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                    Abstract
In this paper, we present computational techniques to investigate the effect of surface geometry on biological pattern formation. In particular, we study two-component, nonlinear reaction–diffusion (RD) systems on arbitrary surfaces. We build on standard techniques for linear and nonlinear analysis of RD systems and extend them to operate on large-scale meshes for arbitrary surfaces. In particular, we use spectral techniques for a linear stability analysis to characterise and directly compose patterns emerging from homogeneities. We develop an implementation using surface finite element methods and a numerical eigenanalysis of the Laplace–Beltrami operator on surface meshes. In addition, we describe a technique to explore solutions of the nonlinear RD equations using numerical continuation. Here, we present a multiresolution approach that allows us to trace solution branches of the nonlinear equations efficiently even for large-scale meshes. Finally, we demonstrate the working of our framework for two RD systems with applications in biological pattern formation: a Brusselator model that has been used to model pattern development on growing plant tips, and a chemotactic model for the formation of skin pigmentation patterns. While these models have been used previously on simple geometries, our framework allows us to study the impact of arbitrary geometries on emerging patterns.
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                    Notes
	Throughout this paper, we deal with cases with only one parameter of interest, at a time, to study bifurcations. Thus, we use terms ‘bifurcation parameter’ and ‘continuation parameter’ interchangeably to refer to the same system parameter and denote it by \(\alpha \). We refer to \(\alpha \) as a bifurcation parameter when the context pertains to pattern emergence. Similarly, we refer to \(\alpha \) as the continuation parameter when the context relates to branch tracing and continuation algorithms. We always perform continuation with the same parameter as that was used to locate the bifurcation at the first instance. However, this is not a strict requirement and our framework can be used for branch tracing with a different continuation parameter.


	i.e, Characterising the zero crossings of a circumferential profile of a radially symmetric soliton.


	Strictly speaking, a and b are functions of time as well and one must express \(a:\Omega \times t \mapsto {\mathbb {R}}\) and \(b:\Omega \times t \mapsto {\mathbb {R}}\). However, we are concerned only with steady-state solutions and they do not change with time. To avoid the confusion which may arise with equations from spectral decomposition during linear stability analysis, we do not express the time dimension explicitly.


	We refer to a two-dimensional, connected manifold with or without boundaries as a ‘surface’. We discuss relevant boundary conditions in Sect. 3.2. Throughout this paper, we use terms ‘surface’ and ‘domain’ interchangeably.


	Often, the Laplace–Beltrami operator for surface functions is denoted as \(\nabla ^2_{S}\). We omit the subscript ‘S’ for the simplicity of expressions.


	Note that, in our framework, the bifurcation parameter is also the continuation parameter.


	Note that the growth rates for the amplitudes of the eigenmodes, as discussed here, do not refer to the scale or growth of the domain \(\Omega \) itself.


	While Chien and Liao (2001) label all bifurcations made of two or more eigenmodes as mixed-mode, we reserve this term only for the bifurcations that involve eigenmodes with different eigenvalues.


	Note that Eq. 8 is homogeneous and the terms \(u_i\) and \(v_i\) can only be solved up to a common scale factor, say \(s_i = v_i/u_i\).


	See our supplemental material (SM01.D4) for detailed derivation for these coefficients and Eq. 15.


	We refrain from introducing an additional notation such as \(\Omega _d\) for the discrete surface.


	In practice, when the parameters \({}^uD_u, {}^uD_v, {}^vD_v, {}^vD_u, {}^uK_u, {}^uK_v, {}^vK_u\) and \({}^vK_v\) are themselves expressed in terms of a set of some other (real) system parameters, then \({\mathbf {p}}\) is the set of these real parameters and \(\alpha \) is one of them.


	The units for the parameters and the domain size are same as those assumed by Nagata et al. (2013).


	We label the branches as low, mid or high frequency branches based on the range of the eigenspectrum which is explored.


	In this example as well, we apply nonlinear soft-thresholding to aid visualisation of the patterns. We use the same nonlinear mapping for each pattern which is first scaled and off-setted to the range [0, 1].
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