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                    Abstract
Chlamydia trachomatis is an important bacterial pathogen that has an unusual developmental switch from a dividing form (reticulate body or RB) to an infectious form (elementary body or EB). RBs replicate by binary fission within an infected host cell, but there is a delay before RBs convert into EBs for spread to a new host cell. We developed stochastic optimal control models of the Chlamydia developmental cycle to examine factors that control the number of EBs produced. These factors included the probability and timing of conversion, and the duration of the developmental cycle before the host cell lyses. Our mathematical analysis shows that the observed delay in RB-to-EB conversion is important for maximizing EB production by the end of the intracellular infection.




                    
    


                    
                        
                            
                                
                                    
                                        
                                    
                                    
                                        This is a preview of subscription content, log in via an institution
                                    
                                    
                                        
                                     to check access.
                                

                            

                        

                        
                            
                                
                                    Access this article

                                    
                                        
                                            
                                                
                                                    Log in via an institution
                                                    
                                                        
                                                    
                                                
                                            

                                        
                                    
                                    
                                        
 
 
  
   
    
     
     
      Buy article PDF USD 39.95
     

    

    Price excludes VAT (USA)

     Tax calculation will be finalised during checkout.

    Instant access to the full article PDF.

   

  

  
 

 
  
   
    Rent this article via DeepDyve
     
      
     

   

  

  
 


                                    

                                    
                                        Institutional subscriptions
                                            
                                                
                                            
                                        

                                    

                                

                            
                        

                        
                            Fig. 1[image: ]



                        

                    

                    
                        
                    


                    
                        
                            
                                
        
            
                Similar content being viewed by others

                
                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Replication-dependent size reduction precedes differentiation in Chlamydia trachomatis
                                        
                                    

                                    
                                        Article
                                         Open access
                                         03 January 2018
                                    

                                

                                Jennifer K. Lee, Germán A. Enciso, … Ming Tan

                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Growth of RB Population in the Conversion Phase of Chlamydia Life Cycle
                                        
                                    

                                    
                                        Article
                                         Open access
                                         09 January 2023
                                    

                                

                                Frederic Y. M. Wan

                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        One Face of Chlamydia trachomatis: The Infectious Elementary Body
                                        
                                    

                                    
                                        Chapter
                                        
                                         © 2018
                                    

                                

                                
                            
                        

                    
                

            
        
            
        
    
                            
                        
                    

                    

                    

                    References
	Abdelrahman YM, Belland RJ (2005) The chlamydial developmental cycle. FEMS Microbiol Rev 29:949–959
Article 
    
                    Google Scholar 
                

	Batteiger BE, Tan M (2019) Chlamydia trachomatis (trachoma and urogenital infections). In: Bennett JE, Dolin R, Blaser MJ (eds) Mandell, Douglas, and Bennett’s principles and practice of infectious diseases. Elsevier, Philadelphia, pp 2301–2319

                    Google Scholar 
                

	Belland RJ et al (2003) Genomic transcriptional profiling of the developmental cycle of Chlamydia trachomatis. Proc Natl Acad Sci USA 100:8478–8483
Article 
    
                    Google Scholar 
                

	Bryson A, Ho YC (1969) Applied optimal control. Ginn and Company, Waltham

                    Google Scholar 
                

	Denk W, Horstmann H (2004) Serial block-face scanning electron microscopy to reconstruct three-dimensional tissue nanostructure. PLoS Biol 2:e329
Article 
    
                    Google Scholar 
                

	Elwell C, Mirrashidi K, Engel J (2016) Chlamydia cell biology and pathogenesis. Nat Rev Microbiol 14(6):385–400
Article 
    
                    Google Scholar 
                

	Hackstadt T, Fischer ER, Scidmore MA, Rockey DD, Heinzen RA (1997) Origins and functions of the chlamydial inclusion. Trends Microbiol 5:288–293
Article 
    
                    Google Scholar 
                

	Hybiske K, Stephens RS (2007) Mechanisms of host cell exit by the intracellular bacterium. Chlamydia. Proc Natl Acad Sci USA 104:11430–11435
Article 
    
                    Google Scholar 
                

	Lee JK, Enciso GA, Boassa D, Chander CN, Lou TH, Pairawan SS, Guo MC, Wan FYM, Ellisman MH, Sütterlin C, Tan M (2018) Replication-dependent size reduction precedes differentiation in Chlamydia trachomatis. Nat Commun. https://doi.org/10.1038/s41467-017-02432-0
Article 
    
                    Google Scholar 
                

	Leighton SB (1981) SEM images of block faces, cut by a miniature microtome within the SEM—a technical note. Scan Electron Microsc Pt 2:73–76

                    Google Scholar 
                

	Moulder JW (1991) Interaction of chlamydiae and host cells in vitro. Microbiol Rev 55:143–190
Article 
    
                    Google Scholar 
                

	Newman L et al (2015) Global estimates of the prevalence and incidence of four curable sexually transmitted infections in 2012 based on systematic review and global reporting. PLoS ONE 10:e0143304
Article 
    
                    Google Scholar 
                

	Pontryagin LS et al (1962) The mathematical theory of optimal control processes. Interscience Publishers, New York

                    Google Scholar 
                

	Shaw EI et al (2000) Three temporal classes of gene expression during the Chlamydia trachomatis developmental cycle. Mol Microbiol 37:913–925
Article 
    
                    Google Scholar 
                

	Taylor HR, Burton MJ, Haddad D, West S, Wright H (2014) Trachoma. Lancet 384:2142–2152
Article 
    
                    Google Scholar 
                

	Wan FYM (1995) Introduction to the calculus of variations and its applications. Chapman and Hall, New York
MATH 
    
                    Google Scholar 
                

	Wan FYM (2018) Dynamical system models in the life sciences. World Scientific, Singapore
MATH 
    
                    Google Scholar 
                

	Wan FYM, Enciso GA (2017) Optimal proliferation and differentiation of Chlamydia trachomatis. Stud Appl Math 139(1):129–178. https://doi.org/10.1111/sapm.12175
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	World Health Organization (2020) Trachoma Fact Sheet. https://www.who.int/news-room/fact-sheets/detail/trachoma


Download references




Acknowledgements
Funding was provided by National Science Foundation (Grant Nos. DMS1763272, DMS1616233) and National Institutes of Health (Grant No. R01 AI151212).


Author information
Authors and Affiliations
	Department of Mathematics, University of California Irvine, Irvine, USA
German Enciso & Frederic Y. M. Wan

	Department of Developmental and Cell Biology, University of California Irvine, Irvine, USA
Christine Sütterlin

	Department of Microbiology and Molecular Genetics, University of California Irvine, Irvine, USA
Ming Tan


Authors	German EncisoView author publications
You can also search for this author in
                        PubMed Google Scholar



	Christine SütterlinView author publications
You can also search for this author in
                        PubMed Google Scholar



	Ming TanView author publications
You can also search for this author in
                        PubMed Google Scholar



	Frederic Y. M. WanView author publications
You can also search for this author in
                        PubMed Google Scholar





Corresponding author
Correspondence to
                German Enciso.


Additional information
Publisher's Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
The research is partially supported by NSF (UBM) Grant DMS-1129008 for the UCI MCBU Program. MCBU students did some computing related to this research but is not used in this report.


Appendices
Appendix
A: Summary and Description of the Six Relevant Models
As the present work is the third report of our work to examine the development of C. trachomatis and its bio-theoretic foundation, we summarize below all the models involved in the discussion herein, both new and previously analyzed, and clarify their relation to each other.
	
                    The GD-Model: The data of Lee et al. (2018) reveal a complex developmental cycle that features repeated divisions of an RB form of the bacterium and the conversion of RB to the EB form that survives host cell lysis to infect other human cells and spread the bacteria. A probabilistic model with gamma distributions assigned to the elapsed times between different state transitions, known as the GD-Model herein, was formulated in Lee et al. (2018) to show the empirical findings can be faithfully replicated by a mathematical model based on a few simple theoretical ingredients.

                  
	
                    The PT-Model: The GD-Model reproduces the features of the chlamydial development observed but does not provide a bio-theoretic basis for these features. To address the question what role natural selection plays in these features, a deterministic PT-Model for the evolution of the two (lumped) C. trachomatis populations in a cytoplasmic inclusion was formulated in Wan and Enciso (2017) to focus on the alternative cell fate choices of an RB division into two RBs or an RB conversion into an EB. The resulting RB-to-EB conversion strategy that maximizes the EB population at a known terminal time (without any built-in mechanism to induce the observed conversion holiday at the start of the developmental cycle) is qualitatively the same as that found empirically in Lee et al. (2018).

                  
	
                    The BD-Model: The variability of the many features of the chlamydial development among the collection of infected cells examined necessitates formulation and analysis of probabilistic models. The alternative choice of division and conversion is captured by a simple birth and death process model (the BD-Model) for the RB and EB populations in Sect. 2. This BD-Model provides a stepping stone to our two approaches to the optimal control problem for our posit that the development cycle is the optimal strategy for maximizing the spread of the bacterial infection.

                  
	
                    The RT-Model: With data available for the lysis time of the infected cells examined, one approach is to treat T as a random variable with a probability distribution (or a density function) estimated from the data. This leads to the stochastic optimal control RT-Model of Sect. 4.

                  
	
                    The WS-Model: An alternative approach assumes the variability of lysis time among host cells to be a consequence of the uncertain environment experienced by different host cells and the resulting in random elapsed times transitioning from an RBs to two smaller RBs (after a division) or to an EB (through a conversion) captured by the BD-Model. The lysis time for each host cell in this WS-Model is, as seen from Sect. 3, determined by a threshold condition of a weighted sum of terminal RB and EB populations.

                  
	
                    The MP-Model: The highly idealized 2-form models are too coarse-grained for matching with available developmental data. A qualitative difference is observed between the theoretical result and the data reported in Lee et al. (2018) on the post conversion holiday growth of the RB population. The discrepancy is removed by a four-form model, the MP-Model of Sect. 6.

                  

B: Method of Characteristics for Generating Functions
The characteristic ODE of the first order PDE for \(G(x,\tau )\) are
$$\begin{aligned} \frac{\mathrm{d}x}{\mathrm{d}\tau }=-\rho +(1+\rho )x-x^{2}, \ \ \ \ \ \ \ \ \frac{\mathrm{d}G}{\mathrm{d}\tau } =0. \end{aligned}$$

The Riccati equation for \(x(\tau )\) can be written as
$$\begin{aligned} \frac{\mathrm{d}x}{\mathrm{d}\tau }=(1-x)(x-\rho ). \end{aligned}$$

with \(x_{p}(\tau )=1\) as a particular solution. The decomposition
$$\begin{aligned} x(\tau )=1+\frac{1}{z(\tau )} \end{aligned}$$

transforms the Riccati equation into a linear ODE
$$\begin{aligned} \frac{\mathrm{d}z}{\mathrm{d}\tau }-\left( 1-\rho \right) z=1. \end{aligned}$$

with an exact solution
$$\begin{aligned} z(\tau )=e^{-f(\tau )}\left\{ \frac{1}{x_{0}-1}+I(\tau )\right\} \end{aligned}$$

where as given in (9)
$$\begin{aligned} f(\tau )=-\tau +\int _{0}^{\tau }\rho (\xi )\mathrm{d}\xi , \ \ \ \ \ \ \ I(\tau )=\int _{0}^{\tau }e^{f(\zeta )}\mathrm{d}\zeta , \end{aligned}$$

and \(x_{0}\) is a constant of integration. The corresponding solution for \(x(\tau )\) is
$$\begin{aligned} x(\tau )=1+\frac{1}{z(\tau )}=1+\frac{\left( x_{0}-1\right) e^{f(\tau )}}{1+\left( x_{0}-1\right) \ I(\tau )} \end{aligned}$$

                    (85)
                

with
$$\begin{aligned} x(0)=x_{0}. \end{aligned}$$

The solution for the other characteristic ODE is
$$\begin{aligned} G(x,\tau )=G_{0}=x_{0}^{N} \end{aligned}$$

                    (86)
                

since there are exactly N RB units initially so that
$$\begin{aligned} \left[ G(x,\tau )\right] _{\tau =0}=G(x_{0},0) =\sum _{k=0}^{\infty }P_{k}(0)x_{0}^{k}=x_{0}^{N}. \end{aligned}$$

To complete the solution, we solve (85) for \(x_{0}\) in terms of x and \(\tau \) to get
$$\begin{aligned} x_{0}=1+\frac{x-1}{e^{f(\tau )}-(x-1)I(\tau )} \end{aligned}$$

                    (87)
                

Upon using this expression for \(x_{0}\) in (86), we obtain
$$\begin{aligned} G(x,\tau )=x_{0}^{N}=\left\{ 1+\frac{x-1}{e^{f(\tau )}-(x-1)I(\tau )}\right\} ^{N}. \end{aligned}$$

                    (88)
                

C: Proof of Proposition 4
                        

                  Proof

                  The optimal control \(u_{op}(t)\) must be the lower corner control 0 at least in a small interval \((t_{0},t_{s}]\) adjacent to the switch point. If not and \(u_{op}(t)=u_{\max }\) for \(0\le t_{0}<t\le t_{s},\) then
$$\begin{aligned} \lambda ^{\prime }(t_{s})=u_{\alpha }\lambda (t_{s})-u_{\max }=-\alpha <0 \end{aligned}$$

so that \(\lambda (t)\) is a decreasing function of t in some small neighborhood of \(t_{s}\). With \(1-\lambda \left( t\right) \le 0\) for \(t\le t_{s}\), the upper corner control \(u_{\max }\) does not maximize the Hamiltonian at least for t in that neighborhood; hence, \(u(t)=u_{\max }\) is not optimal there. Since the singular solution does not apply, we are left with the only option of \(u_{op}(t)=0\) in that neighborhood. In that case, the adjoint DE (31) and the continuity of the adjoint function require
$$\begin{aligned} \lambda ^{\prime }=-\alpha \lambda _{.}\ \ \ \ \ \lambda (t_{s})=1 \end{aligned}$$

and therewith
$$\begin{aligned} \lambda (t)=e^{-\alpha (t-t_{s})},\ \ \ \ \ (t\le t_{s}). \end{aligned}$$

With this, the Hamiltonian,
$$\begin{aligned} H(u)=\alpha \lambda (t)R(t)+\left[ 1-e^{-\alpha (t-t_{s})}\right] u(t)R(t),\ \ \ \ \ (t\le t_{s}), \end{aligned}$$

                    (89)
                

is maximized by the lower corner control \(u_{op}(t)=0\) for all t in the interval \([0,t_{s})\). \(\square \)

                D: Proof of Proposition 7
                        

                  Proof

                  With the Euler BC \(\lambda _{g}(T_{2})=0\), the Hamiltonian reduces to
$$\begin{aligned} H_{s}(T_{2})=u(T_{2})R_{g}(T_{2})F_{c}(T_{2}) \end{aligned}$$

	
                      (i)
                      
                        For the general case with \(F_{c}(T_{2})>0\), \(H_{s}(T_{2})\) is maximized by the upper corner control so that \(u_{op}(T_{2})=u_{\max }\). Given 
$$\begin{aligned} \lambda _{g}(T_{2})=0,\ \ \ \ \lambda _{g}^{\prime }(T_{2}) =-u_{\max }F_{c}(T_{2})<0, \end{aligned}$$

 we have \(\lambda _{g}(t)\ge 0\) but, by continuity, \(\lambda _{g}(t)<F_{c}(t) \) for some interval \((t_{s},T_{2}]\) adjacent to \(T_{2}\). It follows from \(R(t)>0\) that \(u_{op}(t)=u_{\max }\) at least in \((t_{s},T_{2}]\) with \(t_{s}\) being the root of (66) nearest to (but still <) \(T_{2}\).

                      
                    
	
                      (ii)
                      
                        For the case \(F_{c}(T_{2})=0\) (and \(F_{c}(t)>0\) for \(t<T_{2}\)), we have 
$$\begin{aligned} \left[ \left\{ \lambda _{g}-F_{c}\right\} ^{\prime }\right] _{t=T_{2}}= & {} u_{\alpha }\left[ \lambda _{g}-F_{c}\right] _{t=T_{2}} -\alpha F_{c}(T_{2})+f_{T}(T_{2}) \\= & {} u_{\alpha }\left\{ \lambda _{g}-F_{c}\right\} _{t=T_{2}}+f_{T}(T_{2}) \ge u_{\alpha }\left\{ \lambda _{g}-F_{c}\right\} _{t=T_{2}} \end{aligned}$$

 so that \(\left[ F_{c}(t)-\lambda _{g}(t)\right] \) is a decreasing function of t but remains \(>0\) at least in some interval \((t_{s},T_{2}]\). It follows from (61) that we have \(u_{op}(t)=u_{\max }\) at least in \( (t_{s},T_{2}]\) with \(t_{s}\) being the root of (66) nearest to (but still <) \(T_{2}\).

                      
                    

\(\square \)

                E: Proof of Proposition 8
                        

                  Proof

                  We have already \(u_{op}(t)=u_{\max }\) for \(t_{s}<t\le T_{2}\) from Proposition 7 where the switch point \(t_{s}\) is the root of (70) nearest to \(T_{2}\). We also learned from the development prior to this proposition that \(u_{op}(t)\) cannot be \(u_{\max }\) or the singular solution for \(t\lesssim t_{s}\).

                  For the lower corner control in that range, the corresponding adjoint function, denoted by \(\lambda _{\ell }(t)\), is determined by
$$\begin{aligned} \lambda _{\ell }^{\prime }=-\alpha \lambda _{\ell }, \ \ \ \ \ \lambda _{\ell }(t_{s})=F_{c}(t_{s}). \end{aligned}$$

The exact solution is
$$\begin{aligned} \lambda _{\ell }(t)=F_{c}(t_{s})e^{-\alpha (t-t_{s})}. \end{aligned}$$

	
                      (i)
                      
                        For \(t_{s}\le T_{1}\), we have \(F_{c}(t)=1\) and \(\lambda _{\ell }(t)=e^{\alpha (t_{s}-t)}\) so that \(1-e^{\alpha (t_{s}-t)}<0\) for all \(t<t_{s}\) and 
$$\begin{aligned} H_{s}(t)=u(t)R(t)\left[ 1-e^{\alpha (t_{s}-t)}\right] +\alpha R(t)e^{\alpha (t_{s}-t)}, \end{aligned}$$

 is maximized by \(u_{op}(t)=0\) there.

                      
                    
	
                      (ii)
                      
                        For \(t_{s}>T_{1}\), \(F_{c}(t)\) decreases only linearly with increasing t while \(\lambda _{\ell }(t)\) decay exponentially with \(\lambda _{\ell }(t_{s})=F_{c}(t_{s})\) so that \(u_{op}(t)=0\) is also optimal for \(t<t_{s}\).

                      
                    

\(\square \)
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