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                    Abstract
A detailed derivation of the f-statistics formalism is made from a geometrical framework. It is shown that the f-statistics appear when a genetic distance matrix is constrained to describe a four population phylogenetic tree. The choice of genetic metric is crucial and plays an outstanding role as regards the tree-like-ness criterion. The case of lack of treeness is interpreted in the formalism as the presence of population admixture. In this respect, four formulas are given to estimate the admixture proportions. One of them is the so-called \(f_4\)-ratio estimate and we show that a second one is related to a known result developed in terms of the fixation index \(F_{\mathrm{ST}}\). An illustrative numerical simulation of admixture proportion estimates is included. Relationships of the formalism with coalescence times and pairwise sequence differences are also provided.
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Lower Bound to Reliability of \(f_3\) Admixture Test
Lower Bound to Reliability of \(f_3\) Admixture Test
A lower bound may be given to the Euclidean distance r travelled in \(\mathbb {R}^m\) by three points representing an admixed population and two contributors, respectively, before they reach the right-angled triangle geometric configuration. If the rate at which allele frequencies change in the dataset were known, then an estimate of the time t elapsed since the birth of the admixture could be provided on the basis that r is proportional to \(\sqrt{t}\), if we assume that the vectors describe Brownian trajectories in \(\mathbb {R}^m\). These bounds are of interest to asses the validity of the \(f_3\) admixture test.
Fig. 11[image: figure 11]
Scheme to find a lower bound to reliability of \(f_3\) admixture test


Full size image

In Fig. 11, the point \(A'\) represents the admixture population and A and \(A''\) stand for the two equal-weight contributors to the linear combination that defines the birth of \(A'\). The goal is to give just a lower bound, so we do not deal with a generic proportion. Besides, A and \(A''\) are assumed one unit apart and so define the genetic distance scale. In \(\mathbb {R}^m\), those points evolve in time describing a Brownian-like trajectory (red lines) and the linear distance reached, r, is proportional to \(\sqrt{t}\). All the points on a circumference are reached, on average, in the same span. For instance, the trajectory born at the initial time at A wanders in \(\mathbb {R}^m\) until it crosses the circumference at B.
We are interested in the situation where the angle at vertex \(B'\) becomes right. We assume the favourable case where the particular locations \(B,B',B''\), are simultaneously reached. This is the configuration depicted, where lines \(\overline{B'B}\) and \(\overline{B'B''}\) are tangents to a circumference. We want to ascertain the radius r at which this situation happens because triangle \(BB'B''\) is the triangle criterion (22). The proof relies on the fact that the triangles ABC and \(CA'B'\) are identical. Thus, \(|\overline{CA'}|=r\) and \(|\overline{AC}|=|\overline{CB'}|=\sqrt{2}r\). Since \(|\overline{AA''}|=1\), we have then \(2(|\overline{AC}|+\overline{CA'}|)\) \(=2r(1+\sqrt{2})=1\), and therefore, \(r=(\sqrt{2}-1)/2\simeq 0.207\). Of course, this picture corresponds to an extreme situation in which the wandering of the three trajectories ends up simultaneously at points B, \(B'\) and \(B''\). This is why \(21\%\) of the initial distance between contributors is just a lower bound. After that, if the dynamics leads the geometry to an acute-angled triangle the \(f_3\) admixture test will fail.
An algebraic proof is also possible minimizing the expression of r with respect to several variables, but the algebra is quite more involved. It yields the very same result for the radius r.
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