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                    Abstract
Probabilistic models over strings have played a key role in developing methods that take into consideration indels as phylogenetically informative events. There is an extensive literature on using automata and transducers on phylogenies to do inference on these probabilistic models, in which an important theoretical question is the complexity of computing the normalization of a class of string-valued graphical models. This question has been investigated using tools from combinatorics, dynamic programming, and graph theory, and has practical applications in Bayesian phylogenetics. In this work, we revisit this theoretical question from a different point of view, based on linear algebra. The main contribution is a set of results based on this linear algebra view that facilitate the analysis and design of inference algorithms on string-valued graphical models. As an illustration, we use this method to give a new elementary proof of a known result on the complexity of inference on the “TKF91” model, a well-known probabilistic model over strings. Compared to previous work, our proving method is easier to extend to other models, since it relies on a novel weak condition, triangular transducers, which is easy to establish in practice. The linear algebra view provides a concise way of describing transducer algorithms and their compositions, opens the possibility of transferring fast linear algebra libraries (for example, based on GPUs), as well as low rank matrix approximation methods, to string-valued inference problems.
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                    Notes
	In reversible models such as the TKF91 model, an arbitrary root can be selected without changing the likelihood. In this case, the root is used for computational convenience and has no special phylogenetic meaning.


	Note that we use the convention of using \(\hat{\sigma}\) when the character is an element of the extended set of characters \(\hat{\varSigma}\).


	In technical terms, we use the Mealy model.


	The inverse problem, learning the values for this map is also of interest (Holmes and Rubin 2002), but here we focus on the forward problem.


	The rate matrix Q comes from a substitution model (we will assume the Jukes–Cantor model for simplicity, but all our results carry over to the General Time Reversible models (Felsenstein 2003)).


	Note that we avoided the standard tensor product notation ⊗ because of a notation conflict with the automaton and transducer literature, in which ⊗ denotes multiplication in an abstract semiring (the generalization of normal multiplication, ⋅ used here). The operator ⊗ is also often overloaded to mean the product or concatenation of automata or transducers, which is not the same as the pointwise product as defined here.


	We omit the factor at the root since its effect on the running time is a constant independent of L and N.
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