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                    Abstract
The paradox of phase transitions raises the problem of how to reconcile the fact that we see phase transitions happen in concrete, finite systems around us, with the fact that our best theories—i.e. statistical-mechanical theories of phase transitions—tell us that phase transitions occur only in infinite systems. In this paper we aim to clarify to which extent this paradox is relative to the mathematical framework which is used in these theories, i.e. classical mathematics. To this aim, we will explore the philosophical consequences of adopting constructive instead of classical mathematics in a statistical-mechanical theory of phase transitions. It will be shown that constructive mathematics forces certain ‘de-idealizations’ of such theories: talk of actually infinite systems is meaningless, there are no discontinuous functions, and—in a sense which will be clarified—constructive real numbers reflect our imperfect methods of determining the values of physical quantities. As such, so it will be argued, constructive mathematics offers a means to gain insight in the idealizations introduced in classical theories and the philosophical issues surrounding them.
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                    Notes
	 Examples are mean field theories, Lee-Yang theory, Landau’s theory, and the renormalization group method.


	 The phase transitions with which we will be concerned are the so-called ‘first-order’ phase transitions. These are phase transitions where the system goes from one phase to another crossing a so-called ‘coexistence line’ or ‘phase boundary’, which corresponds to a discontinuity in a macroscopic (thermodynamic) property, which in turn corresponds to a discontinuity in the first derivative of the free energy of the system (see below). There are also ‘continuous’ phase transitions, in which a system changes phase without crossing a phase boundary (for details, see Goldenfeld 1992). Both kinds of phase transitions are philosophically interesting, but given that the physics of continuous phase transitions is much more complicated than that of the first-order ones, we will focus on first-order phase transitions here.


	 I agree with Shech (2013, 2015), that no paradox can be found in these facts per se, and that, in order to obtain a paradox, assumptions have to be made concerning the representative relationship between the infinite (abstract) and the finite (concrete) systems. However, this issue will not concern us here.


	 There are various kinds of free energy, each appropriate in different contexts. We will be concerned with Helmholz free energy \(F = U - TS\) (where U is the internal energy of the system, T the absolute temperature, and S the entropy), which is the maximum amount of work that a system can do at a constant volume and temperature.


	 For more details, see e.g. McComb (2004).


	 Cfr. e.g. Norton (2012, 2014), Shech (2013). If I understand him correctly, then Batterman takes his ‘physical discontinuities’ (at phase transitions and in other cases) to show that macrolevel phenomena in concrete systems cannot be explained in terms of the behavior of the system at the microlevel (2005). However, as I see it, this argument is unconvincing as long as it is not clear exactly in which sense these ‘physical discontinuities’ are discontinuous.


	 This argument presupposes that it is possible to define ‘observed qualitative distinctions’ in such a way that only (2) phase transitions—and no (1) changes within a phase—involve observed qualitative distinctions. It is not clear to me that this can be done, but we will ignore this issue here.


	 For an overview, see Mainwood (2005).


	 There are several versions of constructivism, and the notion of infinity and its potentiality takes in each of these theories a (slightly) different shape. For now we will disregard these differences, but of course it is an important part of my proposal to determine which constructive theory is the best for our purposes.


	 This was convincingly shown—in a context a little different from ours—by Mancosu (2009).


	 Note that the criterion for Cauchy convergence, too, differs in the constructive from that in the classical framework: In classical mathematics, a sequence of rationals \(\{r_n\}\) satisfies the Cauchy criterion for convergence if for any positive real number \(\epsilon \), there exist a natural number \(N (\epsilon )\), such that for every \(n > N (\epsilon )\) and every \(p > 0\), \(|a_{n + p} - a_n| < \epsilon \). In constructive mathematics, on the other hand, a sequence \(\langle r_n \rangle \) of rationals satisfies the Cauchy criterion for convergence if for every natural number k, we can effectively construct a natural number N(k), such that for every \(n > N (k)\) and every \(p > 0\), \(|a_{n + p} - a_n| < \frac{1}{k}\).


	 See Schechter (2001) for an example.


	 Thanks to an anonymous referee for pointing out that this was in need of clarification.


	 It must be noted though, that in his Cambridge lectures, Brouwer also considered ‘measurable functions’: functions that are defined almost everywhere on \({\mathbb {R}}\), but need not be continuous, and thus could be used as a way of modeling discontinuous phenomena (Dalen 1981). Thanks to an anonymous referee for making me aware of this.


	 This objection is raised in Shech (2013).


	 This point is also made in Mainwood (2005) and endorsed by Butterfield (2011).


	 Note that a proof by contradiction can only be obtained from a proof of negation by plugging in \(\lnot p\) in place of p, if double negation elimination—or LEM—is assumed. Hence this trick works only classically.


	 I thank an anonymous referee for this suggestion.


	 I thank Vincent Ardourel for making me aware of the work of Ye.


	 Ye shows that all the logical constants defined in strict finitism follow the intuitionistic logical laws, as well as the axiom of choice (Ye 2011, p. 56, Theorem 2.11). Thus, strict finitism can be seen as an interpretation of Bishop-style constructive mathematics, with additional philosophical commitments.


	 With the possible exception of Brouwer’s measurable functions, which might provide a means to formulate discontinuous functions—see footnote 14. As I see it, it is more natural and useful for our purposes to opt for a constructive systems which forces towards continuity, but even considering a constructive theory which does not do so might still be interesting, for within such a framework it will still be the case that talk of actually infinite systems is meaningless and the constructive conception of real numbers fits well with measurement practice in physics.
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