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                    Abstract
This paper discusses conditional probability
                \(P(A{\vert }B)\), or the probability of A given B. When \(P(B)>0\), the ratio formula determines \(P(A {\vert } B)\). When \(P(B)=0\), the ratio formula breaks down. The Borel–Kolmogorov paradox suggests that conditional probabilities in such cases are indeterminate or ill-posed. To analyze the paradox, I explore the relation between probability and intensionality. I argue that the paradox is a Frege case, similar to those that arise in many probabilistic and non-probabilistic contexts. The paradox vividly illustrates how an agent’s way of representing an entity can rationally influence her credal assignments. I deploy my analysis to defend Kolmogorov’s relativistic treatment of conditional probability.
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                    Notes
	
Kadane et al. (1986) and Arntzenius et al. (2004) also attack conglomerability.


	As Easwaran (2008) observes, decomposition of the sphere into meridians is not technically a partition, because any two meridians share the North and South Pole. There are various technical fixes here, such as associating the North and South Poles with one privileged meridian. I will ignore this issue. Taking it into account would muddy the exposition without affecting any essential features of my argument.


	I follow Billingsley’s (1995, pp. 427–440) exposition of Kolmogorov’s theory.


	Following standard practice, I use “\(X\in B\)” as shorthand for “\(\{\omega : X(\omega ) \in B\}\)” and “\(\{X=x\}\)” as shorthand for “\(\{\omega : X(\omega )=x\}\)”.


	
Hájek (2003, 2011) and Kadane et al. (2001) criticize Kolmogorov on various grounds. Easwaran (2008, 2011) responds to some of these criticisms. Hájek favorably discusses Popper’s (1959) framework, while Kadane et al. recommend Dubins’s (1975) approach.


	The example recalls van Fraassen’s box factory. For related discussion, see Bangu (2010).


	Random variable \(\Psi \) differs from the random variable \(\Theta \) from Sect. 3. \(\Theta \) measures latitude in the same coordinate system as \(\Theta \), while \(\Psi \) measures latitude in a second coordinate system. Arc \(C\) is a meridian in the first coordinate system, while \(C\) occupies half the equator in the second coordinate system. Lines of constant \(\Theta \) are parallels, while lines of constant \(\Psi \) are half-parallels. \({range}(\Theta )=\left[ {-\frac{\pi }{2},\frac{\pi }{2}} \right] \), while \({range}(\Psi ) = (-\pi , \pi ]\). These changes are to ensure that some equation \(\Psi =\psi _{0}\) defines \(C\). It is natural to introduce an additional random variable \(\Gamma \) with \({range}(\Gamma ) = [0, \pi )\), where each equation \(\Gamma =\upgamma \) defines a great circle through the North Pole of the second coordinate system. I will describe \(\Gamma \) as measuring longitude, although strictly speaking a point that satisfies \(\Gamma =\upgamma \) may have either longitude \(\upgamma \) or longitude \(\upgamma +\pi \). One can show that \(p(\upgamma {\vert } \Psi =\psi )=\frac{1}{\pi }\).


	
Proschan and Presnell (1998) also condemn as fallacious the inference from (1) and (2) to (3). My discussion places this diagnosis in a broader explanatory context, by relating it to general Fregean paradoxes of identity.


	Some authors claim that conditional probabilities depend not just upon the conditioning event but also upon the way one learns that the conditioning event occurred (Easwaran 2008, pp. 88–89), (Lindley 1997, p. 184), (Shafer 1985, p. 262). In my view, the key explanatory factor is not the way one learns that the conditioning event occurred but rather the way one represents the conditioning event. One can learn through many diverse avenues that an event as represented a single fixed way occurred. In some cases, a fixed way of representing the conditioning event may have constitutive ties to certain canonical verification procedures. But non-canonical verification procedures can also establish that the event as represented that same way occurred. For example, one can learn that \(\Phi =\varphi _{0}\) through direct measurement, deductive reasoning, testimony, abductive inference, or various other avenues. These variations in learning method do not seem relevant to conditionalization. What matters is simply that one represents the conditioning event in a certain way: namely as the event \(\Phi =\varphi _{0}\). The content of one’s knowledge, not its etiology nor its justificatory basis, is the relevant factor.


	For ease of exposition, I will frequently attribute various doctrines and assumptions to Kolmogorov. However, I do not suggest that my treatment explicates Kolmogorov’s intentions. I claim only that it constitutes one fruitful way of relating Kolmogorov’s mathematical framework to the non-mathematical realm. Kolmogorov favored a frequentist viewpoint (1933/1956, p. 3), so presumably he would not have endorsed my subjectivist approach.


	When I use the phrase “a constant density over longitude” here and in subsequent passages, I mean the conditional pdf \(p(\upgamma {\vert } \Psi =\psi )=\frac{1}{\pi }\) described in note 7.


	My discussion involves normative claims about how ideal agents should update their credences. It thereby differs significantly from the idealizations employed in natural science, which simplify complex reality without making normative claims (Wimsatt 2007, pp. 15–25). For discussion of ideal agents as an epistemological tool, see (Shaffer 2007). For discussion of idealization in scientific modeling, see (Shaffer 2012) and (Wimsatt 2007, pp. 3–4, 26–36, 94–132, 152–154).


	Thanks to an anonymous referee for suggesting that I discuss this example.
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