
Chapter 8

Option Hedging in Continuous Time

Here we review some applications to mathematical finance of the tools
introduced in the previous chapters. We construct a market model with jumps
in which exponential normal martingales are used to model random prices.
We obtain pricing and hedging formulas for contingent claims, extending the
classical Black-Scholes theory to other complete markets with jumps.

8.1 Market Model

Let (Mt)t∈R+ be a martingale having the chaos representation property of
Definition 2.8.1 and angle bracket given by d〈M, M〉t = α2

t dt. By a modifi-
cation of Proposition 2.10.2, (Mt)t∈[0,T ] satisfies the structure equation

d[M, M ]t = α2
t dt + φtdMt.

When (φt)t∈[0,T ] is deterministic, (Mt)t∈[0,T ] is alternatively a Brownian mo-
tion or a compensated Poisson martingale, depending on the vanishing of
(φt)t∈[0,T ].
Let r : R+ −→ R and σ : R+ −→ (0,∞) be deterministic non negative
bounded functions. We assume that 1 + σtφt > 0, t ∈ [0, T ]. Let (At)t∈R+

denote the price of the riskless asset, given by

dAt

At
= rtdt, A0 = 1, t ∈ R+, (8.1.1)

i.e.

At = A0 exp
(∫ t

0

rsds

)
, t ∈ R+.

For t > 0, let (Sx
t,u)u∈[t,T ] be the price process with risk-neutral dynamics

given by

dSx
t,u = rtS

x
t,udu + σuSx

t,u−dMu, u ∈ [t, T ], Sx
t,t = x,
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Fig. 8.1 Sample trajectory of (St)t∈[0,T ]

cf. Relation 2.13.5. Recall that when (φt)t∈R+ is deterministic we have

Sx
t,T = x exp

(∫ T

t

σuαuiudBu +
∫ T

t

(ru − φuλuσu − 1
2
iuσ2

uα2
u)du

)

×
k=NT∏

k=1+Nt

(1 + σTk
φTk

), (8.1.2)

0 ≤ t ≤ T , with St = S1
0,t, t ∈ [0, T ]. Figure 8.1 shows a sample path of

(St)t∈[0,T ] when the function (it)t∈[0,T ] takes values in {0, 1}, with S0 = 10,
σt = 10, and αt = 1, t ∈ [0, T ].
Let ηt and ζt be the numbers of units invested at time t, respectively in the as-
sets (St)t∈R+ and (At)t∈R+ . The value of the portfolio Vt at time t is given by

Vt = ζtAt + ηtSt, t ∈ R+. (8.1.3)

Definition 8.1.1. The portfolio Vt is said to be self-financing if

dVt = ζtdAt + ηtdSt. (8.1.4)

The self-financing condition can be written as

Atdζt + Stdηt = 0, 0 ≤ t ≤ T

under the approximation d〈St, ηt〉 � 0.
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Let also

Ṽt = Vt exp
(
−
∫ t

0

rsds

)
and S̃t = St exp

(
−
∫ t

0

rsds

)

denote respectively the discounted portfolio price and underlying asset price.

Lemma 8.1.2. The following statements are equivalent:

i) the portfolio Vt is self-financing,
ii) we have

Ṽt = Ṽ0 +
∫ t

0

σuηuS̃udMu, t ∈ R+, (8.1.5)

iii) we have

Vt = V0 exp
(∫ t

0

rudu

)
+
∫ t

0

σuηu exp
(∫ t

u

rudu

)
SudMu, (8.1.6)

t ∈ R+.

Proof. First, note that (8.1.5) is clearly equivalent to (8.1.6). Next, the self-
financing condition (8.1.4) shows that

dVt = ζtdAt + ηtdSt

= ζtAtrtdt + ηtrtStdt + σtηtStdMt

= rtVtdt + σtηtStdMt,

t ∈ R+, hence

dṼt = d

(
exp

(
−
∫ t

0

rsds

)
Vt

)

= −rt exp
(
−
∫ t

0

rsds

)
Vtdt + exp

(
−
∫ t

0

rsds

)
dVt

= exp
(
−
∫ t

0

rsds

)
σtηtStdMt, t ∈ R+,

i.e. (8.1.5) holds. Conversely, if (8.1.5) is satisfied we have

dVt = d(AtṼt)

= ṼtdAt + AtdṼt

= ṼtAtrtdt + σtηtStdMt

= Vtrtdt + σtηtStdMt

= ζtAtrtdt + ηtStrtdt + σtηtStdMt

= ζtdAt + ηtdSt,

hence the portfolio is self-financing. �
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8.2 Hedging by the Clark Formula

In the next proposition we compute a self-financing hedging strategy leading
to an arbitrary square-integrable random variable F , using the Clark formula
Proposition 4.2.3.
Proposition 8.2.1. Given F ∈ L2(Ω), let

ηt =
exp

(
− ∫ T

t
rsds

)
σtSt

IE[DtF |Ft], (8.2.1)

ζt =
exp

(
− ∫ T

t rudu
)

IE[F |Ft] − ηtSt

At
, t ∈ [0, T ]. (8.2.2)

Then the portfolio (ηt, ζt)t∈[0,T ] is self-financing and yields a hedging strategy
leading to F , i.e. letting

Vt = ζtAt + ηtSt, 0 ≤ t ≤ T,

we have

Vt = exp

(
−
∫ T

t

rudu

)
IE[F |Ft], (8.2.3)

0 ≤ t ≤ T . In particular we have VT = F and

V0 = exp

(
−
∫ T

0

rudu

)
IE[F ].

Proof. Applying (8.2.2) at t = 0 we get

IE[F ] exp

(
−
∫ T

0

rudu

)
= V0,

hence from (8.2.2), the definition (8.2.1) of ηt and the Clark formula we obtain

Vt = ζtAt + ηtSt

= exp

(
−
∫ T

t

rudu

)
IE[F |Ft]

= exp

(
−
∫ T

t

rudu

)(
IE[F ] +

∫ t

0

IE[DuF |Fu]dMu

)

= V0 exp
(∫ t

0

rudu

)
+ exp

(
−
∫ T

t

rudu

)∫ t

0

IE[DuF |Fu]dMu

= V0 exp
(∫ t

0

rudu

)
+
∫ t

0

ηuσuSu exp
(∫ t

u

rsds

)
dMu, 0 ≤ t ≤ T,
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and from Lemma 8.1.2 this also implies that the portfolio (ηt, ζt)t∈[0,T ] is
self-financing. �
The above proposition shows that there always exists a hedging strategy
starting from

V0 = IE[F ] exp

(
−
∫ T

0

rudu

)
.

Conversely, since there exists a hedging strategy leading to

ṼT = F exp

(
−
∫ T

0

rudu

)
,

then by (8.1.5), (Ṽt)t∈[0,T ] is necessarily a martingale with initial value

Ṽ0 = IE[ṼT ] = IE[F ] exp

(
−
∫ T

0

rudu

)
.

We now consider the hedging of European call option with payoff F =
(ST − K)+ using the Clark formula in the setting of deterministic struc-
ture equations. In this case the next proposition allows us to compute the
hedging strategy appearing in (8.2.1).
Proposition 8.2.2. Assume that φt ≥ 0, t ∈ [0, T ]. Then for 0 ≤ t ≤ T we
have

IE[Dt(ST − K)+|Ft] = IE
[
itσtS

x
t,T1[K,∞)(Sx

t,T )

+
jt

φt
(σtφtS

x
t,T − (K − Sx

t,T )+)1[ K
1+σt

,∞)(S
x
t,T )
]

x=St

.

Proof. By Lemma 4.6.2, using Definition 4.6.1 and Relation (4.6.4) we have,
for any F ∈ S,

DtF = DB
t F +

jt

φt
(T φ

t F − F ), t ∈ [0, T ]. (8.2.4)

We have T φ
t ST = (1 + σtφt)ST , t ∈ [0, T ], and the chain rule DBf(F ) =

f ′(F )DBF , cf. Relation (5.2.1), holds for F ∈ S and f ∈ C2
b (R). Since S

is an algebra for deterministic (φt)t∈[0,T ], we may approach x 
→ (x − K)+

by polynomials on compact intervals and proceed e.g. as in [97], p. 5-13. By
dominated convergence, F = (ST − K)+ ∈ Dom (D) and (8.2.4) becomes

Dt(ST − K)+ = itσtST 1[K,∞)(ST ) +
jt

φt
((1 + σtφt)ST − K)+ − (ST − K)+),

0 ≤ t ≤ T . The Markov property of (St)t∈[0,T ] implies

IE
[
DB

t (ST − K)+|Ft

]
= itσt IE

[
Sx

t,T1[K,∞)(Sx
t,T )
]
x=St

,
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and

jt

φt
IE[(T φ

t ST − K)+ − (ST − K)+|Ft]

=
jt

φt
IE
[
((1 + σtφt)Sx

t,T − K)+ − (Sx
t,T − K)+

]
x=St

=
jt

φt
IE
[
((1 + σtφt)Sx

t,T − K)1[ K
1+σtφt

,∞)(S
x
t,T )
]

x=St

− jt

φt
IE
[
(Sx

t,T − K)+1[K,∞)(Sx
t,T )
]
x=St

=
jt

φt
IE
[
σtφtS

x
t,T1[ K

1+σtφt
,∞)(S

x
t,T ) + (Sx

t,T − K)1[ K
1+σtφt

,K](S
x
t,T )
]

x=St

=
jt

φt
IE
[
σtφtS

x
t,T1[ K

1+σtφt
,∞)(S

x
t,T ) − (K − Sx

t,T )+1[ K
1+σtφt

,∞](S
x
t,T )
]

x=St

=
jt

φt
IE
[
(σtφtS

x
t,T − (K − Sx

t,T )+)1[ K
1+σtφt

,∞)(S
x
t,T )
]

x=St

.

�
If (φt)t∈[0,T ] is not constrained to be positive then

IE[Dt(ST − K)+|Ft] = itσt IE
[
Sx

t,T1[K,∞)(Sx
t,T )
]
x=St

+
jt

φt
IE
[
σtφtS

x
t,T1[ K

1+σtφt
,∞)(S

x
t,T ) + (Sx

t,T − K)1[ K
1+σtφt

,K](S
x
t,T )
]

x=St

,

with the convention 1[b,a] = −1[a,b], 0 ≤ a < b ≤ T . Proposition 8.2.2 can
also be proved using Lemma 3.7.2 and the Itô formula (2.12.4).

In the sequel we assume that (φt)t∈R+ is deterministic and

dMt = itdBt + φt(dNt − λtdt), t ∈ R+, M0 = 0,

as in Relation (2.10.4).

Next we compute

exp

(
−
∫ T

0

rsds

)
IE
[
(ST − K)+

]

in terms of the Black-Scholes function

BS(x, T ; r, σ2; K) = e−rT IE[(xerT−σ2T/2+σWT − K)+],

where WT is a centered Gaussian random variable with variance T .
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Proposition 8.2.3. The expectation

exp

(
−
∫ T

0

rsds

)
IE
[
(ST − K)+

]

can be computed as

exp

(
−
∫ T

0

rsds

)
IE
[
(ST − K)+

]

= exp (−Γ0(T ))
∞∑

k=0

1
k!

∫ T

0

· · ·
∫ T

0

BS

(
S0 exp

(
−
∫ T

0

φsγsσsds

)
i=k∏
i=1

(1 + σtiφti) , T ; RT ,
Γ0(T )

T
; K

)

γt1 · · · γtk
dt1 · · · dtk.

Proof. Similarly to Proposition 3.7.3 we have

IE
[
e−TRT (ST − K)+

]
=

∞∑
k=0

IE
[
e−TRT (ST − K)+|NT = k

]
P(NT = k),

with

P(NT = k) = exp(−Γ0(T ))
(Γ0(T ))k

k!
, k ∈ N.

Conditionally to {NT = k}, the jump times (T1, . . . , Tk) have the law

k!
(Γ0(T ))k

1{0<t1<···<tk<T}γt1 · · ·γtk
dt1 · · · dtk,

since the process (NΓ−1
0 (T )t

)t∈R+ is a standard Poisson process. Hence, con-
ditionally to

{N(Γ−1
0 (Γ0(T ))) = k} = {NT = k},

its jump times (Γ0(T1), . . . , Γ0(Tk)) have a uniform law on [0, Γ0(T )]k. We
then use the fact that (B̃t)t∈R+ and (Nt)t∈R+ are also independent under P

since (rt)t∈R+ is deterministic, and the identity in law

ST
law= S0XT exp

(
−
∫ T

0

φsλsσsds

)
k=NT∏
k=1

(1 + σTk
φTk

) ,
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where

XT = exp

(
TRT − Γ0(T )/2 +

(
Γ0(T )

T

)1/2

WT

)
,

and WT is independent of N . �

8.3 Black-Scholes PDE

As in the standard Black-Scholes model, it is possible to determine the
hedging strategy in terms of the Delta of the price in the case (rt)t∈R+ is
deterministic.
Let the function C(t, x) be defined by

C(t, St) = Vt

= exp

(
−
∫ T

t

rudu

)
IE[(ST − K)+ | Ft]

= exp

(
−
∫ T

t

rudu

)
IE[(ST − K)+ | St], t ∈ R+.

cf. (8.2.3). An application of the Itô formula leads to

dC(t, St) =
(

∂C

∂t
+ rtSt

∂C

∂x
+

1
2

∂2C

∂x2
itα

2
t S

2
t σ2

t + λtΘC

)
(t, St)dt

+Stσt
∂C

∂x
(t, St)dMt+(C(t, St(1 + σtφt))−C(t, St)) (dNt−λtdt)

(8.3.1)

where

ΘC(t, St) = C(t, St(1 + σtφt)) − C(t, St) − ∂C

∂x
(t, St)Stσtφt.

The process

C̃t := C(t, St) exp
(
−
∫ t

0

rsds

)

= exp

(
−
∫ T

0

rudu

)
IE[(ST − K)+ | Ft]

= Ṽt
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is a martingale from Propositions 2.5.8 and 8.2.1-(ii), with

dC̃t = ηtdS̃t (8.3.2)

= σtηtStdMt

= itσtηtStdBt + σtφtηtSt(dNt − λtdt),

from Lemma 8.1.2. Therefore, by identification of (8.3.1) and (8.3.2),

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

rtC(t, St) =

(
∂C

∂t
+ rtSt

∂C

∂x
+

1

2
itα

2
t S2

t σ2
t
∂2C

∂x2
+ λtΘC

)
(t, St),

ηtσtStdMt = Stσt
∂C

∂x
(t, St)dMt+(C(t, St(1 + σtφt))−C(t, St)) (dNt − λtdt) .

Therefore, by identification of the Brownian and Poisson parts,
⎧⎪⎨
⎪⎩

itηtStσt = itStσt
∂C

∂x
(t, St)

jtηtStσtφt = C(t, St(1 + σtφt)) − C(t, St).

(8.3.3)

The term ΘC(t, St) vanishes on the set

{t ∈ R+ : φt = 0} = {t : i(t) = 1}.
Therefore, (8.3.3) reduces to

ηt =
∂C

∂x
(t, St),

i.e. the process (ηt)t∈R+ is equal to the usual Delta (8.3) on {t ∈ R+ : it = 1},
and to

ηt =
C(t, St(1 + φtσt)) − C(t, St)

Stφtσt

on the set {t ∈ R+ : it = 0}.
Proposition 8.3.1. The Black-Scholes PDE for the price of a European call
option is written as

∂C

∂t
(t, x) + rtx

∂C

∂x
(t, x) +

1
2
α2

t x
2σ2

t

∂2C

∂x2
(t, x) = rtC(t, x),

on {t : φt = 0}, and as

∂C

∂t
(t, x) + rtx

∂C

∂x
(t, x) + λtΘC(t, x) = rtC(t, x),

on the set {t ∈ R+ : φt �= 0}, under the terminal condition C(T, x) =
(x − K)+.
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8.4 Asian Options and Deterministic Structure

The price at time t of an Asian option is defined as

IE

⎡
⎣e−

∫
T
t

rsds

(
1
T

∫ T

0

Sudu − K

)+ ∣∣∣Ft

⎤
⎦ .

The next proposition provides a replicating hedging strategy for Asian
options in the case of a deterministic structure equation. Following [74],
page 91, and [13], we define the auxiliary process

Yt =
1
St

(
1
T

∫ t

0

Sudu − K

)
, t ∈ [0, T ]. (8.4.1)

Proposition 8.4.1. There exists a measurable function C̃ on R+ × R such
that C̃(t, ·) is C1 for all t ∈ R+, and

StC̃(t, Yt) = IE

⎡
⎣
(

1
T

∫ T

0

Sudu − K

)+ ∣∣∣Ft

⎤
⎦.

Moreover, the replicating portfolio for an Asian option with payoff

(
1
T

∫ T

0

Sudu − K

)+

is given by (8.1.3) and

ηt =
1
σt

e−
∫ T

t
rsds

(
C̃(t, Yt)σt (8.4.2)

+(1 + σtφt)
(

jt

φt

(
C̃

(
t,

Yt

1 + σtφt

)
− C̃(t, Yt)

)
− itσtYt∂2C̃(t, Yt)

))
.

Proof. With the above notation, the price at time t of the Asian option
becomes

IE
[
e−

∫ T
t

rsdsST (YT )+
∣∣∣Ft

]
.

For 0 ≤ s ≤ t ≤ T , we have

d (StYt) =
1
T

d

(∫ t

0

Sudu − K

)
=

St

T
dt,
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hence
StYt

Ss
= Ys +

1
T

∫ t

s

Su

Ss
du.

Since Su/St is independent of St by (8.1.2), we have, for any sufficiently
integrable payoff function H ,

IE
[
H (ST YT )

∣∣∣Ft

]
= IE

[
H

(
StYt +

1
T

∫ T

t

Sudu

) ∣∣∣Ft

]

= IE

[
H

(
xy +

x

T

∫ T

t

Su

St
du

)]

y=Yt, x=St

.

Let C ∈ C2
b (R+ × R

2) be defined as

C(t, x, y) = IE

[
H

(
xy +

x

T

∫ T

t

Su

St
du

)]
,

i.e.
C(t, St, Yt) = IE

[
H (ST YT )

∣∣∣Ft

]
.

When H(x)= max(x, 0), since for any t ∈ [0, T ], St is positive and
Ft-measurable, and Su/St is independent of Ft, u ≥ t, we have:

IE
[
H (ST YT )

∣∣∣Ft

]
= IE

[
ST (YT )+

∣∣∣Ft

]

= St IE

[(
YT

ST

St

)+ ∣∣∣Ft

]

= St IE

⎡
⎣
(

Yt +
1
T

∫ T

t

Su

St
du

)+ ∣∣∣Ft

⎤
⎦

= St IE

⎡
⎣
(

y +
1
T

∫ T

t

Su

St
du

)+
⎤
⎦

y=Yt

= StC̃(t, Yt),

with

C̃(t, y) = IE

⎡
⎣
(

y +
1
T

∫ T

t

Su

St
du

)+
⎤
⎦ .

We now proceed as in [13], which deals with the sum of a Brownian motion
and a Poisson process. From the expression of 1/St given by (8.1.2) we have



292 8 Option Hedging in Continuous Time

d

(
1
St

)
=

1
St−

((
−rt +

α2
t σ

2
t

1 + σtφt

)
dt − σt

1 + σtφt
dMt

)
,

hence by (2.12.4), Itô’s formula and the definition (8.4.1) of Yt, we have

dYt = Yt

(
−rt +

α2
t σ

2
t

1 + σtφt

)
dt +

1
T

dt − Yt−σt

1 + σtφt
dMt.

Assuming that H ∈ C2
b (R) and applying Lemma 3.7.2 we get

IE
[
DtH (ST YT )

∣∣∣Ft

]
= LtC(t, St, Yt)

= it

(
σtSt−∂2C(t, St, Yt) − Ytσt

1 + σtφt
∂3C(t, St, Yt)

)
(8.4.3)

+
jt

φt

(
C

(
t, St− + σtSt− , Yt− − Ytσt

1 + σtφt

)
− C(t, St− , Yt−)

)
,

where Lt is given by (2.12.5). Next, given a family (Hn)n∈N of C2
b functions,

such that |Hn(x)| ≤ x+ and |H ′
n(x)| ≤ 2, x ∈ R, n ∈ N, and converging

pointwise to x → x+, by dominated convergence (8.4.3) holds for C(t, x, y) =
xC̃(t, y) and we obtain:

IE

⎡
⎣Dt

(
1
T

∫ T

0

Sudu − K

)+ ∣∣∣Ft

⎤
⎦ = itC̃(t, Yt)σtSt

+St

(
jt

φt

(
C̃

(
t,

Yt

1 + σtφt

)
− C̃(t, Yt)

)
− itσtYt∂2C̃(t, Yt)

)

+Stσtφt

(
jt

φt

(
C̃

(
t,

Yt

1 + σtφt

)
− C̃(t, Yt)

)
− itσtYt∂2C̃(t, Yt)

)
.

�
As a particular case we consider the Brownian motion model, i.e. φt = 0, for
all t ∈ [0, T ], so it = 1, jt = 0 for all t ∈ [0, T ], and we are in the Brownian
motion model. In this case we have

ηt = e−
∫ T

t
rsds

(
−Yt∂2C̃(t, Yt) + C̃(t, Yt)

)

= e−
∫

T
t

rsds

(
St

∂

∂x
C̃

(
t,

1
x

(
1
T

∫ t

0

Sudu − K

))
|x=St

+ C̃(t, Yt)

)

=
∂

∂x

(
xe−

∫
T
t

rsdsC̃

(
t,

1
x

(
1
T

∫ t

0

Sudu − K

)))
|x=St

, t ∈ [0, T ],

which can be denoted informally as a partial derivative with respect to St.
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8.5 Notes and References

See e.g. [74] and [135] for standard references on stochastic finance, and [97]
for a presentation of the Malliavin calculus applied to continuous markets.
The use of normal martingales in financial modelling has been first considered
in [35]. The material on Asian options is based on [70] and [12]. Hedging
strategies for Lookback options have been computed in [15] using the Clark-
Ocone formula.
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