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                    Abstract
Hysteresis, observed in many gene regulatory networks, has a pivotal impact on biological systems, which enhances the robustness of cell functions. In this paper, a general model is proposed to describe the hysteretic gene regulatory network by combining the hysteresis component and the transient dynamics. The Bouc–Wen hysteresis model is modified to describe the hysteresis component in the mammalian gene regulatory networks. Rigorous mathematical analysis on the dynamical properties of the model is presented to ensure the bounded-input-bounded-output (BIBO) stability and demonstrates that the original Bouc–Wen model can only generate a clockwise hysteresis loop while the modified model can describe both clockwise and counter clockwise hysteresis loops. Simulation studies have shown that the hysteresis loops from our model are consistent with the experimental observations in three mammalian gene regulatory networks and two E.coli gene regulatory networks, which demonstrate the ability and accuracy of the mathematical model to emulate natural gene expression behavior with hysteresis. A comparison study has also been conducted to show that this model fits the experiment data significantly better than previous ones in the literature. The successful modeling of the hysteresis in all the five hysteretic gene regulatory networks suggests that the new model has the potential to be a unified framework for modeling hysteresis in gene regulatory networks and provide better understanding of the general mechanism that drives the hysteretic function.
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Appendices
Appendix 1: Model Validation on Another Mammalian Gene Network
Another synthetic mammalian positive feedback network was monitored in a lentiviral vector system with single-cell measurements (May et al. 2008). The enhanced green fluorescent protein (eGFP) mutant is regulated by the inducer doxycycline. The eGFP positive cell population is designated with HIGH and the eGFP negative cell population is designated with LOW. The experimental observed hysteresis loop between the percentage of the high cells and the concentration of the doxycycline is shown as the solid line in Fig. 10. A stochastic Markov process was presented based on the simplified reaction scheme as a mathematical description of the synthetic hysteretic gene regulatory circuit (May et al. 2008). The simulation result from the stochastic model shown as the dash-dot line in Fig. 10 predicted the existence of hysteresis which was verified by later experiment. However, the simulated hysteresis loop from the stochastic model did not match the experiment data very well. In this paper, we investigate whether our model can describe the hysteresis in this synthetic mammalian gene regulatory network more accurately. The concentration of doxycycline is the input (u(t)) and the percentage of the high cells is the output (y(t)). Due to the missing information on the time constant and threshold value in the experiment, the output value cannot be directly obtained from the general model. However, the experimental hysteresis loop is measured at steady state. When the time goes to infinity, the output value in Eq. (1) is constant for step input and its value is equal to the hysteresis component. Therefore, it is reasonable for us to obtain the steady state output value by deriving the value of the hysteresis component using the modified Bouc–Wen model in Eq. (3) to Eq. (8). The experiment data is extracted from Fig. 5B (May et al. 2008) and the whole parameter identification procedure is the same as that for Cell A and Cell B. The estimated parameter values are listed in Table 2 and the simulated loop from our model is shown as a dashed line in Fig. 10. Comparison results from the stochastic model and the new model shown in Fig. 10 demonstrate that our model shows substantially better agreement with the experiment result compared to the stochastic model though both models have captured the hysteretic feature in the gene regulatory network. Thus, it is evident to see the ability and accuracy of the new model to describe the hysteretic response in the mammalian gene regulatory network. 
Table 2 Parameter values of the modified Bouc–Wen model for the hysteretic gene networks in Fig. 10, Fig. 11, Fig. 12
                                    Full size table


                        Appendix 2: Model Generalizability on E.coli Hysteretic Gene Regulatory Networks
In this section, two more examples of hysteretic gene networks in E.coli are utilized to test the generalizability of our model for modeling the hysteresis in gene regulatory network. Similarly, the steady state output value is obtained by deriving the hysteresis component value due to the missing information on the time constant and threshold value. The two sets of experiment data are extracted from Fig. 3A (Maeda and Sano 2006) and Fig. 3B (Chang et al. 2010) in the literature. The input values in both gene network are normalized as their order of magnitude vary sharply. The whole parameter identification procedure is the same as that for Cell A and Cell B. The estimated parameter values are in Table 2.
The chemical inducer IPTG is widely used as it cannot be metabolized by E.coli. A chromosomally expressing lactose repressor protein LacI, inhibits the expression of the gene coding for green fluorescence protein (GFP) by binding to the lactose operator. In the synthetic E.coli gene regulatory network, IPTG inactivates LacI to regulate [GFP] in a positive feedback loop. The interconnections between experiment measured [GFP] and [IPTG] shows hysteresis (Maeda and Sano 2006). By taking the normalized inducer concentration \(\operatorname{Log}([\mathit{IPTG}]\times10000)\) as the input (u(t)) and [GFP] as the output (y(t)), the new model is employed to characterize the hysteresis in the E.coli synthetic gene regulatory network. The simulated hysteresis loop shown in Fig. 11 demonstrates adequate agreement with the experiment data. This verifies the ability of the mathematical model to describe the hysteretic interaction between GFP and IPTG in the E.coli gene network. 
Fig. 11[image: figure 11]
Hysteretic interactions between IPTG and GFP in synthetic gene regulatory network of E.coli
                                    


Full size image


                        IPTG induces the transcription of the gene coding for beta-galactosidase. The beta-galactosidase provides positive feedback that drives its own expression induced by IPTG, which inactivates repressor (Chang et al. 2010). By taking the normalized inducer concentration \(\operatorname{Log}([\mathit{IPTG}]\times100)\) as the input (u(t)) and the concentration of beta-galactoside as the output (y(t)), our general model is used to describe the hysteresis in E.coli synthetic gene regulatory network. Figure 12 shows the simulated hysteresis loop between beta-galactoside and the IPTG in this synthetic gene regulatory network. The strong consistence between the simulated result and the experiment data again demonstrates that the model can also describe the hysteresis in the synthetic gene regulatory network of E.coli. 
Fig. 12[image: figure 12]
Hysteretic interactions between IPTG and beta-galactosidase in synthetic gene regulatory network of E.coli
                                    


Full size image
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