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                    Abstract
Mathematical models that are based on differential equations require detailed knowledge about the parameters that are included in the equations. Some of the parameters can be measured experimentally while others need to be estimated. When the models become more sophisticated, such as in the case of multiscale models of hepatitis C virus dynamics that deal with partial differential equations (PDEs), several strategies can be tried. It is possible to use parameter estimation on an analytical approximation of the solution to the multiscale model equations, namely the long-term approximation, but this limits the scope of the parameter estimation method used and a long-term approximation needs to be derived for each model. It is possible to transform the PDE multiscale model to a system of ODEs, but this has an effect on the model parameters themselves and the transformation can become problematic for some models. Finally, it is possible to use numerical solutions for the multiscale model and then use canned methods for the parameter estimation, but the latter is making the user dependent on a black box without having full control over the method. The strategy developed here is to start by working directly on the multiscale model equations for preparing them toward the parameter estimation method that is fully coded and controlled by the user. It can also be adapted to multiscale models of other viruses. The new method is described, and illustrations are provided using a user-friendly simulator that incorporates the method.
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Appendix
Appendix
In this appendix, we briefly show the derivation of the equations that constitute a preparatory step before the optimization procedure for the other seven parameters that were not included in the main text (three were already shown starting from Sect. 3.3.1). For more details the interested reader is referred to Sect. 3.3.1).
1.1 Parameter d
The derivative of the general function f (the vector [T, V]) with respect to d is:
$$\begin{aligned} \begin{aligned} \dfrac{\partial {^{}}f}{\partial {{d}^{}}} (t, y^d)=\Big [&- T - {d} \dfrac{\partial {^{}}T}{\partial {{d}^{}}} - {\beta }\left( \dfrac{\partial {^{}}V}{\partial {{d}^{}}} T + V \dfrac{\partial {^{}}T}{\partial {{d}^{}}} \right) \\&(1 - {\varepsilon _{s}})\int _0^\infty {\rho }R(a, t) \dfrac{\partial {^{}}I}{\partial {{d}^{}}} (a, t) {\mathrm {d}}a - {c} \dfrac{\partial {^{}}V}{\partial {{d}^{}}} \Big ] \end{aligned} \end{aligned}$$

where \( {y^d} = {\left\{ \begin{array}{ll} T\\ V \\ { \dfrac{\partial {^{}}T}{\partial {d^{}}} } \\ { \dfrac{\partial {^{}}V}{\partial {d^{}}} } \end{array}\right. }\).
Furthermore:
$$\begin{aligned} { \dfrac{\partial {^{}}R(a,t)}{\partial {d^{}}} }= & {} 0, \\ { \dfrac{\partial {^{}}\bar{T}}{\partial {d^{}}} }= & {} 0,\\ { \dfrac{\partial {^{}}\bar{V}}{\partial {d^{}}} }= & {} -1/{\beta },\\ { \dfrac{\partial {^{}}I(a,t)}{\partial {d^{}}} }= & {} \left\{ \begin{array}{lr} {\beta }\left( \dfrac{\partial {^{}}V}{\partial {{d}^{}}} (t-a) T(t-a) + V(t-a) \dfrac{\partial {^{}}T}{\partial {{d}^{}}} (t-a) \right) {\mathrm {e}}^{-{\delta }a} &{} a < t\\ - c / ({\beta }N) {\mathrm {e}}^{-{\delta }a} &{} a > t\\ \end{array} \right. , \end{aligned}$$

The upper right block matrix of the Jacobian is:
$$\begin{aligned} f'_{d, 2\times 2}= \left( \begin{array}{l@{\quad }l} 0 &{} 0 \\ \begin{array}{l@{}} (1 - \varepsilon _s)\int _0^t\rho R(a, t) \\ \quad \times \dfrac{\partial {^{}}I(a, t)}{\partial { \dfrac{\partial {^{}}T}{\partial {d^{}}} ^{}}} {\mathrm {d}}a\end{array} &{}\quad \begin{array}{l@{}}(1 - \varepsilon _s)\int _0^t \rho R(a, t)\\ \quad \times \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}V}{\partial {d^{}}} ^{}}} {\mathrm {d}}a\end{array} \\ \end{array}\right) \end{aligned}$$

 and the transposed last two rows of the Jacobian are:
$$\begin{aligned} {\left( \left( f'_{d, 3}\right) ^{\text {tr}}, \left( f'_{d, 4}\right) ^{\text {tr}}\right) }:= & {} \left( \begin{array}{ll} -1-{\beta } \dfrac{\partial {^{}}V}{\partial {{d}^{}}} &{}\quad (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a, t)}{\partial {d^{}}} }{\partial {T^{}}} }\hbox {d}a \\ -{\beta } \dfrac{\partial {^{}}T}{\partial {{d}^{}}} &{}\quad (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a, t)}{\partial {d^{}}} }{\partial {V^{}}} }\hbox {d}a \\ -{d}-{\beta }V &{}\quad (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a, t)}{\partial {d^{}}} }{\partial { \dfrac{\partial {^{}}T}{\partial {d^{}}} ^{}}} }\hbox {d}a \\ -{\beta }T &{} (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a, t)}{\partial {d^{}}} }{\partial { \dfrac{\partial {^{}}V}{\partial {d^{}}} ^{}}} }\hbox {d}a -{c}\\ \end{array}\right) ,\\ \dfrac{\partial {^{}} \dfrac{\partial {^{}}f}{\partial {{d}^{}}} }{\partial {t^{}}}= & {} \begin{aligned} \Bigg [&0,\\&(1 - {\varepsilon _{s}})\int _0^\infty {\rho }\left( \dfrac{\partial {^{}}R(a, t)}{\partial {t^{}}} \dfrac{\partial {^{}}I}{\partial {{d}^{}}} (a, t) + R(a, t) \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a, t)}{\partial {d^{}}} }{\partial {t^{}}} \right) {\mathrm {d}}a\Bigg ]. \end{aligned} \end{aligned}$$

1.2 Parameter \({\beta }\)
                           
The derivative of the general function f (the vector [T, V]) with respect to \(\beta \) is:
$$\begin{aligned} \begin{aligned} \dfrac{\partial {^{}}f}{\partial {{\beta }^{}}} (t, y^\beta ) = \Big [&- {d} \dfrac{\partial {^{}}T}{\partial {{\beta }^{}}} - (V T + {\beta } \dfrac{\partial {^{}}V}{\partial {{\beta }^{}}} T + {\beta }V \dfrac{\partial {^{}}T}{\partial {{\beta }^{}}} )\\&(1 - {\varepsilon _{s}})\int _0^\infty {\rho }R(a, t) { \dfrac{\partial {^{}}I(a,t)}{\partial {{\beta }^{}}} } {\mathrm {d}}a - {c} \dfrac{\partial {^{}}V}{\partial {{\beta }^{}}} \Big ] \end{aligned} \end{aligned}$$

where \({y^\beta } = {\left\{ \begin{array}{ll} T\\ V \\ { \dfrac{\partial {^{}}T}{\partial {\beta ^{}}} }\\ { \dfrac{\partial {^{}}V}{\partial {\beta ^{}}} } \end{array}\right. }\).
Furthermore:
$$\begin{aligned} { \dfrac{\partial {^{}}R(a,t)}{\partial {{\beta }^{}}} }= & {} 0,\\ \bar{ \dfrac{\partial {^{}}T}{\partial {{\beta }^{}}} }= & {} -{c}/({\beta }^2 N),\\ \bar{ \dfrac{\partial {^{}}V}{\partial {{\beta }^{}}} }= & {} {d}/ {\beta }^2, \end{aligned}$$

$$\begin{aligned} { \dfrac{\partial {^{}}I(a,t)}{\partial {{\beta }^{}}} }= & {} \left\{ \begin{array}{lr} \left( V(t-a) T(t-a) + {\beta } \dfrac{\partial {^{}}V}{\partial {{\beta }^{}}} (t-a) T(t-a) + {\beta }V(t-a) \dfrac{\partial {^{}}T}{\partial {{\beta }^{}}} (t-a) \right) {\mathrm {e}}^{-{\delta }a} &{} a < t\\ {d}c / ({{\beta }^2} N) {\mathrm {e}}^{-{\delta }a} &{} a > t\\ \end{array} \right. , \end{aligned}$$

The upper right block matrix of the Jacobian is:
$$\begin{aligned} f'_{\beta , 2\times 2}= \left( \begin{array}{l@{\quad }l} 0 &{} \quad 0 \\ \begin{array}{l@{}} (1 - \varepsilon _s)\int _0^t\rho R(a, t) \\ \quad \times \dfrac{\partial {^{}}I(a, t)}{\partial { \dfrac{\partial {^{}}T}{\partial {\beta ^{}}} ^{}}} {\mathrm {d}}a\end{array} &{}\quad \begin{array}{l@{}}(1 - \varepsilon _s)\int _0^t \rho R(a, t)\\ \quad \times \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}V}{\partial {\beta ^{}}} ^{}}} {\mathrm {d}}a\end{array} \\ \end{array}\right) \end{aligned}$$

and the transposed last two rows of the Jacobian are:
$$\begin{aligned} {\left( \left( f'_{\beta , 3}\right) ^{\text {tr}}, \left( f'_{\beta , 4}\right) ^{\text {tr}}\right) }:= & {} \left( \begin{array}{ll} -\left( V + {\beta } \dfrac{\partial {^{}}V}{\partial {{\beta }^{}}} \right) &{}\quad (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\beta ^{}}} }{\partial {T^{}}} }\hbox {d}a \\ -\left( T + {\beta } \dfrac{\partial {^{}}T}{\partial {{\beta }^{}}} \right) &{}\quad (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\beta ^{}}} }{\partial {V^{}}} }\hbox {d}a \\ -{d}- {\beta }V &{}\quad (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a,t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\beta ^{}}} }{\partial { \dfrac{\partial {^{}}T}{\partial {\beta ^{}}} ^{}}} }\hbox {d}a \\ -{\beta }T &{}\quad (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a,t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\beta ^{}}} }{\partial { \dfrac{\partial {^{}}V}{\partial {\beta ^{}}} ^{}}} }\hbox {d}a - {c}\\ \end{array}\right) , \\ \dfrac{\partial {^{}} \dfrac{\partial {^{}}f}{\partial {{\beta }^{}}} }{\partial {t^{}}}= & {} \begin{aligned} \big [&0,\\&(1 - {\varepsilon _{s}})\int _0^\infty {\rho }\left( \dfrac{\partial {^{}}R(a, t)}{\partial {t^{}}} \dfrac{\partial {^{}}I}{\partial {{\beta }^{}}} (a, t) + R(a,t) \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\beta ^{}}} }{\partial {t^{}}} \right) {\mathrm {d}}a\Bigg ]. \end{aligned} \end{aligned}$$

1.3 Parameter \({\varepsilon _{s}}\)
                           
The derivative of the general function f (the vector [T, V]) with respect to \(\varepsilon _{s}\) is:
$$\begin{aligned} \begin{aligned} \dfrac{\partial {^{}}f}{\partial {{\varepsilon _{s}}^{}}} (t, y^{\varepsilon _{s}}) = \Big [&- {d} \dfrac{\partial {^{}}T}{\partial {{\varepsilon _{s}}^{}}} - {\beta }\left( \dfrac{\partial {^{}}V}{\partial {{\varepsilon _{s}}^{}}} T + V \dfrac{\partial {^{}}T}{\partial {{\varepsilon _{s}}^{}}} \right) ,\\&\begin{array}{l@{}} -\int _0^\infty {\rho }R(a, t) I (a, t) {\mathrm {d}}a + (1 - {\varepsilon _{s}})\int _0^\infty {\rho }{ \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{s}}^{}}} } I (a, t) {\mathrm {d}}a \\ \qquad +\, (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t) \dfrac{\partial {^{}}I}{\partial {{\varepsilon _{s}}^{}}} (a, t) {\mathrm {d}}a - {c} \dfrac{\partial {^{}}V}{\partial {{\varepsilon _{s}}^{}}} \Big ] \end{array} \end{aligned} \end{aligned}$$

where \({y^{\varepsilon _s}} = {\left\{ \begin{array}{ll} T\\ V \\ { \dfrac{\partial {^{}}T}{\partial {\varepsilon _s^{}}} } \\ { \dfrac{\partial {^{}}V}{\partial {\varepsilon _s^{}}} } \end{array}\right. }\).
Furthermore:
$$\begin{aligned} { \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{s}}^{}}} }= & {} \left\{ \begin{array}{@{}lr@{}} \begin{array}{l@{}} {\rho }\frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }t}}{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2} \\ -{\rho }\frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }(t - a)}}{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2}{\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )a} \\ + {\rho }a\left( 1 - \frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }(t - a)}}{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }}\right) {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )a} \end{array} &{} a< t\\ \\ \begin{array}{l@{}} {\rho }\frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }t}}{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2} \\ - {\rho }\frac{(1 - {\varepsilon _{\alpha }})\alpha }{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2} {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t} \\ +{\rho }t\bigg (\frac{\alpha }{{\rho }+ \mu } + \left( 1 - \frac{\alpha }{{\rho }+ \mu }\right) {\mathrm {e}}^{-({\rho }+ \mu )(a-t)} - \frac{(1 - {\varepsilon _{\alpha }})\alpha }{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }}\bigg ) {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t} \end{array} &{} a> t\\ \end{array} \right. ,\\ { \dfrac{\partial {^{}}\bar{T}}{\partial {{\varepsilon _{s}}^{}}} }= & {} 0,\\ { \dfrac{\partial {^{}}\bar{V}}{\partial {{\varepsilon _{s}}^{}}} }= & {} 0,\\ { \dfrac{\partial {^{}}I(a,t)}{\partial {{\varepsilon _{s}}^{}}} }= & {} \left\{ \begin{array}{lr} {\beta }\left( \dfrac{\partial {^{}}V}{\partial {{\varepsilon _{s}}^{}}} (t-a) T(t-a) + V(t-a) \dfrac{\partial {^{}}T}{\partial {{\varepsilon _{s}}^{}}} (t-a)\right) {\mathrm {e}}^{-{\delta }a} &{} a < t\\ 0 &{} a > t\\ \end{array} \right. , \end{aligned}$$

The upper right block matrix of the Jacobian is:
$$\begin{aligned} f'_{\varepsilon _{s}, 2\times 2}= \left( \begin{array}{l@{\quad }l} 0 &{} \quad 0 \\ \begin{array}{l@{}} (1 - \varepsilon _s)\int _0^t\rho R(a, t) \\ \quad \times \dfrac{\partial {^{}}I(a, t)}{\partial { \dfrac{\partial {^{}}T}{\partial {\varepsilon _{s}^{}}} ^{}}} {\mathrm {d}}a\end{array} &{}\quad \begin{array}{l@{}}(1 - \varepsilon _s)\int _0^t \rho R(a, t)\\ \quad \times \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}V}{\partial {\varepsilon _{s}^{}}} ^{}}} {\mathrm {d}}a\end{array} \\ \end{array}\right) \end{aligned}$$

and the transposed last two rows of the Jacobian are:
$$\begin{aligned} {\left( \left( f'_{\varepsilon _s, 3}\right) ^{\text {tr}}, \left( f'_{\varepsilon _s, 4}\right) ^{\text {tr}}\right) }:= & {} \left( \begin{array}{ll} -{\beta } \dfrac{\partial {^{}}V}{\partial {{\varepsilon _{s}}^{}}} &{}\begin{array}{l@{}}\displaystyle -\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}}I(a,t)}{\partial {T^{}}} }{\mathrm {d}}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }{ \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{s}}^{}}} } { \dfrac{\partial {^{}}I(a,t)}{\partial {T^{}}} }\hbox {d}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\varepsilon _s^{}}} }{\partial {T^{}}} }\hbox {d}a\\ \end{array}\\ \\ - {\beta } \dfrac{\partial {^{}}T}{\partial {{\varepsilon _{s}}^{}}} &{}\quad \begin{array}{l@{}}\displaystyle -\int _0^t {\rho }R(a, t) { \dfrac{\partial {^{}}I(a,t)}{\partial {V^{}}} }\hbox {d}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }{ \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{s}}^{}}} } { \dfrac{\partial {^{}}I(a,t)}{\partial {V^{}}} }\hbox {d}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t) { \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\varepsilon _s^{}}} }{\partial {V^{}}} }\hbox {d}a\\ \end{array}\\ \\ -{d}- {\beta }V &{}\quad \begin{array}{l@{}}\displaystyle -\int _0^t {\rho }R(a, t) { \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}T}{\partial {\varepsilon _s^{}}} ^{}}} }\hbox {d}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }{ \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{s}}^{}}} } { \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}T}{\partial {\varepsilon _s^{}}} ^{}}} }\hbox {d}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t) { \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\varepsilon _s^{}}} }{\partial { \dfrac{\partial {^{}}T}{\partial {\varepsilon _s^{}}} ^{}}} }\hbox {d}a\\ \end{array}\\ \\ -{\beta }T&{}\begin{array}{l@{}}\displaystyle -\int _0^t {\rho }R(a, t) { \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}V}{\partial {\varepsilon _s^{}}} ^{}}} }\hbox {d}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }{ \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{s}}^{}}} } { \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}V}{\partial {\varepsilon _s^{}}} ^{}}} }\hbox {d}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t) { \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\varepsilon _s^{}}} }{\partial { \dfrac{\partial {^{}}V}{\partial {\varepsilon _s^{}}} ^{}}} }\hbox {d}a\\ \qquad \qquad - {c}\end{array}\\ \\ \end{array}\right) ,\\ \dfrac{\partial {^{}} \dfrac{\partial {^{}}f}{\partial {{\varepsilon _{s}}^{}}} }{\partial {t^{}}}= & {} \begin{aligned}&\left[ 0,-\int _0^\infty {\rho }\left( \dfrac{\partial {^{}}R(a,t)}{\partial {t^{}}} I (a, t) +R(a,t) \dfrac{\partial {^{}}I(a,t)}{\partial {t^{}}} \right) {\mathrm {d}}a \right. \\&\qquad + (1 - {\varepsilon _{s}})\int _0^\infty {\rho }\left( \dfrac{\partial {^{}} \dfrac{\partial {^{}}R(a, t)}{\partial {{\varepsilon _{s}}^{}}} }{\partial {t^{}}} I (a, t) + \dfrac{\partial {^{}}R(a, t)}{\partial {\varepsilon _s^{}}} \dfrac{\partial {^{}}I (a, t)}{\partial {t^{}}} \right) {\mathrm {d}}a \\&\qquad \left. + (1 - {\varepsilon _{s}})\int _0^t {\rho }\left( \dfrac{\partial {^{}}R(a, t)}{\partial {t^{}}} \dfrac{\partial {^{}}I(a, t)}{\partial {{\varepsilon _{s}}^{}}} + R(a,t) \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a, t)}{\partial {\varepsilon _s^{}}} }{\partial {t^{}}} \right) {\mathrm {d}}a \right] \end{aligned} \end{aligned}$$

 where
$$\begin{aligned} { \dfrac{\partial {^{}} \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{s}}^{}}} }{\partial {t^{}}} } = \left\{ \begin{array}{@{}lr@{}} \begin{array}{l@{}} -{\gamma }{\rho }\frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }t}}{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2} \\ +{\gamma }{\rho }\frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }(t - a)}}{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2}{\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )a} \\ + {\gamma }{\rho }a \frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }(t - a)}}{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }}{\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )a} \end{array} &{} a < t\\ \\ \begin{array}{l@{}} -{\gamma }{\rho }\frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }t}}{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2} \\ +((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu ) {\rho }\frac{(1 - {\varepsilon _{\alpha }})\alpha }{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2} {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t} \\ +{\rho }\bigg (\frac{\alpha }{{\rho }+ \mu } + \left( 1 - \frac{\alpha }{{\rho }+ \mu }\right) {\mathrm {e}}^{-({\rho }+ \mu )(a-t)} - \frac{(1 - {\varepsilon _{\alpha }})\alpha }{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }}\bigg ) {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t}\\ +({\rho }+ \mu ){\rho }t \left( 1 - \frac{\alpha }{{\rho }+ \mu }\right) {\mathrm {e}}^{-({\rho }+ \mu )(a-t)} {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t}\\ -((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu ){\rho }t\bigg (\frac{\alpha }{{\rho }+ \mu } + \left( 1 - \frac{\alpha }{{\rho }+ \mu }\right) {\mathrm {e}}^{-({\rho }+ \mu )(a-t)} - \frac{(1 - {\varepsilon _{\alpha }})\alpha }{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }}\bigg )\\ \times {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t} \end{array} &{} a > t\\ \end{array} \right. . \end{aligned}$$

1.4 Parameter \({\varepsilon _{\alpha }}\)
                           
The derivative of the general function f (the vector [T, V]) with respect to \({\varepsilon _{\alpha }}\) is:
$$\begin{aligned} \begin{aligned} \dfrac{\partial {^{}}f}{\partial {{\varepsilon _{\alpha }}^{}}} (t, y^{\varepsilon _{\alpha }}) =&\left[ - {d} \dfrac{\partial {^{}}T}{\partial {{\varepsilon _{\alpha }}^{}}} - {\beta }\left( \dfrac{\partial {^{}}V}{\partial {{\varepsilon _{\alpha }}^{}}} T + V \dfrac{\partial {^{}}T}{\partial {{\varepsilon _{\alpha }}^{}}} \right) ,\right. \\&\quad (1 - {\varepsilon _{s}})\int _0^\infty {\rho }{ \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{\alpha }}^{}}} } I (a, t) {\mathrm {d}}a \\&\left. \qquad +(1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t) \dfrac{\partial {^{}}I}{\partial {{\varepsilon _{\alpha }}^{}}} (a, t) {\mathrm {d}}a - {c} \dfrac{\partial {^{}}V}{\partial {{\varepsilon _{\alpha }}^{}}} \right] \end{aligned} \end{aligned}$$

where \({y^{\varepsilon _{\alpha }}} = {\left\{ \begin{array}{ll} T\\ V \\ { \dfrac{\partial {^{}}T}{\partial {\varepsilon _\alpha ^{}}} } \\ { \dfrac{\partial {^{}}V}{\partial {\varepsilon _\alpha ^{}}} } \end{array}\right. }\).
Furthermore:
$$\begin{aligned} { \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{\alpha }}^{}}} }= & {} \left\{ \begin{array}{@{}lr@{}} -\frac{\alpha {\mathrm {e}}^{-{\gamma }t}}{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }} + \frac{\alpha {\mathrm {e}}^{-{\gamma }(t - a)}}{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }}{\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )a} &{} a< t\\ \\ \begin{array}{l@{}} -\frac{\alpha {\mathrm {e}}^{-{\gamma }t}}{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }} + \frac{\alpha }{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }} {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t}\end{array} &{} a> t\\ \end{array} \right. ,\\ { \dfrac{\partial {^{}}\bar{T}}{\partial {{\varepsilon _{\alpha }}^{}}} }= & {} 0,\\ { \dfrac{\partial {^{}}\bar{V}}{\partial {{\varepsilon _{\alpha }}^{}}} }= & {} 0,\\ { \dfrac{\partial {^{}}I(a,t)}{\partial {{\varepsilon _{\alpha }}^{}}} }= & {} \left\{ \begin{array}{lr} {\beta }\left( \dfrac{\partial {^{}}V}{\partial {{\varepsilon _{\alpha }}^{}}} (t-a) T(t-a) + V(t-a) \dfrac{\partial {^{}}T}{\partial {{\varepsilon _{\alpha }}^{}}} (t-a)\right) {\mathrm {e}}^{-{\delta }a} &{} a < t\\ 0 &{} a > t\\ \end{array} \right. , \end{aligned}$$

The upper right block matrix of the Jacobian is:
$$\begin{aligned} f'_{\varepsilon _{\alpha }, 2\times 2}= \left( \begin{array}{l@{\quad }l} 0 &{} 0 \\ \begin{array}{l@{}} (1 - \varepsilon _s)\int _0^t\rho R(a, t) \\ \quad \times \dfrac{\partial {^{}}I(a, t)}{\partial { \dfrac{\partial {^{}}T}{\partial {\varepsilon _{\alpha }^{}}} ^{}}} {\mathrm {d}}a\end{array} &{}\quad \begin{array}{l@{}}(1 - \varepsilon _s)\int _0^t \rho R(a, t)\\ \quad \times \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}V}{\partial {\varepsilon _{\alpha }^{}}} ^{}}} {\mathrm {d}}a\end{array} \\ \end{array}\right) \end{aligned}$$

 and the transposed last two rows of the Jacobian are:
$$\begin{aligned} {\left( \left( f'_{\varepsilon _\alpha , 3}\right) ^{\text {tr}}, \left( f'_{\varepsilon _\alpha , 4}\right) ^{\text {tr}}\right) }:= & {} \left( \begin{array}{ll} -{\beta } \dfrac{\partial {^{}}V}{\partial {{\varepsilon _{\alpha }}^{}}} &{}\begin{array}{l@{}}\displaystyle (1 - {\varepsilon _{s}})\int _0^t {\rho }{ \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{\alpha }}^{}}} } { \dfrac{\partial {^{}}I(a,t)}{\partial {T^{}}} } {\mathrm {d}}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\varepsilon _\alpha ^{}}} }{\partial {T^{}}} } {\mathrm {d}}a\\ \end{array}\\ \\ - {\beta } \dfrac{\partial {^{}}T}{\partial {{\varepsilon _{\alpha }}^{}}} &{}\quad \begin{array}{l@{}}\displaystyle (1 - {\varepsilon _{s}})\int _0^t {\rho }{ \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{s}}^{}}} } { \dfrac{\partial {^{}}I(a,t)}{\partial {V^{}}} } {\mathrm {d}}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\varepsilon _\alpha ^{}}} }{\partial {V^{}}} } {\mathrm {d}}a\\ \end{array}\\ \\ -{d}- {\beta }V &{}\quad \begin{array}{l@{}}\displaystyle (1 - {\varepsilon _{s}})\int _0^t {\rho }{ \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{s}}^{}}} } { \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}T}{\partial {\varepsilon _\alpha ^{}}} ^{}}} } {\mathrm {d}}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\varepsilon _\alpha ^{}}} }{\partial { \dfrac{\partial {^{}}T}{\partial {\varepsilon _\alpha ^{}}} ^{}}} } {\mathrm {d}}a\\ \end{array}\\ \\ -{\beta }T&{}\quad \begin{array}{l@{}}\displaystyle (1 - {\varepsilon _{s}})\int _0^t {\rho }{ \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{s}}^{}}} } { \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}V}{\partial {\varepsilon _\alpha ^{}}} ^{}}} } {\mathrm {d}}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\varepsilon _\alpha ^{}}} }{\partial { \dfrac{\partial {^{}}V}{\partial {\varepsilon _\alpha ^{}}} ^{}}} } {\mathrm {d}}a - {c}\end{array}\\ \\ \end{array}\right) ,\\ \dfrac{\partial {^{}} \dfrac{\partial {^{}}f}{\partial {{\varepsilon _{s}}^{}}} }{\partial {t^{}}}= & {} \begin{aligned} \Bigg [&0,\\&(1 - {\varepsilon _{s}})\int _0^\infty {\rho }\left( \dfrac{\partial {^{}} \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{\alpha }}^{}}} }{\partial {t^{}}} I (a, t) + \dfrac{\partial {^{}}R(a, t)}{\partial {\varepsilon _\alpha ^{}}} \dfrac{\partial {^{}}I (a, t)}{\partial {t^{}}} \right) {\mathrm {d}}a \\&\qquad + (1 - {\varepsilon _{s}})\int _0^t {\rho }\left( \dfrac{\partial {^{}}R(a, t)}{\partial {t^{}}} \dfrac{\partial {^{}}I}{\partial {{\varepsilon _{\alpha }}^{}}} (a, t) + R(a, t) \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\varepsilon _\alpha ^{}}} }{\partial {t^{}}} \right) {\mathrm {d}}a \Bigg ]\end{aligned} \end{aligned}$$

 where:
$$\begin{aligned} { \dfrac{\partial {^{}} \dfrac{\partial {^{}}R(a,t)}{\partial {{\varepsilon _{\alpha }}^{}}} }{\partial {t^{}}} } = \left\{ \begin{array}{@{}lr@{}} {\gamma }\frac{\alpha {\mathrm {e}}^{-{\gamma }t}}{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }} -{\gamma }\frac{\alpha {\mathrm {e}}^{-{\gamma }(t - a)}}{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }}{\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )a} &{} a < t\\ \\ \begin{array}{l@{}} {\gamma }\frac{\alpha {\mathrm {e}}^{-{\gamma }t}}{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }}-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu ) \frac{\alpha }{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }} {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t}\end{array} &{} a > t\\ \end{array} \right. . \end{aligned}$$

1.5 Parameter \({\kappa }\)
                           
The derivative of the general function f (the vector [T, V]) with respect to \(\kappa \) is:
$$\begin{aligned} \begin{aligned} \dfrac{\partial {^{}}f}{\partial {{\kappa }^{}}} (t, y^\kappa ) =\Big [&- {d} \dfrac{\partial {^{}}T}{\partial {{\kappa }^{}}} - {\beta }\left( \dfrac{\partial {^{}}V}{\partial {{\kappa }^{}}} T + V \dfrac{\partial {^{}}T}{\partial {{\kappa }^{}}} \right) ,\\&\begin{array}{l@{}} (1 - {\varepsilon _{s}})\int _0^\infty {\rho }{ \dfrac{\partial {^{}}R(a,t)}{\partial {{\kappa }^{}}} } I (a, t) {\mathrm {d}}a \\ \quad +\, (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t) \dfrac{\partial {^{}}I}{\partial {{\kappa }^{}}} (a, t) {\mathrm {d}}a - {c} \dfrac{\partial {^{}}V}{\partial {{\kappa }^{}}} \end{array}\Big ] \end{aligned} \end{aligned}$$

where \({y^{\kappa }} = {\left\{ \begin{array}{ll} T\\ V \\ { \dfrac{\partial {^{}}T}{\partial {\kappa ^{}}} } \\ { \dfrac{\partial {^{}}V}{\partial {\kappa ^{}}} } \end{array}\right. }\).
Furthermore:
$$\begin{aligned} { \dfrac{\partial {^{}}R(a,t)}{\partial {{\kappa }^{}}} }= & {} \left\{ \begin{array}{@{}lr@{}} \begin{array}{l@{}} {-}\mu \frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }t}}{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2} \\ {+}\mu \frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }(t - a)}}{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2}{\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )a}\\ -\mu a \left( 1 - \frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }(t - a)}}{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }}\right) {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )a} \end{array} &{} a< t\\ \\ \begin{array}{l@{}} {-}\mu \frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }t}}{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2} \\ {+}\mu \frac{(1 - {\varepsilon _{\alpha }})\alpha }{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2} {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t}\\ -\mu t\bigg (\frac{\alpha }{{\rho }+ \mu } + \left( 1 - \frac{\alpha }{{\rho }+ \mu }\right) {\mathrm {e}}^{-({\rho }+ \mu )(a-t)} - \frac{(1 - {\varepsilon _{\alpha }})\alpha }{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }}\bigg ) {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t} \end{array} &{} a> t\\ \end{array} \right. ,\\ { \dfrac{\partial {^{}}\bar{T}}{\partial {{\kappa }^{}}} }= & {} 0,\\ { \dfrac{\partial {^{}}\bar{V}}{\partial {{\kappa }^{}}} }= & {} 0,\\ { \dfrac{\partial {^{}}I(a,t)}{\partial {{\kappa }^{}}} }= & {} \left\{ \begin{array}{lr} {\beta }\left( \dfrac{\partial {^{}}V}{\partial {{\kappa }^{}}} (t-a) T(t-a) + V(t-a) \dfrac{\partial {^{}}T}{\partial {{\kappa }^{}}} \right) {\mathrm {e}}^{-{\delta }a} &{} a < t\\ 0 &{} a > t\\ \end{array} \right. , \end{aligned}$$

The upper right block matrix of the Jacobian is:
$$\begin{aligned} f'_{\kappa , 2\times 2}= \left( \begin{array}{l@{\quad }l} 0 &{} 0 \\ \begin{array}{l@{}} (1 - \varepsilon _s)\int _0^t\rho R(a, t) \\ \quad \times \dfrac{\partial {^{}}I(a, t)}{\partial { \dfrac{\partial {^{}}T}{\partial {\kappa ^{}}} ^{}}} {\mathrm {d}}a\end{array} &{} \begin{array}{l@{}}(1 - \varepsilon _s)\int _0^t \rho R(a, t)\\ \quad \times \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}V}{\partial {\kappa ^{}}} ^{}}} {\mathrm {d}}a\end{array} \\ \end{array}\right) \end{aligned}$$

and the transposed last two rows of the Jacobian are:
$$\begin{aligned} {\left( \left( f'_{\kappa , 3}\right) ^{\text {tr}}, \left( f'_{\kappa , 4}\right) ^{\text {tr}}\right) }:= & {} \left( \begin{array}{ll} -{\beta } \dfrac{\partial {^{}}V}{\partial {{\kappa }^{}}} &{}\begin{array}{l@{}}\displaystyle (1 - {\varepsilon _{s}})\int _0^t {\rho } \dfrac{\partial {^{}}R(a,t)}{\partial {{\kappa }^{}}} { \dfrac{\partial {^{}}I(a,t)}{\partial {T^{}}} } {\mathrm {d}}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\kappa ^{}}} }{\partial {T^{}}} } {\mathrm {d}}a\\ \end{array}\\ \\ - {\beta } \dfrac{\partial {^{}}T}{\partial {{\kappa }^{}}} &{} \begin{array}{l@{}}\displaystyle (1 - {\varepsilon _{s}})\int _0^t {\rho } \dfrac{\partial {^{}}R(a,t)}{\partial {{\kappa }^{}}} { \dfrac{\partial {^{}}I(a,t)}{\partial {V^{}}} } {\mathrm {d}}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t) { \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\kappa ^{}}} }{\partial {V^{}}} } {\mathrm {d}}a\\ \end{array}\\ \\ -{d}- {\beta }V &{}\begin{array}{l@{}}\displaystyle (1 - {\varepsilon _{s}})\int _0^t {\rho } \dfrac{\partial {^{}}R(a,t)}{\partial {{\kappa }^{}}} { \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}T}{\partial {\kappa ^{}}} ^{}}} } {\mathrm {d}}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t) { \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\kappa ^{}}} }{\partial { \dfrac{\partial {^{}}T}{\partial {\kappa ^{}}} ^{}}} } {\mathrm {d}}a\\ \end{array}\\ \\ -{\beta }T&{}\begin{array}{l@{}}\displaystyle (1 - {\varepsilon _{s}})\int _0^t {\rho } \dfrac{\partial {^{}}R(a,t)}{\partial {{\kappa }^{}}} { \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}V}{\partial {\kappa ^{}}} ^{}}} } {\mathrm {d}}a \\ \qquad \displaystyle + (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t) { \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\kappa ^{}}} }{\partial { \dfrac{\partial {^{}}V}{\partial {\kappa ^{}}} ^{}}} } {\mathrm {d}}a - {c}\end{array}\\ \\ \end{array}\right) ,\\ \dfrac{\partial {^{}} \dfrac{\partial {^{}}f}{\partial {{\kappa }^{}}} }{\partial {t^{}}}= & {} \begin{aligned} \Big [&0,\\&(1 - {\varepsilon _{s}})\int _0^\infty {\rho }\left( \dfrac{\partial {^{}} \dfrac{\partial {^{}}R(a,t)}{\partial {{\kappa }^{}}} }{\partial {t^{}}} I (a, t) + \dfrac{\partial {^{}}R(a,t)}{\partial {\kappa ^{}}} \dfrac{\partial {^{}}I(a,t)}{\partial {t^{}}} \right) {\mathrm {d}}a \\&\qquad + (1 - {\varepsilon _{s}})\int _0^t {\rho }\left( \dfrac{\partial {^{}}R(a,t)}{\partial {t^{}}} \dfrac{\partial {^{}}I(a, t)}{\partial {{\kappa }^{}}} + R(a,t) \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a, t)}{\partial {\kappa ^{}}} }{\partial {t^{}}} \right) {\mathrm {d}}a\Big ] \end{aligned} \end{aligned}$$

where:
$$\begin{aligned} { \dfrac{\partial {^{}} \dfrac{\partial {^{}}R(a,t)}{\partial {{\kappa }^{}}} }{\partial {t^{}}} } = \left\{ \begin{array}{@{}lr@{}} \begin{array}{l@{}} {+}{\gamma }\mu \frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }t}}{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2} \\ {-}{\gamma }\mu \frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }(t - a)}}{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2}{\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )a}\\ -{\gamma }\mu a \frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }(t - a)}}{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }}{\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )a} \end{array} &{} a < t\\ \\ \begin{array}{l@{}} {+}{\gamma }\mu \frac{(1 - {\varepsilon _{\alpha }})\alpha {\mathrm {e}}^{-{\gamma }t}}{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2} \\ {-}((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )\mu \frac{(1 - {\varepsilon _{\alpha }})\alpha }{\left( (1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }\right) ^2} {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t}\\ -\mu \bigg (\frac{\alpha }{{\rho }+ \mu } + \left( 1 - \frac{\alpha }{{\rho }+ \mu }\right) {\mathrm {e}}^{-({\rho }+ \mu )(a-t)} - \frac{(1 - {\varepsilon _{\alpha }})\alpha }{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }}\bigg ) {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t}\\ {-}({\rho }+ \mu )\mu t \left( 1 - \frac{\alpha }{{\rho }+ \mu }\right) {\mathrm {e}}^{-({\rho }+ \mu )(a-t)} {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t}\\ + ((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )\mu t\bigg (\frac{\alpha }{{\rho }+ \mu } + \left( 1 - \frac{\alpha }{{\rho }+ \mu }\right) {\mathrm {e}}^{-({\rho }+ \mu )(a-t)} - \frac{(1 - {\varepsilon _{\alpha }})\alpha }{(1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu - {\gamma }}\bigg )\\ \times {\mathrm {e}}^{-((1-{\varepsilon _{s}}){\rho }+ {\kappa }\mu )t} \end{array} &{} a > t\\ \end{array} \right. . \end{aligned}$$

1.6 Parameter \({c}\)
                           
The derivative of the general function f (the vector [T, V]) with respect to c is:
$$\begin{aligned} \begin{aligned} \dfrac{\partial {^{}}f}{\partial {{c}^{}}} (t, y^c) =\Big [&- {d} \dfrac{\partial {^{}}T}{\partial {{c}^{}}} - {\beta }\left( \dfrac{\partial {^{}}V}{\partial {{c}^{}}} T + V \dfrac{\partial {^{}}T}{\partial {{c}^{}}} \right) ,\\&(1 - {\varepsilon _{s}})\int _0^\infty {\rho }R(a, t) \dfrac{\partial {^{}}I}{\partial {{c}^{}}} (a, t) {\mathrm {d}}a - \left( V + {c} \dfrac{\partial {^{}}V}{\partial {{c}^{}}} \right) \Big ] \end{aligned} \end{aligned}$$

where \({y^c} = {\left\{ \begin{array}{ll} T\\ V\\ { \dfrac{\partial {^{}}T}{\partial {c^{}}} } \\ { \dfrac{\partial {^{}}V}{\partial {c^{}}} } \end{array}\right. }\).
Furthermore:
$$\begin{aligned} { \dfrac{\partial {^{}}R(a,t)}{\partial {{c}^{}}} }= & {} 0,\\ { \dfrac{\partial {^{}}\bar{T}}{\partial {{c}^{}}} }= & {} 1/({\beta }N),\\ { \dfrac{\partial {^{}}\bar{V}}{\partial {{c}^{}}} }= & {} - N {s}/ {c}^2,\\ { \dfrac{\partial {^{}}I(a,t)}{\partial {{c}^{}}} }= & {} \left\{ \begin{array}{lr} {\beta }\left( \dfrac{\partial {^{}}V}{\partial {{c}^{}}} (t-a) T(t-a) + V(t-a) \dfrac{\partial {^{}}T}{\partial {{c}^{}}} (t-a)\right) {\mathrm {e}}^{-{\delta }a} &{} a < t\\ - {d}/ ({\beta }N) {\mathrm {e}}^{-{\delta }a} &{} a > t\\ \end{array} \right. , \end{aligned}$$

The upper right block matrix of the Jacobian is:
$$\begin{aligned} f'_{c, 2\times 2}= \left( \begin{array}{l@{\quad }l} 0 &{} 0 \\ \begin{array}{l@{}} (1 - \varepsilon _s)\int _0^t\rho R(a, t) \\ \quad \times \dfrac{\partial {^{}}I(a, t)}{\partial { \dfrac{\partial {^{}}T}{\partial {c^{}}} ^{}}} {\mathrm {d}}a\end{array} &{} \begin{array}{l@{}}(1 - \varepsilon _s)\int _0^t \rho R(a, t)\\ \quad \times \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}V}{\partial {c^{}}} ^{}}} {\mathrm {d}}a\end{array} \\ \end{array}\right) \end{aligned}$$

and the transposed last two rows of the Jacobian are:
$$\begin{aligned} {\left( \left( f'_{c, 3}\right) ^{\text {tr}}, \left( f'_{c, 4}\right) ^{\text {tr}}\right) }:= & {} \left( \begin{array}{ll} -{\beta } \dfrac{\partial {^{}}V}{\partial {{c}^{}}} &{} (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {c^{}}} }{\partial {T^{}}} } \mathrm da \\ -{\beta } \dfrac{\partial {^{}}T}{\partial {{c}^{}}} &{} (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {c^{}}} }{\partial {V^{}}} } \mathrm da - 1 \\ -{d}-{\beta }V &{} (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {c^{}}} }{\partial { \dfrac{\partial {^{}}T}{\partial {c^{}}} ^{}}} } \mathrm da \\ -{\beta }T &{} (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {c^{}}} }{\partial { \dfrac{\partial {^{}}V}{\partial {c^{}}} ^{}}} } \mathrm da - {c}\\ \end{array}\right) ,\\ \dfrac{\partial {^{}} \dfrac{\partial {^{}}f}{\partial {{c}^{}}} }{\partial {t^{}}}= & {} \begin{aligned} \Big [&0,\\&(1 - {\varepsilon _{s}})\int _0^\infty {\rho }\left( \dfrac{\partial {^{}}R(a,t)}{\partial {t^{}}} \dfrac{\partial {^{}}I}{\partial {{c}^{}}} (a, t)+ R(a,t) \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {c^{}}} }{\partial {t^{}}} \right) {\mathrm {d}}a\Big ] \end{aligned} \end{aligned}$$

1.7 Parameter \({\delta }\)
                           
The derivative of the general function f (the vector [T, V]) with respect to \(\delta \) is:
$$\begin{aligned} \begin{aligned} \dfrac{\partial {^{}}f}{\partial {{\delta }^{}}} (t, y^\delta )=\Big [&- {d} \dfrac{\partial {^{}}T}{\partial {{\delta }^{}}} - {\beta }\left( \dfrac{\partial {^{}}V}{\partial {{\delta }^{}}} T + V \dfrac{\partial {^{}}T}{\partial {{\delta }^{}}} \right) ,\\&(1 - {\varepsilon _{s}})\int _0^\infty {\rho }R(a, t) \dfrac{\partial {^{}}I}{\partial {{\delta }^{}}} (a, t) {\mathrm {d}}a - {c} \dfrac{\partial {^{}}V}{\partial {{\delta }^{}}} \Big ] \end{aligned} \end{aligned}$$

where \({y^{\delta }} = {\left\{ \begin{array}{ll} T\\ V\\ { \dfrac{\partial {^{}}T}{\partial {\delta ^{}}} }\\ { \dfrac{\partial {^{}}V}{\partial {\delta ^{}}} } \end{array}\right. }\).
Furthermore:
$$\begin{aligned} { \dfrac{\partial {^{}}R(a,t)}{\partial {{\delta }^{}}} }= & {} 0,\\ { \dfrac{\partial {^{}}\bar{T}}{\partial {\delta ^{}}} }= & {} \dfrac{\partial {^{}}\frac{1}{N}}{\partial {{\delta }^{}}} {c}/{\beta },\\ { \dfrac{\partial {^{}}\bar{V}}{\partial {\delta ^{}}} }= & {} \dfrac{\partial {^{}}N}{\partial {{\delta }^{}}} {s}/ {c},\\ \displaystyle \dfrac{\partial {^{}}N}{\partial {{\delta }^{}}}= & {} \frac{{\rho }\left( {\delta }({\rho }+ \mu + {\delta }) - (\alpha + {\delta })({\rho }+ \mu + {\delta }) - {\delta }(\alpha + {\delta })\right) }{{\delta }^2({\rho }+ \mu + {\delta })^2}, \\ \dfrac{\partial {^{}}\frac{1}{N}}{\partial {{\delta }^{}}}= & {} \frac{({\rho }+ \mu + {\delta })(\alpha + {\delta }) + {\delta }(\alpha + {\delta }) - {\delta }({\rho }+ \mu + {\delta })}{{\rho }(\alpha + {\delta })^2}, \end{aligned}$$

$$\begin{aligned} { \dfrac{\partial {^{}}I(a,t)}{\partial {{\delta }^{}}} }= & {} \left\{ \begin{array}{lr} {\beta }\left( \dfrac{\partial {^{}}V}{\partial {{\delta }^{}}} (t-a) T(t-a) + V(t-a) \dfrac{\partial {^{}}T}{\partial {{\delta }^{}}} (t-a) - aV(t-a) T(t-a) \right) {\mathrm {e}}^{-{\delta }a} &{} a < t\\ \left( - \dfrac{\partial {^{}}\frac{1}{N}}{\partial {{\delta }^{}}} {d}{c}/ {\beta }- a({\beta }N{s}- {d}{c}) / ({\beta }N) \right) {\mathrm {e}}^{-{\delta }a} &{} a > t\\ \end{array} \right. , \end{aligned}$$

The upper right block matrix of the Jacobian is:
$$\begin{aligned} f'_{\delta , 2\times 2}= \left( \begin{array}{l@{\quad }l} 0 &{} 0 \\ \begin{array}{l@{}} (1 - \varepsilon _s)\int _0^t\rho R(a, t) \\ \quad \times \dfrac{\partial {^{}}I(a, t)}{\partial { \dfrac{\partial {^{}}T}{\partial {\delta ^{}}} ^{}}} {\mathrm {d}}a\end{array} &{} \begin{array}{l@{}}(1 - \varepsilon _s)\int _0^t \rho R(a, t)\\ \quad \times \dfrac{\partial {^{}}I(a,t)}{\partial { \dfrac{\partial {^{}}V}{\partial {\delta ^{}}} ^{}}} {\mathrm {d}}a\end{array} \\ \end{array}\right) \end{aligned}$$

and the transposed last two rows of the Jacobian are:
$$\begin{aligned} {\left( \left( f'_{\delta , 3}\right) ^{\text {tr}}, \left( f'_{\delta , 4}\right) ^{\text {tr}}\right) }:= & {} \left( \begin{array}{ll} -{\beta } \dfrac{\partial {^{}}V}{\partial {{\delta }^{}}} &{} (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\delta ^{}}} }{\partial {T^{}}} } \mathrm da \\ -{\beta } \dfrac{\partial {^{}}T}{\partial {{\delta }^{}}} &{} (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\delta ^{}}} }{\partial {V^{}}} } \mathrm da \\ -{d}-{\beta }V &{} (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\delta ^{}}} }{\partial { \dfrac{\partial {^{}}T}{\partial {\delta ^{}}} ^{}}} } \mathrm da \\ -{\beta }T &{} (1 - {\varepsilon _{s}})\int _0^t {\rho }R(a, t){ \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\delta ^{}}} }{\partial { \dfrac{\partial {^{}}V}{\partial {\delta ^{}}} ^{}}} } \mathrm da - {c}\\ \end{array}\right) ,\\ \dfrac{\partial {^{}} \dfrac{\partial {^{}}f}{\partial {{\delta }^{}}} }{\partial {t^{}}}= & {} \begin{aligned} \Bigg [&0,\\&(1 - {\varepsilon _{s}})\int _0^\infty {\rho }\left( \dfrac{\partial {^{}}R(a,t)}{\partial {t^{}}} \dfrac{\partial {^{}}I}{\partial {{\delta }^{}}} (a, t)+ R(a,t) \dfrac{\partial {^{}} \dfrac{\partial {^{}}I(a,t)}{\partial {\delta ^{}}} }{\partial {t^{}}} \right) {\mathrm {d}}a\Bigg ] \end{aligned} \end{aligned}$$
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