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                    Abstract
In this paper, we generalize the push-forward (Gysin) formulas for flag bundles in ordinary cohomology theory, which are due to Darondeau–Pragacz, to the complex cobordism theory. Then, we introduce the universal quadratic Schur functions, which are a generalization of the (ordinary) quadratic Schur functions introduced by Darondeau–Pragacz, and establish some Gysin formulas for the universal quadratic Schur functions as an application of our Gysin formulas.
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                    Notes
	D–P formulas for short.


	For further applications of Gysin formulas in complex cobordism and techniques of generating functions, readers are referred to a companion paper [20].


	We adopted the terminology used in Darondeau–Pragacz [8, §1.2].


	An analogous determinantal formula for the Grothendieck polynomials was recently obtained by Hudson–Ikeda–Matsumura–Naruse [13, Theorem 3.13].
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Appendix
Appendix
1.1 Quillen’s Residue Formula
As we mentioned in Sect. 3.1.2, we proceed with the calculation of Quillen’s residue formula, i.e., the right-hand side of (3.3) in the following manner: first, we consider the case where \(f(t) = t^{N}\), a monomial in t of degree \(N \ge 0\). We expand \(\mathscr {P}^{\mathbb {L}}(t, y_{j})\) as \(\sum _{\ell _{j} = 0}^{\infty } \mathscr {P}_{\ell _{j}} (y_{j}) t^{\ell _{j}}\) for \(j = 1, \ldots , n\). Then, we compute
$$\begin{aligned} \dfrac{t^{N}}{\mathscr {P}^{\mathbb {L}} (t) \prod _{j=1}^{n} (t +_{\mathbb {L}} \overline{y}_{j})}= & {} t^{N} \times \dfrac{1}{\mathscr {P}^{\mathbb {L}}(t)} \times \dfrac{1}{ \prod _{j=1}^{n} \dfrac{t - y_{j}}{\mathscr {P}^{\mathbb {L}} (t, y_{j})} } \\= & {} t^{N - n} \times \dfrac{1}{\mathscr {P}^{\mathbb {L}} (t)} \times \displaystyle {\prod _{j=1}^{n}} \mathscr {P}^{\mathbb {L}} (t, y_{j}) \times \prod _{j=1}^{n} \dfrac{1}{1 - y_{j}t^{-1}}\\= & {} t^{N-n} \times \left( \displaystyle {\sum _{k=0}^{\infty }} [\mathbb {C}P^{k}] t^{k} \right) \times \displaystyle {\prod _{j=1}^{n}} \left( \sum _{\ell _{j} = 0}^{\infty } \mathscr {P}_{\ell _{j}} (y_{j}) t^{\ell _{j}} \right) \\&\times \left( \sum _{m=0}^{\infty } h_{m} ({\varvec{y}}_{n}) t^{-m} \right) . \end{aligned}$$

For brevity, we put
$$\begin{aligned} \prod _{j=1}^{n} \left( \sum _{\ell _{j} = 0}^{\infty } \mathscr {P}_{\ell _{j}} (y_{j}) t^{\ell _{j}} \right) = \sum _{\ell = 0}^{\infty } \left( \sum _{ \begin{array}{c} \ell _{1} + \cdots + \ell _{n} = \ell \\ \ell _{1} \ge 0, \ldots , \ell _{n} \ge 0 \end{array} } \prod _{j=1}^{n} \mathscr {P}_{\ell _{j}}(y_{j}) \right) t^{\ell } = \sum _{\ell = 0}^{\infty } \mathscr {P}_{\ell }({\varvec{y}}_{n}) t^{\ell }. \end{aligned}$$

Then, the computation continues as
$$\begin{aligned}&t^{N-n} \times \left( \displaystyle {\sum _{k=0}^{\infty }} [\mathbb {C}P^{k}] t^{k} \right) \times \left\{ \displaystyle {\sum _{r= -\infty }^{\infty }} \left( \sum _{\ell = r}^{\infty } \mathscr {P}_{\ell }({\varvec{y}}_{n}) h_{\ell - r}({\varvec{y}}_{n}) \right) t^{r}\right\} \\&\quad = t^{N - n} \times \left( \displaystyle {\sum _{k=0}^{\infty }} [\mathbb {C}P^{k}] t^{k} \right) \times \left\{ \displaystyle {\sum _{r=0}^{\infty }} \left( \sum _{\ell = r}^{\infty } \mathscr {P}_{\ell } ({\varvec{y}}_{n}) h_{\ell - r} ({\varvec{y}}_{n}) \right) t^{r} + \displaystyle {\sum _{r=1}^{\infty }} \left( \sum _{\ell = 0}^{\infty } \mathscr {P}_{\ell }({\varvec{y}}_{n}) h_{\ell + r}({\varvec{y}}_{n}) \right) t^{-r}\right\} \\&\quad = t^{N - n} \times \left[ \displaystyle {\sum _{s = 0}^{\infty }} \left\{ \sum _{k= 0}^{s} \sum _{\ell = s - k}^{\infty } [\mathbb {C}P^{k}] \mathscr {P}_{\ell } ({\varvec{y}}_{n}) h_{k + \ell - s} ({\varvec{y}}_{n})\right\} t^{s} \right. \\&\qquad \left. + \displaystyle {\sum _{s = -\infty }^{\infty }} \left\{ \sum _{k = s + 1}^{\infty } \sum _{\ell = 0}^{\infty } [\mathbb {C}P^{k}] \mathscr {P}_{\ell }({\varvec{y}}_{n}) h_{k +\ell - s}({\varvec{y}}_{n}) \right\} t^{s} \right] \\&\quad = t^{N - n} \times \left[ \displaystyle {\sum _{s = 0}^{\infty }} \left\{ \sum _{k= 0}^{s} \sum _{\ell = s - k}^{\infty } [\mathbb {C}P^{k}] \mathscr {P}_{\ell } ({\varvec{y}}_{n}) h_{k + \ell - s} ({\varvec{y}}_{n})\right\} t^{s} \right. \\&\qquad + \displaystyle {\sum _{s = 0}^{\infty }} \left\{ \sum _{k = s + 1}^{\infty } \sum _{\ell = 0}^{\infty } [\mathbb {C}P^{k}] \mathscr {P}_{\ell }({\varvec{y}}_{n}) h_{k +\ell - s} ({\varvec{y}}_{n}) \right\} t^{s}\\&\qquad \left. + \displaystyle {\sum _{s = 1}^{\infty }} \left\{ \sum _{k = 0}^{\infty } \sum _{\ell = 0}^{\infty } [\mathbb {C}P^{k}] \mathscr {P}_{\ell }({\varvec{y}}_{n}) h_{k +\ell + s} ({\varvec{y}}_{n}) \right\} t^{-s} \right] . \end{aligned}$$

Next, we extract the coefficient of \(t^{-1}\) in the above formal Laurent series. In the case of \(N \ge n\), one sees immediately that the coefficient of \(t^{-1}\) is
$$\begin{aligned} \sum _{k = 0}^{\infty } \sum _{\ell = 0}^{\infty } [\mathbb {C}P^{k}] \mathscr {P}_{\ell }({\varvec{y}}_{n}) h_{k +\ell + N - n + 1} ({\varvec{y}}_{n}). \end{aligned}$$

In the case of \(0 \le N < n\), the coefficient of \(t^{-1}\) is
$$\begin{aligned}&\displaystyle {\sum _{k= 0}^{n - N - 1}} \sum _{\ell = n - N - 1 - k}^{\infty } [\mathbb {C}P^{k}] \mathscr {P}_{\ell } ({\varvec{y}}_{n}) h_{k + \ell + N - n + 1} ({\varvec{y}}_{n})\\&+ \sum _{k = n - N }^{\infty } \sum _{\ell = 0}^{\infty } [\mathbb {C}P^{k}] \mathscr {P}_{\ell }({\varvec{y}}_{n}) h_{k +\ell + N - n + 1} ({\varvec{y}}_{n}) \\&\quad = \displaystyle {\sum _{k= 0}^{\infty }} \sum _{\ell = n - N - 1 - k}^{\infty } [\mathbb {C}P^{k}] \mathscr {P}_{\ell } ({\varvec{y}}_{n}) h_{k + \ell + N - n + 1} ({\varvec{y}}_{n}). \end{aligned}$$

Summing up the above calculation, we get the following result:
$$\begin{aligned} \underset{t = 0}{\mathrm {Res}'} \dfrac{t^{N}}{\mathscr {P}^{\mathbb {L}} (t) \prod _{j=1}^{n} (t +_{\mathbb {L}} \overline{y}_{j}) } = \left\{ \begin{array}{ll} &{} \displaystyle {\sum _{k = 0}^{\infty }} \sum _{\ell = 0}^{\infty } [\mathbb {C}P^{k}] \mathscr {P}_{\ell }({\varvec{y}}_{n}) h_{k +\ell + N - n + 1} ({\varvec{y}}_{n}) \quad (N \ge n), \\ &{} \displaystyle {\sum _{k= 0}^{\infty }} \sum _{\ell = n - N - 1 - k}^{\infty } [\mathbb {C}P^{k}] \mathscr {P}_{\ell } ({\varvec{y}}_{n}) h_{k + \ell + N - n + 1} ({\varvec{y}}_{n}) \quad (0 \le N < n). \end{array}\right. \end{aligned}$$

                    (5.1)
                

For a general polynomial of the form \(f(t) = \sum _{N=0}^{M} a_{N} t^{N} \in MU^{*}(X)[t]\), one has \(\varpi _{1 *} (f(y_{1})) = \varpi _{1 *} \left( \sum _{N=0}^{M} a_{N} y_{1}^{N} \right) = \sum _{N=0}^{M} a_{N} \varpi _{1 *} (y_{1}^{N})\) since the Gysin map \(\varpi _{1 *}\) is an \(MU^{*}(X)\)-homomorphism. From this, we can calculate \(\varpi _{1 *}(f(y_{1}))\).


Rights and permissions
Reprints and permissions


About this article
[image: Check for updates. Verify currency and authenticity via CrossMark]       



Cite this article
Nakagawa, M., Naruse, H. Darondeau–Pragacz formulas in complex cobordism.
                    Math. Ann. 381, 335–361 (2021). https://doi.org/10.1007/s00208-021-02196-5
Download citation
	Received: 17 February 2020

	Revised: 23 April 2021

	Accepted: 24 April 2021

	Published: 12 May 2021

	Issue Date: October 2021

	DOI: https://doi.org/10.1007/s00208-021-02196-5


Share this article
Anyone you share the following link with will be able to read this content:
Get shareable linkSorry, a shareable link is not currently available for this article.


Copy to clipboard

                            Provided by the Springer Nature SharedIt content-sharing initiative
                        


Mathematics Subject Classification
	05E05
	14M15
	14N15
	55N20
	55N22
	57R77








                    
                

            

            
                
                    

                    
                        
                            
    

                        

                    

                    
                        
                    


                    
                        
                            
                                
                            

                            
                                
                                    
                                        Access this article


                                        
                                            
                                                
                                                    
                                                        Log in via an institution
                                                        
                                                            
                                                        
                                                    
                                                

                                            
                                        

                                        
                                            
 
 
  
   
    
     
     
      Buy article PDF USD 39.95
     

    

    Price excludes VAT (USA)

     Tax calculation will be finalised during checkout.

    Instant access to the full article PDF.

   

  

  
 

 
  
   
    Rent this article via DeepDyve
     
      
     

   

  

  
 


                                        

                                        
                                            Institutional subscriptions
                                                
                                                    
                                                
                                            

                                        

                                    

                                
                            

                            
                                
    
        Advertisement

        
        

    






                            

                            

                            

                        

                    

                
            

        

    
    
    


    
        
            Search

            
                
                    
                        Search by keyword or author
                        
                            
                            
                                
                                    
                                
                                Search
                            
                        

                    

                
            

        

    



    
        Navigation

        	
                    
                        Find a journal
                    
                
	
                    
                        Publish with us
                    
                
	
                    
                        Track your research
                    
                


    


    
	
		
			
			
	
		
			
			
				Discover content

					Journals A-Z
	Books A-Z


			

			
			
				Publish with us

					Publish your research
	Open access publishing


			

			
			
				Products and services

					Our products
	Librarians
	Societies
	Partners and advertisers


			

			
			
				Our imprints

					Springer
	Nature Portfolio
	BMC
	Palgrave Macmillan
	Apress


			

			
		

	



		
		
		
	
		
				
						
						
							Your privacy choices/Manage cookies
						
					
	
						
							Your US state privacy rights
						
						
					
	
						
							Accessibility statement
						
						
					
	
						
							Terms and conditions
						
						
					
	
						
							Privacy policy
						
						
					
	
						
							Help and support
						
						
					


		
	
	
		
			
				
					
					44.220.63.115
				

				Not affiliated

			

		
	
	
		
			[image: Springer Nature]
		
	
	© 2024 Springer Nature




	






    