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                    Abstract
This paper considers plant–pollinator–herbivore systems where the plant produces food for the pollinator, the pollinator provides pollination service for the plant in return, while the herbivore consumes both the food and the plant itself without providing pollination service. Based on these resource–consumer interactions, we form a plant–pollinator–herbivore model which includes the intermediary food. Using qualitative method and Kuznetsov theorem, we show global dynamics of the subsystems, uniform persistence of the whole system and periodic oscillation by Hopf bifurcation. Rigorous analysis on the system demonstrates mechanisms by which varying parameters could make the system transition between extinction of herbivore, coexistence of the three species at steady states, coexistence in periodic oscillations and extinction of pollinator. It is shown that (i) in plant–pollinator interactions, the plant would produce food; (ii) in plant–herbivore interactions, the plant would produce toxin; (iii) in the presence of both pollinator and herbivore, the plant would produce both food and toxin, and intermediate productions are analytically given by which the plant can reach its maximal density; and (iv) an appropriate toxin production could drive the herbivore into extinction, an unappropriate one would drive the pollinator into extinction, while too much toxin production will drive the plant itself into extinction. The analysis leads to explanations for experimental observations and provides new insights.



                    
    


                    
                        
                            
                                
                                    
                                        
                                    
                                    
                                        This is a preview of subscription content, log in via an institution
                                    
                                    
                                        
                                     to check access.
                                

                            

                        

                        
                            
                                
                                    Access this article

                                    
                                        
                                            
                                                
                                                    Log in via an institution
                                                    
                                                        
                                                    
                                                
                                            

                                        
                                    
                                    
                                        
We’re sorry, something doesn't seem to be working properly.
 Please try refreshing the page. If that doesn't work, please contact support so we can address the problem.



                                    

                                    
                                        Institutional subscriptions
                                            
                                                
                                            
                                        

                                    

                                

                            
                        

                        
                            Fig. 1[image: ]


Fig. 2[image: ]


Fig. 3[image: ]



                        

                    

                    
                        
                    


                    
                        
                            
                                
        
            
                Similar content being viewed by others

                
                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Persistence of Pollination Mutualisms in the Presence of Ants
                                        
                                    

                                    
                                        Article
                                        
                                         06 January 2015
                                    

                                

                                Yuanshi Wang & Shikun Wang

                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Permanence and global attractivity of a discrete pollination mutualism in plant-pollinator system with feedback controls
                                        
                                    

                                    
                                        Article
                                         Open access
                                         28 July 2016
                                    

                                

                                Rongyu Han, Xiangdong Xie & Fengde Chen

                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Period-doubling and Neimark–Sacker bifurcations of plant–herbivore models
                                        
                                    

                                    
                                        Article
                                         Open access
                                         04 July 2019
                                    

                                

                                E. M. Elsayed & Qamar Din

                            
                        

                    
                

            
        
            
        
    
                            
                        
                    

                    

                    

                    References
	Butler G, Freedman HI, Waltman P (1986) Uniformly persistent systems. Proc Am Math Soc 83:425–430
Article 
    MathSciNet 
    
                    Google Scholar 
                

	Castellanos V, Sánchez-Garduño F (2019) The existence of a limit cycle in a pollinatorplantherbivore mathematical model. Nonlinear Anal Real World Appl 48:212–231
Article 
    MathSciNet 
    
                    Google Scholar 
                

	Cosner C (1996) Variability, vagueness and comparison methods for ecological models. Bull Math Biol 58:207–246
Article 
    
                    Google Scholar 
                

	Fabina NS, Abbott KC, Gilman RT (2010) Sensitivity of plantpollinatorherbivore communities to changes in phenology. Ecol Model 221:453–58
Article 
    
                    Google Scholar 
                

	Fishman MA, Hadany L (2010) Plantpollinator population dynamics. Theor Popul Biol 78:270–277
Article 
    
                    Google Scholar 
                

	Georgelin E, Loeuille N (2014) Dynamics of coupled mutualistic and antagonistic interactions, and their implications for ecosystem management. J Theor Biol 346:67–74
Article 
    
                    Google Scholar 
                

	Guimarães PR Jr, Pires MM, Jordano P, Bascompte J, Thompson JN (2017) Indirect effects drive coevolution in mutualistic networks. Nature 550:511514
Article 
    
                    Google Scholar 
                

	Jang SJ (2002) Dynamics of herbivore–plant–pollinator models. J Math Biol 44:129–149
Article 
    MathSciNet 
    
                    Google Scholar 
                

	Kuznetsov YA (2004) Elements of Applied Bifurcation Theory, vol 12, 3rd edn. Applied Mathematical Sciences. Springer, New York
Book 
    
                    Google Scholar 
                

	Liu R, Feng Z, Zhu H, DeAngelis DL (2008) Bifurcation analysis of a plant–herbivore model with toxin-determined functional response. J Differ Equ 245:442–467
Article 
    MathSciNet 
    
                    Google Scholar 
                

	Ramos SE, Schiestl FP (2019) Rapid plant evolution driven by the interaction of pollination and herbivory. Science 364:193–196
Article 
    
                    Google Scholar 
                

	Revilla TA (2015) Numerical responses in resource-based mutualisms: a time scale approach. J Theor Biol 378:39–46
Article 
    MathSciNet 
    
                    Google Scholar 
                

	Sánchez-Garduño F, Breña-Medina VF (2011) Searching for spatial patterns in a pollinator–plant–herbivore mathematical model. Bull Math Biol 73:1118–53
Article 
    MathSciNet 
    
                    Google Scholar 
                

	Smith HL, Waltman P (1995) The theory of the chemostat. Cambridge University Press, New York
Book 
    
                    Google Scholar 
                

	Wang Y (2013) Dynamics of plant–pollinator–robber systems. J Math Biol 66:1155–1177
Article 
    MathSciNet 
    
                    Google Scholar 
                

	Wang Y, Wu H, DeAngelis DL (2019) Global dynamics of a mutualism-competition model with one resource and multiple consumers. J Math Biol 78:683–710
Article 
    MathSciNet 
    
                    Google Scholar 
                


Download references




Acknowledgements
We would like to thank the three reviewers for their helpful comments on the manuscript. This work was supported by NSF of P.R. China (11571382).


Author information
Authors and Affiliations
	School of Mathematics, Sun Yat-sen University, Guangzhou, 510275, People’s Republic of China
Mingshu Chen, Hong Wu & Yuanshi Wang


Authors	Mingshu ChenView author publications
You can also search for this author in
                        PubMed Google Scholar



	Hong WuView author publications
You can also search for this author in
                        PubMed Google Scholar



	Yuanshi WangView author publications
You can also search for this author in
                        PubMed Google Scholar





Corresponding author
Correspondence to
                Yuanshi Wang.


Additional information
Publisher's Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.


Appendices
Appendix A

                  Proof of Proposition 2.1

                  From the first equation of (6), we have \({\dot{u}}_1< u_1(r_1+\sigma _1-d_1u_1)\). Then the comparison theorem (Cosner 1996) implies
$$\begin{aligned} \lim \sup _{t\rightarrow \infty }u_1(t)\le \frac{r_1+\sigma _1}{d_1}. \end{aligned}$$

Thus, for fixed \(\varepsilon > 0\), there exists \(T>0\), such that \(u_1(t)<\dfrac{r_1+\sigma _1}{d_1}+\varepsilon =M_1\) when \(t>T\).

                  From the second equation of (6), we have
$$\begin{aligned} {\dot{u}}_2< u_2\left( -r_2+\frac{\sigma _2M_1}{1+u_2}\right) < -r_2u_2+\sigma _2M_1 \end{aligned}$$

when \(t>T\). Then the comparison theorem implies \(\lim \sup _{t\rightarrow \infty }u_2(t)\le \dfrac{\sigma _2M_1}{r_2}\).

                  From the first and third equations of (6), we have
$$\begin{aligned} \frac{\sigma _{31}}{\beta _{31}} {\dot{u}}_1+{\dot{u}}_3&=\frac{\sigma _{31}}{\beta _{31}}u_1\left( r_1-d_1u_1+\sigma _1\frac{\beta _0+u_2}{1+u_2+u_3}-\beta _{31}u_3\right) \\&\quad +u_3 \left( -r_3+\sigma _{31}u_1+\frac{\sigma _{32}u_1}{1+u_2+u_3}\right) \\&<\frac{\sigma _{31}}{\beta _{31}}u_1(r_1-d_1u_1+\sigma _1)-r_3u_3+\sigma _{32}u_1 \\&=-pu_1^2+qu_1-r_3u_3, \end{aligned}$$

where \(p=\dfrac{\sigma _{31}d_1}{\beta _{31}}\), \(q=\dfrac{\sigma _{31}r_1+\sigma _{31}\sigma _1+\sigma _{32}\beta _{31}}{\beta _{31}}\). It is obvious \(-pu_1^2+qu_1\le \dfrac{q^2}{4p}\). Recall \(u_1(t)<M_1\) when \(t>T\). If
$$\begin{aligned} \dfrac{\sigma _{31}}{\beta _{31}} u_1(t)+u_3(t)\ge \dfrac{\sigma _{31}M_1}{\beta _{31}}+\dfrac{q^2}{4pr_3}+1 =M_3, \end{aligned}$$

then \(u_3(t)\ge \dfrac{q^2}{4pr_3}+1\), which implies \(\dfrac{\sigma _{31}}{\beta _{31}} {\dot{u}}_1+{\dot{u}}_3\le -r_3<0\). Thus, we have \(\lim \sup _{t\rightarrow \infty }(\dfrac{\sigma _{31}}{\beta _{31}} u_1(t)+u_3(t))\le M_3\). Since solutions of (6) are nonnegative, we obtain \(\lim \sup _{t\rightarrow \infty }u_3(t) \le M_3\), which implies that system (6) is dissipative. \(\square \)

                
                  Fig. 4[image: figure 4]
Phase plane diagrams of system (10). Stable and unstable equilibria are identified by solid and open circles, respectively. Vector fields are shown by gray arrows. The isoclines of \(u_1\) and \(u_3\) are represented by red and blue lines, respectively. In model (10), we fix \(r_1=0.04, r_3=0.3, d_1= 0.01, \beta _0 =1/3\), \(\sigma _1= 0.5\), \(\sigma _{31}= 0.5, \sigma _{32}=3/16\). Numerical simulations display that the unique positive equilibrium \(E_{13}(0.5435,0.1897)\) is globally asymptotically stable (Color figure online)


Full size image


                Appendix B

                  Proof of Theorem 2.4

                  Denote isoclines of (10) as follows:
$$\begin{aligned} \begin{aligned} l_1:~u_1&=\dfrac{1}{d_1}\left( r_1+\dfrac{\sigma _1\beta _0}{1+u_3}-\beta _{31}u_3\right) =f_1(u_3)\\ l_3:~u_1&=\dfrac{r_3(1 +u_3)}{\sigma _{31}(1+u_3)+\sigma _{32}}=f_3(u_3).\\ \end{aligned} \end{aligned}$$

Then we have
$$\begin{aligned} \dfrac{\mathrm{{d}}f_1}{\mathrm{{d}}u_3}= & {} -\dfrac{1}{d_1}\left( \dfrac{\sigma _1\beta _0}{(1+u_3)^2}+\beta _{31}\right)<0,~~ \dfrac{\mathrm{{d}}^2f_1}{\mathrm{{d}}u_3^2}= \dfrac{2\sigma _1\beta _0}{d_1(1+u_3)^3}>0 \\ \dfrac{\mathrm{{d}}f_3}{\mathrm{{d}}u_3}= & {} \dfrac{r_3\sigma _{32}}{(\sigma _{31}1+\sigma _{32}+\sigma _{31}u_3)^2}>0,~~ \dfrac{\mathrm{{d}}^2f_3}{\mathrm{{d}}u_3^2}= -\dfrac{2r_3\sigma _{31}\sigma _{32}}{(\sigma _{31}1+\sigma _{32}+\sigma _{31}u_3)^3}<0 . \end{aligned}$$

Thus, \(f_1(u_3)\) is monotone decreasing and convex leftward, and \(f_3(u_3)\) is monotone increasing and convex rightward as shown in Fig. 4. Let \(u_3=0\). We have \(f_1(0)={{\bar{u}}}_1 \), and \(f_3(0)=\dfrac{r_3}{\sigma _{31}+\sigma _{32}}\), which implies that \(f_1(0)> f_3(0)\) if and only if \(\lambda _1^{(3)} > 0\).

                  (i) Since \(\lambda _1^{(3)} \le 0\), we have \(f_1(0)\le f_3(0)\). The monotonicity and convexity of \(l_1\) and \(l_3\) mean that there is no positive equilibrium in system (10). Since equilibrium \({{\bar{O}}}\) has no stable manifold in int\(R_+^2\), equilibrium \({{\bar{E}}}_1\) is globally asymptotically stable in int\(R_+^2\).

                  (ii) Since \(\lambda _1^{(3)} > 0\), equilibrium \({{\bar{E}}}_1\) is a saddle point and has no stable manifold in int\(R_+^2\). The monotonicity and convexity of \(l_1\) and \(l_3\) mean that there is a unique positive equilibrium \(E_{13}\) in system(10), which is asymptotically stable. By Proposition (2.3), \(E_{13}\) is globally asymptotically stable in int\(R_+^2\). \(\square \)

                Appendix C

                  Proof of Proposition 4.1

                  From the second equation of (18), we obtain that \(u_2^*,u_3^*\) satisfy
$$\begin{aligned} L_1:~ u_3=g_1(u_2)=-u_2+\dfrac{\sigma _2u_1^*}{r_2}-1. \end{aligned}$$

Moreover, from the first and third equations of (18), we obtain that \(u_2^*,u_3^*\) satisfy
$$\begin{aligned} L_2:~ u_3=g_2(u_2)=\dfrac{\sigma _1r_2}{\beta _{31}\sigma _2u_1^*}u_2 +\dfrac{1}{\beta _{31}}\left( \dfrac{r_2\sigma _1\beta _0}{\sigma _2u_1^*}+r_1-d_1u_1^*\right) . \end{aligned}$$

On the \(u_2u_3\) plane, \(g_1(u_2)\) is monotonically decreasing, while \(g_2(u_2)\) is monotonically increasing. The straight line \(L_1\) passes through points \((\dfrac{\sigma _2u_1^*}{r_2}-1,0)\) and \((0,\dfrac{\sigma _2u_1^*}{r_2}-1)\), while \(L_2\) passes through points \((-\dfrac{\sigma _2u_1^*}{\sigma _1r_2}(\dfrac{r_2\sigma _1\beta _0}{\sigma _2u_1^*}+r_1-d_1u_1^*),0)\) and \((0,\dfrac{1}{\beta _{31}}(\dfrac{r_2\sigma _1\beta _0}{\sigma _2u_1^*}+r_1-d_1u_1^*))\). Thus, there is a positive intersection point between \(L_1\) and \(L_2\) if and only if
$$\begin{aligned} \left\{ \begin{aligned}&\dfrac{\sigma _2u_1^*}{r_2}-1>0, \\&-\dfrac{\sigma _2u_1^*}{\sigma _1r_2}\left( \dfrac{r_2\sigma _1\beta _0}{\sigma _2u_1^*}+r_1-d_1u_1^*\right)<\dfrac{\sigma _2u_1^*}{r_2}-1, \\&\dfrac{1}{\beta _{31}}\left( \dfrac{r_2\sigma _1\beta _0}{\sigma _2u_1^*}+r_1-d_1u_1^*\right) <\dfrac{\sigma _2u_1^*}{r_2}-1. \end{aligned} \right. \end{aligned}$$

Let \(u_1^* > r_2/\sigma _2\). Then we obtain the proof by (19). \(\square \)

                Appendix D
Explicit calculation of the first Lyapunov coefficient.
Given that the explicit expression for computing the first Lyapunov coefficient involves linear A, quadratic B and cubic C terms, we are going to calculate them. The explicit form of the matrix A is in (26). The expression for B at the points \(x(x_1,x_2,x_3)\) and \(y(y_1,y_2,y_3)\) is
$$\begin{aligned} B(x,y)= (B_1(x,y),B_2(x,y),B_3(x,y)), \end{aligned}$$

where
$$\begin{aligned} B_1(x,y)= & {} -d_1 (1 +u_2+u_3) x_1 y_1 +(\sigma _1+ r_1 -2d_1 u_1 - \beta _{31} u_3 ) ( x_1 y_2 + x_2 y_1),\\ B_2(x,y)= & {} \sigma _2 ( x_1 y_2 + x_2 y_1) - r_2 ( x_2 y_3 + x_3 y_2+ x_2 y_2),\\ B_3(x,y)= & {} \sigma _{31} u_3 ( x_1 y_2 + x_2 y_1) +[\sigma _{31}(1 +u_2+2u_3) +\sigma _{32} ]( x_1 y_3 + x_3 y_1) \\&+ (-r_3 + \sigma _{31} u_1) ( x_2 y_3 + x_3 y_2+ x_3 y_3). \end{aligned}$$

Meanwhile, the corresponding expression for C at the points \(x(x_1,x_2,x_3)\), \(y(y_1,y_2,y_3)\) and \(z(z_1,z_2,z_3)\) is
$$\begin{aligned} C(x,y,z)= (C_1(x,y,z),C_2(x,y,z),C_3(x,y,z)), \end{aligned}$$

where
$$\begin{aligned} C_1(x,y,z)= & {} -d_1 ( x_1^2 y_2 + x_2 y_1^2 + x_1^2 z_3 + x_3 z_1^2) \\&-\beta _{31} ( x_1 z_3^2 + x_3^2 z_1 + \sum _{i\ne j,j \ne k,k \ne i,i,j,k=1}^3 x_i y_j z_k), \\ C_2(x,y,z)= & {} 0,~~~~ C_3(x,y,z)= \sigma _{31} ( x_1 z_3^2 + x_3^2 z_1 + \sum _{i\ne j,j \ne k,k \ne i,i,j,k=1}^3 x_i y_j z_k). \end{aligned}$$

Now we proceed to compute the normalized vectors \(q, {{\bar{q}}}, p\) and \({{\bar{p}}}\). The eigenvector q of A corresponding to the eigenvalue iw is
$$\begin{aligned} q=\dfrac{1}{s_0} \left( \begin{aligned}&-w^2 + (r_2u_2 +\sigma _{32} \dfrac{r_2}{\sigma _2} u_3)wi \\&\sigma _2u_2 (-\sigma _{32} u_1u_3 + wi)\\&u_3[\sigma _2 \sigma _{31} u_1u_2 + (\sigma _{31} \dfrac{\sigma _2}{r_2} u_1 + \sigma _{32})wi ]\\ \end{aligned} \right) , \end{aligned}$$

where
$$\begin{aligned} s_0= \sqrt{w^4 +(r_2u_2 +\sigma _{32} \dfrac{r_2}{\sigma _2} u_3)^2w^2 +\sigma _2^2u_2^2 (\sigma _{32}^2 u_1^2u_3^2 + w^2) +u_3^2 [\sigma _2^2 \sigma _{31}^2 u_1^2u_2^2 + (\sigma _{31} \dfrac{\sigma _2}{r_2} u_1 + \sigma _{32})^2w^2 ]}. \end{aligned}$$

The adjoint eigenvector p associated with \(A^T\) (the transpose matrix of A) is
$$\begin{aligned} p= \left( \begin{aligned}&u_3\left[ \sigma _2 \sigma _{31} u_1u_2 - \left( \sigma _{31} \dfrac{\sigma _2}{r_2} u_1 + \sigma _{32}\right) wi \right] \\&u_3\left[ -d_1 \sigma _{32} u_1^2 +u_1 \sigma _1 \left( 1- \dfrac{r_2}{\sigma _2} \dfrac{\beta _0+u_2}{u_1} \right) \left( \sigma _{31} \dfrac{\sigma _2}{r_2} u_1 + \sigma _{32} \right) + \sigma _{32} \dfrac{r_2}{\sigma _2} wi\right] \\&-\sigma _2u_1u_2 \sigma _1 \left( 1- \dfrac{r_2}{\sigma _2} \dfrac{\beta _0+u_2}{u_1}\right) -w^2 + r_2u_2d_1 \dfrac{\sigma _2}{r_2} u_1^2 - \left( r_2u_2 + d_1 \dfrac{\sigma _2}{r_2} u_1^2 \right) wi\\ \end{aligned} \right) . \end{aligned}$$

The conjugate, \({{\bar{p}}}\), of p satisfying the normalization condition \({{\bar{p}}}\cdot q =1\) is
$$\begin{aligned} {{\bar{p}}}=\dfrac{1}{s_0 s_1} \left( \begin{aligned}&u_3\left[ \sigma _2 \sigma _{31} u_1u_2 + \left( \sigma _{31} \dfrac{\sigma _2}{r_2} u_1 + \sigma _{32}\right) wi \right] \\&u_3 \left[ -d_1 \sigma _{32} u_1^2 +u_1 \sigma _1 \left( 1- \dfrac{r_2}{\sigma _2} \dfrac{\beta _0+u_2}{u_1} \right) \left( \sigma _{31} \dfrac{\sigma _2}{r_2} u_1 + \sigma _{32} \right) - \sigma _{32} \dfrac{r_2}{\sigma _2} wi\right] \\&-\sigma _2u_1u_2 \sigma _1 \left( 1- \dfrac{r_2}{\sigma _2} \dfrac{\beta _0+u_2}{u_1}\right) -w^2 + r_2u_2d_1 \dfrac{\sigma _2}{r_2} u_1^2 + \left( r_2u_2 + d_1 \dfrac{\sigma _2}{r_2} u_1^2 \right) wi\\ \end{aligned} \right) , \end{aligned}$$

where
$$\begin{aligned}&\begin{aligned} \text {Re} s_1&= -u_3\sigma _2 \sigma _{31} u_1u_2 w^2 -\left( \sigma _{31} \dfrac{\sigma _2}{r_2} u_1 + \sigma _{32}\right) \left( r_2u_2 +\sigma _{32} \dfrac{r_2}{\sigma _2} u_3\right) w^2\\&\quad -\sigma _2u_2 \sigma _{32} u_1u_3^2 \left[ -d_1 \sigma _{32} u_1^2 +u_1 \sigma _1 \left( 1- \dfrac{r_2}{\sigma _2} \dfrac{\beta _0+u_2}{u_1} \right) \left( \sigma _{31} \dfrac{\sigma _2}{r_2} u_1 + \sigma _{32} \right) \right] \\&\quad + u_2 \sigma _{32} u_3 r_2 w^2\\&\quad +u_3 \sigma _2 \sigma _{31} u_1u_2 \left[ -\sigma _2u_1u_2 \sigma _1 \left( 1- \dfrac{r_2}{\sigma _2} \dfrac{\beta _0+u_2}{u_1}\right) -w^2 + u_2d_1 \sigma _2 u_1^2 \right] \\&\quad - \left( \sigma _{31} \dfrac{\sigma _2}{r_2} u_1 + \sigma _{32}\right) \left( r_2u_2 + d_1 \dfrac{\sigma _2}{r_2} u_1^2 \right) w^2,\\ \end{aligned} \\&\begin{aligned} \text {Im} s_1&= u_3\sigma _2 \sigma _{31} u_1u_2 \left( r_2u_2 +\sigma _{32} \dfrac{r_2}{\sigma _2} u_3\right) w -w^3\left( \sigma _{31} \dfrac{\sigma _2}{r_2} u_1 + \sigma _{32}\right) \\&\quad +u_3\left[ -d_1 \sigma _{32} u_1^2 +u_1 \sigma _1 \left( 1- \dfrac{r_2}{\sigma _2} \dfrac{\beta _0+u_2}{u_1} \right) \left( \sigma _{31} \dfrac{\sigma _2}{r_2} u_1 + \sigma _{32} \right) \right] \sigma _2u_2 w \\&\quad + u_2 \sigma _{32} u_1u_3^2 \sigma _{32} r_2 w\\&\quad +u_3 \sigma _2 \sigma _{31} u_1u_2 \left[ -\sigma _2u_1u_2 \sigma _1 \left( 1- \dfrac{r_2}{\sigma _2} \dfrac{\beta _0+u_2}{u_1}\right) -w^2 + u_2d_1 \sigma _2 u_1^2 \right] \\&\quad +u_3 \sigma _2 \sigma _{31} u_1u_2(r_2u_2 + d_1 \dfrac{\sigma _2}{r_2} u_1^2 ) w\\&\quad +u_3\left( \sigma _{31} \dfrac{\sigma _2}{r_2} u_1 + \sigma _{32}\right) w \left[ -\sigma _2u_1u_2 \sigma _1 \left( 1- \dfrac{r_2}{\sigma _2} \dfrac{\beta _0+u_2}{u_1}\right) -w^2 + u_2d_1 \sigma _2 u_1^2\right] .\\ \end{aligned} \end{aligned}$$

A long but straightforward computation shows that the first Lyapunov coefficient, \(l_1(P^*)\), is
$$\begin{aligned} l_1(P^*)= -\frac{0.0008}{2w}<0, \end{aligned}$$

where \(w = 102.2008\). Since \(l_1(P^*)<0 \), the bifurcation is supercritical and a unique stable limit cycle bifurcation from \(P^*\) for \(\sigma _2< \sigma _2^0\).
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