of caterpillar labeled topologies of size w. Dividing by \(|T_{n,w}| = {{n}\atopwithdelims (){w}} \gamma _w |T_{n-w}|\) yields the probability \(\mathbb {P}[t_{r_L}=\overline{t}|t \in T_{n,w}] = 1/|T_{n-w}|\) as desired.
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