Chapter 11

Measures and Integrals. The General
Theory

In this chapter we shall develop a general integration theory for cone-valued
functions with respect to operator-valued measures. The structure of locally
convex cones will allow the use of many of the main concepts of classical
measure theory for (extended) real-valued functions. Section 1 introduces
measurability for cone-valued functions on a set X with respect to a (weak)
o-ring of subsets of X. This notion does not involve any reference to a partic-
ular measure. Bounded operator-valued measures will be defined in Section 3.
The introduction of its modulus allows the extension of any given measure
to a full locally convex cone containing the given cone and its neighborhood
system, thus greatly facilitating the expansion of our concepts. This yields a
new understanding of the variation of a measure, not as a separate positive
real-valued measure associated with the given one, but as a component of its
extension. The development of an integration theory for cone-valued functions
with respect to an operator-valued measure follows in Section 4. Section 5
contains the general convergence theorems for sequences of functions and
measures, that is variations and adaptations of the dominated convergence
theorem. Chapter II concludes with a long list of special cases and examples
in Section 6, demonstrating the generality of the approach. These examples
include classical real-valued measure theory as well as settings with vector-,
cone-, functional- and operator-valued measures and functions.

1. Measurable Cone-Valued Functions

Throughout the following let X be a set, (P,)V) a locally convex cone with
dual P*. Endowed with the pointwise algebraic operations and order, the
P-valued functions on X form again a cone, denoted by F(X,P). As usual,
we say that a function f € F(X,P) is supported by a set E C X if
f(z) =0 for all z € X\ E. For a positive real-valued function ¢ on X and
f e F(X,P) we denote by ¢=f € F(X,P) the mapping
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z— o(x)f(z): X — P.

For an element a of P or of V we shall also use its symbol to denote the
constant function x — a, hence @.a for = +— p(z)a.

1.1 Weak o-Rings. We shall develop our measure and integration theory
with respect to a family R of subsets of X with the following properties:

(R1) 0 € R.

(RQ) If Ey, Fy € R, then E; UE2 € R and E; \Ez € R.

(R3) If E,, € R for n €N and E,, C E for some E € R, then |J E, € R.
neN

We shall call a family PR with these properties a (weak) o-ring. (Condition

(R3) is weaker then the usual one for o-rings.) As Ey N Ey = Ey \ (Ey \ Es),

Condition (R2) implies that Ey N Ey € R whenever Ej, Ey € R. Of course,

any o-algebra is a o-ring in this sense, and a o-ring R is a o-algebra

if and only if X € R. However, because we shall require boundedness for

measures defined on R, using o-algebras from the beginning would impose

undue limitations. We may, however, associate with R in a canonical way

the o-algebra

An ={ACX|ANEecR foral FEcR}

of measurable subsets of X. As usual, y, stands for the characteristic (or
indicator) function on X of a subset £ C X, and Sx(X,P) is the subcone
of F(X,P) of all P-valued step functions supported by R, that is functions
h=>7" Xpeai with E; € R and a; € P. If the sets E; are pairwise dis-
joint, then we shall call the above the standard representation for the step
function h. Measurability for vector-valued functions has been introduced
in various places (see for example Dunford & Schwartz [55], 111.2.10). A suit-
able adaptation for cone-valued functions needs to consider the presence of
unbounded elements in P and the absence of negatives. We shall therefore
employ the relative topologies.

1.2 Measurable Functions. We shall say that a function f € F(X,P) is
measurable with respect to the o-ring R if for every v € V, with respect
to the symmetric relative »-topology of P

(M1) fH(O)NE € R for every open subset O of P and every E € R.
(M2) f(E) is separable in P for every E € R.

Note that Condition (M1) means that f~1(O) € Ax for all open subsets O
of P. Obviously the functions in Sk(X,P) are measurable.

Proposition 1.3. A function f € F(X,R) is measurable if and only if it is
measurable in the usual sense with respect to the o-algebra As.

Proof. Let f € F(X,R). The neighborhood system for R consists of the
positive reals € > 0. The symmetric relative topology therefore coincides
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with the usual topology on the elements of R, while +o0o is an isolated
point. The range of f, hence f(E) for every E € R, is separable in any
case. Thus for measurability we require that f~1(O) € Ax for every open
subset of R and also that f~!(+00) € Ap. This coincides with the usual
definition of measurability. O

Theorem 1.4. A function f € F(X,P) is measurable if and only if for
every E€R, veV and € > 0 there are sets E, € R, n € N, such that
Unen BEn = E and f(z) € ve(f(y)) whenever z,y € E, for some n € N.

Proof. First assume that the function f € F(X,P) is measurable. For £ € R
and v € V let A = {a, | n € N} be a dense subset (with respect to the
symmetric relative v-topology) of f(E). For a € P and € > 0 the sets

v(a) = U ver (@) and (a)v. = U (a)ve

0<e'<e 0<e'<e

are open in the upper and lower relative v-topologies, respectively, and their
intersection 8§(a) is an open neighborhood of a in the symmetric relative
v-topology. Set

En = f71 (Ufg/3)(an)) NE €*R.
Then Lemma 1.4.1(a) shows that f(z) € ve(f(y)) whenever z,y € E,.
Furthermore, for every = € E there is some a,, € 1012/2 (f(x)). Thus f(z) €

5;/2(%) C v%(an), hence € E,. This shows |, .y En = E, as required.

For the converse, assume that the above condition holds for the function
f e F(X,P) and let E € R Then for every m € N there are E}' € R,
such that J,.y E7 = E and f(2) € vym) (f(y)) whenever z,y € E™ for
some n € N. Choose apt = f(z) for some z]' € E7. Then the set A =
{a” | n,m € N} is seen to be dense in f(F), which yields Condition (M1).
For (M2), let O C P be open in the symmetric relative v-topology. With
the sets E]" from above set

F={J{E" | EPcfY0)}

Then F € R by (R2) and F C fY(O)NE. For z € f}(O)NE on the
other hand, there is m € N such that vf,, (f(z)) € O. We find = € E
for some n € N. Then for every y € EI' we have f(y) € viym) (f(2))
O, hence y € f~1(O). This shows x € E™ C F, hence f}(O)NE
FeRr O

N

We can indeed assume that the sets FE,, € R from Theorem 1.4 are dis-
joint, since otherwise we may set

G1:E1 and Gn:En\UE1
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for n > 2. Then G, € R and G,, C F,. The sets G,, are disjoint and their
union equals the union of the sets FE,,, that is the given set E € fR.

Corollary 1.5. The measurable functions form a subcone of F(X,P).

Proof. Clearly, af is measurable, whenever f € F(X,P) is measurable and
a > 0. We proceed to show that for measurable functions f,g € F(X,P)
their sum f + g is also measurable. In a first step, given E € R and v €
V, using Theorem 1.4 and Lemma I.4.1(c) we can find sets E, € R and
An > 0 such that (J,.ny En = F and 0 < f(z) + A, and 0 < g(x) +
A whenever = € E,. Now given € > 0 we set 0, = ¢/(2+ 2\,) and
again using Theorem 1.4, for every n € N we find sets E)" € R such that

Umen Enr=E, and f(z ) € s, (f(y)) aswellas g(z) € vs, (g9(y)) whenever
T,y € Em Following 1.4.1(b) this yields

fl@) <A+8)f(y)+6(1+Nv=(14+0)f(2)+ (¢/2)v
and, likewise g(z) < (1+46)f(y) + (¢/2)v. Thus

@) +g(x) <(1+6)(f(y) +9(y) +ev

and indeed f(z)+g(x) € v(f(y) +9(v)). As U,, nen £t = E, this proves
that the function f + g is also measurable. 0O

Theorem 1.6. For measurable functions f,g € F(X,P) and v €V the set
{r € X | f(z) <y g(x)} is measurable, that is in As.

Proof. Let f,g € F(X,P) be measurable, v € V and E € R. According to
Theorem 1.4, for 0 < e <1 there are disjoint sets E; € R such that (J;.y =
E and f(z) € ve(f(y)) as well as g(z) € v-(g(y)) whenever z,y € E; for
some ¢ € N. Set

F. = U {El | f(z;) € vg(g(xi)) for some x; € E,} € fA.

If z € Fsv then f(.’E) € vs( ( ))7 f( ) € Us(g(mi)) and g(xz) € 'Uz-:(g(x))y
hence f(x) € v(7e) (g ) by Lemma 2,1(a). This shows

{zeE|f(x)ev(g(x))} CF.C{zeE| f(z)€uv(9(x))}.

Then
F=()Fy =1l eB|f@) <o)} R

neN

aswell. As F=FE(\{z € X | f(z) <, g(x)}, our claim follows. O

We shall use different patterns of pointwise convergence for sequences of
cone-valued functions. For functions (f,)neny and f in F(X,P), a subset
F C X and a neighborhood v € V we shall write

fa X s fn 2 f, or oo f
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if (fn)nen converges to f pointwise on F' with respect to the upper, lower
or symmetric relative v-topology of P, that is if for every x € F and € > 0
there is ng € N such that f,(2) € v-(f(2)), fu(z) € (f(z))ve or fo(z) €
vs ( f (1:)) for all n > ng, respectively. Convergence in this sense for all v € V
means convergence in the (global) upper, lower or symmetric relative topology
of P. We shall denote this by

fo N, fn A4 f, or fn = f.

All the above notions of convergence are compatible with the algebraic oper-
ations in P (see Lemma 1.4.1(d)).

Theorem 1.7. If for f € F(X,P) and every E € R and v € V there
is a sequence of measurable functions f, € F(X,P) such that f, & (f),
then f is also measurable.

Proof. Let f € F(X,P), E € R and v € V. Suppose that there is a
sequence of measurable functions (f,)nen such that f, & (f). If for all
n € N the sets A, = {a!, | i € N} are dense (in the symmetric relative v-
topology) in f,(E), then A = (], .y An is obviously dense in f(F), which
is thus seen to be separable. Now let O C P be open in the symmetric
relative v-topology. For ¢ > 0 let U be the topological interior of the set
O: ={a € O|vi(a) C O}. For m,n € N set

E)=E ﬂ (fr) "(Uaym)) € R

k>n

and F =, nen B € R If z € f71(O)NE, then thereis € > 0 such that
vi(f(z)) C O. For m > 7/e thereis n € N such that fi(z) € V(1 fm) (f(2))
for all k> n. For any such k let a € vf (fe(z)). Then

V(1) (@) C 0y ) (fi(@)) C 07y (F(2)) C02(F(2)) €O

by Lemma 1.4.1(a). Thus a € O/, hence v(sl/m)(fk(x)) C O(1/m), there-
fore fr(z) € Uy and x € E* C F. This shows f~'(0) C F. For z € F,
on the other hand, there are m,n € N such that fi(x) € U(y/m) C O /m) for
all k> n. There is such k such that f(z) € vfl/m(fk(x)), hence f(z) € O.
Thus f{(O)NE=FeR O

Theorem 1.8. Let f € F(X,P) be measurable.

(a) Let ¢ : X — R. If ¢ is positive and measurable with respect to s,
then pof € F(X,P) is also measurable.

(b) Let ®: X — X. If @ 1(A) € An for all A€ An, and ®(E) C F for
every E € R with some F € R, then the function then fo® € F(X,P)
1s also measurable.
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(c) Let (N,U) be a locally convexr cone and let W : P — N. If for every
u € U there is v € V such that the mapping ¥ is continuous with
respect to the symmetric relative v- and u-topologies of P and N,
then the function Wo f € F(X,N) is also measurable.

The assumption on ¥ holds in particular if ¥ : P — N is a continuous
linear operator.

Proof. (a) Our claim is obvious if ¢ is a real-valued step function (supported
by 2ln,) since the validity of the criterion from Theorem 1.4 for @sf follows
straight from its validity for f. Generally, there is a sequence (¢, )nen of
positive real-valued step functions that converges pointwise from below to ¢.
All the functions f, = ¥,=f are measurable by the above. If ¢(z) =0 for
x € X, then ¢,(z) =0 for all n € N. Otherwise, for v € V and € > 0
choose A > 0 such that 0 < f(z) + Av and set v = min {1 +e, 1+ L}

22¢(x)
There is ng € N such that ¢, (z) < ¢(x) < v, (), hence

Pn(@)(f () + Av) < () (f(2) + M) <yipn(@)(f(2) + Av)

for all n > ngy. This shows

fa(@) + Mpn(2)v < () f(2) + Ap(x)v < () f(2) + Y Abn ()0,

hence fn(x) < ¢(z)f(x) 4+ ev by the cancellation law for positive elements
(see Lemma 1.4.2 in [100]), as YA¢, < Ay, (z) + €. Likewise, the above
implies

(@) f(z) + Ap(x)v < v fn() +YAn (2)v < v fn(2) +YA0(2)0,

and ¢(2)f(z) < vfo(z) +ev as well. Thus f,(z) € v(p(z)f(z)) for all
n > ng. This shows f,, v ¢=f, and by Theorem 1.7 the function @=f is
seen to be measurable.

For (b),let f and ®: X — X be as stated, let g = fo® and v € V. For
E € R we have ®(F) C F for some F € R, hence ¢g(F) C f(F) which is
separable in the symmetric relative v-topology. Secondly, for an open subset
O of P we have f71(O) € An, hence g71(0) = &71(f1(0)) € An, and
the function ¢ is seen to be measurable.

For Part (c), let f and W : P — N be as stated, let g = fo ¥ and
u € U. Let v €V be such that ¥ is continuous with respect to the sym-
metric relative v- and u-topologies of P and N. For every E € R, the set
f(E) is separable with respect to the symmetric relative v-topology of P,
hence its continuous image g(E) = \I/(f(E)) is separable with respect to the
symmetric relative u-topology of A. Secondly, for an open subset O of N
its inverse image W~'(0) isopenin P, hence g~1(0) = f~1(¥71(0)) € Un,
and the function ¢ is seen to be measurable. For the additional statement
in (c), suppose that ¥ : P — A is a continuous linear operator. Given u € U
there is v € V such that ¥(a) < ¥(b) + u holds whenever a < b+ v for
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a,b € P. Thus a € v.(b), that is a < yb+ ev with some 1 <y < 1+¢
implies W(a) < y¥(b) + ¢, hence U(a) € u.(V(b)). Likewise, a € v:(b)
implies that W(a) € u(¥(b)). The function W is therefore continuous with
respect to the symmetric relative v- and u-topologies of P and N. O

In the literature the terms weak measurability or scalar measurability are
often used for a vector-valued function f if all the scalar-valued functions
po f for linear functionals p in the dual of the range of f are measurable
in the usual sense. The following theorem states that measurability in our
sense implies scalar measurability. The converse holds true for functions with
bounded values and separable ranges.

Theorem 1.9. Let f € F(X,P).

(a) If f is measurable, then the R-valued functions po f are measurable for
all € Pr.

(b) If the values of f are bounded, f(E) is separable in the symmetric rel-
ative v-topology for all E € R and v € V, and the R-valued functions
wo f are measurable for all p € P*, then f is measurable.

Proof. For (a), suppose that the function f € F(X,P) is measurable, and
let p € P*, that is u € v° for some v € V. Recall from Proposition 1.4.5
and Example 1.4.37(a) that a continuous linear functional u : P — R is
also continuous, if we endow P with the symmetric relative v-topology and
R with its given symmetric topology (which of course coincides with its
symmetric relative topology). Following Theorem 1.8(c), this shows that the
function pof : X — R is measurable whenever the function f is measurable.

Now suppose that the assumptions of Part (b) hold for the function f €
F(X,P). We shall verify the criterion of Theorem 1.4 for measurability.
Recall from Proposition 1.4.2(iv) that on the subcone B of bounded elements
of P the corresponding given and relative topologies coincide. As the values
of f are supposed to be bounded, this will greatly facilitate our arguments.

In a first step, let us consider an element a € B and neighborhood v € V.
Then b ¢ v(a), that is b £ a + v, for an element b € B implies that
b % a+wv/2, asindeed otherwise, for A > 0 such that ¢« < Av and ¢ =
min {1/9, 1/(3)\)} there would be 1 <~ < 1+¢ such that

b<~(a+wv/2)+ev=ra+ (%—H—:)v S’ya+§v.
Because
'ya:a+(7—1)a§a+(’y—1))\v§a+s)\v§a+%v,
this yields a < b+ v, contradicting our assumption. Consequently, following

Theorem 3.2 in [175] (see also Corollary 4.34 in Chapter I), there is a linear
functional p € v° such that
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u(b) > ula) + 5.

Now, in a second step of our argument, consider an element a € B and for
v €V the symmetric neighborhood

v¥(a) =v(@)N(a)v={ceP|c<a+v and a<c+v}

Given a set E € R, let {b;}ieny be a countable subset of f(E)\ v®(a) C B
that is dense with respect to the (given) symmetric topology. Such a subset
exists because on B the given and the relative topologies of P coincide.
For each ¢ € N we have either b; ¢ v(a) or b; ¢ (a)v. Accordingly, we may
choose linear functionals u; € v° corresponding to the elements b; such that
either

pel) > i)+ 5 or puila) > () + 3

if b; ¢ v(a) or b; ¢ (a)v, respectively. We denote

1 1

0; = (—oo, ui(a)+z] o 0= [ui(a)— T +oo]

in these respective cases and set A; = p;'(0;) C P and A = (;.y 4i-
For every ¢ € (v/4)%(a), that is ¢ < a4+ v/4 and a < ¢+ v/4 we have
u(e) < pla) +1/4 and p(a) < p(e) + 1/4 for all p € v°, hence ¢ €
A; for all ¢ € N. This shows v°(a) C A. We shall proceed to verify that
AN f(F) C (2v)*(a). For this, consider any element ¢ € f(E)\ (2v)*(a).
First we observe that v*(c) Nwv®(a) = 0, because the existence of an element
d € v®(c)Nv*(a) would lead to ¢ € (2v)*(a), contradicting our choice of c.
Thus f(E) N (v/4)*(c) C f(E) \ v®(a) holds as well, and there is some
b; € (v/4)%(¢). We have
1 1

pi(bi) < pi(e)+ 7 and - pi(e) < pi(b) + 7
since u; € v°. Recall that either b; ¢ v(a) or b; ¢ (a)v. In the first case,
this implies 1;(b;) > pi(a) + 1/2, hence p;(c) > pi(a) +1/4, and c ¢ A;.
In the second case, we have p;(b;) < pi(a) —1/2, hence p;(c) < pi(a)—1/4
and, likewise ¢ ¢ A;. Thus indeed ¢ ¢ A. Summarizing, we verified that

vi(a) C A and AN f(E) C (2v)%(a).

Let us apply this to an element a = f (x) for some z € E. By our assump-
tion, all the R-valued functions ¢; = p; o f are measurable, hence the sets
F; = ¢;1(O;) are contained in 2. Likewise,

F=F=f"("0)) =/ (4) = f(4) € An.

ieN €N 1€N
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Thus
(@) CcF  and  FNECf((20)%(a)).

Now in the third and final step of our argument we shall verify the criterion
of Theorem 1.4: For E € R and v € V let {an}neny be a subset of f(E)
that is dense with respect to the symmetric relative v-topology, hence with
respect to the given symmetric v-topology. For each element a, and the
neighborhood u = (¢/4)v € V in place of v choose the set F = F,, € An
as in the last part of the preceding step and set E,, = F,, N E. Then

fY(u(an))NECE, and E,C f'((2u)*(a))

holds for all n € N by the above. Thus, firstly, for =,y € E, we have
f(@), f(y) € (2u)*(ay). But this obviously implies that f(z) € (4u)(f(y)) C
v:(f(y)). Secondly, for any x € E there is some a,, such that f(z) € u®(a,),
that is z € f‘l(us(an)) NE C E,. This demonstrates |J, . Fn = E and
completes our argument. O

neN

2. Inductive Limit Neighborhoods for Cone-Valued
Functions

Let (P,V) be a locally convex cone. In preparation of our integration the-
ory for cone-valued functions with respect to an operator-valued measure, we
shall introduce appropriate neighborhoods for the cone F(X,P) and cor-
responding subcones of measurable functions. Our integrals will constitute
continuous linear operators on these cones. First, in order to allow greater
generally, we shall extend the given neighborhood system of V.

2.1 Infinity as a Neighborhood. We shall adjoin the maximal element
oo to the neighborhood system V' such that a < b+oco holds for all a,b € P.
The addition and multiplication by scalars involving this element is defined
in a canonical way: We set v + 00 =00, 0-00 =0 and a-oco = oo for all
v €V and a > 0. The augmented neighborhood system which includes this
infinite element and 0 € P will be denoted by V, that is V =V U {0, c0}.
Obviously, (V,V) is a full locally convex cone.

2.2 Inductive Limit Neighborhoods. Let X and R be as before, and
let F (X,V) be the family of V-valued functions on X, endowed with
the pointwise operations and order. For functions f,g € F(X,P) and
s € F(X,V) we write f < g+ s if f(z) < g(z) + s(z) for all z € X.
The addition and multiplication by scalars for functions s,t € F (X ,V) is
defined pointwise, and s < ¢ means that f < g+ s implies f < g+t for
fig e F(X,P).
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An (R-compatible) inductive limit neighborhood for F(X,P) is a convex
subset v of measurable functions in F (X ,9) such that for every E € R
there is vg € V and s € v such that y,«vg < s. Measurability is meant
with respect to & and the locally convex cone (V,V). For functions f,g €
F(X,P) and an inductive limit neighborhood v we denote

f<g+v if f<g+s, forsome se€n.

We define sums and multiples by positive scalars for inductive limit neighbor-
hoods through the addition and multiplication of their elements. A canonical
order relation is given by

v <u if for every s € v thereis ¢t € u such that s <t.

Inductive limit neighborhoods include uniform neighborhoods, consisting of
a single constant function x — v; and if X € R, that isif R is a o-algebra,
then the uniform neighborhoods form a base for the family of all inductive
limit neighborhoods.

2.3 The Cone Fx(X,P). We shall in the sequel deal with measurable
functions in F(X,P) that can be reached from below by step functions; more
precisely: We denote by Fn(X,P) the subcone of all measurable functions
f € F(X,P) such that for every inductive limit neighborhood v there is
h € Sn(X,P) satisfying h < f + v.

Lemma 2.4. Let [ € Fn(X,P).

(a) For every inductive limit neighborhood v there is A >0 such thats 0 <
f+ Ao,

(b) There is E € R such that f(x) > 0 for all x € X \ E, and for every
v eV thereis X >0 such that 0 < f 4+ XA xgev.

Proof. Let f € Fx(X,P). For (a), given an inductive limit neighborhood v,
there is a step function h = > 1" | Xpei € Sn(X,P) such that h < f + v,
that is h < f+ s for some s € v. We may assume that the sets E; € R are
disjoint and E = |J;_; E; € R. There is v € V such that xgsv < v, and in
turn there is A > 0 such that 0 < a; + Av for all ¢ = 1,...,n. This shows
0< f(z)+s(x)+ v forall x€ E and 0< f(x)+ s(z) forall z € X\ E.
Thus 0 < f+ (s4+ A xpev), hence indeed 0 < f + (1 + A)v.

For (b), let the inductive limit neighborhood b consist of all V-valued
functions that are supported by some set in PR. By (a) there is A > 0 and
a function s € v such that 0 < f + As. Because s is supported by some
set E € R, that is s(z) =0 for all x € X \ E, we have indeed f(z) >0
for all x € X \ E. Now let v € V and let v consist of the single function
2 — v. Then 0 < f+ Ao with some A > 0 by (a). Thus 0 < f 4+ A xgev,
as claimed. O
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The following lemma provides a more straightforward characterization of
the functions in Fx(X,P), avoiding the use of inductive limit neighbor-
hoods.

Lemma 2.5. A measurable P-valued function [ is in Fu(X,P) if and
only if

(i) there is E € R such that f(x) >0 forall x € X\ E, and

(ii) for every v € V there is h € Sx(X,P) such that h < f + xxe=v.

Proof. If f € Fr(X,P), then (i) follows from Lemma 2.4(b). Statement (ii)
follows from the definition of the cone Fn(X,P) if we consider the singleton
inductive limit neighborhood v = {xx«v}. For the converse, suppose that (i)
and (ii) hold for the measurable function f € F(X,P), and let v be an
inductive limit neighborhood. For the set E € R from (i) there is v € V
such that ygev < s for some s € v. According to (ii), let h € Sy(X,P)
such that h < f+ xxev and set h' = xgh € Sx(X,P). Then W < f+ s,
hence h' < f +v. This shows f € Fn(X,P). O

Note that a function ypea for F € Ax and a € P is contained in
Fn(X,P) if and only if either a >0 or F € A.

Lemma 2.6. Let f € Fn(X,P) and let ¢ be a positive real-valued function
on X, measurable with respect to UAs,. If either f is positive or if ¢ is
bounded, then ¢sf € Fxr(X,P).

Proof. Following Theorem 1.8(a), the function ¢«f is measurable. If f is
positive, then @ef is also positive, hence in Fr(X,P). Otherwise, there is
p > 0 such that 0 < p(x) < p for all z € X. Given an inductive limit
neighborhood b there is h € Si(X,P) such that h < f + (1/2p)v. Also,
there is A > 0 such that 0 < f + Av. As ¢ is bounded and measurable,
there is a real-valued positive step function ¢ on X such that

1

V(@) < plz) < () + 51

for all x € X. Then | =¢:h € Sx(X,P), and indeed

LS nf 4 oo S e 4 0k (p = Dlf 4 20) S pf .

O

Lemma 2.6 implies in particular that ypef € Fm(X,P) whenever f €
Fn(X,P) and F € Ar. Also, if ¢ is a positive real-valued measurable
function and a € P, then pea € Fnr(X,P) if a > 0, and (xpp)a =
vo(xpea) € Fn(X,P) for every E € R in general if the function ¢ is
bounded.

A sequence (fn)nen in Far(X,P) is said to be bounded below if for every
inductive limit neighborhood v there is A > 0 such that 0 < f,, + Av for
all n € N.



130 IT Measures and Integrals. The General Theory

Theorem 2.7. Let f € Fn(X,P) and E € R. For every inductive limit
neighborhood v, every v € V and € > 0 thereis 1 < v < 14¢ and a
bounded below sequence (hp)nen of step functions in Sy (X, P) such that

(i) hp <~vf+1v forall n € N.
(ii) For every x € E there is ng € N such that f(z) < hp(x) +v for
all n > ny.

Proof. Let f € Fn(X,P), E € R, let v be an inductive limit neighborhood,
let v €V and ¢ > 0. Following Lemma 2.4(b) we may assume that f(z) >0
for all x € X \ E. There is u € V such that both v < v and ygeu < v.
Again using 2.4(b) we find A > 0 such that 0 < f+ Axg-u We set § =
min{l, £, T 1+)\ } and v = (1+0)? < 1+&. By Theorem 1.4 there is a partition
of E into disjoint subsets F; € R, i € N, such that f(z) € us(f(y)) holds
for all z,y € E;. Thus

f@) < (1+6)f(y) +6(1 + Mu

by Lemma 1.4.1(b). We set a; = (1 +0)f(z;) € P for some z; € E;. Thus
for any = € E; we have

f@)<a+6(1+Nu<a;+v

and
1
ai < (14 6)2f(x) + (1 +8)(1 + Nu < yf(z) + U
Thus
1 1
D xpeti < xpo(vf) + gxpeu < xpe(vf) + 5.

i=1
Furthermore, there is hy € Sw(X,P) such that hg < vf+ %U, and therefore

Xx\)eho < X(x\E)=(7f) +
holds as well. Now we choose the step functions

hn = ZXEiWi + X(x\&)=ho-

i=1
Adding the above yields indeed
hn <vf+o

for all n € N, hence (i). Part (ii) of our claim follows directly from the
above, as

f(z) < hp(z)+wv for all T € UEi.
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Finally, given an inductive limit neighborhood u, there is A > 0 such that
0 < hg + Au, that is 0 < hg 4+ As for some s < u. Also there is v € V such
that xpeu € u and p > 0 such that 0 < f 4 pxgeu. The latter implies
0 <a; + pu for all ©+ € N, hence

0<hp+As+ pxpeu < hp+ A+ pu

for all n € N. The sequence (hy,)nen is therefore bounded below. Finally, if
f >0, then we may choose hy = 0, and as all the elements a; = (140) f(z;)
are also positive, we realize that h, >0 forall n € N. 0O

If (P,V) is indeed a full locally convex cone, as will frequently occur in
the subsequent sections, then the preceding result can obviously be simplified.
We shall formulate this in a corollary.

Corollary 2.8. Let (P,V) be a full locally convex cone. Let f € Fn(X,P)
and E € R. For every inductive limit neighborhood v and € > 0 there is
1 <y <1+4¢ and a bounded below sequence (hyp)nen of step functions in
Sw(X,P) such that

(i) hp <~f+0v forall neN.
(i) For every x € E thereis ng € N such that f(x) < hyp(z) for all n > ny.

Proof. We choose v € V such that xgev < (1/2)v,, and apply Theorem 2.7
with this v, the inductive limit neighborhood (1/2)v,, and the given ¢ > 0.
There is a sequence (hy,)nen as in 2.7. The functions hl, = h,, + xg=v then
satisfy our claim. 0O

3. Operator-Valued Measures

Let (P,V) be a quasi-full locally convex cone and let (Q,W) be a locally
convex complete lattice cone (see Sections 5 and 6 in Chapter I). Let £(P, Q)
denote the cone of all (uniformly) continuous linear operators from P to
Q. Recall from Section 3 in Chapter I that a continuous linear operator
between locally convex cones is monotone with respect to the respective weak
preorders. Because Q carries its weak preorder, this implies monotonicity
with respect to the given orders of P and Q as well. Let X be a set, R
a (weak) o-ring of subsets of X. An £(P, Q)-valued measure 6 on R is a
set function
Ew—0g:R— £(P,Q)

such that () =0 and
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holds whenever the sets E; € R are disjoint and J;, E; € . Convergence
for the series on the right-hand side is meant in the following way: For ev-
ery a € P the series Y 7 0p, (a) is order convergent in Q in the sense
of 1.5.26. (Recall from Proposition 1.5.42 that order convergence is implied
by convergence in the symmetric relative topology.)

Lemma 3.1. Let E € R and a € P.

(a) If E; € R are such that E; C Eiyy forall i € N and E =UX | E;, then
Op(a) = lim 0, (a).

(b) If E; € R are such that E D E; D Eyy for all i € N, and N, E; =),
then 0 < lim 0p, (a) + O(0p(a)) and lim g, (a) < O(0p(a)).

Proof. For Part (a),let Fy = F; and F; = E; \ F;_1 for i > 1. The sets F;
are disjoint, E, = U} | F; and E = U° | F;. From the countable additivity of
the measure 6 we infer that 0p, (a) =Y i, 0r,(a) and 0g(a) = > 7, 0F (a),
hence our claim. For Part (b), let F; = E\ E; for i € N. Thus F; C F;;
and UX, F; = E. This shows 0g(a) = lim g, (a) by Part (a). Furthermore,
Op(a) = 0g,(a)+0p,(a) holds for all i € N by Part (a). Using the limit rules
in Lemma 1.5.19 we infer that

Op(a) < lim 0p, (a) + 0p(a) < lim O, (a) + Op(a) < Op(a),

1—00

hence equality for these terms as Q carries the weak preorder which is sup-
posed to be antisymmetric. Now the cancellation rule in Proposition 1.5.10(a)
yields our claim. O

For our upcoming integration theory for P-valued functions with respect
to an £(P, Q)-valued measure 6 (see Section 4 below) we shall also have
to assign values of 6 to the neighborhoods in P. This will be done by the
introduction of its modulus |#|. Recall that we require the locally convex
cone (P,V) to be quasi-full.

3.2 The Modulus of a Measure. Throughout the following, let 6 be a
fixed £(P,Q)-valued measure on . For a neighborhood v € V and a set
E € R, modulus (or semivariation) of 6 is defined as

01(E,v)

= sup {Z O, (si) ‘ si €P, s; <w, E; € R disjoint subsets of E} .
i=1

The following is obvious from this definition.
Lemma 3.3. Let veV and E € R. If ve P, then |0|(E,v) =0g(v).

Proof. Let E€R and ve VNP. If s; €P such that s; <v and E; € R
are disjoint subsets of E for i =1,...,n, then
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> 0p,(si) <05, (v) =0 5, (v) < 0p(v).
=1 i=1

Thus |0|(E,v) < 0g(v). The reverse inequality is obvious, as we may choose
FEi=F and s; =v in3.2. 0O
Lemma 3.4. Let veV and E € R. Then
(a) 0 <|0|(E,v) and |0|(0,v) = 0.
(b) 0p(a) < 0g(b)+ |0|(E,v) whenever a <b+v for a,be P.
(¢c) If E; € R are disjoint sets such that E =\J;°, E;,

then |0](E,v) = 3272, |01(Ei, v).
Proof. Part (a) is obvious. Part (b) follows as the locally convex cone is
supposed to be quasi-full. Indeed, for a < b+ v there is s < v such that
a < b+ s. This implies 0g(a) < 0g(b) + 0r(s), and as Og(s) < |0|(E,v),
our claim follows immediately from A 1. For Part (c), let E = U2, E; for
disjoint sets E; € R. Let Fi,...,F, € R be disjoint subsets of F and
sk € P such that s <wv for k=1,...,n. Then

o0

O, (sk) = Y Oipnm,) (sk)

i=1

for every k=1,...,n by the countable additivity of 6, hence

z:eF;c (sx) = Z (Z a(FkﬁEi)(Sk)>
k=1 1 \i=1

(Z Q(kaEi)(sk')>
k=1

161(E:, v)

>
Il

[
.Mg

=1

N

1

<.

by the limit rules established in Section 5 of Chapter I. For the converse
inequality, let n € N and for each i = 1,...,n, let F{,...,F} € R be

disjoint subsets of E; and si,...,s, <wv. Then
n n;
> (S mch) < iz
i=1 \k=1

as the sets F; ,: C E are pairwise disjoint. Now taking the supremum over all
such choices of sets FF yields with (\/ 1)

D 10I(Ei,v) < |0/(E,v),  hence Y |0[(Ei,v) < [0](E,v),

i=1 i=1

as n € N was arbitrary. 0O
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Lemma 3.5. Let E€R, a>0 and u,ve V. Then

(a) |0|(E, av) = o|0|(E, v).
(b) [6](E;u+v) = [0|(E, u) + |0(E,v).

Proof. Part (a) is obvious. For Part (b), let FEi,...,E, € % be disjoint
subsets of F and let r; € P such that r; < u4wv for i =1,...,n. According
to (QF2) in 1.6.1 there are elements s;,t; € P such that s; <wu, t; <wv and
s; <r; +t;. This shows

Ze)E i <ZaE si +20E ) < |6|(E,u) + |0](E,v).

As the sets E; € R and the elements r; < u+wv were chosen arbitrarily, this
shows |0|(E,u+v) < |0|(E,u) + |0|(E,v). For the converse inequality, let
Ey,...,E, € R and Fy,...,F, € R be two collections of disjoint subsets of
E. We may assume that (J;; E; = Uj, Fx = E. Let s; <wu and ¢ <o
for s;,tp € P. Then

ZGE 85 +20Fk tr) ZZZGEka (si+tx) < |O|(E,u+v)

i=1 k=1

by the above. Taking first the supremum over all choices for the sets E; €
R and the elements s; < w on the left-hand side of this inequality and
using (\/1) yields

10](E,u) + ) 0r, (tr) < 10](E, v+ u).
k=1

In a second step, we obtain |8|(E,u) + |0|(E,v) < |0|(E,u+ v) if we repeat
this argument for the sets Fj € R and the elements ¢ <v. 0O

3.6 Bounded Measures. Let (P,V) be a quasi-full locally convex cone
and let (Q, W) be alocally convex complete lattice cone. We shall say that an
£(P, Q)-valued measure 6 on R is R-bounded or of bounded semivariation
on R if

(BV) Forevery w € W and E € R thereis v € V such that |0|(E,v) < w

In the sequel we shall always assume boundedness in this sense.

Remarks 3.7. (a) If (P,V) isa full locally convex cone, then every £(P, Q)-
valued measure on R is bounded. Indeed, let E € R and w € W. Because
the operator 0 : P — Q is supposed to be continuous, there is v € V
such that 0g(a) < Og(b) +w whenever a < b+ v for a,b € P. Following
Lemma 3.3, this shows |0|(E,v) = 0g(v) < w in particular.
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(b) Let P =K for K=R or K = C, endowed with the equality as
order and the usual Euclidean topology; that is V = {eB | ¢ > 0}, where B is
the unit ball in K and a < b+eB means that a € b+eB. Let @ = R. Then
£(P, Q) can be identified with K, since every linear operator (functional)
from K to R is given by an element z € K via the evaluation a — Re(za)
for a € K. This is therefore the case of a real- or complex-valued measure 6.

According to 3.2, its modulus is computed as

|0](E,B) = sup {Z O, - si
i=1

s; € B, E; € R disjoint subsets of E}

sup {Z |0g, | ‘ E; € R disjoint subsets of E} ,

i=1

that is the usual total variation of the real- or complex-valued measure 6
(see I1.1.4 in [55]).

(c) If (P,V) is a locally convex topological vector space, and Q = R,
that is the case of a functional-valued measure, our requirement of bound-
edness corresponds to Dieudonné’s notion of p-domination in [44] and to
Prolla’s of finite p-semivariation in [155] (Ch. 5.5) for measures with values
in the dual of a locally convex vector space.

(d) If (NM,| |l) is a normed space over K = R or K = C, then every
N-valued measure  may be considered to be an operator-valued measure
in our sense. Indeed, the elements of N are linear operators from P = K,
endowed with the Euclidean topology, into the standard lattice completion
(M, W) of N as introduced in 1.5.57. The notion of the semivariation of a
vector-valued measure as given for example in IV.10.3 in [55] slightly differs
from our notion of the modulus, as there it is a real-valued expression (in
fact, it is in some sense the norm in A" of our modulus; see Section 8 below),
which is however not countably additive in general. We shall consider this
example in more detail in Section 6 below.

(e) If (P,V) is a quasi-full locally convex cone and if we endow the sub-
cone P, of its positive elements with the neighborhood system V= {0}, (for
this, see also Example I.1.4(b)), then every £(P, Q)-valued measure 6 can be
canonically extended to an £(P., Q)-valued measure on the whole o-algebra
Ay : For every set F' € Ay we define the operator 0p € £(Py, Q) by

0p(a) =sup{fg(a) | ECF, E€R} €Q

for a € P,. Linearity of this operator follows from 1.5.22, and continuity is
trivial, since Py is endowed with the neighborhood system V = {0}. For
countable additivity on g let F, € ™Uxn, for n € N, be disjoint sets and
let F'=J,cnyFn- Let a € P.. Then
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Or(a) =sup{fg(a) | EC F, E € R}
= sup {ZGEnFi(a) | ECF, Ec 9‘{} < Zeﬂ.(a).
i=1 i=1

For every n € N, on the other hand, and F; € R such that E; C F; for
i=1,...,n, weset E=J;;E €R and have Y !, 0p,(a) = 0p(a) <
Or(a). Taking the supremum over all such choices of sets E; € R yields
with Lemma 1.5.5(a) that Y ", 0p,(a) < @p(a). This holds for all n € N
and therefore yields the reverse inequality "7, 0p,(a) < 0p(a).

3.8 Extension of a Measure. We may use the modulus of an R-bounded
£(P, Q)-valued measure 6 to define an extension to an R-bounded £(P,, Q)-
valued measure, where (P,,V) denotes the standard full extension of the
quasi-full locally convex cone (P,V) as constructed in Section 6.2 of
Chapter I, that is

P,={a®v|acP, veVU{0}}.

This follows the extension of a continuous linear operator from P to Q into
a continuous linear operator from P, to Q as elaborated in Theorem 1.6.3.
For € and a®v € P, we set

Op(a®v) =0g(a)+ |0|(E,v).

The required properties for a measure are readily checked. Indeed, for a fixed
set B2 € R, Lemma 3.5 shows that 0g is a linear operator on P,. In order to
verify that this operator is monotone, let a v < bdu for aGv,bdu e P,.
Let Ei,...,E, € R be disjoint subsets of F and s1,...,s, < v. We set
Ey=FE\U; , E; and sy =0. Then |J ,E; = E and a+s; <b+u for all
1 =20,...,n by our definition of the order in P,, hence a+s; < b+1t; for
some t; < u by Condition (QF1) from 1.6.1. Thus 0g,(a + s;) < 0g, (b + ;)
for all ¢ =0,...,n by the monotonicity of the operators 6g,, hence

Op(a) +> 0p,(si) = 0, (a+s:)
=1 =0
< zn: O, (b+t;)
=0
= 0p(b) + aneEi (t;)
< 0p(b) + Igl(E,u).

Taking the supremum over all such choices of sets FE; € 98 and elements
s; < v on the left-hand side of this inequality yields

O(a®v) = 0p(a) +0|(E,v) < 0p(b) + |0](E,u) = 05(b® u).
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Furthermore, given w € W, by the fR-boundedness of the given measure 6,
there is v € V such that 0g(0 @ v) = |0|(E,v) < w. This implies that the
linear operator @ : P, — R is indeed continuous. The countable additivity
of the extended measure follows from Lemma 3.4(c). Furthermore, as (B,,V)
is a full cone, the extension of § remains PR-bounded (see 3.7(a)), that is,
|0](E,0®v) = 0g(0 ®v) = |0](E,v) holds for all E € ® and v € V. If
on the other hand, 6 is an R-bounded £(P,, Q)-valued measure on R, and
if 0y denotes its restriction to an £(P, Q)-valued measure, then we have
60l (B v) < 0(0 @ v).

This procedure of extending a given 9R-bounded measure from a quasi-full
to a full cone yields an interesting new understanding of the (total) variation
of a given measure, not as a separate positive real-valued measure associated
with the given one, but as an integral part of its extension. Because this
extension, evaluated at the neighborhoods is also Q- and not necessarily
positive real-valued, its countable additivity is preserved, thus removing a
major inconvenience that arises in the classical approach (see IV.10.3 in [55]).
This therefore avoids the need to introduce the separate terms of variation
and semivariation for a measure (see 1.2 in [43]).

The extension of a given measure as carried out in 3.8 will turn out to be
invaluable in our upcoming integration theory for cone-valued functions with
respect to an operator-valued measure. It does in fact justify the use of a full
cone for P, that is the range of the concerned functions and the domain of
the linear operators resulting from our measures.

3.9 Composition_of Measures and Continuous Linear Operators.
Let (P,V) and (P,V) be quasi-full locally convex cones, and let (Q, W)

and (Q, VN\/) be locally convex complete lattice cones. For continuous linear
operators S € £&(P,P), T € £(P,Q) and U € £(Q,Q) let UoT oS €
£(P, Q) denote their composition, that is the continuous linear operator

| — U(T(S(l))) : ﬁ*} é
It is straightforward to verify that this operator is indeed linear and con-
tinuous. We shall use this in the following way: If 6 is an £(P, Q)-valued

measure on R, if S € £(P,P) and if the operator U € £(Q, Q) is order
continuous (see 1.5.29), then the set function

Ew (UofOgoS) : R— &P, Q)

is an 2(75, @)—valued measure, called the composition of § with U and S
and denoted as (U o 6 o S). Countable additivity follows from the order
continuity of the operator U. Indeed, let E; € R be disjoint sets such that
E =2, E; € R. Thenfor every | € P we have 05 (S(1)) = >0, 05, (S(1))
by the countable additivity of €, hence
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(Uob8oS)g(l)=U(85(S(1)))

(i)

U(eEi (S(l)))

I
Mg

1

<.
Il

I
&Mg

(UOGOS) )

=1

by the order continuity of U. The modulus of the measure (U o6 o0.S) can
be estimated as follows: Let E € R, and for v € V let v € V such that
S(l) < S(m)+wv whenever | <m+0 for imeP. If Ey,...,E, €R are
disjoint subsets of E and if I; € P such that [; <& for i = 1,...,n, then

n

Y (UoboS), (ZGE ; )SU(|0|(E,U)).

i=1

Taking the supremum over all such choices for sets E; € R and elements
l; < v yields
[UofoS|(E,v) < U(|9|(E7 v))

The S(ﬁ, é)—valued measure (UofoS) is therefore R-bounded whenever
the £(P, Q)-valued measure 6 is R-bounded. Indeed, for £ € R and w €
W there is w € W such that U(s) < U(t) + w whenever s <t+4 @ for
s,t € Q. Thereis v € V such that |0|(E,v) < w, hence |UofoS|(E,0) < w
if o€V is chosen as above.

We shall in particular make use of the combination of an £(P, Q)-valued
measure # with an order continuous linear functional p € Q*. (We choose
P = P and the identity operator for S.) The resulting measure (po6) is
£(P,R)-, that is P*-valued in this case.

3.10 Strong Additivity. Countable additivity of an £(P, Q)-valued mea-
sure 6 is meant with respect to order convergence in the locally convex
complete lattice cone (Q,W). Order convergence does in general not im-
ply convergence in the weak or indeed convergence in the symmetric relative
topology of Q (see 1.5.42). However, the following result based on a well-
known theorem by Pettis (see Theorem IV.10.1 in Dunford & Schwartz, [55])
will show that in special cases some stronger type of convergence is implied.

Theorem 3.11. Let 0 be an £(P, Q)-valued measure, let a be a bounded
element of P and let Qy be the subcone of Q spanned by the set {0g(a) |
E € R}. If every continuous linear functional on Qy can be extended to an
order continuous linear functional on Q, then for disjoint sets E; € R such
that U2\ E; € R the series
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o0

0y By(a) =Y 0s(a)

iEN ;
‘ i=1

converges in the symmetric topology of Q.

Proof. We shall follow the main lines of the arguments in the proof of Pettis’
Theorem as presented in [55]. Let a € P be a bounded element, and let Q,
be the subcone of Q spanned by the set {fg(a) € Qy | E € R}. As all the
operators g are continuous, the elements of Q, are bounded in Q. We may
therefore consider Q) as a locally convex cone endowed with the symmetric
topology generated by the neighborhood system W. Let Qf* be the dual of
Qp under this topology. According to Proposition I1.2.21 in [100], the linear
functionals p € QF* can be expressed as the difference of two elements of
the given dual cone (with respect to the given topology) Qf of Qp, that is
Qi = Q5 — 9} As the elements of Qj were supposed to be order continuous
on Q, so are the elements of Q.

Now let us consider a sequence of disjoint sets E; € 98 such that F =
UX,E; € R. Let 390 C R be the set algebra in E' generated by the sets Ej,
and let 3 C R be the o-algebra in E generated by 3y. The algebra 3
is known to be countable (see II11.8.4 in [55]). Let Q; be the closure (with
respect to the symmetric topology) in Qq of the subcone that is spanned by
the countable set {fg(a) | E € 30}.

In a first step, an argument using the separation result from Corollary 4.6
in [172] will demonstrate that 0g(a) € Q; for all E € 3. For this, assume
to the contrary that 0g(a) ¢ Q; for some E € 3. Then according to the
separation result 4.6 in [172] there is a linear functional p € Q" such that
such that ,u(@E(a)) < —1 < p(l) for all 1 € Q. As Q; is a cone, this
implies indeed that p(l) > 0 holds for all [ € Q;. As the linear functional
€ QFF was seen to be order continuous, G — ,u(GG (a)) : 3 — R defines a
countably additive real-valued measure (pofloa) on 3. This measure, taking
non-negative values on 3y and a negative value on E € R contradicts the
uniqueness part of Hahn’s extension theorem for measures from an algebra
3 to the o-algebra 3 generated by 3¢ (see IIL.5.9 in [55] or 12.2.8 in [178]).
Thus Og(a) € Q; as claimed.

Now set F,, = ;- E; for n € N, and let us assume that, contrary to our
claim, there exists a neighborhood w € W, and a subsequence (F,,)men of
(Fy)nen such that either

Op(a) £ 0, (a) +w or  0p,(a) £0p(a) +w

for all m € N. Then according to Theorem 3.11 in [175] (see also Corollary 4.34
in Chapter I) there are linear functionals u,, € QF*, contained in the polar
of the symmetric neighborhood w, such that s, (0g(a)) > pm (0F,, (a)) + 1
for all m € N. Let {l; | ¥ € N} be a countable dense (with respect to
the symmetric topology) subset of Q. Since for every k € N the sequence
(,um(lk))meN is bounded in R, we may use a Cantor diagonal procedure to
find a subsequence (fim;)jen Of (fm)men such that the limit Lim fi,,, (Ix)
J]—00
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exists in R for all k& € N : Indeed, there is a subsequence (fim,, ; )jen of
(tm)men such that lim ,um(l.j)(ll) exists in R. Then there is a subsequence
j—o0 :

(,um(z,j))meN of (fm ,)men such that 71L120um(2‘_j)(l2) exists, etc. We set

Hm; = Pm,, for all j € N. Then (pm,)jen is a subsequence of each of

the sequences (Nm(k,J>)meN for k € N, thus satisfying our requirement. Now

a simple argument will show that the limit lim p,,; () exists indeed for all
j—00

l € Qp. In fact, given | € Q; and £ > 0 there is some [, such that both
I <l +ew and Iy <1+ ew, hence |y, (1) — pm, (Ix)] < e for all j € N.
Moreover, there is jo € N such that |um; (Ix) — fim,, (lx)| < & whenever
j1,J2 > jo. This implies |Mm_7|(lk) — [my, ()] < 3e. Thus the sequence
(,umj (l))j oy 1s a Cauchy sequence, hence convergent in R. For every j € N

let (pum, © 0 0 a) denote the real-valued measure G+ i, (6c(a)) : 3 — R.
Then lim (g, o 6 0 a)(G) exists for every G € 3 by the above, hence
J—00

following Nikodym’s theorem (see Corollary II1.7.4 in [55]) the countable ad-
ditivity of these measures is uniform in j. As F = U;’;l F}, this contradicts
our assumption that (p,,, o 0 o a)(E) > (fm, o 0 o a)(F;) + 1 holds for
all jeN. O '

This result applies in particular if (Q,)V) is the standard lattice comple-
tion of some subcone Qy of Q and if the measure 0 is £(P, Qy)-valued. In
this case, all continuous linear functionals on Q, extend to order continuous
linear functionals on Q, as required in Theorem 3.11. If all elements of P are
bounded, then countable additivity of an £(P, Qp)-valued measure implies
convergence of the concerned operators with respect to the strong operator
topology of £(P, Q) (see 1.7.2(ii)).

We shall provide a simple example of a measure that is countably addi-
tive with respect to order convergence but not with respect the symmetric
topology of Q.

Ezample 8.12. Let P = R with its usual (Euclidean) topology, and let Q
be the cone of all R-valued bounded below functions on the interval [0, 1],
endowed with the pointwise algebraic operations and order, and the constant
functions w > 0 as neighborhoods. Then (Q,W) is a locally convex com-
plete lattice cone. Let 28 be the o-algebra of Borel sets on X = [0, 1]. For
every E € R let O be the linear operator in £(P, Q) that maps p € R
into pxrg € Q, where xg denotes the characteristic function of the set E.
Clearly 6 is countably additive with respect to order convergence, but not
with respect to uniform convergence, that is convergence with respect to the
symmetric topology in Q.

If (Qp, Wy) is locally convex topological vector space over K=R or K =
C, then the elements of 9y may be considered as continuous linear operators
from P =K, endowed with the Euclidean topology, into the standard lattice
completion (Q, W) of Qp. (This situation will be explored in greater detail
in Example 6.23 below.) A Qp-valued measure is required to be countably
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additive with respect to order convergence in Q, that is weak convergence in
Qp. According to Theorem 3.11 (use a = 1 € P), this implies convergence
with respect to the symmetric topology of Q, that is the given topology of
Qg. This result is commonly known as Pettis’ theorem.

Corollary 3.13. Let (P,V) be a locally convex topological vector space over
R or C. For a P-valued measure countable additivity with respect to the weak
topology implies countable additivity with respect to the given topology of P.

3.14 Weak Compactness. A well-known result due to Bartle, Dunford
and Schwartz (see Corollary 1.2.7 in [43] or Theorem VI.7.3 in [55]) about
the relative weak compactness of the range of a vector-valued measure implies
the following for operator-valued measures:

Theorem 3.15. Suppose that (Q, W) is the standard lattice completion of
a Banach space (Qy,||]]) over R or C and that 0 is a bounded L£(P,Qp)-
valued measure. Then for every a € P and every FE € R the set

{0g(a) | F € R, GCE}
is relatively compact in Qy with respect to the weak topology o(Qy, Qf).

Proof. Let a € P and E € R. The family Rp ={G €R, GC E} isa o-
algebra on F, and the set function

Gr—>eg(a) R — 9

is a countably additive Qy-valued, that is a Banach space-valued measure
on Rp. Our claim then follows directly from Corollary 1.2.7 in [43]. O

4. Integrals for Cone-Valued Functions

Throughout this section, let (P,V) be a full locally convex cone and let
(Q, W) be a locally convex complete lattice cone. Let 98 be a (weak) o-
ring of subsets of X and 6 an £(P, Q)-valued measure on R. The require-
ment that the locally convex cone (P,V) is full does in fact accommodate
quasi-full cones as well. Indeed, in this case we may take advantage of the em-
bedding of a quasi-full cone (P,V) into the full locally convex cone (B,,V),
that is its standard full extension, as elaborated in 1.6, and make use of the
corresponding extension of an JR-bounded £(P, Q)-valued measure 6 to an
£(PR,, Q)-valued measure as constructed in Section 3.8; that is, we may set
0g(v) = |0|(E,v) for every set E € R and every neighborhood v € V C P,.

We proceed to define integrals for cone-valued functions with respect to 6.
The values of these integrals will be elements of Q. We shall use the cone
Fn(X,P) of all P-valued measurable functions on X that can be reached
from below by P-valued step functions in the sense of Section 2.3. Similarly,
Fn(X,V) denotes the cone of all measurable (VU {0})—Valued functionson X.
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In a first step, we shall define integrals for P- and V-valued step functions
on X, that is functions s = Y.I'  xg,=a; for E; € R and elements q;
in P or V, respectively. We shall denote the corresponding subcones of
F(X,P) by Sw(X,P) and Sn(X,V). Note that the functions in Sk(X,V)
are (VU{0})-valued. Obviously, any representation Y. | xg,-a; for a given
step function is not unique. To prepare our definition of the integral for
functions in Sk(X,P) we observe:

Lemma 4.1. Let E;, F, € R and a;,by € P for i = 1,...,n and k =
1, e, If Z?:l XE; 24 S ZZL:I XFk:::bk, then E?:l HEI (al) S E;cn:l ka (bk)

Proof. First we shall verify that for any step function s =Y. | xg,=a; there
exists a representation > )", xF,=by such that the sets Fj, € R are pairwise
disjoint and such that Y i, 0, (a;) = >, 0, (bg). We shall use induction
with respect to n. For n = 1 there is nothing to prove. Assume that our
claim holds true for some n > 1 and let s = Z?ﬁl XE;#0;. There are disjoint
sets Fj, € R such that )" | xg,0a; = Y,y XF.b satisfying the above. By
adding a suitable term y g0 to the right-hand of the last equation, we may
assume that E,1 C ;- Fx. Hence

m
= E XFk®bk + XEB,.i©0n+1

b
Il
—

-

X(FrnEpi)(0k + any1) + Z X (Fi\Ey 1) 20k -
k=1

>
Il

1
The sets in the above representation for s are disjoint, and we have indeed

n+1

3

Z eEi(ai) = Or, (bk> + 9En+1(an+1)
i= k=1
= Z 0<kaEn+l)(bk + an+1) + Z Q(Fk\En+l)(bk)
k=1 k=1

as claimed. Thus, to prove our claim in Lemma 4.1, we may assume that both
families of sets FE; and Fj are pairwise disjoint and that > 0 | xpea; <
> e, XFoebk. By adding suitable terms xp<0 and xp-0 on the left- and
right-hand sides of the above inequality, we may assume in addition that
E =}, E; = U,-, Fr. Under these assumptions the sets FE; N Fj, form a
disjoint partition of E, and we have either E; N F, = () or a; < b;,. This
yields

ZHE ai) = > > Omary(ai) <Y Omarg (b)) =D 0, (bk),
i1 =1 k=1 k=1 i-1 k=1

as claimed. O
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4.2 Integrals for P-Valued Step Functions. We are now in a position
to define the integral for a P-valued step function

h= Z Xpeti € Sw(X,P)

i=1

over a measurable set F' € A with respect to 6 by

/ hdd =" 0, (a:).
F i=1

Lemma 4.1 implies that the sum on the right-hand side is independent of the
particular representation for h. The integral represents a monotone linear
operator from Sx(X,P) into Q.

Lemma 4.3. Let F € U, let h,g € Sx(X,P) and a> 0. Then

(a) [p(ah)dd = a [, hdb.
(b) [w(g+h)d0= [,.gd0+ [, hdb.
(¢c) [rgdf < [ hdf whenever g < h.

(d) ngdQ = fx(XFxg) de.

All these properties are obvious from the definition of the integral and
from Lemma 4.1.

We shall demonstrate in the following lemma that, if the full cone (P, V) is
in fact the standard full extension (Pyy,V) of a quasi-full cone (P, V), and
if 6 is the canonical extension of an R-bounded £(Py, Q)-valued measure
0y, as elaborated in 1.6 and 3.8, then the way in which this extension was
constructed, guarantees that the integral is already determined by its values
on the subcone Sx(X,Py) of Sxi(X,P), that is by Py-valued step functions
and the given measure 6.

Lemma 4.4. Let F € Ay and g € Sx(X,P). If (P,V) is the standard full
extension of the quasi-full cone (Py, V), and if 0 is the canonical extension
of an R-bounded £(Py, Q)-valued measure Oy, then

/gdazsup{/ hde ‘ h € Su(X,Py), hgg}.
F F

Proof. Following 4.3(c), we may assume that F = X. Let us first recall and
reformulate from 3.2 the definition of the modulus of 6, for a set E € R
and a neighborhood v € V.

|90|(E,v):sup{z Og,(s:) ‘ si € Py, s; <, E; € R disjoint subsets of E}

i=1

= sup{/ hdf ‘ heSn(X,Py), h< XEy,v}.
X
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Recall that the extension of 6y into 6 was constructed by setting g (v) =
|6o|(E,v). Now we consider the case that

g= Z Xpevi € Sw(X,V)

i=1

is a V-valued function. We compute using Lemma 1.5.5(a)

/ gdo =" 0p,(v;)
X i=1

> 100l(E:, v;)
i1

SUP{Z/ h; df ‘ hi € Sw(X,Po), hi < XEi,X’U}
i1 VX

sup{/ hdf ‘ h € Sn(X,Po), hgg},
X

as claimed. Now for the general case, let
9= Xp:lai+vi) € Sn(X,P),
i=1

for a; € Py and v; € V. Set g1 = > Xps@i € Sn(X,Py) and
92 = Yoicg XppVi € S(X,V). Then g = g1 + g2, and the above yields
with property (\/1)

/gd@z/glde—i—/gg(w
b's b's b's

:sup{/(91 +h)d9 ’ hESm(X7P0), hggg}
F
<sup{/ n de ‘ B e Sw(X,Py), N <g}.

F

The converse inequality is obvious from 4.3(c). O

Subsequently, with every neighborhood w € W we associate the inductive
limit neighborhood v,,, defined as

by = {seSm(X,V) ] / sdagw}.
X

(We shall write v,,(0) if different measures are involved in our considera-
tions.) The boundedness of 6 guarantees that for every E € PR there is
v € V such that xgev € v,,. Convexity follows from Lemma 4.3. We have
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O(w) = Aby and By, 4 0y < Vg for w,w’ € Woand A > 0. We pro-
ceed to develop the integral over a measurable set F € 2y for a function
f € Fx(X,P) in the following manner: First, for a neighborhood w € W
we set

(w)
/ fdﬂsup{/hde‘hESm(X,P), h§f+nw}.
F

F

We note that in the situation of Lemma 4.4, the integral of a function in
Fn(X,P) is already determined by Pyp-valued step functions alone:

Lemma 4.5. Let F € An, f € Fr(X,P) and w € W. If (P,V) is the
standard full extension of a quasi-full cone (Py,V), and if 0 is the canonical
extension of an £(Py, Q)-valued measure 6y, then

(w)
/ fd@zsup{/hd@)hesm(X,Pg), h§f+nw}.
F F

We proceed with a simple observation for step functions.

Lemma 4.6. Let F € UAxn, f € Sn(X,P) and w e W. Then

/Ffd(?é/;mfdeg/Ffdeer.

Proof. The first part of the inequality is trivial. For the second part, let
h<f+uv, for h € Sx(X,P), that is h < f + s for some V-valued step
function s € v,,. Following Lemma 4.3(b) and (c), this implies

/hdeg/fd9+/sdag/fda+w
F F F F

for each such step function h € S (X,P), hence f;“’)f do < [ fdO+w as
claimed. O

Proposition 4.7. Let E € R and f € Fnr(X,P) and let (hp)nen be a
bounded below sequence of step functions in Sw(X,P) such that for every
x € E thereis ng € N such that f(z) < hy(z) for all n>ng. Then

(w)
/ fdf < lim hy, df + w
E

n—oo J FE
for every w e W.

Proof. Let E € R, f € Fn(X,P), and let (h,)nen be a sequence of step
functions satisfying our assumptions. For w € W let | € Sn(X,P) such
that [ < f +v,, thatis | < f + s for some s € v,,. Now we set

E,={x € E|l(x) <hp(x)+s(z) forall m>n}.
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All the sets FE, are measurable, FE, C E,.; and E = UneN FE, by our
assumption. Given any w € W there is v € V such that 0g(v) < u, and
as the sequence (hy,)nen is bounded below, there is p > 0 such that 0 <
hp + pxxev for all n € N. Thus

XE, ol < XEB,o(hn + 8) + X(2\E,) (hn + pXxV)
< Xeohn + XE, ©5 + PX(E\E,,)=V

Hence by Lemma 4.3, and because

/ XE,sdi < / sdf < w, and / X(E\E,)*V = G(E\E”)(v),
X X X

when taking the integrals over X in the above inequality, we obtain

E, E

Because E, C E,;; and | = F, Lemma 3.1(a) yields

nEN
O(prp(a) = lim O(prp,)(a)

for all FF € R and a € P. Considering the definition of the integral for a
step function in 4.2, this renders

lim ld@-/ldﬁ

and Lemma 3.1(b) yields

lim 0 p\p,)(v) < O(0p(v) < u

n—oo

for all ¢ > 0. Thus, using the limit rules from Lemma 1.5.19, we obtain

/ld@g lim [ h,d0+w+cu.
E

n—oo J FE

Because u € W and ¢’ > 0 were arbitrary, and because Q carries the weak
preorder, this shows

ld9<hm h df + w.

n—0o0

Our claim follows, since the above inequality holds true for all step functions
l € Sx(X,P) such that [ < f+v,. O

Corollary 4.8. Let F € Uy, f € Fn(X,P) and u,w € W. Then
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(w) (w)
/ fdo < / fdf+w.
F F

Proof. Let F € Uy, f € Fn(X,P) and u,w € W. Let | € Sx(X,P) such
that [ < f + vy, and according to Lemma 2.4, we choose E € R such that
both h is supported by E and such that f(z) >0 for all z € X \ E. For
the set ENF € R, the inductive limit neighborhood v =v, and € > 0, let
(hn)nen be a sequence of step functions in S (X, P) approaching f as in
Corollary 2.8. We may assume that the functions h,, are supported by the
set E N F, since we may otherwise replace them by their product with the
characteristic function of this set. Proposition 4.7 yields

(w)
/ fdf < lim hy, df + w.
(ENF) n—oo J(ENF)

On the other hand, we have

(w)
/zcw:/ ld@g/ fdo,
F (ENF) (ENF)

since the function [ is supported by FE. Similarly, for the functions h, we

observe that w
/ hndﬁz/hndﬁgv/ fdo,
(ENF) F F

since h, <~vf 4+ v, forall n € N. Combining all of the above then yields

(u)
/ld@gv/ fdo+w
F F

with some 1 <~ <1+ ¢, and indeed

(u)
/Zdeg/ £do + w,
F F

since € > 0 was chosen independently. Finally, because this last inequal-
ity holds true for all I € Sx(X,P) such that h < f + v,, our claim
follows. O

4.9 Integrals for Functions in Fx(X,P). We may now define the in-
tegral over a set F € Uy for a function f € Fn(X,P) as

(w)
[ st [

The above infimum is well-defined and yields an element of the locally con-
vex complete lattice cone Q. Indeed, given any neighborhood w € W there
is A > 0 such that 0 < f + Av,. Thus 0 < f}g’\wf df. According to
Corollary 4.8, this yields
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() (w)
0< fdog/ £db + M.
P F

for all w € V. This demonstrates that the set {f;w>fd0 | w e W} is
bounded below, and its infimum exists by (/\ 1). Moreover, our earlier ob-
servation in Lemma 4.5 justifies that the above definition of the integral is
consistent with the preceding one for step functions. Obviously, the integral
is monotone, and we shall proceed to verify that it determines a continuous
linear operator from Fx(X,P) into Q. For Part (a) of the following lemma,
recall from Lemma 2.6 that xpof € Fn(X,P) whenever f € Fn(X,P) and
F € As. In Part (b) we consider R as the index set of a net, directed upward
by set inclusion.

Lemma 4.10. Let f € Fr(X,P) and F € Ax. Then

(a) [pfdo = [(xp-f)do.
(t) [pfdo=lim [ p fdo

Proof. For Part (a) we first note that xpsf € Fn(X,P) (see Lemma 2.6).
Let w e W and hg € Sx(X,P) such that hy < f + v,,. We have

(w)
/ fd6 = sup {/hda | heSn(X,P), h< f+vw}
bal F

and

(w)
/ Xref df = sup {/ K do ‘ neSn(X,P), h< xpsof+nw}
X X

First, let h € Sx(X,P) such that h < f+v,,. Then h' = xpeh < xpef+0y,
and [ h'df = [, hdf by 4.3(d). This shows

() (w)
/ fdo < / Ypof do.
P X

For the converse inequality, let h' € Sx(X,P) such that h' < xpef + 0.
Then xpeh' < xpef + 0, and x(x\pcho < X(x\F)ef + 0w, hence h =
xreh! + X(x\pyeho < f 4 204, and [ hdf = [ B d. As x(x\p)-h' < 0y,
we have f(X\F) B df < w, hence [y h'df < [, hdf+w. This shows

(w) (2w)
/ xref df < fdo+w.
X F

Taking the infima over all w € YW in the above inequality yields Part (a).
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For Part (b) it is therefore sufficient to consider the case F = X, be-
cause the function f may be replaced by its product with the character-
istic function xp. Let E; € R such that f(x) > 0 for all z € X \ Ej.
Then xpef < Xxgeof whenever Ey C E C E' for E,E' € R, hence
J fd9 < [, fdf by Part (a) and the monotony of the integral. This shows

lim /fd@z sup /fd9 < / fdo.
Eem Jg EyCEeRr JE X

For the converse, let w € W and h < f+uv,, for h € Sn(X,P). Because h is
supported by a set in R, thereis Ey C E € R such that [, hdf = [, hdf <

féw)f df. Moreover, Corollary 4.8 shows that féw)f df < [ fdf+w. Thus

/hd@g sup /fd0+w.
X EycEeR JE

This shows ()
/fd@g/ fdf < sup /fd9+'w,
X X EycEeR JE

hence our claim, since w € W was arbitrary and @ carries the weak
preorder. O

4.11 Sets of Measure Zero and Properties Holding Almost Every-
where. A set Z € 2y is said to be of measure zero (with respect to 0) if
O(enz) = 0 for all £ € R. The family 3(0) of all sets of measure zero is
obviously closed for set complements and for countable unions. For a subset
F of X we shall say that a pointwise defined property of functions on X
holds @-almost everywhere on F if it holds on F'\ Z with some Z € 3(0).
In particular, we shall use the symbols Q_SB_F or =, if the relations < or
= hold #-almost everywhere on the set F), respectively; that is for example,
f.S, g+ v for functions f,g € F(X,P) and an inductive limit neighbor-
hood v means that x(m z)of < X(r\z)29 + 0 holds with some Z € 3(0).
These relations are of course transitive and compatible with the algebraic
operations.

As O(gnz) = 0 holds for all £ € R and Z € 3(f), we infer that 0p =
0(p\z). Now Definition 4.2 yields that [, hdf = f(F\Z)th for all step
functions h € Sy (X, P), F € Un and Z € 3(0). Considering our definition
of the integral in 4.9 we observe that this yields [ fdf = f(F\Z> fdo for all

f € Fn(X,P) as well. Consequently, f.=,. g for functions f,g € Fn(X,P)
implies that x(m z)=f < X(r\z)2g for some Z € 3(), hence

/de:/ fdeg/ gde:/gde.
F (F\2) (F\2) F
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In particular, any two functions in Fx(X,P) that coincide 6-almost ev-
erywhere on a set F € 2Ax have the same integrals over F' with respect
to 6.

4.12 Integrability over a Set E € fR. We may now define integrability
for cone-valued functions over measurable sets with respect to an operator-
valued measure. First, for a set E € PR we shall say that a function f €
F(X,P) is integrable over E with respect to 6 if for every w € W and
€ > 0 there are functions f(,, ) € Fn(X,P) and s(,.) € Fnr(X,V) such
that

fSe froe) e Y+ Swe) and / S(w,e) A0 < ew
E

for some 1 <+ <1+ e¢e. Recall that the functions in Fx(X,)V) are actually
(V U {0})-valued. However, in the case of Definition 4.12, without loss of
generality we may assume that the function sq, . € Fx(X,V) is indeed
V-valued, as we can otherwise replace it by a function S, ) = S,/ 2) +
Xx=v, where v € V is such that 0p(v) < (¢/2)w, hence [ 5y, df < cw.

Consequently, for an integrable function f € F(X,P) and a net
(fw.e))525y a of functions in Fx(X,P) satisfying the above, we shall show
that the limit

fdt9—hm fw5d9
e>0
weW

exists and is independent of the particular choice for the net ( f(wﬁ))ffe%.

(The index set for this net is W x {e > 0} with the reverse componentwise
order.) Indeed, given w € W and & > 0, for all w;,wy € W such that
wy,wy < w and 0 < e1,69 < & we have

Jewnen) SV A+ Swien) < Nf(wse) T S en)

for some 1 <~ <1+ ¢, hence

/ f(wl,sl) < 71/ f(wg,sg) + ew.
E E

Thus ( / B f(ms))ffe?xv forms a Cauchy net in the symmetric relative topology
of Q, hence is convergent by Proposition 1.5.41. The preceding argument
together with Lemma 1.5.20(c) also shows that this limit is independent of

the particular choice for the net (f(wﬁ))f;?,v.

4.13 Integrability over a Set F € 2(x. Obviously, integrability in the
sense of 4.12 for a function f € Fn(X,P) over a set E € R implies in-
tegrability over all subsets G € B of E. This observation, together with
Lemma 4.10 shows that we may consistently define integrability over sets
in the o-algebra 2y in the following way: We shall say that a function
f € F(X,P) is integrable over F € Ay with respect to 6 if f is inte-
grable over the sets ENF for all £ € R and if the limit
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/Ffdezhm fdo

EeR J(EnF)

exists in Q. The set of all functions in F(X,P) that are integrable over F'
shall be denoted by F( ) (X,P). Lemma 4.10(b) implies that Fx(X,P) C
Fro)(X,P) for every F € g and every £(P, Q)-valued measure 6 on ‘R.

We may use this definition of integrability also for functions that take the
value oo € V on a set of measure zero (see Section 2.1).

Theorem 4.14. Let F' € Ux. Then Fpg)(X,P) is a subcone of F(X,P)
containing Fw(X,P). More precisely, for f,g € Fpg(X,P) and 0 < a €
R we have

(a) [p(af)dd=c [, fdb
(b) fF(f-i-g)d@:fFfd@—Fngd@
(¢c) [pfdo < [ngdd whenever fS.9.

Proof. In a first case, let us assume that f,g € Fr(X,P) and that F'=F €
R. Then Part (a) follows trivially from our definition of the integral. For (b),
let we W, and hy < f+v, and hy < g+1v, for hy, hy € Si(X,P). Then
hi+ ho < (f +¢g) + 204, hence

(w) (w) (2w)
/ fd9+/ gd@S/ (f +g)db,

E E E

/EfdGJr/ngeg/E(erg)d@.

For the converse inequality, let v € W. For the set ¥ € R the inductive limit
neighborhood v, and any ¢ > 0 choose sequences (hy)nen and (1;)nen
of step functions in Sx(X,P) approaching f and ¢ as in Corollary 2.8,
respectively. The sequence (kj,)nen, where k, = h, + [, then approaches
the function f+ g with respect to F, the inductive limit neighborhood 2v,,
and e. Thus by Proposition 4.7 we have

and therefore

(w)
/ (f+9)do < lim [ k,dd+w
E n—ooJE

< lim [ hpdd+ lim [ 1,d0+w

for all w € W. This yields

(u) (u)
/(f+g)d0§/ fd0+/ gdo,
E E E
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since @ is a locally convex complete lattice cone, and indeed

/E(f+g)dt9§/Efd9+/Efd0

after applying the infima over all u € W on the right-hand side and using
the rules from Section 1.5.

Now in a second case, we still suppose that F = E € ‘R, and let
f.9 € Fipo)(X,P). Let (frwe)y and (gu.e))5yy be nets of functions
in Fx(X,P) approaching the functions f and ¢ asin 4.12. Then the nets
(fiwe)ey and (fiw,e)+9w,e)) o)y approach the functions af and f+g,
respectively, and the limit rules from Section 4 yield

/adeZ lim af(wys)dﬁza/ f(w’s)deza/ fdo
E E E E

e>0
wew

and

/(f +g) dff = lim (f(w,s) +g(w,s))d9
E e>0 Jp
weWw

lim f(w,s) df + lim J(w,e) do
e>0 JE e>0Jpm
weW weW

/fd0+/gd0.
E E
e>0

For Part (c) in this case, suppose that fS.9 and let (flw,e)) ey and
(Jaw,e))52yy be nets in Fy(X,P) as before. Then

fw,e) =pf+ 5(w,a)a§E VG + S(we)sp VY(w,e) T S(w,e)s

hence
/ f(w,e) do < 7/ Y(w,e) df + ew
E E

with some 1 <~y <1+4¢ forall we W and ¢ > 0. According to the limit
rules in Section 1.5, this yields

/de: lim / flw,e)dd < lim/g(w’g)dﬂz/gdﬂ.
E e>0 JE 5?}9\) E E

weW

For the final and general case, let ' € An and f,g € Fpg)(X,P). Then
the claims of Parts (a),(b) and (c) hold for integrals over all sets E N F
for E € R. The definition of the respective integrals over F' together with
the limit rules from Lemma 1.5.19 yield the validity of these claims for the
integrals over F' as well. O
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Simple examples can show that F' C G for F,G € 2y does not neces-
sarily imply that F(pg)(X,P) C Fq,e(X,P), but we have the following:

Proposition 4.15. Let f € F(X,P) and F,G € Uy

(a) If F,G € Uz, then [ is integrable over F NG if and only if xgeof is
integrable over F, if and only if xpef is integrable over G. In this case
we have f(FﬂG) fdo = [ xaof d0 = [ xpef do.

(b)) If F and G are disjoint and f is integrable over F and G, then f is
integrable over UG and f(FuG) fdo = [, fdo+ [, fdb.

(c)If F C G and f is integrable over F,G and G\F, then O ([, fdf) <

O ([ fdf).

Proof. For Part (a), in a first step let F € R. First we observe from
Definition 4.12 that a function f € F(X,P) is integrable over E if and
only if xpef is integrable over E and that [, fdf = [, xg-fdf. Thus,
if for f € F(X,P), the function xgef is integrable over X, then by
Definition 4.13 the function xpgef and therefore f is integrable over E.
For the converse, assume that f € F(X,P) is integrable over FE. Let
E'c€¢ R, weW and € >0. According to 4.12 there are fr, o) € Fn(X,P)
and s, € Fw(X,V) such that fS, f(w,s)é,; vf + S(w,e) Wwith some
1<~y<1+e¢ and [, S(we) dd <ecw. Then we have

XEofSw XEofwe) s VI + XBS(w,e)

and

/ XES(w,e) d0 < ew

as well. Because the functions xgef(,) and xgesw,) are also contained in
Fn(X,P) and Fr(X,V), respectively, we conclude that the function ygef
is integrable over E’ and that

/ XEéof df = lim / XE"«"f(w,s) df = lim / X(E’ﬁE)“‘f(w,s) do.
4 e>0 Jp e>0 JXx
wew wew

The last equality follows from Lemma 4.10(a). The above holds for all sets
E’ € R, hence using Definition 4.13, we realize that the function ygef is
indeed integrable over X and that

/XXEQQde:Lljg&/E’XE@deZ lim XXE®f(w,s)d9

e>0
wew
= lim | fupodd= / fdo
e>0 JF E

weW
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holds. Thus we have verified that a function f € F(X,P) is integrable over
aset E € R if and only if xpgef is integrable over X and that [, fdf =
Jx XE=[f df in this case. Now in a second step, let ' € An and f € F(X,P).
By the above, the function f is integrable over all sets ENF for E € fR, if
and only if all the functions X(gnp)=f = XEe(xF-f) are integrable over X.
In this case

[ sao= [ xonrpsao= [ xeteesydo = [ xeosas
(ENF) X X E

holds by our first step. According to Definition 4.13 therefore f is integrable
over F if and only xpef is integrable over X and

/Ffdﬁzlglé& (EQF)de:gg‘/Exprdﬁz/XxprdQ.

In a third and final step for Part (a), let F,G € x. From the preceding
we conclude that xgef is integrable over F' if and only if xpe(xgef) =
X(Fng)=f is integrable over X, that is f is integrable over F'N G, and all
the integrals coincide.

For Part (b), suppose that F N G = (0 and that f is integrable over
both F' and G. Then both functions ypef and ygef are integrable over
X by Part (a), hence x(pug)ef = xreof + Xgof is also integrable over X
by Theorem 4.14(b). Thus f is indeed integrable over F'UG and

/(FUG)fdﬂz/}(X(Fuc)afZ/XXszvL/Xxng:/FfdejL/Gfdg

by 4.14(b)
For Part (c), suppose that F C G and that f is integrable over F,G

and G\ F. Then
/fd&:/fd@—l—/ fdo
G P (G\F)
by Part (b), and

o sw) <o () o ([, 52 14)

by Proposition 1.5.11(a). O

Proposition 4.16. Let f,g € Fip,o)(X,P) for E € R and let v € V. If
f(z) < g(x) holds 0-almost everywhere on E, then [, fd0 < [, gdf +
0(05(1)).

Proof. Let E € R, let v € V and f,g € Fgg)(X,P) such that f(z) <,
g(xz) 0-almost everywhere on FE. In a first case, let us assume in addition
that g € Fn(X,P). Lemma 2.4(b) implies that there is A > 0 such that
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0 < g(x) + Av for all = € E. Recall from Section 2 that f(z) <, g(z)
means that f(z) € ve(g(z)) for all € > 0. In turn, f(z) € v-(g(z)) and
0 < g(z) + Av implies f(z) < (14 ¢)g(x) + (1 4+ AN)v by Lemma 1.4.1(b).
Thus our assumption yields

fes(l+e)g+e(l+Nxgv

for all € > 0. By Theorem 4.14(c), this implies

/fd0§(1+5)/gd0+5(1+)\)9E(v).
E E

Now we let € tend to 0 in the right-hand side of this expression. Lemma 1.5.21
together with the definition of the zero component in 1.5.8 leads to

[ 1< [ gan+00s0).

Now we may argue the general case: Suppose that f,g € Fg (X, P), let
w € W and ¢ > 0, and for g choose the functions g, . € Fn(X,P)
and 5., € Fnr(X,V) asin 4.13, that is g =, G(w,e) S, g+ S(w,) and
Jg S(we) A9 < ew for some 1 <y < 14e. Then f(z) <y Guw,)(z) holds
f-almost everywhere on E, and our first case together with 4.14(c) yields

/fd&g/g@,,s)de-i-g(gE(’U)) §7/9d9+9(9E(U))+5w-
E E E

Because w € W and € > 0 were arbitrarily chosen, our claim follows. 0O

The following Proposition 4.17 is an immediate consequence of 4.16 and
strengthens Part (¢) of Theorem 4.14(c).

Proposition 4.17. Let f,g € Fpo(X,P) for F € Un. If f(z) < g(=)
holds 6-almost everywhere on F, then [, fdf < [, gdf.

Proof. Let I € A and f,g € F(pg)(X,P) such that f(x) < g(z) holds
f-almost everywhere on F. Let E € R, w € VW, and choose v € V such
that 0g(v) < w. As f(x) < g(x) implies f(x) <, g(z), Proposition 4.16

yields
/ fdo < / gdf 4+ w,
(ENF) (ENF)

hence f(EmF) fdo < f(EmF) gdf, since w € W was arbitrarily chosen. Now
our definition of the integral over a set F € 2y in 4.13 together with
Lemma 1.5.20(c) yields our claim. O

Proposition 4.18. Let f € Fipe)(X,P) for E cR.

(a) If E, € R such that E, C E,. for all n € N, and E = J
then [ fdf = lim [, fdé.
n—oo n

Eny,

neN
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(b) If E, € R such that E D E, D E, 1 for all n €N, and ),y En =0,
then 0 < lim [, fdf < hm fE fdo <O ([, fdo).

n—oo

Proof. For Part (a), let E, € R such that FE, C E,;; for all n € N,
and E = {J,cy En € . We shall first assume that f € Fn(X,P). By
Lemma 2.4, for w € W there is a neighborhood v € V and A > 0 such that
Op(v) <w and 0 < f+ Aygev. This implies

XE,of < XB,of + X(E\E)=(f + AXEV) = XEof + AX(B\E,,)=V-

Thus

En, E E
Following Lemma 3.1(b), this yields

lim fd9</fd9+5w

n—oo

for all e > 0. Now let h € Sx(X,P) be a step function such that h < f+4uv,,,
that is h < f+ s for some s € Sy(X,V) such that [y sdf < w. Then
Jp, hdf < [ fdO+w by 4.13(b) and (c), hence

/hd9— lim hdf < lim fdo+w.

n—00 n—oo JE,
Taking the supremum over all such step functions h < f + v,, yields
(w)
/ fdo < lim fdo+w.
F n— J B,

Combining with the above we infer that

n—0o0

/fd0< hm/ fdf+w < E/ fd9+w§/fd9—|—(1—|—8)w
’IL n—oo E7L E

Thus indeed [, fdf = lim [, fdf, since w € W and e > 0 were arbi-

trary. Now for the general case, let f € F(gg)(X,P). Given w € W and
€ > 0 choose the functions f(,, o) € Fxr(X,P) and s, € Fr(X,V) as in
Definition 4.12. Then the preceding yields

/fd@g/f(wsde_ lim [ fuodd<~ylim [ fdf+ew,
E E

n—oo
E, n—oo J kK,

and

m [ fdo < Tm fwgde_/fw)degy/ fdo + ew.
E, E E

n—0o0 E n—oo

Our claim from Part (a) follows, since both w € W and ¢ > 0 were arbitrary.
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For Part (b), let E, € R such that F D E,, D E,;; for all n € N, and
Mnen En = 0. For the left-hand side of the inequality in (b) we shall again
first assume that f € Fn(X,P). Let w € W. Following Lemma 2.4(b),
there is v € ¥V and A > 0 such that 0g(v) <w and 0 < f+ Axgev, hence
0 <xg,of + Axg,«v. Then

E E

This yields
0 < lim fd9—|—/\D(0E(v))

n—oo J K,
by Lemma 3.1(b). Because O(fg(v)) < ew for all € > 0, because w €
W was arbitrary and @Q carries the weak preorder, we infer that 0 <
lim fEn fdf. For the general case, that is f € F(p (X, P), given w € W

and € >,0 we choose functions f(,, ) € Fr(X,P) and s, € Fn(X,V)
as in Definition 4.12. Then the preceding yields together with the limit rules
from Lemma 1.5.19

0 < lim fiw,e) d < v lim fdf + lim S(w,e) dO

—
n—oo J B, n—oo J E, n—00 n

<~ lim fdo+cw.

n—oo J E,

Thus indeed 0 < lim | B, fdb, since w C W and € > 0 were arbitrarily
n—oo

chosen. For the right-hand side of the inequality in (b), let G,, = E'\ E,.
Then G, C Gpt1, E=U) G, and E =G, UE,. Thus

/and9+/Enfd9_/Efd9

for all n € N by 4.15(b). Part (a) of 4.18 yields [ fdf = lim [, fdf.

Again using the limit rules in Lemma 1.5.19 we infer that

lim fd9+/fd9fhm fdf+ lim fd0

n—oo n—:o0 n—0o0

_T}g&(/EnfdeJr/G"fw) :/Efde.

Now the cancellation rule in Proposition 1.5.10(a) yields

Tim fd0<D</fd0>. O
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Given a set I’ € gy we shall denote by F{|p¢)(X,P) the subcone of all
functions in F(X,P) that are integrable over all complements in F of sets
in fR, that is

f(\F|,9)(X,P) = ﬂ f(F\Eﬂ)(X,'P).

EcR

Using this notion, we obtain:
Proposition 4.19. Let f € Fp| (X, P) for F € Asn.
Then 0 < %LF\E)fdG < Jgg%f(F\E)fdﬁ <9 (fFfdG) .

Proof. For every E € R the function f is integrable over F N F € R and
F\ E € Ax. Thus f(F\E)fdG + f(EmF) fdo = [, fdf by 4.15(b). Taking
the limit over all ' € R and using the definition of the integral in 4.13 and
Lemma 1.5.19, we obtain

lim fd0+/fd0§/fd0,
EeR J(r\E) F F
hence

lim do <9 / d0>
Een (F\E)f ( Ff

by the cancellation rule Proposition 1.5.10(a). For the first part of the in-
equality in 4.19, we fix Ey € R and let Ey C E € R. Then

/ fd&z/ fd9+/ fdo.
(F\Ey) (F\E) ((P\E)E)

Passing to the limits over E € R in this equation and again using 1.5.19 and
the definition of the integral leads to

/ fdf < lim fd9+/ fdo.
(F\Eo) Ben J(F\B) (F\Ey)

Now passing to the limit over Fj € R, we obtain

lim fdf < lim fdf+ lim 1 do.
EeR J(F\E) Een J(F\E) Ee® J(F\E)

Following Proposition 1.5.10(a) and Proposition 1.5.14, the latter implies

0< lim £ do,
EeR J(F\E)

as claimed. O
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5. The General Convergence Theorems

We shall proceed to establish a range of general convergence results for se-
quences of measures and functions and their respective integrals. These re-
sults are modeled after the dominated convergence theorem from classical
measure theory. However, the presence of unbounded elements and the gen-
eral absence of negatives will considerably complicate some technical aspects
of the approach. First we shall extend some of the concepts of the preced-
ing section from a single measure to families of measures. Subsequently, we
shall set up suitable notions for convergence of sequences of measures and
functions. Convergence for sequences of integrals will generally refer to order
convergence in @, though in some special cases we will be able to establish
stronger convergence with respect to the symmetric topology.

As in the preceding section, let (P,V) be a full locally convex cone and
let (Q,V) be alocally convex complete lattice cone. R denotes a (weak) o-
ring of subsets of X. We shall consider £(P, Q)-valued measures on fR.

5.1 Families of Measures and Properties Holding Almost Every-
where. In the following we shall simultaneously deal with families of mea-
sures, and therefore need to extend our notion of properties holding almost
everywhere from 4.11 to this situation: Given a (non-empty) family ©
of £(P,Q)-valued measures, we denote by 3(©) the collection of all sets
Z € Un such that 0(gnz) =0 for all £ € R and 6 € ©. This collection is
obviously closed for set complements and for countable unions. Correspond-
ingly, for a subset F' of X we shall say that a pointwise defined property of
functions on X holds ©-almost everywhere on F' if it holds on F'\ Z with
some Z € 3(©). If the concerned family © of measures is clearly identified,
for the sake of simplicity we may use the symbols ,,SF or =, if the relations
< or = hold ©-almost everywhere on the set F, respectively.

5.2 Equibounded Families of Measures. A family © of measures on
R is called equibounded if for every E € R and w € W thereis v € V
such that |0|(E,v) =0g(v) <w for all § € ©.

5.3 Integrability with Respect to Equibounded Families of Mea-
sures. Likewise, we need to adapt our notation of integrability from Sec-
tion 4.12 and 4.13. We shall say that a function f € F(X,P) is integrable
over a set E € M with respect to a family © of £(P, Q)-valued measures
if © is equibounded and if for every w € W and € > 0 there are functions
fw,e) € Fr(X,P) and s¢) € Fr(X,V) such that

fuéE f(w,s) uéE ’Yf + S(w,e) and / S(w,e) df < ew
E

for some 1 <~y <1+¢ and all # € ©. The almost-everywhere relation éE
is meant with respect to the family ©. Asin 4.12, we may again assume that
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the function s(, . € Fx(X,V) is indeed V- rather than (VU {0})-valued.
Integrability over a set F € Ay with respect to © then follows as in 4.13:
The function f € F(X,P) is integrable over F € g with respect to © if
f is integrable over the sets E'N F with respect to © for all ' € R and
all 0 € © the limit
fdf = lim fde
/F EeR J(BnF)

exists. The subcone of all these functions f € F(X,P) is denoted by
f(F,@)(va)'

Likewise, F(|r|,0)(X,P) denotes the subcone of all functions in F(X,P)
that are integrable with respect to © over all complements in F' of sets in
R, that is

Fire)(X,P) = ﬂ Fir\e0)(X,P).
EeR

Repeating the argument from Proposition 4.15(a), one can verify that a func-
tion f e F(X,P) isin Fpe)(X,P) orin Fp e (X,P) if and only if the
function xpef is contained in F(x g)(X,P) or in Fx|e)(X,P), respec-
tively.

While integrability with respect to a family of measures obviously implies
integrability with respect to every member of this family, the converse is not
always true (see Example 5.15 below).

The following results 5.4 to 5.7 are already of interest for integration with
respect to a single measure and might therefore have been placed into the
preceding section. We shall, however, also refer to the subsequent more gen-
eral versions which refer to integration with respect to equibounded families
of measures.

Proposition 5.4. Let © be an equibounded family of measures on R. Let
E €N and f € Fge)(X,P). For every w € W there is s € Fn(X,V)
and A >0 such that OéEers and fEsdH < A w for all 0 € O©.

Proof. Let E € R, let f € Fpe)(X,P) and w € W. According to the
definition of integrability in 4.12, for € = 1 there are g € Fr(X,P) and
s € Fr(X,V) such that S, 9= vf + s for some 1 < v < 2 and
fEsdH < w for all 8 € ©. We choose v € V such that 0g(v) < w for
all # € ©. Following Lemma 2.4(b) there is G € & and A > 0 such that
0 < g+ Axgev. The latter implies 0=, g+ Axgev, hence

1 1
OagE ; (g + >\XE®U) a%E f+ ; (3 + /\XES’U) aéE f+ (S + /\XESU).

As s+ Axpev € Fr(X,V) and [,(s+ Axgsv)df < (1+ N)w for all 6 € O,
our claim follows. 0O

5.5 The Locally Convex Cone (F(re)(X,P),B(F,0)). Let © be
an equibounded family of measures on R. Endowed with the order éF,
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that is the given pointwise order ©-almost everywhere on the set F € gy,
Fire)(X,P) is an ordered cone. We generate a canonical convex quasi-
uniform structure (see 1.1.3) in the following way: With every w € W
and E € R we associate the neighborhood vZ(©), defined for functions
f19 € Fire)(X,P) by

f<g+vB©) if  fSsg+s

for some s € Fx(X,V) such that [, sdf <w forall € ©. Let V(F,O)
denote the neighborhood system generated by the neighborhoods vZ(0) for
all wCW and F € R such that £ C F. As O is equibounded, according
to Proposition 5.4, for every function f € Fpe)(X,P), every w € W and
E € % such that E C F there is s € Fnr(X,V) and A > 0 such that
05, f+s and [ sd0 < Aw holds for all § € ©. Thus 0 < f+ M2 ().
All functions in F(pe)(X,P) are therefore bounded below with respect to
these neighborhoods. In this way, (f(p,(_)) (X,P),U(F, @)) becomes a locally
convex cone as elaborated in I.1.3. Theorem 4.14(c) implies that for every
E € R such that £ C F and every 6 € © the mapping

fH/Efdﬂ . Fire)(X,P) = Q

is a continuous linear operator. Indeed, for w € W we have [ pldd <
[z 9d0 +w whenever f < g+0E(0) for f,g€ Fpeo)(X,P).

5.6 Subcone-Based Integrability. The following definition of subcone-
based integrability is motivated by the fact that in many realizations (P,V)
is indeed the standard full extension of some subcone of P, and we might
be particularly interested in functions with values in this subcone. Given a
subcone Py of P and a neighborhood subsystem V), of V, we shall say
that a function f in F(X,P) is (Py, Wy)-based integrable over a set E € R
with respect to an equibounded family © of measures if for every w € W
and € > 0 there are functions f, ) € Fxr(X,Py) and s, € Fn(X, Vo)
such that

faéE f(w,s) + S(w,e)s f(w,s) uéE A/f + S(w,e) and / S(w,e) do < ew
E

for some 1 <y <1+¢ and all § € ©. The almost-everywhere relation =,
is meant with respect to the family ©. In this context, Fx(X,Py) is the
subcone of Fn(X,P) consisting of all measurable Py-valued functions such
that for every inductive limit neighborhood v for F(X,P) there is a Py-
valued step function h € Sn(X,Py) satisfying h < f(, o) + 0. Measurability
is still defined with respect to the given neighborhood system ) rather than
the subsystem Vy. Similarly, Fun(X,Vy) consists of all Vy-valued functions
in Fn(X,P).
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Because (Py, Vy)-based integrability over a set E € R implies (Py, Vy)-
based integrability over all subsets G € R of E, (Py, Vy)-based integrability
over a set F' € Ay may be defined as in 5.3.

Note that a (Pg, Vy)-based integrable function is not required to be Py-
valued. Obviously, this notion of subcone-based integrability implies inte-
grability based on the given cone (P,V) in the sense of 4.13 and 5.3, and
the (Py, Vo)-based integrable functions form a subcone of Fpe)(X,P). For
Py =P and Vy =V the definition of (Py,V;)-based integrability coincides
of course with the definition of integrability from 5.3: Clearly, integrability
in the sense of 5.3 implies (P, V)-based integrability. For the converse, use
f(w,z—:) = f(w’e) + S(w,e) instead of f(w,‘g) in 5.3.

Other than in the classical scenario (see for example [25], [55], [178] and
[179]), our definition of integrability does not generally guarantee that an
integrable cone-valued function f € F(X,P) can be approximated (even
with respect to pointwise convergence) by a sequence of step functions whose
integrals then converge towards the integral of f. However, a combination
of Theorem 2.7 with Proposition 4.7 yields some corresponding results.

Theorem 5.7. Let © be an equibounded family of measures on R. Let F €
R and let f e F(X,P) be (Po,Vo)-based integrable over E with respect to
© for a subcone Py of P and a subsystem Vy of V. For every w € W
such that 0g(v) <w for some v €Vy and all 0 € ©, and every € > 0 there
is s € Fn(X, Vo) such that fEsdG <w forall 0 €0, 1<~y<1+¢ and
a bounded below sequence (hy)nen of Po-valued step functions such that:

(i) ho S, ~f + s holds for all n € N.
(ii) ©-almost everywhere on E, for x € E there is ny € N such that
f(@) < hp(z) + s(z) for all n > nyg.

(iii)fod9§£thnd9+w and [ hy,dd < [, fdf+w
forall n € N, all G €R such that G C E, and all 6 € O.

Proof. Let f € F(X,P) be (Py,Vy)-based integrable over E € R. Given
w € W and 0 < ¢ < 1, following our assumption there are f,.) €
Fr(X,Py) and s, € Fn(X,Vy) such that [ 50, df < w/4 for all
0 € © and faéE f(w,a) +s and f(u),s) agE ’Yf + S(w,e) with some 1 < v <
1+ ¢/3. By our assumption there is v € V; such that 0g(v) < w/2 for
all # € ©. We shall apply Theorem 2.7 to the locally convex cone (Py, V),
the function f(,, o) € Fn(X,Po), the neighborhood v €V, €/3 in place of
e, and the inductive limit neighborhood v = {xx«v}. For this we observe
that the measurability conditions (M1) and (M2) in Section 1 with respect
to the neighborhood system V imply those with respect to the subsystem
Vo C V. Thereis 1 <+ <1+¢/3 and a bounded below sequence (hy,)nen
of Po-valued step functions such that (i), hn(z) < 7' flw.e(z) + v for all
x € FE and n € N, and (ii), for every & € E there is ny € N such that
Jw,e)(®) < hy(z) +v for all n > ng. This yields
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hnaéE (’Y’Y/)f + (’yls(w,s) + XE®U)

for all n € N. We set
s = V'S(w,e) + xEev € Fr(X, W)

and observe that fE §df < vw/4+w/2 < w for all § € O. Because
1 <~y <(1+¢/3)° <1+e, this yields Part (i) of our claim with s’ in
place of s. Part (ii) also follows from the above, since f(,o)(z) < hy(z) +v
for © € E implies that

F(@) < fuwe) (@) + S(w,e) (@) < hn(2) + Sw,e) (2) + v < hn(x) + 5'(2).

For Part (iii) let G € M such that G C E and let 6§ € ©. The second part
of (iii) is obvious, since hy,,=, vf + s implies that Johndd <~ [, fdo+w
for all n € N. For the first part of (iii), consider the full cone P and let h], =
hn 4+ xXEev € Sk(X, P). The sequence (h],)nen of step functions approaches
Jw,e) € Fr(X,P) as required in Proposition 4.7, which therefore yields

(w')
/ fow,e) A9 < fawedd < lim [ R df+w'
G G n—oo JG

for every 6 € © and all w’ € W, hence

G

n—oo J G n—oo JG

since [, hy, df = [, hndf + 0c(v). Thus

/fd@g/ f(w,s) d9+/ S(w,e) df
G G G

< lim [ hydo+ / Sty 40+ 0(0)
G G

n—oo

<lim [ h,+w

n—oo J G

since [ S(w,.e)d9 < w/4 and Og(v) < w/2. This yields the first inequality
in (i), O

If the family © of measures is equibounded relative to the subsystem 1
of V, that is if for every E € B and every w € W there is v € V) such
that Og(v) < w for all § € O, then the condition on the neighborhood
v € Vy in Theorem 5.7 is obviously superfluous. Indeed, given w € ¥V and
any v € Vy there is v/ € V, as above. Because the neighborhood system
V), is supposed to be directed downward, there is v” € V, such that both
v" <wv and V" <. Thus Og(v") < w for all 0 € O, and we may apply
Theorem 5.7 with v” in place of wv.
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For future use, it is worthwhile to formulate as a corollary the simplifica-
tions that occur in Theorem 5.7 if the subcone (Py,V,) of (P,V) is indeed
a full cone, that is if Vy C P,.

Corollary 5.8. Let © be an equibounded family of measures on R. Let
EcR andlet f € F(X,P) be (Py,Vo)-based integrable over E with respect
to © for a subcone Py of P and a subsystem Vy C Py of V. For every
w €W such that Op(v) < w for some v € Vy and all € ©, and every
e > 0, there is s € Fn(X, W) such that [psd < w for all 0 € O,
1 <~ < 1+4+e¢ and a bounded below sequence (hn)nen of Po-valued step
functions such that:

(i) hy s, ~vf + s holds for all n € N.
(i) ©-almost everywhere on E, for x € E there is ny € N such that
f(z) < hp(z) for all n > ny.
(i) [o fdO < lim [ h,dd and [, h,d0 <~ [, fd0+w

n—oo
forall n € N, all G €R such that G C E, and all 6 € O.

Proof. Given a neighborhood w € W satisfying the requirement of the corol-
lary, and 0 < e <1 we apply Theorem 5.7 with the neighborhood w/4 € W
instead of w. As in the proof of 5.7 we choose v € V such that 0g(v) < w/8.
Let s € Fx(X,)Vy) and the sequence (hy)nen of Py-valued step functions
as in 5.7. We apply Corollary 2.8 to the full cone (Vy,V,) for the function
s € Fnr(X,Vy) with the inductive limit neighborhood v = {xx=v}: There is
a bounded below sequence (s, )nen of Vy-valued step functions satisfying (i)
Sn < '8+ xxev with some 1 <+ <1+4¢ and (ii) for every = € E there
is ng such that s(x) < s,(x) for all n > ng. The latter implies

/ s(z)df < lim [ s,(x)df
G

n—oo JG

for all G € R such that G C E, and all 6 € ©, by Proposition 4.7. Now
we set

h/n = hp + Sn + XEV € SfR(X, 7)()) and s =3s+ 2xgev € fm(X, Vo)

These are the functions that we use for Corollary 5.8: We have

/ S do < 3(w/4) + 2(w/8) = w,
E
and

Wy < (vf+8)+ 80+ XEoV
aekE
< (vf +8) + (Vs + xxov) + xBov

<~f+§
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since 14+ < 3. This implies [, h},d0 <~ [, fdf +w for all n € N, all
G € R such that G C E, and all 0 € ©. The first part of (iii) follows from
the last inequality in the proof of 5.7, that is

/fdeg lim hnd9+/sd9+90(v)
G G

n—oo J G

< lim [ hydf+ lim [ s,d0+06(v)

n—oo J G n—oo J G

< lim [ (hn+ sn + xEev)dO

n—oo J G

< lim [ hj,df,

n—oo J G
hence our claim. O

For the following recall the definition of the order topology of a locally
complete lattice cone from Section 1.5.43. We shall also consider integrals of
measurable V-, that is VU {0, co}-valued functions (see Section 2.1), if they
take the value oo €V only on a set of measure zero (see 4.12 and 4.13).

Corollary 5.9. Let © be an equibounded family of measures on R. Let
F € Ax and let [ € F(X,P) be (Py,V)-based integrable over F with
respect to O for a subcone Py of P. Then there is a net (hi)icz of Po-
valued step functions, a net (s;)icr of measurable V-valued functions and a
net (vi)iez in R such that for every 0 € © :

(i) For every x € F there is ip € T such that f(x) < ~yhi(z)+ s;(xz) and

hi(z) < f(x) 4 si(x) for all i > iy.

(ii) liHIl Jphid0 = [ fdO in the order topology of Q.
1€

(iii) 1jr§1 S sid0 =0 in the symmetric topology of Q.
€

(iv) vi > 1 forall i €T and l_inIlfyi =1.

1€

Consequently, |, [ dO is contained in the closure with respect to the order
topology of the subcone of Q spanned by the set {0 gnp)(a) | E € R, acPy}.

Proof. Suppose that the function f € F(X,P) is (Py, V)-based integrable
over the set F' € x with respect to © and in a first step let E € R be
a subset of F. For every w € W and ¢ > 0, let (s¥°),ey be a sequence
of Po-valued step functions, 1 < y“¢ <1+ and s¥° € Sx(X,V) as in
Theorem 5.7 with ew in place of w. According to 5.7 we have fE s dl <
ew for all 0 € ©, and

/fdang h%€d0 +ew and Tim hg’fdagw/fdoﬂw
E E

n—ooJFE n—oo @

follows from 5.7(iii). That is, for all # € ©, both
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lim hyc de and lim hyc de

n—oo JE n—oo /g

are elements of the symmetric relative neighborhood w ( /, e d9). Let the
index set J consist of all triples (w,e,¢), where w € W, ¢ > 0 and
¢ Wx{e >0} - N. The set J is ordered and directed upward by
(wi,e1,01) < (wo,€2,P2) If wy <wy, g2 <ep, and ¢1(w,e) < po(w,e) for
all w € W and ¢ > 0. Note that the index set J does not depend on the
subset £ € R of F. We set

w,e

hj = XEo gy,
for j = (w,e,¢) € J, as well as
55 = XE=S8"" + X(z0zp)° 00 and v ="°

where oo is the infinite element of the augmented neighborhood system V
(see 2.1), and Z = X\ (Upgex E). This is a set of ©-measure zero. Likewise,
Zp € R is a subset of E of ©-measure zero and such that the conclusions
of 5.7(i) and (ii) hold for all x € E'\ Zg. (For this, recall that the union of
countably many sets of measure zero is again of measure zero.) Therefore,
5.7(1) and (ii) hold for all = € E, not just ©-almost everywhere if we replace
the function s by s;. Moreover, since the function s; takes the value
0o €V only on a zero set, we infer

/sjdﬁz/sw’sdegaw
F E

for all 6 € ©. We have 1 <~; <1+¢. Thus

lim [ s;df =0 and lim~y,; = 1.

jeJ F J jGJ,YJ
The first of these limits is taken in the symmetric topology of Q. Next we
shall verify that

/fd&—hm hjdo

holds for every 6 € © in the order topology of Q. Indeed, let § € © and
let U be a convex and order convex neighborhood of [}, fdf € Q in the
order topology. As the order topology is coarser than the symmetric relative
topology of Q (see Proposition 1.5.44), there are wy € W and gy > 0
such that U is a neighborhood for every point in the symmetric relative
neighborhood w? ([ fdf). Then for each choice of w < wy and & < &
we have both

lim [ B d0 € wol, ( / fdo) and  Tm [ h®<df € w?, ( / fd@)
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by the above. As U is an order topology neighborhood of every element in
vS ([ fdB), there is an integer ¢g(w,e) € N such that both

inf {/ hye dﬂ} eU and sup {/ hye dQ} eU.
nzdo(we) (JE n>¢o(w,e) LJE

Now the order convexity of the neighborhood U guarantees that

/ hvedo e U
E

whenever w < wy, € < gy and n > ¢g(w,e). We set jy = (wg,e0,P0) € T
and ¢g(w,e) =1 if either w £ wy or e £ gp. Then the above yields indeed

that
h-dG:/hw’€ dg e U
/F J 5 d(w,e)

for all j = (w,e,¢) € J such that j > jo, that is w < wy, € < gy and
d(w,e) > 1ho(w,e), thus demonstrating our claim. Finally, given = € E, for
every w € W and € > 0 there is ¢p(w,e) € N such that

f(@) < hj(z) +si(x)  and  hj(z) <75 f(z) + s5(2)

for all j = (w,e,¢) € J such that ¢(w,e) > ¢o(w,e). If we set jo =
(wp, 1, ¢) for any choice of wy € W, then the above inequalities hold when-
ever j > jo.

Now in the second step of our construction, for every set E € R we shall
construct a net (hY)jcs of (Py,V)-valued step functions as in our first step
with respect to the set N F € R, that is in particular

/ fdo=1lim [ hYde
(ENF) €T JF

for every 6 € ©. Similarly, we select the corresponding nets (sf)je 7 and
(’yJE )jeg- Now we choose another index set Z consisting of all pairs (E, ),
where E € R and ¢ : R — J, ordered and directed upward by (Ej, ;) <
(Eg,wg) if By < FEs, and d)l(E) < 1/)Q(E) for all £ € R. We set h; = hﬁ(E)
for i = (E,v) € T and realize that the net (h;);er of (Py,V)-valued step
functions satisfies the properties stated in our Corollary. A straightforward

diagonal argument similar to the preceding one shows that

/fdoznm h; df
2 el F

holds for every 6 € © in the order topology of Q, as claimed in (ii). Because
the integrals of all step functions h; involved are linear combinations of
elements 0 pnpy(a) for E € R and a € Py, (ii) does indeed imply that
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J fdf is contained in the closure with respect to the order topology of the
subcone of Q spanned by these elements. Similarly, as claimed in (iii) and
in (iv), we verify that

lim [ s;d0 =0 and lim~; =1,

icZ Jp icZ
where the first of these limits is taken in the symmetric topology of Q.
For Part (i), let « € F. If © ¢ Upen £, then our claim is trivial, as we
have s;(z) = 0o € V for all i« € Z. Otherwise, there is Ey € R such that
x € Ey. We fix any wy € W and choose the index iy = (Fy,v¢y) € Z,
where 1y : B — J is the mapping E — (wy,1,¢r) € J. The mapping
¢p: W x {e >0} — N is chosen as constant ¢g(w,e) =1 if Ey ¢ E, and
otherwise we chose ¢p(w,e) € N such that

f(x) < hj(x) + sj(x) and hj(x) <7 f(x) + s;(x)

for every j = (w,e,¢) € J such that j > (wg,1,¢g). This holds for all
E € R such that Ey C F, hence we infer that

f(x) < hi(z) + si(x) and hi(z) < f(z) + si(x)
holds for all i >iy. O

It its important to keep in mind that the limit in 5.9(ii) refers to the order
topology of Q, mnot necessarily to order convergence as defined in 1.5.18.
Because in general the order topology is not known to be Hausdorff, this
limit need therefore not be unique.

Corollary 5.9 is of particular interest in case that the locally convex com-
plete lattice cone (Q,W) is indeed the standard completion of some lo-
cally convex cone (Qp, W) (see 1.5.57) and that the measure 6 is indeed
L£(P, Qp)-valued. The closure of Qp in Q with respect to the order topol-
ogy was seen to be a subcone of the second dual Qj (see Remark 1.5.60(a)
and Section 1.7.3) in this case, and integrals of functions in F(X,P) are
therefore elements of Qf. Moreover, if the full locally convex cone (P,V) is
indeed the standard full extension of a quasi-full locally convex cone (Py, V)
(see 1.6.2) and if for all E € R the operator 0 maps the elements of Py
into Qq, then a similar statement holds for all functions f € F(X,P) that
are (Pp,V)-based integrable over F' (see Proposition 6.7 below).

Because the values of our measures, that is continuous linear operators
from P into @, may be restricted to linear operators on a subcone Py of
‘P, one may raise the question, if and how such a restriction does affect the
integrals of functions with values only in this subcone Py. Let us be precise:
Let Py be a subcone of P, and let V; C Py be a neighborhood subsystem of
V. If for a given £(P, Q)-valued measure 0, for all E € R, the restrictions of
the linear operators fg from the full cone (P,V) to (Q,W) are continuous
linear operators from the full cone (Py,Vy) to (Q,W), then, obviously, 6
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may also be considered to be an £(Py, Q)-valued measure. This situation
requires that for every E € R and w € W there is v € V, such that
Op(v) <w.

To avoid confusion, we shall denote this restriction of the measure 6 to
(Po, Vo) by 6y, and by Fg g, (X,Py) the cone of all Py-valued functions
that are integrable over a set F' € Az with respect to 6. Similarly, we shall
use F(r 0,)(X,Po) for functions that are integrable with respect to a family
of restricted measures. Because our notions of measurability, of being reached
from below by step functions and, consequently, of integrability depend on
the given neighborhood system as well as on the cone, we shall have to clarify
our notions for this situation.

For a Py-valued function, measurability with respect to (P,)V) obviously
implies measurability with respect to (Py,Vy), since Vy C V (see Condi-
tions (M1) and (M2) in Section 1.2). The cone Fn(X,Py) is however not
necessarily a subcone of Fn(X,P) since the condition for the elements of
Fn(X,Py) of being reached from below (see Section 2.3) involves only induc-
tive neighborhoods that use the neighborhoods in Vy C V. Positive functions
in Fx(X,Py) are however contained in Fi(X,P), since they can be triv-
ially reached from below by the step function h = 0. Conversely, every Py-
valued function in Fn(X,P) that can be reached from below by Py-val-
ued step functions is contained in Fun(X,Py). This implies in particular
that Fx(X,Vy) consists of the Vy-valued elements of Fx(X,V), that is
Fnr(X, V) = Fnr(X, V)N F(X, V).

Furthermore, we note that every set Z € gy of measure zero with respect
to a measure 6 is also of measure zero with respect to its restriction 6y. The
almost everywhere notion with respect to 6 therefore implies the almost
everywhere notion with respect to 6;. The converse does not necessarily
hold true.

Proposition 5.10. Let Py be a subcone of P, and let Vy C Py be a neigh-
borhood subsystem of V. Let © be an equibounded family of £(P, Q)-valued
measures on R such that the family ©y of all restrictions of the measures
in © to (Py,Vy) is an equibounded family of £(Py, Q)-valued measures. Let
F € An. If a Py-valued function [ is (Po, Vo)-based integrable over F with
respect to ©, then f € Fip e, (X, Po), and

/Ffdez/FfdGO

Proof. Let Py be a subcone of P, and let Vy C Py be a neighborhood sub-
system of V. Let © be an equibounded family of £(P, Q)-valued measures
on R. The family Oy of all restrictions of the measures in © to (P, V) is
an equibounded family of £(Py, Q)-valued measures if and only if for every
E € R and w € W thereis v € V; such that 0g(v) < w for all § € ©.
By our assumption, © satisfies this requirement. Given a set F € Ay, we

holds for all 6 € ©.
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shall consider Po-valued functions as elements of the cones F(pe)(X,P) or
F(F,0,)(X,Po), respectively. We shall proceed in several steps:

First we observe that every Py-valued step function h =Y " | xp,=a;, for
E; € R and a; € Py, is contained in both F(pe)(X,P) and Fre, (X, P),
and we have [, hdf = [, hdf, for all 0 € ©.

In a second step we consider a neighborhood-valued function s € Fx (X, V).
As we remarked before, positivity implies that s is also contained in
Fn(X,V). Given a neighborhood w € W, the inductive limit neighborhood
v,, formed by the neighborhoods in V' contains the corresponding neighbor-
hood v!, formed by the neighborhoods in V), as a subset (see Section 4).
Thus

(w)
/ sdfy = sup {/sd&‘heSm(X,Po), hgs+n‘;u}
F

F

< sup {/hd@‘heé‘m(}(,?), hSS—i—Uw}:/ sdo.
F

Taking the infima over all w € W on both sides yields

/sdﬁog/sdﬁ.
F F

Now in a third step, let E € 9R, and let us consider a Py-valued function
that is (Py, Vo)-based integrable over E with respect to ©. We shall first
verify that f € F(g e,)(X,Py). Indeed, the former property requires that for
w € W and € > 0 there is a Vy-valued function s, . € Fn(X,V), and
a Po-valued function f,, ) € Fn(X,P) that can be reached from below by
Po-valued step functions, such that

f aéE (w,e) u.éE vf+ S(w,e)

for some 1 <y < 1+¢ and such that fE S(w,e) 40 < ew holds for all 0 € ©.
As Fn(X, W) = Fr(X, V)N F(X, V), we have

/ S(w,e) d90 < / S(w,e) df < sw
E E

for all 6; € ©y by our first step. As we mentioned before, the almost every-
where relation =, with respect to 6 implies the same relation with respect
to 6p. The function f is therefore indeed integrable over E with respect to
the family ©g of the restricted measures, that is f € Fig, g, (X, Po).

Now let w € W and e > 0. We shall apply Corollary 5.8 with the family
O and the given subcone (Py,Vy) to find a sequence (hy,)nen of Pp-valued
step functions as in 5.8. Statements (i) and (iii) refer to the measures 6 € ©.
However, all functions involved are also contained in F(g g, (X,Po), the
integrals with respect to the measures in © and in Oy coincide for the step
functions h,, and for the function s € Fx(X,Vy) in (i) we have
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/sd&og/sdﬁgw
F F

by our second step. Property (ii) therefore yields together with Proposition 4.7
that

/ fdoy < Lim [ hy,dby

n—oo J E

holds for all 6, € ©y. Using this together with our first step and the second
part of statement (iii) in 5.8, we obtain

/fd90< lim [ h,dfy = lim [ hy, d9<'y/fd90+w
E

n—ooJ FE n—oo J F

and, likewise,

fdo < lim [ hypdf = lim [ hydy
E

n—oo J F n—ooJ E

Sv/fd90+/sd90§7/fd90+w
E E E

with some 1 < v < 1+ ¢e. Because w € W and ¢ > 0 were arbitrarily
chosen, this yields [, fdf = [}, f db,.

Now for the final step of our argument, let F € 2n, and let f €
F(X,P) be Py-valued and (Py,Vy)-based integrable over F. Then [ is
(Po, Vo)-based integrable over the sets E N F, for all E € R, hence
[ € Fienr 0, (X,Py) by our second step, and f(EmF) fdo = f(EmF)deO
by our first step. This shows

/fdefhm fdf = lim fdé)o:/fdeo.
(ENF) Ee F

(ENF)
O

5.11 Sums, Multiples and Order for Measures. Let # and ¢ be two
R-bounded £(P, Q)-valued measures, and let o > 0. We define the £(P, Q)-
valued measures 6 + ¢ and af by

(0 +9)p(a) = 0p(a) +IE(a)
and (ab)p(a) = a(0p(a))

for £ € R and a € P. The properties of a measure are readily checked.
Corresponding to a subcone P, of P we define an order relation for
measures 6 and ¢ setting

holds for all £ € R and a € Py. We write 6 < 1 for the canonical choice
of Py =Py ={a € P |a>0}. In this case, for any family © of measures
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and every set F' € R, every P,-valued function f € Fpe)(X,P) is seen
to be (Py,V)-based integrable over F with respect to ©. Note that 6 < ¢
and ¥ < 0 in this sense implies that 6 = ¢, that is equality for the positive
elements implies equality for all elements of P. Indeed, given E € R, a € P
and w € W there is v € V such that 0g(v) = Vg(v) < w. Thereis A >0
such that 0 < a+Av. Thus 0g(a+Xv) = dg(a+Iv) and Og(a) < Vg(a)+w
by the cancellation rules. This shows 0p(a) < ¥g(a) and likewise, Vg(a) <
GE (a)

Proposition 5.12. Let 6 and ¢ be £(P, Q)-valued measures, let o > 0,
F €Uy, and let Py be a subcone of P.

(a) If fe€ .7:(}7‘7{0719})(X7P), then f € f(p’9+,9)(X, 77) and
Jp fAO+9)= [, fdO+ [, fdv.
(b) If f e .7:<F79)(X,77), then f € f(Fyag)(X,'P) and fFfd(OzH) = oszde.
(c)If 0 <u 0, then [nfdo < [, fdd holds for every f e F(X,P) that is
(Po, V)-based integrable over F with respect to © = {6,9}.

Proof. Without loss of generality, we may assume that F' = X. For Part (a),
it is clear from our definition of the sum of two measures that our claim,
namely [, hd(0 +9) = [ hdd+ [ hdd holds for all step functions h €
Sm(X,P). Let © = {0,9}. Every zero set for © is obviously a zero set
for 6 4+ 9. We shall first show that every function f € Fixg)(X,P) is
integrable over every set E € R with respect to 0+4. Indeed, given w € W
and € > 0, let w' = w/2 and let the functions f,s.) € Fx(X,P) and
S e) € Fr(X,V) be as in Definition 5.3, that is

fu.éE f(w’,s) a.éE ’Vf + S(w' )

for some 1 <y <1+e and [, S df <ew and [ 5y dd <ew'. The
function s, . € Fx(X,V) is integrable with respect to every measure on
R, and for any u € W we realize that

(u)
/ S(w,e) (0 +19) = sup {/Ehd(t? +9)

E
(u) (u)
< / S(w' e) df + / S(w',e) do.
E E '

heSn(X,P), h< 5.+ nw}

Taking the respective infima over all neighborhoods u € W and using
Lemma 1.5.20(c), we infer that

/ S(w',e) A0+ 9) < / S(w' e) do +/ S(we) dv < ew.
E E E

This shows integrability for f over E with respect to the family © =
{0,9,0 + ¥} of measures. Next for Py = P and Vy = V, the family ©
from above, a set E € R, a neighborhood w € W and € > 0 let (hy,)nen
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be a sequence of step functions in Sk (X, P) approaching the function f €
Fix,0)(X,P) as in Corollary 5.8. Part (iii) of 5.8 then yields

/fd(0+19)§ i [ By d(8+9)
E

n—oo J FE

< lim [ hp,df+ lim [ h,dd

n—00 E n—00 E

§7/ fd9+7/ fdo+2uw.
E E

And similarly,

/fde+/fdﬁsm hpdf+ lim [ B, do
E E

n—ooJ E n—oo J K

< lim [ h,d®+9)

n—oo J E

S’Y/fd(9+19)+w.
E
This in turn shows
/fd(9+19):/fd(0+19),
E E

since w € W and ¢ > 0 were arbitrarily chosen. The latter equality holds
for all £ € M, hence or claim follows from the definition of the integral
over X. Part (b) may be verified in a similar way. For Part (c), let 8 <, ¢
for a subcone Py of P, and let f € F(X,P) be (Py,V)-based integrable
over X with respect to © = {6,9}. For E € R, w € W and € > 0 we
choose v € V such that both 0g(v) < w and Yg(v) < w. Let (hyp)neny be a
sequence of Py-valued step functions in Sg (X, P) approaching the function
[ as in Theorem 5.7. We have [, h,df < [, h,d9 for all n € N since
6 < 9, hence by Part (iii) of 5.7

/fd&g@ hy, df +w < lim hnd19+w§'y/ fdY + 2w.
E n—oo J E n—oo J F E

Thus [, fdf < [, fdV, since we W and e >0 were arbitrary. Our claim
now follows from the definition of the integral over a set F € R. 0O

By the restriction of a measure 6 on R to a subset F € 2Ax we mean
the measure 0|p on R, defined as

0|Fr)E = OpnF

for all £ € fR. It is immediate from the definition of the integral in Section 4
that f € Fixg,(X,P) if and only if f € Fpp(X,P) for a function
[ € F(X,P), and that [, fdf|p = [, fdf in this case.
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5.13 Convergence of Sequences of Measures. Let 0 and (6,),eny be
£(P, Q)-valued measures on R. We shall define lower and upper setwise
convergence for measures and denote 6,, /8 or 6, \ 0 if

(i) 0g(a) < lim 0, g(a) or lim 6, g(a) < Or(a) holds for all E € R and

n—0o0

a € P, respectively.
(ii) There is a set Ey €9 such that 0|x\g) <r Onl(x\B,) OF Onlx\E) <r

0](x\E,) holds for all n € N, respectively.
We shall denote #,, — 6 if both 6, /0 and 0, ™\, 0.

Lemma 5.14. Let © = {0, }nen be equibounded £(P,Q)-valued measures
on R such that 0, /0 for a measure 0. Let E € ‘R.

(a) If fe .7:(E7@)(X, P), then f € f(E@U{@})(X,’P).
(b) [/ d8 < im [ fdB, Jor every | € Fi (X, P).

n—o0

(¢c) [ fdo = lim [, fdb, for every invertible function f such that both
f € Fpe)(X,P) and —f € Fp,e)(X,P).

Proof. Let © = {0, },en be equibounded £(P, Q)-valued measures on such
that 6, / 0 for a measure 6. Let E € R. We shall defer the proof of
Part (a) since it will use elements of the statement of Part (b). For our proof
of Part (b) we shall therefore assume that the function f is integrable over
E with respect to the family © = © U {#}. First, let us consider a step
function h = Y"1, xp,=a; € Sx(X,P). Using Lemma 1.5.19 we observe that
0, /" 6 implies

/ hdf = f:e,;i(az Zm: (hm On 2, ( az))
X i=1

— n—00

n—oo i—1 n—oo J X

Now let f € Fge)(X,P). We shall use Corollary 5.8 with Py = P and
Vo =V in order to establish our claim. Given w € YW and & > 0 there is a
bounded below sequence (hy)reny of P-valued step functions such that:

(i) thereis 1 <y <1+¢ and s € Fx(X,V) such that [,sdd <w for
all ¥ €®, and h,.S,~f+s holds for all neN;

(ii) ©-almost everywhere on E, for x € E there is ng € N such that
f(x) < hy(z) for all n > ng;

(iii) [ fdd < lim, . [phedd and [ h,d0 < v [, fdd +w for all
n €N and J € ©.

For every k € N then we have by the above

/hkdesm hedfy < lim [ fdo, +w.
E

n—oo J X n—oo J E
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Note that this argument implies in particular that the sequence ( f st den)
is bounded below. Using (iii), we proceed from this and conclude that

neN

/fd0<'yhm fdb, + w.

n—oo J F
Claim (b) follows, since this last inequality holds for all w € W and & > 0.
In Part (c) we assume in addition that the negative —f of the function f
is also contained in Fg g)(X,P). Then Part (b) yields that both sequences

([5fdbn),  and ([p(=f)db,),  are bounded below, and

[rao< v [ rao, ad  [(-pas< im [ (-pas.
E E

n—oo JE n—oo J E
Thus
lim [ fdf, = lim fd9 —l—/ f)d9+/fd9
< lim fd& + lim ( 1) d@n—l-/ fdo
n—00 n—00 E
< Iim [ ((=f)+f))don +/fd9
§/fd9< lim fdb,,
n—oo J E

and our claim (c) follows. We shall finally prove Part (a) of the lemma: Let
Z € Ur be a zero-set for © = {0, }nen, that is 0, (gnz) =0 for all n € N
and E € R. As 0, / 0, this implies 0 gnz)(a) <0 for all a € P, hence
0(enz)(a) = 0 for all 0 < a € P. However, for every a € P there is v € V
such that 0 < a + v. Hence

0enz)(a) = 0enz)(a) + 0pnz)(v) = O(gnz)(a +v) = 0.

Thus 0(gnz) = 0. Every zero-set for © is therefore a zero-set for OU {6} as
well. Now let f € F(x|0)(X,P) andlet E € R. According to Definition 5.3,
for every w € W and ¢ > 0 there are functions f(, . € Fn(X,P) and
S(w,e) € F(X,V) such that

féE Jw,e) agE VI + Stw,e) and / S(w,e) ¥ < ew
E

for some 1 < v < 1+¢ and all ¥ € ©. The almost everywhere relations
refer to the family © and by the above therefore also to © U {6}. Because
the function s, ) € Fx(X,V) is integrable over E with respect to every
family of measures on R, we may use Part (b) of the lemma for
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S(w.e)d0 < lim S(w.e) A0y < cw.
(w,e) Kol (w,e)
E E

This shows that the function f is indeed integrable over E with respect to
the family © U{f}. O

Ezxample 5.15. The following example will demonstrate that a result corre-
sponding to 5.14(b) for upper convergence of measures is not available in gen-
eral, that is 6, ™\, 0 for measures 0,0 on R does not necessarily imply that
7@ J fdb, < [, fdO holds for every integrable function f € F(X,P). For

this, let X =[0,1], let R be the o-algebra of all Borel sets on X, and let
0 be the Lebesgue measure. This may be considered as an £(P, Q)-valued
measure if we set P = Q =R (see Examples .2.1). We define the measures
0, as 6,(E) =/n 0(EN[0,1]) for E € M. This yields 6,(E) < ﬁ for
all ¥ € R and n € N, hence 6, — 0, that is the zero measure on fR.
Now consider the function f on X defined as f(z) = ﬁ for z > 0 and
f(0) = 0. As f is positive and measurable, it is contained in Fx(X,P),
hence in F(p e)(X,P), where © is the equibounded family {6,},en. We

calculate [y fdf, = \/ﬁfoéfdﬂ =2, hence [y fdb, / [y fd0 =0, in-
deed. Note that Part (¢) of Lemma 5.14 does not apply in this case. The
function f is in fact invertible in F(X,P) and its inverse —f is integrable
with respect to each of the measures 6,,. Indeed, given € > 0 we may choose
fe(x) = —f(z) for © > e and f.(z) =0 else. Then f. is bounded below,
hence in Fn(X,P), and we have —f < f. < —f+ s., where s.(z) =0 for
z=0or z>¢, and s.(z) = f(z) else. (This function s. is (VU{0})-valued
as required in Definition 4.12, since the neighborhood system V' of R consists
of all strictly positive reals.) For e < 1 we calculate [ s. df,, = 2y/ne. Thus
—f € Fipp,)(X,P) forall n €N, but —f is not contained in Fg g)(X,P)
as required in 5.14(c).

5.16 Residual Components. Let (6,)n,eny be an equibounded sequence
of measures, let F' € ™An and f € F(pyo,1)(X,P). We define the residual
component of f on F with respect to (0,,)nen as follows: Let § be the
collection of all sequences (E,)nen of sets in R such that E, C F, E, D
Eni1 and ),y En = 0. Recall that integrability for a function f e F(X,P)
over F' requires integrability over all subsets E € R of F. Thus for f €
Firo,1)(X,P) we define

%(Gn,F,f): sup {hm (hm/ fd9n>}.
(Ep)es Um—oo \"7*JE,,

This appears to be a rather unwieldy expression. It will however turn out to
be useful for our continuing investigations.
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Lemma 5.17. Let (0,)nen be an equibounded sequence of measures, and let
F € Ayn. Then

(a) %(Qn,F, f) >0 forall fe€ f(R{g”})(X, P).
(b) If 0, <w for a measure w and all n € N, then
%(Q»MF, f) <9 (fFfdw) fO?" all f S ]:(|F\,{0n,w})(X7,P)-

Proof. Part (a) is trivial, as we may choose the stationary sequence
(Em)men € &, where E,, =0 for all n € N. For Part (b), suppose that
0, < w holds for a measure w on M| and all n € N, let O = {6,,,w}nen,
let f € Frpey(X,P) and (Epn)men € §. For every w € W there is by
Proposition 5.4 a function s € Fn(X,V) and A > 0 such that 0,55 f+s
and fEl sd < \w for all ¥ € ©. Because s > 0, this yields for all m € N

R/ fdo, < H/ (f+s)d9n§/ (f + 5) dw.
n—o0 Em n—o0 Em E

m

Thus by Proposition 4.18(b) and Proposition 1.5.11

lim (nn/ fden) < lim [ (f4s)de
En

m—oo \"?TX m—ooJ E,,

co([ i)
o{f ) o(), 4
SD</Elfdw> u,

since O (fEl sdw) < ew for all € > 0. Because w € W was arbitrarily

chosen, and because Q carries the weak preorder, this yields

lim <hm/ fd0n>§9</ fdw).
m—0o0 n—oo ETVL El

Furthermore, Proposition 4.15(c) states that O (IEI fdw) <O ([fp[fdw).

Now combining all of the above, we have indeed

Rs(0,,F. f) = sup {hm (hrn/ fd9n>}<0(/ fdw),
(Em)eg (m—oo \"7*JE,, F

as claimed. 0O

Lemma 5.17(b) implies in particular that for a stationary sequence (6,,)nen
of measures, that is 6, = 6 for all n € N, we have %(Hn, F, f) <
) (fF fd@) for all f € F(p),6)(X,P). This leads to the following notation:
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For a set F € Ar, and an equibounded sequence (6,,)nen of measures, a
measure ¢ and a family § of functions in F(p s, 61)(X,P) we shall denote

6,) =60 it Rs(6,,Ff) go(/ma)
F

holds for all f € §. Setwise convergence of the measures 6,, towards 6, that
is 0, — 0, does however not necessarily imply that (6,) < ¢ holds for ev-
ery integrable function f € Fr 0,01 (X, P), as our preceding Example 5.15
can demonstrate. Indeed, let us calculate the residual component of the func-
tion f in 5.15 on the interval F' = [0,1] with respect to the given sequence
(0n)nen of measures on [0,1]. First, let (E,,)men be a sequence of Borel

sets in [0,1] such that E,, D E,41 and (),,cy Em = 0. Then
[ i< [ g, <o
E. [0,1]

for all k,I € N. This shows iﬁs(Gn,F, f) < 2. For E,, = [O, %], on the
other hand, we have E,, D E,,11 and (),,cy Em = 0, and fEm fdb, =2

whenever n > m. Thus lim fEmf df, > 2 for all m € N, and therefore

%(Gn,F, f) > 2. Together with the above, this yields iﬁs(ﬁn,F, f) = 2.
But we have 60, — 0.

A stronger requirement on the integrability of the function f will however
avoid such cases.

5.18 Strongly Integrable Functions. Let © be a an equibounded family
of measures, and let E € R. We shall say that a function f € F(X,P) is
strongly integrable over E with respect to © if it is integrable over E
in the sense of 5.3, and if in addition, for every w € W there is a step
function h € Su(X,P) such that [, fdf < [,hdf+w and [, hdf is w-
bounded relative to fG fdf in Q, for all § € ©® and every subset G € R
of E. Note that this requirement strengthens the corresponding property
from Theorem 5.7 which holds for integrable functions in general.

Similarly, for aset F' € 2y, a function f € F(X,P) is strongly integrable
over F' with respect to © if it is integrable over F' in the sense of 5.3 and
strongly integrable over the sets E N F for all F € R. Because strong
integrability over a set E € PR obviously implies strong integrability over
every subset G € R of E, this last part of our definition is consistent with
the first one.

It is straightforward to verify that the strongly integrable functions form
a subcone of Fpg)(X,P).

Lemma 5.19. Let © = {0,0,,},en be equibounded measures on R such that
0n \ 0. Let ' € An, and suppose that the function f € Fpje)(X,P) is

strongly integrable over F with respect to ©. Then (0,) < 0
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Proof. Let © ={6,60,}nen be equibounded measures such that 6, N\ 6. As
in the first step of the proof of Lemma 5.14, one easily verifies that

Tm hd&ng/hde
G G

n—00

holds for every step function h € Sy(X,P) and all G € Ax. Let F € Az
and suppose that the function f € Fpe)(X,P) is strongly integrable over
F with respect to ©. Let FE,, € R for m € N be subsets of F such
that E,, D E,+1 and ﬂmeN E,, = (. Following 5.18, the function f is
strongly integrable over the set £ = E;. Given w € W, we choose a step
function h = Y"1 | xg,2a; € Sk(X,P) as in the first part of 5.18, that is
thd9 € Bw(fodH), and fodH < thd9+w holds for all 8§ € © and
every subset G € R of F, in particular

/fdeng/ hdf, +w
E.. E..

holds for all m,n € N. Thus
T [ fdo, < Tm hd0n+w§/ hdo+w
n—o Jg n— g B

for every m € N, and consequently

lim <hm/ fd6n> < lim hd6+w§0(/hd9>+w
m—oo \" " JE,, m—00 J E,, E

by Proposition 4.18(b). Because [, hdf is w-bounded relative to [ fdf,
and because [, fdf is bounded relative to [, fdf by Proposition 4.15(c),
we have O( [, hdf) <w O( [n fdf) by Proposition 1.5.13(a). The latter

implies
D(/ hdf) gD(/ fdo) +w.
E F

Thus, summarizing,

lim <hm/ fden) go(/fd0)+2w.
m—oo \"7°JE,., F

This holds for all w € W and all sequences of sets Ej, € PR such that
Ej, C F and (,cy Bk, and therefore demonstrates

Rs (0, F, f) go(/ fde),
F

our claim. O
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Lemma 5.20. Let © = {0,0,}nen be equibounded L£(P, Q)-valued measures
on R such that 0, \, 0. Let E € R.

(a) Let fo, f, f* € Fpe)(X,P) and v € V. If both fn(x) <, f(x) and
fn(x) <0 f*(x) holds ©-almost everywhere on E for all n € N, then
lim [}, fndf, < [ fdO+ Rs(0,, E, f*) + O(sup{bp(v) | 0 € O}).

(b) Let f € Fipe)(X,P). If (0,) <0, then Ef};fdan < [ fdo.

Proof. Let © = {0,0,},en be equibounded measures such that 6, \, 0. As
seen before, this implies

Tim hd@ng/hde
G G

n—oo

for every step function h € Sy (X,P) and every G € Ax. Let F€R, v €
V, and let f,, f, f* € Fip,e)(X,P) such that both f, <, f and f, <o f*
holds ©-almost everywhere on E for all n € N. Let us abbreviate

d=9O(sup{g(v)| 0 € O}) € Q.

Recall from Proposition 1.5.11(b) that ad = d for all a > 0. Given w € W
and € > 0, we shall use Corollary 5.8 for the function f, with Py ="P and
Vo =V, in order to obtain a sequence (hy)ren of step functions satisfying
5.8(i), (ii) and (iii). We set

Gm ={z € F| f(x) <y hi(z) forall k>m}

for m € N. Following Theorem 1.6, the sets G,, are contained in R, and
we have G, C Gpy1. If we set G = (J,,,cy Gm, then 5.8(ii) implies that
E\G € 3(0), thatis [,gdd = [, gdV for the functions g = f,, f, f* and
all ¥ € ©. Because [,(r) <y hm(z) holds O-almost everywhere on G,
and fn(z) <o f*(z) holds ©-almost everywhere on E for all n € N, and
because O(Jp(v)) < d for all § € ©, Proposition 4.16 yields

/ fndﬁgf hpmdd +d  and / fndﬁgf £ do + d.
G'IYL G’"Z (G\G’!ﬂ> G’"L

for all 9 € ® and n € N. Thus

/fnden:/ fndon+/ f d6,
E G, (G\Gm)

g/ hmd0n+/ Frdo,+d

holds for all m,n € N. Let E, = G\ G,,. Then E,, D E,.; and
Mimen Em = 0. Using this, we proceed with our argument. For a fixed m € N,
we let n tend to infinity in the preceding inequality, and obtain
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m/fdeng m/ hmd9n+m/ £ do, +d
Gm n—oo Em

n—00 E n—o0

g/ B d6 + Tim fd6 +d
Gm

n—o0 E

§7/ fdo+ lim fd@ +d+w.

n—0o0
m

with some 1 <~ <1+4¢. Finally, we let m tend to infinity as well and use
Proposition 4.18(a) for

lim fda_/fda—/fdo

Thus

lim fd9 <~ fd0+ lim (hm/ f*d@n>+d+w
Em

n—00 m—oo \ 00

§7/ fd0+Rs(0,,,E, f*) +d+w
E

<~ </ fdo+Rs(0,, E, f*) +d> + w.
E
The last inequality holds for all w € W and ¢ > 0, hence

lim fd0 </fd0+9%5(0mEf)

n—o0

since @ is endowed with the weak preorder.
For Part (b), we set f, = f = f* in Part (a). If (6,)
Rs (0, E, f) < O( [ fdf) holds in addition, then

/Efd9+9%5(9n,E7f)</Efd6+53(/Efd9>:/Efd9

follows from Proposition 1.5.14. Given w € W, we choose v € V such that
0p(v) < w for all § € ©. Then obviously O(sup{fg(v) | 0 € 6}) < w
holds as well. Part (a) therefore yields

{f)< 0, that is

lim fd0 </fd9+9%5(9mE,f)+wg/fd0+w
E E

n—0o0

for all w € W. Thus indeed

n—:o0

lim fd@ </fd97
E

since @ carries the weak preorder. 0O
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Our upcoming convergence theorems will imply that the statements of
Lemmas 5.14 and 5.20 do indeed extend to integrals over sets F € g, if
the concerned functions are contained in F g g, 01 (X, P).

Lemma 5.21. Let © = {0, }nen be equibounded £(P, Q)-valued measures
on R such that 6, — 0 for a measure 6. Let F € RUAxn. If f €
Fre)(X,P), then f e Froupn(X,P).

Proof. We may assume that F = X, since for a function f € F(X,P)
integrability over F' means equivalently that the function ypgef isintegrable
over X. Let f € Fix,0)(X,P). Then f € Fge)(X,P) for every E € R,
hence f € Fipougey)(X,P) by Lemma 5.14(a). Now let Ey € R and v € V
be as in Definition 5.13(ii), that is 0|x\g,) = 0n|(x\g,) holds for all n € N.
Let F € R such that Ey C F and fix ng € N. Then

/fd&: fd6+/ fdo = fd0+/ fdon,.
E Ey E\E, Ey E\Ey

Hence

hm / fdo= fdo+ hm fdb,, = fdo+ / fdby,.
E, Ey X\Ey

E\E)

The function f is therefore indeed integrable over X with respect to 6, and
we infer that f € f(Ey(_)U{g})(X7 P). O

5.22 Convergence of Sequences in F(X,P). In Section 3 we intro-
duced several notions of pointwise convergence for sequences of P-valued
functions. They refer to the lower and upper relative topologies of P, that
is for a subset F' of X, a sequence (f,)neny and a function f in F(X,P)
we denote f,, 4 f or f, »f ifforevery x € F, v €V and € > 0 there
is ng such that

f(x) € ve (fn(:c)) or fn(z) € ve (f(ac))

for all n > ng, respectively. f, = f means that both f, £ f and f, » f.
Correspondingly, if © is a family of measures on R, then we shall denote
fn ALer fo fnoaex f or fn ==z f if this convergence holds ©-almost ev-
erywhere on F|, that is on a subset F'\ Z with some Z € 3(0).

The following version of Fatou’s lemma is the first of our main convergence
theorems. It refers to lower convergence for both functions and measures.

Theorem 5.23. Let © = {0,0,}nen be equibounded L£(P, Q)-valued mea-
sures on R such that 0, /" 0. Let F € Uxn, and let fu,f, fe, f. €
Fre)(X,P) such that (0,) ;< 0. Suppose that fose fo + fo for all
n € N, and that f, 4.r f. Then

/FfdQS ilfolo fndby —1—53(/ f*d9>
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Proof. Without loss of generality, we may assume that F = X. Indeed, the
respective integrals over F' € g equal the integrals over X for the products
of the concerned functions with x p, and these products satisfy the conditions
of the theorem with X in place of F. Also, we may assume that the required
convergence and boundedness properties hold everywhere on X instead of
O-everywhere. Indeed, let 3(©) be the family of zero subsets of X. Then
fn Aox [ means that f, (v f for some Y € 3(0). Using the fact that
3(0O) contains countable unions of its members, we can find Y’ € 3(0) such
that x(x\yhef. < xx\yne(fn + fi) holds for all n € N everywhere on X.
Let Z =Y UY’ € 3(0). The functions f}, = x(x\z)ofn, ' = Xx(x\z)of and
fi = X(x\z)=f+, then fulfill everywhere all the assumptions of the theorem
and their respective integrals coincide with those of the given functions.

We shall proceed using these simplified assumptions of the theorem for the
measures 6, and 6 and the functions f,, f, f. and f.. In a first step of
this proof we shall discuss the respective integrals of the functions involved
over a set E € R. Let w € W be fixed. Following Proposition 5.4, there is
s € Fm(X,V) and A > 0 such that [, sdd < Aw for all ¥ € © and both
0=, f+s. Using a similar argument as above, that is the replacement of the
functions f, and f by suitable functions f/, and f’ which agree with the
former ones ©-almost everywhere, we may also assume that the last relation
holds indeed everywhere on E. Next we choose 0 <& < min{l, 35} .

According to Definition 5.3 (see also 4.12), we may assume that s(x) € V
for all z € X. Thus, under the (now simplified) assumptions of the theorem,
for every = € E there is ny € N such that f(z) € (s(z))_(fn(z)) that is
f(@) < ~fn(x) +es(x) for all n > ny with some 1 <~ < 1. According to
Lemma 1.4.1(c), the latter implies that

(@) < (14 ) ful@) + (1 + 1+ 2)s(2) < (1+ ) fule) + 3es(a)

for all n > ny. We choose a neighborhood v € V such that Jg(v) < w for
all ¥ € ©. Following Theorem 1.6, all the sets

E,={xcE| f(x) gy 1+e)fn(x)+3es(x) forall n>m}
are in R, we have FE,, C F,,.11, and UmeN FE,, = E by the above. Thus
f(z) <o (L4 ¢e) fu(x) + 3es(x)

for all x € E,, and n > m. Now Proposition 4.16 yields that

/ fdo < (1+5)/ fnd19+35/ sdd + O (I(Em,v))
B fo B

m

§(1+5)/ frd9 + w
E’VTL
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holds for all ¥ € ©. The last part of the inequality follows, since | B, S d9 <
Jpsdd <dw, 3eA <1 and O(I(Ep,v)) <O(I(E,v)) < ew forall & > 0.
Next we use fo..=y fn—+ f. for

/ f..do §/ fn dﬂ+/ fidv,
E\E,, E\E, E\E,

multiply the latter by (14 ¢) and add it to the preceding inequality for

/ fdo+(1+¢) fody<(1+¢) (/ frndd+
Em E\E

E\E"L

1. dﬂ) y

m

The latter holds true for all m € N, n > m and ¢ € ©. For fixed m € N,
Lemma 5.14(b) yields together with 1.5.19

/ fd9+ 1+¢) f..df < lim fdo, + (1+¢) lim f.do,
E\En, n—ooJ E,, n—oc J E\Ep,

< lim </ fdb, + (1+¢) f**den)

n—00 E\Em

<(14¢) (hm/fnd0n—|— lim f*d9n>

n—00 =0 JE\Em

+ w.

Now we let m tend to infinity and apply Proposition 4.18(a) for

lim fdef/fdé

m—00

and 4.18(b) for

0 < lim 1 do.
m—o0 J(E\E,,)

Moreover, the definition of the residual component in 5.16 together with our
assumption (6,) (< 0 yields

lim (hm f*d%) < R (0, X, 1.) §D</ f*d9>.
X

Lot e E\Enm

The preceding inequality therefore leads to

fdo < lim fdf+(1+¢) lim f.do
E

m—oo J E,, m—00 J (E\E,y,)

n—0o0

<(1+¢) lim fndenm(/ f*d9)+w
E X
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Because this last inequality holds for all w € W and ¢ > 0, and as Q
carries the weak preorder, we infer that

/fdegm fnd9n+53</ f*d9>.
E n—oo J FE X

Now in the second step of our proof, we shall extend the preceding in-
equality from integrals over sets E € R to the corresponding integrals over
X. By our assumption there is Ey € R such that 0 x\z) <, Onlx\g,)
holds for all n € N. Following Proposition 5.12(c), the latter implies that
Jrgdd < [Lgdf, for every F € Ay such that F C X \ Ey and
g € Fre)(X,P). Recall that all functions involved in the theorem are in
F(x1,0)(X,Po), hence are integrable over complements of all sets in 9. Us-
ing this, for every E € R such that Ey C E we infer that

/ f**deg/ fnd9+/ f*daé/ fnd9n+/ £, db,
(X\E) (X\E) (X\E) (X\E) (X\E)

hence

/fnd9n+/ f**deé/fndQnJr/ f.d6
E (X\E) X (X\E)

for all n € N. Thus using the above and the result of our first step we obtain

/Efd0+/(X\E)f**d0§£</Efnd0n+/(X\E)fﬂd0> +o(/X ﬂd&)

< lim fnd9n+/ f*d9+9(/ ﬂd&).
n—ooJ X (X\E) X

Now we use the definition of the integral for

/}(fd@zgg%éfde

and Proposition 4.19 for

0 < lim f..do and lim f*d9<D(/ f*d9>.
EeR J(X\E) EeR J(x\E) X

Finally, taking the limit over E € R, and combining all of the above yields
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/fd(9<hm/fd€—|—hm f.do

EeR J(X\E)

< Im (/ fd9+/X\Ef**d9>

< lim fnd9n+0</f*d9>,
n—oo J X X

since O ([ f.df)+9O ([ f.d9) = O ([y f.df) by Proposition 1.5.11. This
completes our proof. 0O

Because cone-valued functions do in general not have additive inverses,
we require a result corresponding to Theorem 5.23 with respect to upper
convergence for both measures and functions.

Theorem 5.24. Let © = {0,0,}nen be equibounded L£(P, Q)-valued mea-
sures on R such that 0, \,0. Let I' € A, andlet fn, f, f* € Fr0)(X,P)

such that (0,,) =< 0. Suppose that f, S, fF for all n €N, and that
frn oaex f- Then

Tim | fudtn </Ffd9+D(/Ff*d9).

Proof. Our argument will follow the lines of the proof of Theorem 5.23,
though some substantial adaptations will be required. For the reasons given
in 5.23, without loss of generality, we may assume that F' = X, and that
the stated convergence and boundedness properties hold everywhere on X
instead of ©-everywhere.

Suppose that the functions f, f,,, f* and the measures © = {6,6,,} fulfill
these simplified assumptions of the theorem. Again, in a first step we shall
discuss the respective integrals of the functions involved over a set E €
R. For this, let w € W be fixed. Followmg Proposition 5. 4 there is s €
Sn(X,V) and A > 0 such that both 0 ; Ef+s and 0 Ef* + s and
fE sdv < \w for all ¥ € ©. Moreover, we have fn =g [ for all n € N by or
assumption. Using a similar argument as before, we may assume that all these
relations hold indeed everywhere on E. Next we choose 0 < & < min{1, 3;}.

We may assume that s(z) € V for all € X (see 5.3 and 4.12). Thus,
under the (now simplified) assumptions of the theorem, for every = € E there
is ng € N such that fn(z) € (s(z))_(f(z)) thatis f,(z) < ~f(z)+es(z)
for all n > ny with some 1 < v < 1. According to Lemma 1.4.1(b), the
latter implies that

ful@) < (1+ &) f(z) + 2e5(x)

for all n > ny. We choose a neighborhood v € V such that Jg(v) < w for
all ¥ € ©. Following Theorem 1.6, all the sets

En={x€E| folz) v 1 +¢)f(x) +2es(x) forall n>m}
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are in R, we have E,, C E,,1, and {J,,cy Em = E by the above. Thus
Jal@) <o (1+2)f(@) + 26s(x)  and  fule) < f*(2)

holds ©-almost everywhere on E,, for all n > m. We fix m € N, recall
that §(1 —2eX) > 0, and that O(sup{fg(v) | 0 € ©}) < dw for all § >0,
and use Lemma 5.20(a) for

Tm fndang/ ((1+6)f+253> d0 + R (0, B, ) + (1 — 2eN)w
E,, E

n—0o0
m

§(1+5)/ fd9+53(/ f*d9)+w
Em p's

The last part of this inequality follows, since [, sdf < [, sdf < \w, and

since
mqﬁl%Jﬂgmaﬁxjﬂgo</me
X

by our assumption on the function f*. Next we use f, .~ f* for
Jeg,) fndd < [ g, " d), and Lemma 5.20(b) for

i £ db,, < Tom fwé/ £ do.
(E\Ep) (E\Em)

=% J(E\Em) ne

Thus, using the limit rules from Lemma 1.5.19, we obtain

fm [ f.df, < Tm [ f,d6, + Tim o db,,
E

n—0o0 n—oo Em n—od (E\E-m>

§(1+5)/Emfd9+/(E\Em)f d0+9</Xf d9>+w

This holds true for all m € N. Now we let m tend to infinity and apply
Proposition 4.18(a) for

m—00

lim fdﬂf/fdé

and 4.18(b) and Proposition 1.5.11 for

lim *do *do
"IL—’OC‘ (E\Em)f 0=9 (/Ef I )
<D</Ef*d0>+0</(X\E)f*d9):D</Xf*d9>.
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Combining all of the above, we obtain

lim [ fod, < 1+s/fd9+}3</ f*d0>+w

Because this inequality holds for all w € W and € > 0, and as Q carries
the weak preorder, we infer that

Tim |t </Efd0+D</Xf*d0>.

Now in a second step, we shall extend the preceding inequality from inte-
grals over sets E € R to the corresponding integrals over X. Following our
definition of the convergence of measures in 5.13, there is Ejy € R such that
Onlx\By) <r O(x\E,) holds for all n € N. Following Proposition 5.12(c),
the latter implies that [.gdf, < [,gdf for every F € 2x such that
F C X\ Ey and g € Fpe)(X,P). Using this, for every £ € R such that
FEy C E we infer that

/fnden:/fnden—i-/ fndéng/fnden—i—/ £+ df
X E (X\E) E (X\E)

for all n € N. Thus using the above and the result of our first step we obtain

lim fndf, < lim fn do, +/ frde
X\E)

m—0o0 X m—0o0

</Efd9+/(X\E>f*d9+D(/Xf*de).

Now we use the definition of the integral for

hm/ fd@—/ fdo
and Proposition 4.19 for

lim f*d9§o</ f*da).
Een J(X\E) X

Combining all of these observations and taking the limit over F € R in the
above inequality yields

T o do </de9+53(/xf*d6),
D(/Xf*d9>+0</xf*d9>:D</Xf*d9>

by Proposition 1.5.1. This completes our proof. O

since
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Note that for measures 6,, \, 0 and a stationary sequence of functions,
that is f, = f* = f € F(r,0)(X,P), such that (0,) < 0, Theorem 5.24
yields

m—00

lim fd9 </fd9,
F

since [, fdf+O ([, fdf) = fF f df by Proposition 1.5.14.

The combination of Theorems 5.23 and 5.24 leads to a version of Lebesgue’s
theorem on dominated convergence (see Proposition 18 in Chapter 11 of
[178]). It refers to symmetric convergence for both measures and functions.

Theorem 5.25. Let © = {0,}nen be equibounded L£(P, Q)-valued mea-
sures on R such that 6, — 0 for a measure 6. Let F € Uy, and let
Jos s fos fs [, FF € Fppe)(X,P) such that (0n) [ < 0. Suppose that

foSe ot fooand fo+ [0 f* forall n €N, and that f, —» f. Then

/fd9<g§c o doy, +D</ f*de)

and Tim | fudtn </fd0+9</f d0>

n—0oo

Proof. Let the functions f,, f, f.., f, f..f* and the measures © = {6, }nen
and 6 be as in the assumptions of the theorem. Following Lemma 5.21,
integrability with respect to © implies integrability with respect to © =
O U {0}. Our assumptions therefore imply those of Theorem 5.23, and we

conclude that
/fdt9<hm fndb, +D(/ f*dé)).
n—oo J F '

In order to apply Theorem 5.24 we set g, = fr, + f* and g = f+ f* Then
In,9 € Fyrpe)(X, P) and Gnp f* for all n € N. Moreover, fn aox f
implies that ¢, ..x ¢, since the relative topologies were seen to be com-
patible with the algebraic operations in P (see Section 1.4). The functions
Jn,g therefore fulfill the assumptions of Theorem 5.24, and we infer that

T [ fudoy+ i [ a0, < T [ (s an
n—oo | p n—ooJF n—co |
S/fd9+/f**d9+o(/ f*d&).
F F Vo
Lemma 5.14(b) yields

/ £ df < lim f b,

n—o0
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Thus using the cancellation law in 1.5.10(a), we obtain

Tim and9n</Ffd9+D</F f*d9>+o</F f**d@).

Finally, the relations fn+f".S, f* and f, 4. f imply that f(z)+f"(z) <
f*(z) holds 6-almost everywhere on F, and therefore

/FfdGJr/Ff**dﬂg/Ff*d@

by Proposition 4.17. The element [,. f*df of Q is therefore bounded relative
to the element [}.f*df (see Proposition 1.4.11(b)), and Proposition 1.5.14

yields that
D(/Ff**d0>+0</Ff*d€>:D</Ff*d9>,

thus completing our argument. 0O

We may use the notions of boundedness from Chapter 1.4.24 to formulate a
special case of Theorem 2.25 that allows a stronger conclusion. Corresponding
to 1.4.24(iv) we shall say that a subset A of F(X,P) is bounded above
relative to a function f € F(X,P) if for every inductive limit neighborhood
v there are A\, p > 0 such that g < pf 4+ Av holds for all g € A. Similarly
we define boundedness below and (relative) boundedness almost everywhere
onaset I € 2Ax, as well as boundedness for nets and sequences in F (X, P).
Recall the notations from 1.4.24 and 1.4.25.

Corollary 5.26. Let 6 be a bounded £(P,Q)-valued measure on R. Let
F € Un, and let fo, f* € Fyr0(X,P) such that [ f*df € B( [ fdb).
Let (fn)nen be a sequence in F(p| o) (X, P) that is 0-almost everywhere on
F bounded below and bounded above relative to f*. If f, —=» f, then

lim fndez/fde.

Proof. This is an immediately consequence of Theorem 5.25: We set © = {6}
and f., = f"=0. Given w € W there are A\,p >0 and ng € N such that
0=, fn + Avy, and f, =, pf* 4+ Ao, holds for all n > ny. This means
0=, fn+As and f, =, pf* 4+ At for functions s,t € Sxi(X,V) such that
both [y sdf <w and [, tdf < w. Now we apply Theorem 5.25 with As in
place of f, and pf*+At in place of f* from 5.25. Then D(fF s d9) <w and
O( [r(pf*+ At)df) < O(f*) + w by Proposition 1.5.11. Because [} fdf +
D( f*) = [ df by Proposition 1.5.14 and our assumption on the function
f*, and because the neighborhood w € VW was arbitrarily chosen, our claim
follows. O
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An elementary function is a function f = gea € F(X,P), where ¢ is
a bounded measurable non-negative real-valued function supported by a set
E € R, and a is an element of P. Note that elementary functions are con-
tained in Fx(X,P). Indeed, xgea € Fni(X,P) implies psa = pe(xgea) €
Fn(X,P) by Lemma 2.6. We make the following observations:

Lemma 5.27. Let ¢ be a bounded measurable non-negative real-valued func-
tion supported by a set in R. There is a sequence (©n)nen of real-valued step
functions converging uniformly on X to ¢ and such that 0 < ¢, < ¢ for
all n € N.

Proof. Let the function ¢ be as stated, supported by the set E € R. With-
out loss of generality, we may assume that 0 < ¢ < 1. For n € N and
it =1,...n we set

| L .
Efl—{:cGE‘Z—<<p(x)§i}€iR
n n

and @n, = >0 = xpi. Then 0 < @n(2) < @(z) < ¢n(z) +1/n holds for

i=1"n

all ze X. O

Corollary 5.28. Let 0 be a bounded £(P,Q)-valued measure. Let ¢ be
a bounded non-negative real-valued function supported by a set in R, and
let (on)nen be a sequence of measurable real-valued functions such that
0< gonaeﬁxcp for all n € N, converging 0-almost everywhere to . Then
for every a € P the sequence (pnea)nen in F(X,P) is bounded be-
low and 0-almost everywhere bounded above relative to pe=a, the sequence
(fx o d@)neN in Q is bounded below and bounded above relative to the
element [ psadf, and

n—00

Pned —=% P and lim @nxaaﬁ:/ psa df.
X X

Proof. Let the function ¢ be as stated, supported by the set E € R. We
may assume that 0 < ¢, =, ¢ <1 holds for all n € N. For a € P we
have p,ea € Fn(X,P) for all n € N by Lemma 2.6. There is a set Z € 2n
of measure 0 such that the functions ¢, = x(x\z)=¥n converge pointwise
everywhere to @ = x(x\z)»¢ and that ¢, < ¢ < 1 holds for all n € N.
(For this, recall that a countable union of zero sets is again a zero set.)
Theorem 1.7 guarantees that ¢ is measurable, hence @ea € Fi(X,P), and
the function @ea is integrable by 4.12. Let € X \ Z. If ¢(x) = 0, then
that ¢n(z) = 0 for all n € N as well. If ¢(z) > 0, then, given v € V
and € > 0, there is A > 1 such that 0 < a+ Av and ny € N such that
on(z) < @(x) < (1+¢)pn(x) for all n > ny. Thus

pn(2)(a+ ) < p(x)(a+ ) < p(z)(a) + (1+e)Apn(2)v
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and
p(a)(a+ ) < (1+e)pn(x)(a+ ) < (1+e)pn(z)(a) + (1 +e)Ap(z)v.
Now the cancellation law for positive elements (Lemma 1.4.2 in [100]) yields
on(z)a < p(x)a + 2edon (2)v < p(x)a + 2eAv

and
o@)a < (1+¢e)pn(z)a+ 2edp(z)v < on(x)a + 2 .

This shows ¢, (z)a € v3,,(¢(a)) for all n > ng and demonstrates

pn(r)a — p(z)a

in the symmetric relative topology of P. Thus ¢,«a =% ¢=a holds as
claimed.

Furthermore, given an inductive limit neighborhood v there is v € V
such that ygev < v and A >0 such that 0 < a+ Av. Then

0 < ppe(a+ Av) < ppea+ Ao

and
Onea < ppe(a+ )\v)éx we(a 4+ Av) < psa + b

for all n € N. The sequence (pn:a)pey in F(X,P) is therefore bounded
below and 6#-almost everywhere bounded above relative to the function
psa. Furthermore, for any w € W we may choose the inductive limit
neighborhood v,,. Then the above yields 0 < fX Yneadd + Aw as well
as [y gneadd < [y @eadd + Aw for all n € N. Hence the sequence
([x ¢neadb) _ in Q isseen to be bounded below and bounded above rel-
ative to the element f  w=adf. The convergence statement for the sequence
of integrals follows from Corollary 5.26. O

Corollary 5.28 in combination with Lemma 5.27 yields a strengthen-
ing of the result of Corollary 5.9, that is the approximation of integrable
functions by a mnet of step functions, for elementary functions
f=¢ea € F(X,P): There is a sequence (hy)nen of step functions that is
bounded below and bounded above relative to f such that

h, — f and lim hy, d6 :/ fdo.
5.29 Remarks. (a) If (Q,W) is the (simplified) standard lattice comple-
tion (see 1.57) of some subcone (Qg, W), that is if (Q,W) is a cone of
R-valued functions on P*, then for elements I,m,n € Q the statement
I < m+ O(n) means that I(u) < m(u) holds for all p € P* such that
n(u) < +o00. The convergence statements of Theorems 5.23 to 5.25 can then
be read in this light. The conclusion of Theorem 5.25 means for example that
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()0 (f )

holds for all y € P* such that ([, f.df) (n) < +oo, and

g(ﬁfﬂ%) (W) < </Ffd9> (1)

for all p € Px such that ([, f*df) (n) < +oo.

(b) The convergence statements in the preceding Theorems 5.23 to 5.25
refer to order convergence in @ for the concerned sequences of integrals.
Stronger claims than those might state convergence in the lower, upper and
symmetric topologies of Q, respectively. In the context of our approach, such
claims are however not valid in general, even for stationary sequences of mea-
sures, as the following simple example can show: Let PR be the o-algebra of
all Borel sets in X = [0, 1], let P = R with its usual order and locally convex
cone topology. Let Q be the cone of all bounded below R-valued functions
on X, endowed with the pointwise operations and order and the strictly
positive constant functions w as neighborhoods. Clearly (Q, W) is a locally
convex complete lattice cone, and order convergence in Q means pointwise
convergence for the concerned functions. We define an £(P, Q)-valued mea-
sure 0 on R, setting Og(a) = axg € Q for E € R and a € P. It is then
straightforward to check that | < hdf = h holds for every P-valued step
function h on X, that is the integral over 6 yields the identity operator
from F(x|,6)(X,P) into Q. Now, if we consider the stationary sequences
¥, = 6, = 6 in Theorems 5.23 to 5.25, a review of the assumptions there
reveals that only pointwise convergence is required for the sequences of func-
tions (fn)nen and (gn)nen in Fx,9)(X,P). Thus only pointwise, that
is order convergence will result for their integrals in general. Note that in
this example the measure 6 is countably additive only with respect to or-
der convergence in Q, not with respect to the weak (see Section 1.4.6) or
indeed the symmetric relative topology of Q. We shall demonstrate below
(Theorem 5.36) that countable additivity for a measure with respect to the
symmetric relative topology of Q in this situation would indeed imply the
above stronger statement of convergence for the corresponding sequence of
integrals. This shows in particular that no such measure can represent the
identity operator from F|x|¢)(X,P) into Q.

We shall in the following discuss some special cases where convergence with
respect to the symmetric topology does indeed result from Theorems 5.23
to 5.25. For the sake of simplicity we shall restrict ourselves to stationary
sequences of measures 6, = 6 in this context. The preceding Remark 5.29(b)
suggests that we shall need to impose further conditions for this purpose. One
of these conditions will refer to the countable additivity of the measure @,
another one will require the availability of sufficiently many order continuous
linear functionals on Q.
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5.30 Strong Additivity. Countable additivity of an £(P, Q)-valued mea-
sure @ as introduced in Section 3 is meant with respect to order convergence
in the locally convex complete lattice cone (Q,W). In Theorem 3.11 we
verified that in special cases this implies convergence in a stronger sense.
In this context, we shall say that an £(P, Q)-valued measure 6 is strongly
additive if for every decreasing sequence (E,),eny of sets in R such that
Mnen En =0, for a € P and w € W there is ny € N such that

0, (a) < O(0p,(a) +w

holds for all n > ng. Similarly, we shall say that a family © of £(P, Q)-
valued measures is uniformly strongly additive if it is equibounded and if the
above property holds with the same ng for all 6 € ©.

Note that for strong additivity we do not require that a measure is count-
ably additive with respect to the symmetric topology of Q, since this would
be overly restrictive. For @ = R, for example, the element +oo is iso-
lated, that is both open and closed in the symmetric topology of R. Thus,
for a disjoint union E = J;on Ei of sets in 9 such that Og(a) = +oo
for a € P, countable additivity with respect to the symmetric topology
would require that 6 B,)(a) = +oo for all n greater than some ng € N.
Lemma 5.31(b) will however imply that for a uniformly strongly additive
family © of £(P, Q)-valued measures a requirement corresponding to 5.30
holds indeed with respect to the symmetric topology of Q; more precisely:
Given a decreasing sequence (E,)nen of sets in 9% such that (), oy En =0,
a € P and w € W, there is ng € N such that

0<0g,(a)+w and 0, (a) < O(0p,(a) +w

holds for all 8 € © and n > ny.

There are several well-known results about strong additivity. Our ver-
sion of Pettis’ theorem, that is Theorem 3.11, (see Theorem IV.10.1 in [55]),
states that in case that (P,)) is a locally convex topological vector space
and (Q,W) is the standard lattice completion of some subcone (Qy, W),
every £(P, Qp)-valued measure is also strongly additive. The Vitali-Hahn-
Saks theorem see Theorem II1.7.2 in [55]) implies a theorem by Nikodym
which states that every setwise convergent sequence of real- or Banach space-
valued measures is in fact uniformly strongly additive (see Corollary I11.7.4
and Theorem IV.10.6 in [55]). We shall investigate a few implications of
strong additivity. Lemmas 5.31 and 5.32 will strengthen the corresponding
statements from Proposition 4.18.

Lemma 5.31. Suppose that the family © of £(P,Q)-valued measures is
uniformly strongly additive. Let E € R and f € Fge)(X,P).

a n € such that L, C E,y1 for all n € N, an = s
If E R h that E E for all N d E nen &
then for every w € W there is ng € N such that
Jg, fd9 <[5 fd0+w forall €O and n > ny.
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(b) If E,, € R such that E D E,, D E,y1 forall n €N, and (,cn En =0,
then for every w € W there is ng € N such that
0< fEn’deer for all 8 € © and n > ny.

Proof. We shall first prove Part (b) of the lemma. Let E, € R for n € N be
subsets of E € R such that E,, D E,,; and ﬂneN E, = 0. In a first step,
we shall consider a function f € Fnr(X,P). Let w € W. Because the family
O is supposed to be equibounded, there is v € V such that 0g(v) < w for
all § € ©. This implies O(fp(v)) <ew forall § € © and e > 0. Following
Lemma 2.4(b), there is A > 0 such that 0 < xgof + Axgev. By 5.30 there
is ng € N such that

1

GE” (1}) < D(QE(U)) + 7 w <

>f\'—‘

for all # € © and n > ny. This yields

OS/ (xEef + AxE=v) dH—/ fdo+ Nog, ( /de—i—w
E

n

for all # € © and n > ny. Now in the second and general step, let f €
Fee)(X,P). Given w € W and 0 < e < 1/2, let the functions fi, o) €
Fnr(X,P) and 5@, € Fn(X,V) be as in the definition of integrability
in 5.3, that is

fose fwe) ose W+ Swe  and / S(w,e) A8 < ew
E

for some 1 <~ < 1+¢ and all § € ©. Following our first step, there is
ng € N such that 0 < fEn f(w,e) d0 +w/2, hence 0 < ’nyn fdo+ (% +5) w
for all # € © and n > ny. Because v > 1 and e < 1/2 this yields

og/ Fdo+w
E’VL

for all § € © and n > ng, our claim in Part (b). For Part (a), let E, € R
such that E, C E,4 forall n € N, and E = J,,cy En. We set F,, =
E\ E, € R and have F,, D F,;; and (), Fn = 0. For a function f €
Fie,0)(X,P) we may now use Part (b) of the lemma: Given w € W, there
is ng € N such that 0 < an fdf+w holds for all § € © and n > ngy. This

yields
/fd0</ fd0+</ fd(‘)—i—w) /fd0+w

for all # € © and n > ngy, our claim in Part (a).

Lemma 5.32. Suppose that the family © of £(P,Q)-valued measures is
uniformly strongly additive and that the function f € F(X,P) is strongly
integrable over E € R with respect to ©.
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(a) If E, € R are such that E, C Enyq for all n €N, and E =,y En,
then for every w € W there is ng € N such that
S fdO < fEnfdGJrD(fEfd@) +w forall 0 € © and n > ny.

(b) If E, € R are such that E D E,, D E, 1 forall n € N, and (e En =
0, then for every w € W there is ng € N such that
fEnfdQSD(fEde) +w forall 6 € © and n > ny.

Proof. Again, we shall first prove Part (b) of the Lemma. Let f € F(X,P)
be strongly integrable over E € R with respect to ©. For w € W, according
to 5.18 there is a step function h = >_1" xF,=a; € Sk(X,P) such that

/Gfdeg/Ghd9+w/3

and such that [, hdf is w-bounded relative to [ fdf for all § € © and
every subset G € R of E. Let E,, € R for n € N be subsets of E such
that E, D E,41 and (),cnyEn = 0. For every n € N and 0 € ©, we

calculate .
/ hd9 = ZQ(Eani)(ai).
Ey

i=1
The measures in © are supposed to be uniformly strongly additive. Thus
there is ng € N such that

1

(a;) < 2(ai)) + —
Oe,nr)(ai) <O (Q(EmFl)(az)) + 3m w

forall n >ng, 6 €©® and i=1,...,m. Thus, using Proposition 1.5.11

- 1 1
< E : —w = _
/En hd9 < — D (H(EQF,,)(G%)) + 3’LU D (/Eth) + 3 w

/ hd9g9</ fd9)+2w,
E, E 3

since [, hdf € By, ([ fdf), which by Proposition 1.5.13(a) implies that
O (fEth) <9 (fEth) +ew for all € > 0. Thus for all n > ny and
0 € © we infer that

/ fdeg/ hd9+1w<o</fd9)+w,
E., E., 3 E

that is Part (b) of our claim. For Part (a), let E, € R such that E, C E,, 1
for all n € N, and F = (J,cnyEn. Weset F,, = E\ E, € R and have
F,, D Fyy and (), F = 0. For a function f € F(X,P) that is strongly
integrable over E € R with respect to © we may now use Part (b) of the
lemma: Given w € W, there is ng € N such that [, fdf <O ([ fdO) +w

and
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for all # € © and n > ny. This yields

/Efdez/Enfd6+/and9§/Ende-i-D([Efcw)+w

for all # € © and n > ng, our claim in Part (a). O

5.33 Weakly Sequentially Compact Sets of Measures. A family © of
£(P, Q)-valued measures is said to be weakly sequentially compact if every
sequence (0,)neny in © contains a setwise convergent subsequence (6., )ken,
that is 6,, — 6 for some measure 6 on R (see Definition I1.3.18 in [55]).
Note that we do not require that 6 € ©. As a consequence, every subset of
a sequentially compact set is again sequentially compact.

Theorem IV.9.1 in [55] provides a well-known criterion for weak sequential
compactness of a family of finite real-valued measures defined on a o-algebra
MR: Such a family © is weakly sequentially compact if and only if (i) © is
equibounded, that is the total variation of its elements is bounded on X,
and (ii) © is uniformly (strongly) additive. We shall use this to establish a
criterion for sequential compactness of a family of functional-valued measures,
that is for the case @ =R

Lemma 5.34. Suppose that all elements of P are bounded and that P is
separable in the symmetric relative v-topology for every v € V. Suppose that
X € R. Then every uniformly strongly additive family of P*-valued measures
on R is weakly sequentially compact.

Proof. Let © be a uniformly strongly additive family of P*-valued measures
on R. Because we assume that X € R, and because uniform strong additiv-
ity includes equiboundedness (see 5.30), there is v € V such that 0x(v) <1
for all 0 € ©. In a first step of our argument we fix an element a € P and
choose A > 0 such that both 0 < a+ Av and a < Av. The latter is possible
because all elements of P are supposed to be bounded, which implies in par-
ticular that Jg(a) < 4o0o for every P*-valued measure 9 and E € R. For
every 0 € © we may therefore define a real-valued measure 6, on ‘R, setting
0.(E) = 0g(a) for every E € R. The above implies that 0,(E) < Ag(v)
and 0 < 0,(F) 4+ Mg(v), hence [0,(E)| < Mp(v) < Mx(v) < A. Using
this, we can estimate the usual (total) variation var(6,,X) of this measure
(see Definition II1.1.4 in [55]) as follows: For disjoint sets Ei, ..., FE, € R we

have
30 £330 0) = M 1) <,
i=1

hence

var (04, X) _sup{Zw I | By, ..., E, € R, disjoint } <A\

=1
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Thus for the family ©, = {0, | # € ©} of real-valued measures, firstly the
total variation of its elements is bounded by A, and secondly, the countable
additivity on R is uniform with respect to all measures in ©,. The latter fol-
lows from our requirement that the family © is uniformly strongly countably
additive. Indeed, let E, € R such that E, D E,; and (), oy E, = 0. Fol-
lowing 5.30, given & > 0, there is ng € N such that 0, (a) < O(0p(a)) +&
for all n>ng and 6 € ©. Because 0g(a) is finite, we have O(0g(a)) = 0.
Thus
0u(En) =0pg, (a) <e

holds for all 6, € ©, and n > ng. Now the criterion from Theorem IV.9.1 in
[55] (see the remark following 5.33) for weak sequential compactness of finite
real-valued measures yields that the set O, is indeed weakly sequentially
compact. Now in the second step of our argument, following our assumption
of the separability of P, we choose a countable subset {a,}n,eny of P that
is dense with respect to the symmetric relative v-topology. Let (6,,)nen be a
sequence in ©. We shall apply a diagonal procedure in order to construct a
weakly convergent subsequence of (6,,)nen. For each n € N, the set O,  of
real-valued measures was seen to be weakly sequentially compact. Thus there
is a subsequence (0}),en of (0,,)nen and a real-valued measure 9! such that
0L p(a1) — 9Y(E) for all E € R. Likewise, there is a subsequence (62 ),en
of (0.)nen and a real-valued measure ¥? such that 62 ;(as) — ¥?(E) for
all E € R. And so on... We choose the subsequence (67),eny of (65)nen
and claim that this subsequence converges setwise towards some P*-valued
measure ¥. Indeed, for every i € N we have by our construction 6 ,(a;) —
Y(E) for all E € R. Let Py be the subcone of P spanned by the elements
{an }tnen. By our assumption Py is dense in P with respect to the symmetric
relative v-topology. For a fixed E € R and a =), \ja; € Py for A\; >0,
set n
Yp(a) = lim 07 y(a) = Y \0'(E) € R.

Clearly, ¥ is a linear functional on Py, and a < b+wv for a,b € Py implies
that

for all 6 € ©. Using the limit rules, this shows in turn that Vg (a) < ¢g(b)+1
holds as well. The linear functional 95 : Py — R is therefore continuous
with respect to the locally convex topology on P generated by the single
neighborhood v € V, that is the neighborhood system V, = {av | o > 0},
and can therefore be uniquely extended to a continuous linear functional
on the whole cone P (see Theorem 1.5.56). Moreover, for every a € P and
0 <& <1 thereissome b € Py such that both a € v.(b) and b € v.(a). This
implies by the above that 67 ;(a) € v- (67 5(b)) and 607 ;(b) € ve (07 p(a))
for all n € N. There is ny € N such that for all n > ny we have 67 ,(b) €
v-(Ug(b)) and ¥g(b) € v. (07 p(a)). Now combining all of the above yields
with Lemma I.4.1(a)
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(@) € ve (07 p(b)) C s (Vp(b) C vie(VE(a))

and likewise

Yg(a) € v, (19E(b)) - vgg( ZE(b)) C vre (QZE(Q))

for all n > ny. This demonstrates that 0! z(a) — Yg(a) for all a € P. All
left to show is that the mapping E — dp : R — P* is countably additive,
that is ¢ is indeed a P*-valued measure on R. For this, let a € P, and let
E; € R, for 7 € N, be disjoint sets. Using the additivity of the measures 6!
and the limit rules, we have

i() iO
D@ = Jim (87 o (@) =3 (Jim 035, (0)) = 3 0, (0)
i= =1
for every iy € N. This shows finite additivity in particular. Given & > 0,
it follows from the uniform strong additivity of the measures in © together
with Lemma 5.31(b) that there is iy € N such that |9(U3c:i0+1Ei)(a)| < ¢ holds

for all 0 € ©, hence also [J(x,  p,)(a)] <e. This yields with the above
i=ig+17?

o, po(@) = >0, (@)] = [0 m (@) = 9 s (@)
=1

- ‘ﬁ(ux

i=ig+1

pola)| <.

Because ¢ > 0 was arbitrarily chosen, this yields
Vi, my(a) = Y O, (a).
i=1

Summarizing, we have verified that the subsequence (Oz)neN of (Gn)neN
converges setwise towards the P*-valued measure 9. O

In Section 3.9 we introduced the composition of an operator-valued mea-
sure 6 with two linear operators. We shall now investigate integrals with
respect to this type of measures. Let us recall our notations: Let (P,V) and
(P,V) be full locally convex cones, and let (Q,W) and (O, W) be locally
convex complete lattice cones. For an £(P, Q)-valued measure 6, a contin-
uous linear operator S € £(75,P) and an order continuous linear operator
U e £9,9Q), the £(P,Q)-valued measure (U oo S) was defined as the
set function o

Ew (UofgoS): R— £(P,Q).

For a P-valued function f € F(X,P) and a linear operator S € £(P,P)
we denote by So f € F(X,P) the P-valued function

z— S(f(z) : X = P.



200 IT Measures and Integrals. The General Theory

Theorem 5.35. Let (P,V) and (P,V) be full locally convex cones, and let
(Q,W) and (Q,W) be locally convex complete lattice cones. Let © be an

equibounded family of £(P, Q)-valued measures, and let T C £(Q, Q) be an
equicontinuous family of continuous and order continuous linear operators.
Let S € £(P,P) such that S is onto and S(V) C V. Let

O={(Ucl)|UcT, 60} and ©={(#0S8)|6ec06}

be the corresponding families of £(P, @)— and 2(75, Q)-valued composition
measures on R. Let F € AUx. If the function f € F(X, 75) is integrable
over F' with respect to @7 then the function So f € F(X,P) is integrable
over F with respect to (:), and

/F(Sof) d(U o 0) </fdeos)

holds for all 8 € © and U € 7.

Proof. We may assume that F = X. Let ©,7,5 and é,@) be as stated, and
let § € © and U € 1. First, for a step function h =" | xg,=0; € Sx(X,P)
we have

[ (som dwen =Y Uos),, (s@)

U(0r,(S(a:)))

U (zzn: (60 S)Ei(dz')>

i=1

([ nawes)).

Next we consider a function f € Fn(X, 75) According to Theorem 1.8(c) the
function So f € Fn(X,P) is also measurable. Let v be an inductive limit
neighborhood for F(X,P). Then for every E € R there is vy € V such
that ygevg < v. Correspondingly, there is 0 € V such that S(vg) < vg
(see 2.2). Hence S o (xpelp) < xpevgp < v. This shows that the convex
set © of all measurable V-valued functions 3 such that Sos < v is a
corresponding inductive limit neighborhood for Fg (X, P). By 2.3 there is a
step function h € Sy (X,P) such that h < f + 0. Then Soh € Sx(X,P)
and Soh < So f+v. This shows So f € Fn(X,P). Now let E € R
and (Uo#) € ©. Given @ € W and € > 0 we choose w € W such that
U(s) <U(t) +w whenever s <t+w for s,t € Q. Correspondingly, there
is v €V such that 0p(v) <w, and & € V such that S(7) < v. According
to Corollary 2.8, given the inductive limit neighborhood v = {xx-0} there
is 1 <~y <14e¢e and a bounded below sequence (h,)nen of step functions
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in Spu(X,P) such that: (i) h, < vf + xx<0 for all n € N and (i) for
every x € F there is ng € N such that f(x) < h,(x) for all n > ng. Thus
(i7) Soh, <v(Sof)+xxev forall n € N and (ii”) for every x € E there is
ng € N such that (So f)(x) < (Sohy)(x) forall n>ng. As (0o S)p(0) =
0p(S(9)) < 0p(v) <w and (Uol)g(v) =U(0g(v)) < U(w) < b, this yields

/hnd(QoS)S’y/fd(HoS)—l—w

E E

and
/(SOhn) d(UO@)S’V/(SOf) d(U o) +w
E E

for all n € N, as well as

fd@oS ) < lim h,d(@oS)

n—oo

and

/(Sof) AU 0) < lim [ (Soh) d(Uo0)
E

n—oo J E

with Theorem 5.23. Using our observation for order continuous linear oper-
ators from 1.5.29 and the latter we infer that

U(/Efd(905)><U(7}E§O/Ehnd(905))
ggU(/Ehnd(GoSO

= lim [ (Sohy,) d(Uob)

n—oo J FE
<y [(Sep dUes)+a
E
and

/(Sof)d(UoG)gliﬂ (Sohy,) dUo#8)
E

n—od

T}gr;U(/h d005>
SWU([Efd(Qos)>+u~).

This holds true for all w € W and € > 0 and therefore demonstrates

/E(SOf) (Uob) </fd00S>

for all f € Fur(X,P) and 0 €© and U € 7.
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Next we observe that any set in %Ay of measure zero with respect to 5]

is also of measure zero with respect to O. Indeed, if (0 0S)g =0 for a set
E € R and all § € O, then 0g(S(a)) =0 for all a € P. As the operator
S is supposed to be surjective, this yields 6g(a) = 0 for all a € P, hence
0p =0 and (Uof)p =0 for all U € 7. Now let f € Fy (X’P) Let
EcR, let we W and e > 0. Because the family 7" was bupposed to be
equicontinuous, there is w € W such that U(s) < U(t) + @ holds for all
U €T whenever s <t+w for s,t € Q. Our definition in 5.3 of integrability

with respect to the family © over the set E € R requires that there are
functions f(,o) € Fr(X,P) and s, € Fr(X,V) such that

fa._iE f(w,e) aéE v+ S(w,e) and / S(w,e) d(@oS) <ew
E

for some 1 <y <1+¢ and all § € ©. Then Sofws € Fn(X,P) and

S 08,6 € Fr(X,V) by our assumption that S(V ) C V. By the above we
have

So faéE So .f(w,a) ngE "y(SO f) + (SO S(w,s))

/E (S0 50.0) dU o) =U ( /E Sty d(00 5)) < e

forall f € Fx(X,P) and 6 € © and U € 7. By Definition 5.3, the function
S o f is therefore also integrable over E with respect to the family O, and
we have

and

/E(So f) d(Uo8) = lim (So f<w75)) d(U 0 0)

wew /B
= lim U (/ f('w,s) d(005)>
e>0 E
wew
= (hm/fwe 905)
wew? F

:U(/Efd(eoS))

for every # € © and U € 7. Finally, we verify the second part of
Definition 5.3, that is integrability over F' = X. We have
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/X(Sof)d(UOG)zlim (Sof)dUob)

EcR E

:]ger&U(/ fd(905)>
= (g;/fd%b*)
_U</de(905))

forall # € © and U €T. Thus So f € F y 5 (X,P), hence our claim. [

We shall in the following mainly use this result for the special case P="P
and the identity operator for S, for @ = R and an equicontinuous set 1" of
order continuous linear functionals in P*.

Recall from Section 1.5.32 that the order continuous linear functionals are
said to support the separation property for a locally convex complete lattice
cone (Q,W) if for every neighborhood w € W we have | < m + w for
I,m € Q whenever u(l) < u(m)+ 1 holds for all order continuous lattice
homomorphisms p € w°.

We are now prepared to formulate and prove a combined version of the
Convergence Theorems 5.23, 5.24 and 5.25, that under additional assump-
tions yields convergence with respect to the upper, lower and symmetric
topologies of Q, respectively, for the concerned sequence of integrals. Be-
cause we shall deal only with bounded elements of Q, we do not need to
consider the relative topologies, since they coincide locally with the given
topologies in this case (see Section 1.4). Recall that for a sequence (ap)nen
in Q convergence towards a € Q in the upper, or lower topology of Q
means that for every w € W there is ng € N such that

an < a4+ w, or a<a,+w

holds for all n > ny, respectively. Because these topologies are generally far
from Hausdorff, limits need not be unique. Convergence in the symmetric
topology combines convergence in both the upper and lower topologies.

Theorem 5.36. Suppose that the order continuous linear functionals support
the separation property for Q. Let 6 be a strongly additive £(P, Q)-valued
measure on R, and let E € K. Let fo,f, fu, [, [ f° € F(X,P) be
bounded-valued measurable functions, and suppose that for every w € W
there is v € V such that Og(v) < w and such that these functions
are (P,Vy)-based integrable over E with respect to 0 for the subsystem
Vo ={pv|p>0} of V. Suppose that the functions f, and f* are strongly
integrable over E with respect to 6 and that their respective integrals are
bounded in Q.
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(a) If féE n+ fe forall n €N, and f, £z f, then

n—oo

/fdez lim [ f,d6,
E E

with respect to the lower topology of Q.
() If fose f* forall n€N, and f, .3 f, then

/ fdo = lim [ f,do,
E n—oo E
with respect to the upper topology of Q.
() If frse futfo and fo+ 755 f* forall n €N, and fo oz [, then

with respect to the symmetric topology of Q.

Proof. We shall deal with Parts (a), (b) and (c) simultaneously. By restricting
the measure 6 and all the functions involved to the set E, we may assume
that X = E € R. Let G ={fn, f, f., [+, 7 [} bethe family of the functions
used in our statement. This family is countable.

Suppose that contrary to our claim, the sequence ([ fn df) . does not
converge towards [}, f df in the (a) lower, (b) upper or (c) symmetric topol-
ogy of Q. Then there is w € W and a subsequence (fy,)ken Of (fn)nen
such that either

(a) /Efdeg/Efndew or (b /Efnkdeg/Ede—kw,

respectively, holds for all k£ € N. In case (c¢), we can find a subsequence
(faw)ken of (fu)nen either as in (a) or in (b). We have p ([, fdf) < 400
for all p € Q" since the integral of f is supposed to be bounded in Q.
Let 7 be the family of all order continuous linear functionals in w° and
Q0 be the corresponding set {prof | u € 7,} of P*-valued measures on .
Theorem 5.35 yields that the functions in G are integrable over E with
respect to the family  and that pu (fE gd@) = ngd(u o 6) holds for all
g € G and p € 7. By our assumption the order continuous linear functionals
support the separation property for Q, thus there are functionals px € T C
w® such that either

@ [ 1 dnct) = ( /. fd9) > ( [ i d9>+1 [ e dtuoy

or

) [ o dlpee) = ( [t de) > g ( /. fd0>+1= [ £amen+1

holds for all k € N, respectively. We shall proceed as follows:
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There is v € V such that 0g(v) < w and such that the functions in G
are (P,V,)-based integrable over E with respect to 6 for the subsystem
Vo = {pv | p > 0} of V. All functions in G are supposed to be measur-
able, thus their ranges are separable with respect to the symmetric relative
v-topology by (M2) in Section 1.2. For every g € G, let A(g) be a countable
dense subset in the range of g. Recall that by our assumption all elements of
A(g) are bounded in P. Following Definition 5.6, that is the (P, V,)-based
integrability of the functions in G, for every g € G and n € N there is a
function g, € Fn(X,P) and s, € Fn(X,V,) such that

1
9=5 G+ Sn, 9n =g Yng + s, and / spdf < W
E

for some 1 < 7, < 1+ 1/n. The latter implies that fE Spdw < 1/n for
all w € Q. Again, measurability guarantees that there are countable dense
subsets A(g,,) in the respective ranges of the functions g,. Now, recalling the
definition of the cone Fn(X,P) in Section 2.3, for every n € N and m € N
there is a step function hy’ € Sw(X,P) such that hy' (z) < gn(z)+ (1/m)v
for all x € E. Obviously, the range A(hy" ) of hy' is finite. We denote by B
the union of all the sets A(g), A(gn) and A(h]!), for g € G and n,m € N,
and by

C{Zpibi+5v|bi68, 0<p; €Q, 0<6e@}.

i=1

This set is also countable, and all its elements are v-bounded in P by our
assumption on the functions g € G. Finally, let Py be the closure of C in
P with respect to the symmetric relative v-topology. Then Py is a subcone
of P, separable, and all of its elements are wv-bounded, that is bounded
with respect to the neighborhood subsystem V), which itself is contained in
Po. Moreover, the above shows that all functions in G are indeed (P, Vy)-
based integrable (see 5.6) over E, hence over all subsets G € R of E, with
respect to the family 2 of P*-valued measures. Proposition 5.10 now yields
that all these functions are contained in F(pg o,)(X,Py), where y denotes
the family of the restrictions to Py of the measures in {2, and that

/ng(uoﬁ)oz/cgd(uoﬁ)=u(/ng9)

holds for all g € G, p €7 and subsets G € R of E.

We proceed to apply Lemma 5.34 to the cone (Py,V,) in order to show
that the family €y of Pj-valued measures is weakly sequentially compact.
As we mentioned before, the elements of P, are bounded, and P, is separa-
ble in the symmetric relative v-topology. For equiboundedness of the family
Q, let € > 0 be a neighborhood for R. Correspondingly, we choose the
neighborhood v € V, and conclude that
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(no0)op(v) = p(0p(v)) < plew) < e

for all (uo®)y € Qp, since all functionals p € 7 involved are contained
in w°®. This shows that 2 is indeed equibounded. Likewise, )y is seen to
be uniformly strongly additive. Indeed, let E,, € R such that E, D F,.
and (,,cy En = 0. Following 5.30, given & > 0, there is ny € N such that
0p, (v) <ew forall n>ny and 6 € ©. Thus

(Lo b)p, () =(nob)s,(v) =p0s, ) < ple,(v) <e

for all (nof)y € Qy and n > ny. Thus, following Lemma 5.34, the family
Qp of Pj-valued measures is weakly sequentially compact.

We may therefore assume that the sequence ((pk o 9)0) pen from the first
part of this proof converges setwise to some bounded Pj-valued measure w.
We abbreviate wy, for (ug o6)y and recall that either

@ [ fdo> [ fudnsr o o) [ fuda> [ ant

holds for all k € N, respectively.
Next we shall argue that (wx),f ;< w. In fact, we shall demonstrate

that %(wk,E,g) = 0 for every g € {f., f*}. For this, let E,, € R for
m € N be subsets of E such that E,, D E,,11 and (),cyEm = 0. Let
€ > 0. Because the function g is supposed to be strongly integrable over E
with respect to 0, Lemma 5.32(b) yields that for £ > 0 there is my € N
such that [, gdf <O (/5 9db) +ew for all m > my. Because the element
J 9df is supposed to be bounded in Q, we infer that O ([, gdf) =0 (see
Proposition 1.5.10(c)). We have

/gdwkzuk(/ gde)g
E.. En

for all m > mgy and k € N, since ux € w°®. Thus

lim (hm/ gdwk) <e
m—oo \k—> JE,,

lim (hm/ gdwk> <0.
m—oo \k—00 E

for all € > 0, hence

This shows

Ns(wk, F,9) = sup {hm (hm/ gdwk>}_0.
(Em)eg \m—oo \k— JE
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Now, finally, our preceding convergence theorems will yield a contra-
diction. We shall apply them to the cones P, and R, the sequence of
measures (wg)geny and w, and the given functions f,, f, f.., f«, [ f*. First,
Lemma 5.14(a) states that all functions involved are in F(g o uqw)) (X, Po).

Moreover, Lemmas 5.14(b) and 5.20(b) demonstrate that

/fdwzlim/fdwk.
E k—oo J g

In case (a), Theorem 5.23 yields

/fmshm fo e
F k—oo J F

since O ([ fdf) = 0, contradicting our assumption at the start of this
argument. Similarly, in case (b), Theorem 5.24 leads to

i [ fodans [
k?HOO F a

contradicting the corresponding assumption for this case. In case (c), finally,

Theorem 5.25 yields
/ fdw = lim / fnp dwi,
r k—o )@

contradicting the assumptions of both cases (a) and (b). This completes our
argument. 0O

As we established in 1.5.57, every locally convex cone can be canonically
embedded into a larger locally convex complete lattice cone whose order con-
tinuous lattice homomorphisms support the separation property. The corre-
sponding requirement in Theorem 5.36 can therefore be met if we use this
standard lattice completion for Q. In Section 6 below we shall identify sev-
eral special cases where Theorem 5.36 can be applied.

6. Examples and Special Cases

The generality of our approach to measures and integrals allows a wide range
of settings, depending on the choices for the locally convex cones (P,V) and
(Q,W). We shall present a selection of these special cases in this section.
Throughout the following, we shall assume that (P,V) is a quasi-full lo-
cally convex cone and that (Q,V) is a locally convex complete lattice cone.
(Py,V) shall denote the standard full extension of (P,V) into a full cone,
as elaborated in Section 6 of Chapter I. (Qp, Wy), on the other hand, will
stand for a locally convex cone whose standard lattice completion in the sense
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of 1.5.57 is (Q,W). We shall generally use the notations of the preceding
sections. In particular, SR stands for a weak o-ring of subsets of a set X,
and 6 is a bounded measure on R. The concepts of the preceding Sections 4
and 5, in particular our notions of integrability, will be applied to the full
cone (Py,V) instead of (P,V).

Some of our general notions are considerably simplified in special cases. In
the first set of examples we shall discuss the specific insertions for P and Q
that lead to classical integration theory.

6.1 The case Q@ = R. If we choose @ = R with the canonical order and
the neighborhoods V = {¢ € R | ¢ > 0}, then the values of the measure
0 are linear functionals in the dual cone P* of P, and for each a € P the
mapping

Er0p(a): R—-R
is an extended real-valued measure on R. The modulus of the measure 6 is
given by

10|(E,v) = sup {Z 0, (s;)

i=1

si € P, s; <w, F; € R disjoint subsets ofE},

which is an element of R, for E € R and v € V. Boundedness therefore
means that for every E € R thereis v € V such that |0|(F,v) < +oo. This
coincides with Prolla’s notion of finite p-semivariation in [155] (Ch. 5.5).
A bounded measure can be extended to the full cone (Py,V) as elaborated
in Section 3.8. Integrals of P-valued functions with respect to an £(P,R)-,
that is P*-valued measure are also in R. For a meaningful statement in our
Convergence Theorems 5.22, 5.24 and 5.25 we need to enforce that fF fedl <
400 and [, f*df < 4oco in this case.

6.2 Extended Positive-Valued Functions and Measures. We obtain
classical integration theory for extended positive-valued functions with re-
spect to extended positive-valued measures if we choose P = R,, endowed
with the singleton neighborhood system V = {0} (see Example 1.2(b) in

Chapter I), and Q@ = R. The dual Ri of R, consists of all elements of
R, (via the usual multiplication) and the singular functional 0 such that
0(a) = 0 for all & € R, and 0(4o00) = +00. Every R -valued measure 6
is therefore M-bounded and can be expressed as the sum of an R,-valued
measure A in the usual sense and a measure §° that takes only the values
0 and 0.

Because the symmetric relative topology renders the Fuclidean topology

on the interval (0,+00), and the elements 0 and oo as isolated points (see
Example 4.18(a) in Chapter I)7 R, is separable in this topology. Our notion
of measurability from Section 1 for R,-valued functions therefore coincides
with the usual one in this case. Continuity for an R,-valued function defined
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on a topological space X does however require that this function takes the
values 0 and oo only on respective subsets of X that are both open and
closed.

Because v = 0 is the only neighborhood for R., according to Section 4,
the integral of a measurable function f over a set F' € 2Ap with respect to
a measure 6 is defined as

/fdezsup{/ hdf | h € Sw(X,P), hgf},
F F

that is the classical definition of the integral.

6.3 Extended Real-Valued Functions and Positive-Valued Mea-
sures. We obtain classical integration theory for R-valued functions with
respect to positive-valued measures if we choose P = Q = R. The dual R
of R consists of all positive reals (via the usual multiplication) and the sin-
gular functional 0 such that 0(a) = 0 for all @ € R and 0(+oc) = +o0.
Every R -valued measure 6 is therefore |-bounded and can be expressed as
the sum of a positive real-valued measure @' in the usual sense and a mea-
sure 6° that takes only the values 0 and 0. The notion of measurability
from Section 1 for R-valued functions coincides with the usual one.

Let f be a measurable and bounded below R-valued function, and let
F € Ap. For a neighborhood w = ¢ € W the step functions s € v. are
invertible, and for a step function h € Sx(X,R) such that h < f + v, we
have h' < f with A’ = h — s € Sx(X,R) and Jphdd < [,.hdd+e. This
shows

(e)
/ fd9<sup{/hd9|h€8m(X,P),h<f}+s
F F

and consequently

/fdesup{/ hdf | h € Sw(X,P), hgf},
F F

the usual definition.

6.4 Real- or Complex-Valued Functions and Measures. In the pre-
ceding example we integrated R-valued functions with respect to positive
real-valued measures. Alternatively, we may consider real- or complex-valued
functions, that is P = K for K =R or K = C with the usual Euclidean
topology and the equality as order. The vector space dual Py, of K is of
course K itself, whereas its dual P* as a locally convex cone consists of the
real parts of these evaluations (see Example I.2.1(C)). For Q we choose the
simplified standard lattice completion K of K which consists of all bounded
below R-valued functions on I', the unit circle of K, endowed with the
(strictly) positive constants as neighborhoods (see Example 1.5.62(F)).
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We consider K-valued measures E +— 6 : R — K in this case, yielding
continuous linear operators 0g from K to K via the convention

0 (a)(y) = Re(va b, p)

for £ €R, a€ K and v € I'. According to 3.2 we calculate the modulus
of such a measure for every E € ‘R as

10| (E,B)(v) = sup {Z?Re(*ya b ) ‘ la;] <1, E; € R disjoint subsets of E}
i=1

= sup {Z |0g, | ‘ E; € M disjoint subsets of E}

=1

forall v € I', where B € V stands for the unit ball in K. This is of course the
usual notation for the total variation var(¢,E) of a real- or complex-valued
measure on a set E (see III.1.4 in [55] or Section 6.1 in [179]). A simple
argument (see Lemmas IT1.1.5 and I11.4.5 in [55]) shows that

0|(E,B) <4sup{|0c|| G €R, GCE} <+

for every E € R in this case. Hence any K-valued measure is PR-bounded in
the sense of Section 3.6 and may therefore be extended to the standard full
extension

Pr={a+aB|aecK, a>0}
of P =K, setting

0p(a+aB)(v) =0p(a)(y) + al6|(E,B) = Re(va by ) + 0| (E,B)

for all v € I'. The notion of measurability from Section 1 for K-valued
functions coincides with the usual one. A measurable function f is contained
in Fr(X,K) if on every set F € R it can be uniformly approximated by
a sequence of step functions. It follows from our convergence theorems that
the integral of f over E is the limit of the integrals of this sequence of step
functions. Integrability in the sense of 4.12 and 4.13, however reaches beyond
this requirement. Integrals of K-valued functions are evaluated in K, that is
as R-valued functions on I'. However, since according to Corollary 5.9 these
integrals are elements of the order closure of the embedding of K into K,
hence are K-linear by 1.5.60(b). We may therefore identify the integral in the
usual way with a number in K, setting

() ()

in the real, and
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(forao) = (fprao) =i ([ sa0)0

in the complex case, respectively. Moreover, given v € I' we have

YELORSIVAL

for every step function h € Spy(X,K). Because h < f+1v,, holds if and only
if vh <~f+v, for h € Sx(X,K) and f € Fn(X,K), we have

</F(w)'yfd9>K:7</;U)fd9> .

K

Consequently, F(rg)(X,K) is a vector space over K, and the mapping

f — </ fd9> : 7(F’9>(X,K) — K
F K

is linear over K.

6.5 The Case that Q Is the Standard Lattice Completion of Some
Subcone Qq. Suppose that (Q,W) is the standard lattice completion of
a locally convex cone (Qg, W) (see 1.5.57), and suppose that the measure
0 is indeed £(P, Qp)-valued. The closure of Qy in Q with respect to the
order topology was seen to be a subcone of the second dual Qjf (see Sec-
tions 1.5.60 and I.7.3) in this case, and following Corollary 5.9, integrals of
(P, V)-based integrable functions in F(X,P) are therefore elements of Q.
Stronger statements can be obtained for certain types of integrable functions.
We shall develop these in the following remarks:

Remarks 6.6. Let A be a relatively bounded subset of P, that is, A is
bounded below, and bounded above relative to some element ag € P. Let
E € R. We observe the following:

(a) The convex hull of AU {0}, that is the set

A = {zn: (67147}

i=1

aiEA, 0<a; €R, Zaigl}

i=1

is also bounded below and bounded above relative to ay. Indeed, given v € V
let A,p > 0 such that 0 < ay+ Av, 0 <a+ I and a < pay+ \v for all
a € A. Then for any choice of a; € A and 0 < a; € R such that > ;' o; <1
we have

0< iai(ai + M) < Xn:aiai + v

i=1 =1
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and
n

Z%aZ < Zal (pap + Av) +p( al) ag + W) < pag + A(1 + p)v.
=1 i=1 =1

This yields our claim.
(b) For every E € R the set

Z(AE) {Z 0, (a;) | a; € A, E; € R disjoint subsets of E}

=1

is bounded below, and bounded above relative to the element 6g(ag), hence
Z(A, E) is a relatively bounded subset of Q. Indeed, given w € W there
is v € V such that |0|(E,v) = 0g(v) <w. In turn, there are A,p > 0 such
that 0 <a+ v and a < pag+ \v for all a € A. We may also assume that
0 < payg + Av. Now let ay,...,a, € A and let Fy,..., E, € R be disjoint
subsets of E. Then

n

Z (a; + W) = ZHEi<a7:)+)\Z€Ei Z A(a;) + dw
i1 i=1 i=1

and

n

ZHE a;) < ZGE pap + M) < 0p(pag + Av) < plg(ag) + w.

=1 =1

The set Z(A, E) is therefore bounded below and bounded above relative to
the element 0g(ag), thus relatively bounded in Q.

(¢) Now recall from Section 1.5.57 that the order topology of the stan-
dard lattice completion Q of Qq coincides with the topology of pointwise
convergence on the elements of Qf. Thus, according to 1.7.3 the limit in Q
with respect to order convergence of any net in the relatively bounded set
Z(A,E) C Qy C Q from (b) is contained in the relative strong second dual
(QO):T‘ of QO-

(d) Let E €NR, let ¢1,...,¢, be non-negative measurable real-valued
functions such that >, ¢; < xg and let ai,...,a, € A. For each i =
1,...,n let (¢} a;)ren be a sequence of step functions approximating ¢;«a;

as in 5.27 and 5.28, that is

0 < i < and lim / Yiea; do = /(pi::ai db.

k—o0 X

According to 5.27, these step functions w,igai are of the type
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k
> X pume(agai),
=1
with disjoint sets E](»i’k) € R whose union is E, with 0 < a; <1 and such
that Z;?:l X i < ;. For every k €N let

n

n k
hi, = wa‘@ai = ZZXEy,k)@(ajai).

i=1 =1 j=1

As
n k n
E E QX ik < E vi < XE,
i=1 j=1 ! i=1

the step function hj can be expressed as

p
hi =Y Xmebi,
-1

where Fi,...,F, € R are disjoint subsets of £ and by,...,b, are suitable
convex combinations of the elements of the relatively bounded set A = AU{0}
(see 6.6(a)); more precisely

by = Z Biai,
=1

where (3; is the sum of all those a;, for j =1,...,k, such that F; C E;Zk)
Thus the integral

P
/ hidf = 0 (br)
X =1

is contained in the relatively bounded subset
Z(AE) = {Z 0, (a;) ‘ a; € A, E; € R disjoint subsets of E}
i=1

of Qy. We have

/ <Z<pi>gai> do = lim | hydo,
x \‘ k—oo ) x
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hence according to (c), the integral of the function Y ." | ¢;=a; is contained in
the relative strong second dual (Qg)s. of Qy. The same applies to integrals
of this function over sets F' € 20, since the functions ¢; may be replaced
by the functions xpy; in the preceding argument.

(e) If for a function f € F(pg)(X,P) thereis a net (f;);cs consisting
of functions >, pjea; as in (d) such that [, fdf = limjecs [, f; df, then
according to (c), [ fdf is also contained in (Qp)j,..

We summarize:

Proposition 6.7. Let (P,V) and (Qy, Wh) be locally convex cones such that
(P,V) is quasi-full, and let 6 be an L£(P, Qp)-valued measure. Let F € Ass.

(a) For every (P,V)-based integrable function in f € Fip g (X, P) the inte-
gral fF fdo is contained in Qf, the second dual of Qp.

(b) Let E € R and let A be a relatively bounded subset of P. If for
[ € Fro(X,P) there is a net (fj)jey consisting of functions
S piea;, where p; are non-negative measurable real-valued functions
such that Y i ¢; < xg and a; € A, and such that fFfdQ =
limjes [, f;dO, then [, fdO is contained in (Qp)s,.-

We shall obtain a further strengthening of these observations in some spe-
cial cases.

6.8 Compact and Weakly Compact Measures. Let 6 be an £(P, Qp)-
valued measure, where (P,V) is a quasi-full and (Qy, Wp) is a locally convex
cone such that (Q, W) is its standard lattice completion. Such a measure
0 is called compact (or weakly compact) if for every E € R and every
relatively bounded subset A of P the subset

Z(AE) = {Z 0, (a;) ‘ a; € A, E; € R disjoint subsets of E}
i=1

of Qp is relatively compact in the symmetric relative topology (or in the
weak topology o(Qo, Qj)) of Qy (see 1.4.6).

Recall from Lemma 1.4.7 that the symmetric relative topology is finer than
0(Qo, 9Q), and from 1.5.57 that o(Qp, Qf) is finer than the induced order
topology on Qg which is however still Hausdorff. The latter two topologies
coincide, if all elements of Q are bounded (see 1.5.57). Moreover, o(Qy, Q)
coincides with its own relative topology (see 1.4.6). We observe that every
subset Z of Q which is relatively compact in the symmetric relative topol-
ogy is also relatively weakly compact. Indeed, the closure Z of Z with
respect to the symmetric relative topology is contained in its closure z"
with respect to the weak topology. Z is compact in the former, hence also
in the latter topology, thus weakly closed since o(Qg, Qf) is Hausdorff. We
infer that Z = Z", and our claim follows. Every compact measure 6 is
therefore also weakly compact.
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For a set E € R and a relatively bounded subset A € P we denote by

i=1

a; € A, 0 < ; measurable, Z%‘ < XE} .
i=1

Clearly Z(A,E) C I(A, E) C Q. Conversely, we observed in Remark 6.6(d)
that Z(A, E) is contained in the closure of Z(A, E) with respect to the order
topology of Q. If the measure 6 is compact (or a weakly compact), then
the (weak) closure Z(A,E)" of Z(A,E) is weakly compact and therefore
also compact in the coarser induced order topology, and indeed closed in Q
as the order topology is Hausdorff in this case. This demonstrates that

e —

I(AE) C 2(A,E)" c Q

in this case. Consequently the set Z(A, E) is also (weakly) compact in Qj.
We summarize:

Proposition 6.9. Let (P,V) and (Qo, Wy) be locally convex cones such that
(P,V) s quasi-full. An £(P, Qp)-valued measure 0 is compact (or weakly

compact), if and only if for every E € R and for every relatively bounded
subset A of P,

{ / (Z (,0> 0

i=1

a; € A, 0 < p; measurable, ngi < XE}

i=1
is a relatively compact (or relatively weakly compact) subset of Q.

Corollary 6.10. Let (P,V) and (Qy, W) be locally convex cones such that
(P,V) is quasi-full and let 0 be an £(P, Qp)-valued relatively compact mea-
sure. Let E € R, F € UAr and let A be a relatively bounded subset of
P. If for f € Fire)(X,P) there is a net (f;)jey consisting of functions
S wisa;, where @; are non-negative measurable real-valued functions such
that Y7 @i < xg and a; € A, and such that [, fd0 = limjey [ f;dO,
then [, fdf is contained in Q.

The following consequence of Theorem 3.15 yields that in certain special
circumstances every bounded measure is weakly compact.

Proposition 6.11. Suppose that (P,||||) is o finite dimensional normed
space and that (Q,W) is the standard lattice completion of a Banach space
(Qu, I ). Then every bounded L£(P, Qy)-valued measure is weakly compact.

Proof. Let (P,|||) and (Qu,]|l||) be as stated and let 6 be a bounded
£(P, Qp)-valued measure on R. We consider both P and Qy as normed
spaces over R. Given a basis {b1,...,b,} of P, there is a constant p > 0
such that
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2 P( max |5k|)

for every choice of scalars (1,...,8n € R (see for example Lemma 2.4.1
n [107]). Now let £ € R and let A be a bounded subset of P. According
to the above then there exists A > 0 such that

A c{Zﬁkbk\ﬁkeR, |ﬂksx}.
k=1

We fix 1 <k <m. Theorem 3.15 yields that the set
2y ={0c(bx) | G €N, G CE}

is relatively compact in Qg with respect to the weak topology o(Qq, QF).
Now let E; € R, for ¢« = 1,...,n, be disjoint subsets of E and in a first
steplet 0 < B <pB2... < ﬂ,’; < 1 Set Fy =i, Ei;, F»=U;,E;, andso
on, and F,, = F,. Then

> B0k, (bk) = BLOr (be) + > (B — B )0k, (be).
i1 i—2

The element Y » | Bi0p, (b) is therefore contained in the convex hull Z,
of the set Zj. Following a well-known theorem due to Krein (see Theorem
IV.11.4 in [185]) this convex hull is again relatively weakly compact in Q.

So, obviously is the set —Zj. Using this, we infer that indeed for every choice
of B € R suchthat |5} <1 forall i =1,...,n theelement 331", 3;0p, (br)
is contained in relatively weakly compact set yk = Zk + (= Zk)

Thus for every choice of elements a; = > -, Bibx € A and disjoint subsets
E; € R of E wehave |Bi] <\ forall i=1,...,n and k=1,...,m, hence

ie&(an = ZZﬁ,ﬁE (b) € A (Z yk)

k=1 i=1

As a finite sum of relatively weakly compact sets (see V.2 in [185]), the
set on the right-hand side is also relatively weakly compact in Q, and our
claim follows. O

6.12 The Case that P Is a Locally Convex Vector Space. Let (P,V)
be a locally convex topological vector space over K =R or K = C, endowed
with a basis V of balanced convex neighborhoods, that is subsets of P.
Equality is the order on P, and involving the neighborhoods we have a <
b+v if a—bew for a,b€ P and v € V. As alocally convex cone (P,V)
is of course quasi-full (see 1.6.1). The modulus of an £(P, Q)-valued measure
0 is given by
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|0](E,v) = sup {Z 0, (s;) ‘ s; € v, E; € R disjoint subsets of E} € Q.

i=1

According to Lemma 2.5, the cone Fx(X,P) as introduced in 2.3 consists
of those P-valued functions that vanish outside some set E € 8 and may
be uniformly approximated on X by step functions; more precisely: for f €
Fn(X,P) thereis E € R such that f(x) =0 for all x € X \ E and for
every v € V there exists a step function h € Sy (X, P) such that h(z) —
f(z) €wv for all z € X. Any such function f is measurable by Theorem 1.7.
Consequently, the functions in Fg (X, P) are uniformly bounded on all sets
in R. We have af € Fx(X,P) whenever f € Fr(X,P) and a € K. Every
measurable neighborhood-valued function s € F(X,R,) is however contained
Fn(X,P,), since its values are positive. For a positive real-valued measurable
function ¢ and a neighborhood v € V, for example, the function p.v is
measurable, hence in F(X,Py). Recall that V-valued measurable functions
are integrated using the canonical extension of the measure 6 to the full cone
(P,,V) as elaborated in Section 3.8.

According to 4.12, a P-valued function f is integrable over a set F € R
if for every w € W and e > 0 there are functions f(, ) € Fx(X,P,) and
S(w,e) € Fnr(X,V) such that

faéE f(w,s) aéE 'Yf + S(w,e)

and [, S(w,e)d0 < ew for some 1 < <1+e. A straightforward argument
involving the uniform boundedness of the functions in Fn(X,P) leads to a
slight simplification in this case, avoiding the relative topologies: A function
f € F(X,Py) is integrable over a set E € R if for every w € W there are
functions f, € Fn(X,P,) and s, € Fr(X,V) such that

(I) fagE fw 0§E f + Sw and / Sw df < w.
E

The function «f is integrable over E for any « € K, whenever f is. A
function f € F(X,P) is (P,V)-based integrable over E € R (see 5.6) if
there are f, € Fr(X,P) and s, € Fx(X,V) such that

fose fotsw  foess [+s, and /swdHSw.
E

Considering that the functions in Fx(X,P) can be approximated by step
functions, this is equivalent to the following condition for integrability which
is only slightly stronger than (I):

For every w € W there is a step function h, € Sx(X,P) and s, €
Fn(X,V) such that

(BI1) f(x) — hy(z) € sy(r) ae.on E  and / Sy dO < w.
E
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(Set fu = hyw + Sw € Fn(X,P,) in order to satisfy (I).) Condition (BI1)
yields indeed strong integrability in the meaning of Section 5.18, since it
obviously implies that f < hy + sy, hence

/fd&g/hwd9+/swd9§/hwd9+w
a a G €]

for all subsets G € R of E. Somewhat stronger than (BI1) is the following
sufficient integrability condition: For v € V let |||, denote the correspond-
ing seminorm on P, that is ||all, = inf{\ > 0| a € Av}. We require that for
every v € V and w € W there is a step function h, ., € Sn(X,P) such
that the positive real-valued function  +— || f(x) =y w)(z)[|, is measurable
and

(BI2) / I = Bpullo=v df < w.
E

Condition (BI2) obviously implies (BI1) since, given w € W we choose
any v € V and set s,(x) = [[f(2) — hyw)(x)||v. Then obviously f(z) —
hy,w)(x) € 5y(x) holds for all € E, hence (BI1). Moreover, a function f €
F(X,P) satistying (BI2) is (P, Vy)-based integrable over E with respect to
6 for every one-dimensional neighborhood subsystem V, = {pvy | p > 0}, for
vy € V. This is one of the requirements in Theorem 5.36. In the special case
that (P,V) is a normed space, that is V = {pB | p > 0}, where B is the
unit ball in P, condition (BI2) leads to the well-known notion of Bochner (or
Dunford and Schwartz) integrability (see for example II11.2.17 in [55] or 1.2
in [43]). This will be further elaborated in Section 6.18 below.

In all of the above cases, integrability is then extended to sets F € An
as in 4.13. Convergence for sequences of P-valued functions as required in
Theorems 5.23 to 5.25 and 5.34 refers to pointwise convergence with respect
to the vector space topology of P. If the measure 6 is strongly additive and if
the order continuous linear functionals on the locally convex complete lattice
cone (Q,W) support the separation property (see 1.5.32), then the strong
convergence statements of Theorem 5.36 apply to functions satisfying (BI 2).

We already observed that the functions which are integrable over a set
E € R with respect to any of the above criteria form also a vector space over
K in this case.

Now suppose in addition to the above that (Q,) is the standard lattice
completion of some subcone (Qgy, Wy) and the measure 0 is £(P, Q)-valued
(see 6.5). Then, according to Theorem 3.11 countable additivity for 6 refers
to the strong operator topology of £(P, Q). Moreover, following Proposi-
tion 6.7(a), integrals of (P,V)-based integrable functions in F(X,P) are
elements of the second dual Qf of Qy. We shall make a few supplementary
observations for the case that (Qg, W)) is indeed a vector space over K = R
or K=C:

(i) If (Qop,M) is a locally convex topological vector space over K,
then the (P,V)-based integrable functions in F(X,P) form a vector space
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Fro,81)(X,P) over K. The integrals of functions in F(p g pr)(X,P) for
F € 2y are contained in the order closure of Qy in Q, hence are K-linear
(see I.5.60(b)) and therefore elements of the second vector space dual Q)
of Qo.

(ii) If the locally convex space Qy is indeed topologically complete, and
if a function f € F(X,P) fulfills the integrability criterion (BI1), then for
every E € R its integral [}, fdf in Q may be approximated in the symmet-
ric (modular) topology of Q by a net ([ hidf), , of integrals over step
functions. Integrals over step functions are however contained in the com-
plete subspace Qy of Q. The Cauchy sequence (fE hy, dG)neN is therefore
convergent in Qy and its limit, that is [ g [ dO is also contained in Qp.

(iii) If the locally convex space Qg is reflexive, then every bounded
L£(P, Qp)-valued measure 6 is seen to be weakly compact. Indeed, for ev-
ery E € R and every bounded subset A of P the set

Z(AE) = {Z 0, (a;) ‘ a; € A, E; € R disjoint subsets of E}
i=1

from 6.8 is bounded in Q (see Remark 6.8(3)), hence relatively weakly
compact, since this holds for all bounded subsets in reflexive spaces.

(iv) If both P and Qp are locally convex topological vector spaces
over K, then we denote by £x(P,Qy) the space of all continuous K-linear
operators from P into Qp. If the measure 6 is indeed Lg (P, Qp)-valued,
then for every F € 20 the operator

f '—>/ fdo : Fpopn(X,P)— Quy
F

is also linear over K. According to 1.5.60(d) we need to verify two conditions
for this. The first one is obvious, because the additivity of the operator is
given. Likewise, the second condition in 1.5.60(d) is evident for all « > 0.
Thus all left to verify is that

([aras) o= ([ 1a0) .

holds for all f € Fipoprn)(X,P), n€ Q; and v € I', the unit circle in
K. Indeed, this obviously holds true for every step function h € S (X, P).
Because the neighborhoods in V' and in W are supposed to be balanced,
h < f+uv, holds for h € Sx(X,P) and [ € Fx(X,P) if and only if vh <
~vf 4+ vy. Therefore and because the lattice operations are taken pointwise in

Q, we infer that
(w) (w)
</ vf d9> (1) = (/ fd9> ()
F F

Now Definition 4.13 yields our claim. We shall formulate this special case as
a separate Proposition:
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Proposition 6.13. Let (P,V) and (Qg, Wy) be locally convex topological
vector spaces over K =R or K=C and let 6 be a bounded Lx (P, Qy)-val-
ued measure. Then the functions in F(X,P) satisfying (BI1) form a vector
space F(po 1) (X,P) over K, their integrals are contained in the second
vector space dual Qp, of Qo, and the operator

[ /Ffd9 s Fire,pry (X, P) — Qg

1s linear over K.

6.14 Algebra Homomorphisms. Let us consider a special case of 6.13.
Suppose that the locally convex vector spaces (P,V) and (Qy, W) are in-
deed topological algebras over K, and that (Q,W) is the standard lattice
completion of Qy. A topological algebra P is an algebra and a locally con-
vex topological vector space such that for a fixed element a € P (or b € P)
the linear operator ¢ +— ac (or ¢+ c¢b) from P into P is continuous (see
for example 8.1 in [137]). Recall that for a linear operator continuity implies
weak continuity. Thus P is also a topological algebra in its weak topology.
Indeed, for a fixed @ € P and p € P*, the mapping ¢ — p(ac) : P — R
is a continuous linear functional. Thus, if the net (¢;);ez in P converges
weakly to ¢ € P, then p(ac;)er converges to p(ac) in R. The net (ac;)ier
therefore converges weakly to ac € P.

Now suppose that 6 is an R-bounded measure such that its values 0g
for all ' € R of are continuous K-linear operators from P to Qg satisfying
the following condition:

(A) 0g(a)bg(b) = 0g(ab) and 0Og(a)lg(b) = 0 for all a,b € P and
disjoint sets E,G € *R.

Both requirements in Condition (A) may be reformulated and combined as
(A’) Op(a)0g(b) = Oprc)(ab)  forall E,Ge€R and a,beP.
Indeed, (A’) implies (A), and if (A) holds, then for a,b € P and E,G € R

we have

Op(a)0c(b) = (0m\a)(a) + b0isne) (@) (O m) (D) + Oiene) (D) = Oisne) (ab),

hence (A’). Endowed with the canonical, that is pointwise multiplication, the
P-valued step functions form an algebra, and we obtain

/X(hl)dez(/xhdé‘) </de9)

for all h,l € Sy(X,P) as an immediate consequence of (A). Indeed, the func-
tions h and [ can be expressed as h =Y. | xp,ea; and | = > xpgeb;
with disjoint sets F; € R and elements a;,b; € P. Then hl = Y"1 | xg,-a;b;
and
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29& (aib;) = (Z OF, (ai)> (Z 9Ei(bi)> ;

that is our claim.

Now let us denote by Ex (X, P) the vector subspace of F(X,P) generated
by all elementary functions. Recall that elementary functions are of the type
w=a, where ¢ is a bounded non-negative measurable real-valued function
supported by a set in R, and a is an element of P. Obviously, Ex(X,P)
forms also an algebra, as the product of two elementary functions p«a and
eb is the elementary function (p1)=(ab). We would like to establish that
the integral defines a multiplicative operator on Ex(X,P) as well. However,
because integrals of these functions are generally contained in the strong
second dual Qp of Qg rather than in Qp itself, we shall a introduce a
continuation of the multiplication to Qf C Q in the following way: For
elements [,m € Q we denote by [-m the set of all elements ¢ € Q for which
we can find nets (I;)icz and (m;)jey in Qy C Q such that lim;erl; =1,
limc7m; = m and

lim lim /;m; = lim lim /;m; = lim lim /;m; = limlim [;m; = q.
i€l jeg i€l j&J JeJ ieT jeJ i€l

Our introductory remark shows that for elements [,m € Qy we have [.m =
{lm}, since on Q) C Q weak and order convergence coincide (see 1.5.57).
In general, the set [+m may be empty or contain more than one element of
Q. However, if ¢ € l-m and if p € Q" is a multiplicative linear functional,
then

= lim lim (I;m; = limlim [; i(pn) =1 .

q(w) = lin lim (L) () = lian i £ () m (1) = 1) mipe)

Now let f = ¢psa and g = ¥«b be two elementary functions. Their product
fg is the elementary function (p1)=(ab). Let (on)nen and (¢, )nen be the
sequences of real-valued step functions converging to ¢ and v as in 5.27
and 5.28. Thus

n—00 n—00

lim ppoadld = / fdo and lim Ypebdl = / gdo
X X X X

by 5.28. For every fixed m € N the sequence (@9 )nen converges pointwise
to the function ¢,,%, and we have 0 < ¢,,¥, < 1y for all n € N. This
shows

}LLI?O{ </timxa) (/Xwnxbcw)}=grolo/x(gomwn)x(ab) dG:/X(apmw)w(ab) do

by Corollary 5.28 and the above. Furthermore, the sequence (%) men con-
verges pointwise to the function ¢, and we have 0 < ¢, < @i for all
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m € N. Again using 5.28, this yields

fim | (pm)-(ab) db = /X (1) (ab) df = /X (f9) db,

m—0o0

Tim_Tim { ( /X @,n®a> ( /X z/;nzbdﬁ) } = /X (fg)do.

Similarly, one verifies

lim nlliinoo{ ( /X <pmz<a> ( /X %.bd@) } = /X (fg)do.
Thus indeed
/X(fg)dee (/Xfcw).(/xgde)

Finally, let f,g € Ex(X,P), thatis f = 220:1 fi and g = Zl,z“:l fr with ele-
mentary functions f;, gr. For each of these functions there are approximating
sequences (h),en and (eF),cy of step functions as in the preceding step

i .
of our argument. We set h, = > 2", fi and e, = >}, ek. The sequences

(/ hy, d@) and (/ en d9>
X neN X neN

in Qp then converge to [, fdf# and [ gdf, respectively. For all n,m € N

we have |
([oman) ([ en0) = >y [ ek o,

i=1 k=1
and for fixed 7 and k

hence

lim lim hjneﬁdaz/ (figr) do
X X

n—oo Nn—0o0

by the above. This yields

ko

%Enw7}ggo{(/)(hmd9) (/Xencm)}:iZ/X(figk)dez/X(fg)dH.

i=1 k=1

Reversing the parts of n and m leads to the same result. Thus indeed

fuw e ([sw)-(f)

holds for all f,g € Ex(X,P), provided that the measure 6 satisfies (A).
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If both (P,V) and (Qp, W) are topological algebras with an involution,
that is a continuous operator a +— a* such that (a+b)* = a* +0*, (aa)* =
aa*, (a*)* =a and (ab)* = b*a* for a,b in P orin Qy, respectively, and if
the £(P, Qp)-valued measure 6 satisfies

(A*) Op(a*) = (0p(a))" forall E€ R and a € P

in addition to (A), then a similar property can be derived for the integrals of
functions in Ex(X,P). Analogously to the above extension of the multipli-
cation in Qy, for an elements [ € Q we denote by [* the set of all elements
g € Q for which we can find a net (I;);ez in Qy C Q such that lim;ezl; =1
and
lilerg l; =q.

The continuity of the involution in Q shows that for [ € Q, we have
I* = {I"}. Otherwise, the set {* may be empty or contain more than one
element of Q. Canonically, for a function f € F(X,P) we denote by f* €
F(X,P) the function = — (f(x))* Then an argument similar to that for

the multiplication yields
*
/ frde e (/ fd0>
X X

for all f € En(X,P) and every £(P,Qp)-valued measure ¢ which satis-
fies (A) and (A*).

Because both xpof, xpeg € Ex(X,P) whenever f,g € Ex(X,P) and
F € Ux, and because [, fdf = [ xpofdf, the above properties apply
also to integrals over measurable subsets F' of X.

We formulate this as a further proposition:

Proposition 6.15. Let (P,V) and (Qy,Wy) be topological algebras over
K=R or K=C and let 0 be a bounded Lx(P,Qp)-valued measure such
that Op(a)0c(b) = 0(gng)(ab) holds for all E,G € R and a,b € P. Then

fumae (fr) (o)

holds for all f,g € Ex(X,P). If both (P,V) and (Qo, W) are topological
algebras with an involution a v a* and if 0 satisfies Og(a*) = (GE(a))* for
all E€R and a € P, then

/Xf*dee (/dea)*

holds for all f € Ex(X,P).
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The case that Qy = K. If Qg = K, that is if the values fg of the measure
0 are K-linear functionals on the algebra P, then Condition (A) means
that all functionals g are multiplicative and that for disjoint sets F,G €
R we have either g = 0 or g = 0. Thus 6 takes at most one non-
zero value, that is some multiplicative K-linear functional in P*. In special
cases (see also Section 4.7 in Chapter III below) we infer that 6 is indeed
some point evaluation measure. Condition (A*) for an algebra with involution
means that 0g(a*) = 0g(a) holds for all £ € R and a € P.

6.16 Lattice Homomorphisms. In Section 5.1 of Chapter I we defined a
locally convex V-semilattice cone to be a locally convex cone (P,V) with the
following properties: The order in P is antisymmetric, for any two elements
a,b € P their supremum a Vb exists in P and

(V1) (a4+c¢)V(b+c)=aVb+c holds for all a,b,c € P.
(V2) a <c+wv and b < c+w for a,b,c € P and v,w € V implies that
aVb<cH (v+w).

In case that the locally convex cone (P,V) is quasi-full, (V2) may be replaced
by the somewhat simpler condition

(V2) a<wv for a € P and v €V implies that a V0 < v.

Indeed, suppose that (V1) and (V2') hold in a quasi-full cone (P,V), and
that a <c+v and b<c+w for a,b,c € P and v,w € V. Then a <c+s
and b < c+t for some elements s < v and ¢t < w by (QF1) in 1.6.1. By (V2')
we have sV0O <o and tV0O <w as well. Now a <c¢+sVO0O+tVv0 and
b<c+sVvVO0O+tV0 implies

aVb<c+sVO+tv0o<c+ (v+w)

as required in (V2). Recall from Proposition 1.5.2 that in a locally convex
V-semilattice cone the lattice operation, that is the mapping (a,b) — aVb :
P x P — P is continuous with respect to the symmetric relative topology.

Topological vector lattices and locally convex complete lattice cones in the
sense of 1.5 are locally convex V-semilattice cones. Further specific examples
include R and R, (Examples L.1.4(a) and (b)) and cones of non-empty
convex subsets of a topological vector space with the set-inclusion as order
(Example 1.1.4(c)). The supremum of two convex sets is their convex hull in
this case while infima do not always exist.

In the following let us suppose that (P,V) is a quasi-full locally convex
V-semilattice cone and that 6 is an R-bounded £(P, Q)-valued measure
whose values 0 for all ' € R of are continuous linear operators from P
to Q satisfying the following condition:

(L) Og(a) VOg(b) =0rg(aVvd) and Og(a)VOc(b) =0g(a)+ 0c(b)
for all a,b>0 in P and disjoint sets E,G € *R.

We shall verify below that (L) implies that its first requirement, that is to
say
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GE(a) V HE(b) = HE(G V b),

holds indeed for all, not only the positive elements of P. First we observe
that Condition (L) implies

(i) Op(a) NG (b) < O (0p(a) V(b))
for disjoint sets E,G € R and 0 < a,b € P, as well as
(ii) sup Op,(ai) = > _ 0, ()
for disjoint sets E; € R and a; > 0 in P. For (i), let E,G € R be disjoint
and 0 <a,b e P. Then
QE(CL) V Hg(b) = GE(a) + ec(b) = 0E(a) \Y eg(b) + 9E(a) N ag(b)

by (L) and Proposition 1.5.3. This yields our claim via the cancellation rule
in 1.5.10(a). We shall prove (ii) by induction: For n =1 there is nothing to
prove. Suppose our claim holds for n € N, and let E,...,E,;1 € R be

disjoint sets, and 0 < ay,...,an+1 € P. The inequality
n+1
sup Og,(a;) < ZHE'L (a;)
i=1,...,n+1 i—1

is obvious. For the converse, using Proposition 1.5.3 we infer

n+1
Y 0p,(a;) = sup O, (a;) + 0p,, (an1)
i—1 i=1,...,n
= sup Og(a;)+ sup Og,(a;) A Og,  (ans1).
i=1,...,n+1 i=1,...,n
We have

sup 0p,(a;) Ng,,,(ani1)

i=1,...,n

< sup (0p,(a;i) A0, . (ani1)) + D( sup 9Ei(ai)>

i=1,...,n i=1,...,n+1

by Proposition 1.5.15(b), and for each i =1,...,n
O, (@) A B, (000) < D 0 0) V5, (ain) <O (_sup 6, (00
1=1,...,n+
by (i). Thus Propositions 1.5.10(c) and 1.5.11 yield

n+1

> Op(a) < sup Op,(a;)
=1

i=1,...,n+1
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as claimed. Next we shall verify that

(iii) <Z€El(az)> V (ZGEl(bl)> = ZGEz(az \/bi)

holds for disjoint sets E; € R and a;,b; € P. Indeed, let E = (J!, E;.
Given w € W there is v € V such that 0g(v) < w and A > 0 such that
0<a;+ v and 0 <b;+ v forall i =1,...,n. Because the locally convex
cone P is supposed to be quasi-full, there are s;,t; € P such that s;,t; < Av
and 0 < a;+s; and 0 <b;+1t;. Then s;VO0, t; VO < v by our assumptions
for a semi lattice cone. We set s =" 1(s; V0) + (¢, V0) and conclude that
0<s<nAv aswellas 0<a;+s and 0 <b;+s forall :=1,...,n. Using
this and (ii) from above, we conclude that

(i:m@ﬁ) Vv (Zn:GEi(bi)> +0p(s)
(ig&(ai + 8)> v (ie&(bi + S)>

= sup Op,(a; +s) V sup Op,(b; + )

i=1,...,n i=1,...,n

= sup O, (a; +s) Vg (b;+s)
i=1 n

ERREE)

= sup O, ((a; +5)V (b +5))
- ZaEi((“" +8) V(b +5))

= ZHEI(CLZ vV bz) + HE(S)

i=1

Considering that D(@E(s)) < w and that w € YW was arbitrarily chosen,
now the cancellation law from Proposition 1.5.10(a) yields (iii). Note that (iii)
implies a strengthening of the first requirement in (L): 0g(a)VOg(b)=0g(aVb)
holds for all E' € B& and all (not necessarily positive) elements a,b € P.
The supremum [V g € F(X,P) of two functions f,g € F(X,P) is
canonically defined as the mapping = — f(z)V g(x). If we take into account
the continuity of the lattice operation in P, then Theorem 1.4 yields imme-
diately that the supremum of two measurable functions is again measurable,
and consequently, a brief review of 2.3 confirms that the subcone Fx (X, P)
of F(X,P) is closed for suprema. As an immediate consequence of (iii) we

infer that /X(h\/l)d9= (/th9> v (/de9>

holds for all step functions h,l € Sy(X,P). Now let us denote by S (X, P)
the subcone of all functions f € Fn(X,P) for which there exists a sequence
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(hn)nen of step functions that is bounded below and bounded above relative
to f and such that h, — f. According to Corollary 5.26, this implies
lim [ hy,df = [ fdf. Lemma 5.27 and Corollary 5.28 yield in particular

that Ex(X,P), the subcone generated by all elementary functions, is con-
tained in S (X, P). We proceed to establish that the integral with respect to
a measure satisfying (L) defines a V-semilattice homomorphism (see 1.5.30)
from S%(X,P) into Q:

Let f,g € S%(X,P), and let (hn)ner and (In)nes be the corresponding
sequences of step functions approaching f and ¢ as required above. Because
of the continuity (with respect to the symmetric relative topology) of the
lattice operation in P, this implies h, V1, — f V g, that is the sequence
(hn V ly)nen of step functions converges pointwise to the function fV g €
F(X,P). We shall proceed to verify that this sequence is bounded below and
bounded above relative to fV g, hence the function fV g is also contained
in 8§ (X,P). Indeed, let v be an inductive limit neighborhood for F(X,P).
There are A, p,0 > 0 such that all of the following hold true: 0 < f + Av,
0< g+ Ao (See Lemma 2.4(&)), as well as 0 < h, + Ao, 0 < [, + v,
hy, < pf+ Ao and [, <og+ Av for all n € N. We may indeed assume that
o = p, since otherwise, for example if o < p, we can suitably adjust

ln < (0g+Av)+ (p—0)(g+ Av) = pg + Nv.

Using this, we argue as follows: Firstly, the preceding conditions imply that
0 < hy Vi, + Ao holds for all n € N. Secondly, there are V-valued functions
Spytn € v such that h, < pf + As, and [, < pg + At,. Let =z € X.
Because P is quasi-full, there are 0 < u,,v, € P such that u, < s,(x),
Up < tp(x) and hy,(z) < pf(z) + Au,, and 1, () < pg(x) + Av,. Thus both
hon(2),ln(x) < p(f V g)(x) + A(un + v,) and therefore

(hn \% ln)(m) < p(f \/g)(m) + My +v,) < p(f \/g)(x) + )\(sn + tn)(x)

This shows h, V1, < p(fVg)+ 2\v for all n € N and verifies our claim.
We therefore have

lim hndez/fde, lim lnde:/gde
X X X X

n—0o0 n—oo

and
lim hn\/lndﬁz/f\/gde
X

n—0o0 X

by Corollary 5.26. As

lim hyn V1 df = lim ((/ hnd9>\/(/ lnd9>)
n—00 X n—o0 X X
= lim (/ hndG) V lim (/ lnd9>
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by the above and by Proposition 1.5.25(a), we conclude that

[svmar= ([ sa) ([ o)

holds for all functions f,g € SH(X,P), provided that the measure 6
satisfies (L). In other words, the integral with respect to 6 defines a V-
semilattice homomorphism from S§(X,P) to Q in the sense of 1.5.30. Be-
cause both functions xp«f and xpeg are elements of S§(X,P) whenever
[,9 € Ex(X,P) and F € Ux, and because [, fdf = [y xpofdf, this
applies also to integrals over measurable subsets F of X.

We summarize:

Proposition 6.17. Let (P,V) be a quasi-full locally convexr V-semilattice
cone and let 0 be a bounded Lx(P,Qp)-valued measure such that 0g(a) V
Op(b) =0r(aVvbd) and Og(a)V 0c(b) = 0g(a)+ 0c(b) for all a,b >0 in P
and disjoint sets E,G € R Then

fisena= (frs) ([ )

holds for all functions f,g € SG(X,P).

The case that Q =R. If Q =R, that is if the values 0 of the measure
0 are elements of P*, then Condition (L) means that (i) all functionals 0p
are lattice homomorphisms and (ii) for disjoint sets E,G € R we have either
0 =0 or 0 =0.

Similar concepts and results could obviously developed for locally convex
A-semilattice cones as defined in Section I1.5.1 and A-semilattice homomor-
phisms (see 1.5.30).

6.18 Cone-Valued Functions and Positive Real-Valued Measures.
If P is a subcone of Q, and if the topology induced onto P by the neigh-
borhood system W of Q is equivalent to the topology induced by its given
neighborhood system V), then for every p € R, the mapping

arpa:P — Q,

defines a continuous linear operator. Thus every R,-valued measure 6 on
R, that is
Er—f0g:R—->R,

is an operator-valued measure in the sense of Section 3. In particular,
o-additivity in our sense follows from o-additivity for the R,-valued mea-
sure € in the usual sense using Proposition 1.5.22. Indeed, let E; € R be
disjoint sets, E = J;2, E; andset F,, =J;_, E;. Then 0g = lim 05, € R,.

n—0o0

For o-additivity of 6 as an £(P, Q)-valued measure, we shall first consider
the case that g = 0. Then 0p, = 0 for all n € N, as this sequence is
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increasing. For any a € P this means
o0
> 0, (a) = lim 0, (a) = Op(a) = 0.
n—od
i=1
Otherwise, Proposition 1.5.22 yields
n—oo n—oo n—od

ZGEi(a) = lim 0p, (a) = lim (0p, a) = ( lim Gpn> a=0ga="0g(a)
i=1

as well. For £ € R and w € W there is v € V such that a < b+ v for
a,b € P implies a < b+ w. Then the modulus of the measure 6 is given by

|0](E,v) = sup {Z 0, si

i=1

s; <wv, F; € R disjoint subsets of E}

< sup {Z O, ’ E; € R disjoint subsets of E} w < O w.

i=1

The £(P, Q)-valued measure 6 is therefore bounded in the sense of
Section 3.6 and can be extended to the full cone (B,,V) (see Section 3.8).
In case that (Q,WV) is indeed the standard lattice completion of (P,V) as
introduced in 1.5.57, then Corollary 5.9 (see also 6.5) yields that the integrals
of integrable functions in F(X,P) are indeed elements of the second dual

P of P.

6.19 Vector-Valued Functions and Real- or Complex-Valued Mea-
sures. Let (P,V) be a locally convex topological vector space over K =R
or K =C, endowed with a basis V' of balanced convex neighborhoods, and
let (Q,W) be the standard lattice completion of (P,V), as defined in Sec-
tion 5.57 of Chapter I. Then the topology induced by W onto the embedding
of P into Q is equivalent to the topology induced by its given neighborhood
system V (see 1.5.57). For each p € K the mapping

a—pa:P — Q,

is therefore a continuous linear operator. Thus every K-valued measure 6 on
R, that is
EF—0g  R—-K

is an operator-valued measure in the sense of Section 3. For c-additivity,

let E; € R be disjoint sets, £ = |J;2, E; and set F,, = |J, E;. Then

0p = lim 0y, € K, and lim (0p, a) = ( lim 0p,)a holds for all a € P,
n—oo n—oo n—oo

since (P,V) is a topological vector space, hence the scalar multiplication is

continuous. The £(P, Q)-valued measure 6 is indeed strongly additive in

the sense of 5.32 since for every decreasing sequence (E,)nen of sets in R
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such that (),cy En =0 and € > 0 there is ny € N such that [0p, | <e for
all n > ngy. Because for a € P and w € W thereis v € V and X > 0 such
that a < Av < Aw, hence

Op,(a) =0g, a < \w,

holds for all n > ny. The latter follows since the neighborhoods in V' are
balanced and convex for P. Recall from 6.4 that the total variation var(6, E)
of a real- or complex-valued measure 6 on is always finite. For E € R and
w € W thereis v € V such that ¢« <b+ v, thatis a —b € v for a,b € P
implies a < b+ w. We have vs € |y|v for all v € K whenever s € v for
s € P and v € V. According to 6.12 the modulus of the £(P, Q)-valued
measure 6 is therefore given by

|9|(E,’U) = Sup {ZeEl Si

i=1

s; € v, F; € R disjoint subsets of E}

i=1

=var(0, E) w.

< sup {Z |0g, | ‘ E; € R disjoint subsets of E} w

The £(P, Q)-valued measure 6 is therefore bounded in the sense of
Section 3.6.

Integrability for P-valued functions had been characterized in 6.12. In-
tegrals of functions that satisfy Condition (BI1) are elements of the second
vector space dual Py of P (see 6.12(i)). According to 6.12(iv), the operator

S / A0 : Firopm(X.P) — o
F

is linear over K. Integrals of functions that satisfy Condition (BI2) from 6.12
are indeed elements of the closure with respect to the symmetric topology of
P in Py . In case of a topologically complete locally convex vector space P,
this closure coincides with P.

Neighborhood-valued measurable functions are integrated using the canon-
ical extension of the measure 6 to the full cone (P,,V) as elaborated in
Section 3.8. For a positive real-valued measurable function ¢ and a neigh-
borhood v € V, for example, the function @ev is measurable, hence in
F(X,Py). According to the above for every F € R its integral may be
estimated as [, @vdf < ([ ¢ dvar(h)) w, where var(d) is the positive
real-valued measure E — var(0, FE): R — R and w € W is a neighborhood
such that a < b+ v, thatis a—b € v for a,b € P implies a < b+ w.

Because the locally convex complete lattice cone (Q,W) allows suffi-
ciently many order continuous linear functionals, that is the order continuous
lattice homomorphisms on Q support the separation property (see 1.5.32
and 1.5.57), the strong convergence statements of Theorem 5.36 apply to
functions satisfying Condition (BI2) from 6.12.
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Let us consider the special case that (P,V) is a normed space, that is V =
{pB | p > 0}, where B is the unit ball in P. A vector-valued function f €
F(X,P) is called Bochner (or Dunford and Schwartz) integrable over a set
E € R with respect to a scalar-valued measure 6 (see for example II1.2.17
in [55] or I1.2 in [43]) if for every & > 0 there is a step function h. € Sk(X,P)
such that the mapping « — || f(z) — h.(x)|| is measurable and

/ | f — hel|| dvar(6) < e.
E

Indeed, if the P-valued function f is Bochner integrable, then given w € W
there is € > 0 such that a < b+ B, that is |la — b|| < B for a,b € P
implies @ < b+w. We set hg ) = he € Sk(X,P) and compute

/Ilf—h5||®153 dGS/ If = hel doar(6) < w
B E

by our preceding considerations, hence (BI2) from 6.12 holds for f.

6.20 Operator-Valued Functions and Operator-Valued Measures.
Let NV and H be cones, and let 3 and 9 be families of subsets of N
and of H, directed upward by set inclusion. Furthermore, let (M,U) and
(L,R) be two locally convex cones, and for the respective cones L(N, M)
and L(H, L) of linear operators consider the neighborhoods V(7 for Z € 3
and v € U, and Wy, for Y € Y and r € R (see Section 1.7); that is
S < U+ Vg or R < T+ Wy, for operators S,U € L(N, M) or
R, T € L(H, L), respectively, if

S(z) <U(z)+u forall z€Z, or R(y)<T(y)+r foral yeY.

Let $(N, M) be a subcone of L(N, M) such that all its elements are
bounded below with respect to the neighborhoods V(z,) and such that
the resulting locally convex cone (f)(./\/ ,./\/l),m) is quasi-full. Similarly, let
H(H, L) be a subcone of L(H,L) whose elements are bounded below with
respect to the neighborhoods Wy, and denote the resulting locally convex

cone by (9(H,L),20). Let (S%(H, L), @) be a locally convex complete lat-
tice cone containing the latter, for example its (simplified) standard lattice
completion (see Sections 1.5.57 and 1.7). Now in the context of our general
theory we may consider integrals for $(N, M)-valued functions with respect
to bounded £(H(N, M), 9(H, L£))-valued measures.

This is indeed a rather unwieldy setting. It does however facilitate a
considerably wider choice of applications for our theory, as we shall see in
Sections 6.22 to 6.23 below. Moreover, note that this point of view generalizes
our original one since the given cones (P,V) and (Q,V) may be consid-
ered as cones of linear operators from R, to P or to Q, respectively (see
Example 1.7.1(c)).
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We shall study two useful special cases in further detail:

(i) The case N = H and 3 = 2. In this case every linear operator
T € L(M, L) may be reinterpreted as a linear operator T from $(N, M)
into L(N, £) mapping the operator U € $(N, M) into the operator TolU €
L(N,L); that is

(ToU)(z)=T(U(z)) e L forall zeN.

In order to guarantee that the operator T oU is bounded below with respect
to the neighborhoods W(y,,) € 20, and that the operator

T §(N, M) — LN, £)

is continuous with regard to the respective neighborhood systems for these
cones, we shall require that T itself is continuous from (M,U) into (£, R),
that is T € £(M, L). Indeed, for Z € 3 and r € R there is u € U such
that T'(a) < T(b)+r whenever a <b+u for a,b € M. Then for operators
S, U € H(N, M) such that S <U + V{3, we have S(z) <U(z)+r, hence
(ToS)(2) < (ToU)(2)+r forall z € Z. Thisshows T(S) <T(U)+Wz..
Moreover, as for every S € H(N, M) we have 0 < S + AViz) for some
A > 0, the above implies that 0 < T(S) + AWz

In this way, an £(M, £)-valued measure 6 on R may be reinterpreted
as an £(HN, M), AN, L))-valued measure, where (BN, L), W) is a lo-
cally convex complete lattice cone containing all the operators 6z o U for
E € R and U € H(N, M). We are using the above identification of a
continuous linear operator T € £(M, L) with a continuous linear operator
T € £(H(N, M), AN, L)). We proceed to calculate the modulus of such a
measure: For £ € R and V(z,) €U we have

|0|(E7 ‘/(Z,u))

:Sup{ieﬂ; 0 S;

Si < Vizu), Ei € R disjoint subsets of E} .
i=1

The supremum on the right-hand side is taken in the locally convex com-
plete lattice cone $H(N,L). For PR-boundedness of this measure we re-
quire that for every » € R and Z € 3 there is uw € U such that
10|(E,Vizu)) < W(z,). Note that for N =R, and 3 = {{1}}, that is
for (H(N, M), D) and (H(N,L),20) being isomorphic to the given cones
(M,U) and (L£,R) we have |0](E, Vi1},4)) = |0|(E,u)|. Countable additiv-
ity for the £(H(N, M), AN, L£))-valued measure 6 requires that for disjoint
sets E; € R for every U € H(N, M) the series

[o¢]

Oy eyoU =2 (0m0U)

ieN -
‘ =1
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is order convergent in (N, £). In case that H(N, L) is the simplified stan-
dard lattice completion of H(N, L) as constructed in 1.7.1, this means that
for disjoint sets FE; € R
NS
“(9<U E»(U(G))) = ZM(% (U(a)))

ieN
: i=1

holds for all U € H(N, M), a € U,,Z and p € L*. Also in this
case, Corollary 5.9 yields together with Remark 1.7.1 that integrals of
(5’)(./\/ ,M),‘I])—based integrable functions are indeed linear operators from
N into £~ the second dual of L.

(ii)) The case M = L and U = R. In this case every linear operator
TeL(H,N) may be reinterpreted as a linear operator T from H(N, M) into
L(H, M), mapping the operator U € $H(N, M) into the operator UoT €
L(H, M); that is

(UoT)(2)=U(T(z)) e M for all zeH.

In order to guarantee that the operator U oT is bounded below with respect
to the neighborhoods W(y,,) € 20, and that the operator

T: 9N, M) — L(H, M)

is continuous with regard to the respective neighborhood systems, we shall
require that for every Y € 2 there is some Z € 3 such that f(Y) C Z.
Indeed, for Y € 9 and v € U let Z € 3 such that f(Y) C Z. Then
for operators S,U € (N, M) such that S < U + V{3, we have S(z) <
U(z)+u forall z € Z, hence (SoT)(y) < (UoT)(z)+u forall y €Y. This
shows T(S) < T(U) + Wiy,u). Moreover, as for every S € (N, M) we have
0 < S+AV(z,) forsome A >0, the above implies that 0 < T(S) + AWy,

In this way, an L(H, N )-valued measure 6 satisfying the above require-
ment may be reinterpreted as an £(H(N, M), ,%(H,M))—valued measure,

o~ —~

where ($H(H, M), W) is a locally convex complete lattice cone containing all
the operators U ofp for E € R and U € H(N, M), and using the above
identification. The modulus of such a measure is calculated for £ € R and
V(Z,u) €Y as

0|(E, V(7)) =sup {Z S; 00,

Si <Vizu), Ei € R disjoint subsets of E}
i=1

The supremum on the right-hand side is taken in the locally convex complete
lattice cone $H(H, M). For M-boundedness of this measure we require that
for every w € U and Y € Q) there is Z € 3 such that |9|(E, V(Z’u)) <
Wiy, Countable additivity for the measure 6 requires that for disjoint
sets E; € R for every U € H(N, M) the series
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o0

Uoby py=)_(Ucbr)

€N i=1

is order convergent in §(H, M). In case that §(H, M) is the simplified stan-
dard lattice completion of $(H, M) as constructed in 1.7.1, Corollary 5.9 and
Remark 1.7.1 yield that integrals of (S’) (N, M), QT) -based integrable functions
are linear operators from H into M™, the second dual of M. If both H
and M are vector spaces over K =R or K = C, then these integrals are
indeed K-linear operators from M into the second vector space dual M
of M (see 1.7.1).

6.21 Positive, Real or Complex-Valued Functions and Operator-
Valued Measures. This is a special case for the preceding section. Let
(P,V) and (Q,W) be locally convex cones, and let K = R,, or K = R
or K=C if P and Q are indeed locally convex topological vector spaces
over R or C, respectively, endowed with their symmetric topologies. We
choose N =M = P and H(N, M) = K in the setting of Section 6.20.
Depending on the suitable choice for the family 3 of bounded below subsets
of P, the following upper neighborhoods for an element « € K will render
K into a quasi-full locally convex (see Example 1.7.2(c)): For K = R, the
family of all B¥(«) = [0, + €] for € > 0, or the single neighborhood and
B () = [0,a], both yielding the natural order; for K =R or K = C the
Euclidean neighborhoods B.(a) = {# € K| [8—«| < &} with equality as the
order on K. In order to deal with these cases simultaneously, let us denote by
B either BY(0),By(0) or B;(a), that is the respective unit neighborhoods
of 0 € K, and let T' = {0}, = {0,1} or ' = {y € K| || = 1}} be the
corresponding units spheres.

We set £ = Q and use the special case (i) in Section 6.20 in order to
integrate K-valued functions with respect to an £(P, Q)-valued measure.
For 5?3(73, Q) we choose the simplified standard lattice completion of £(P, Q).
For E € R and the above neighborhoods we calculate the modulus of an
£(P, Q)-valued measure 6 as follows:

0|(E,B) = sup {Z VibE,

v €', E; € %R disjoint subsets of E} .
i=1

The supremum on the right-hand side of these expressions is taken in the
locally convex complete lattice cone $H(P, Q), that is a cone of R-valued
functions with the pointwise algebraic and lattice operations. For K = R,
and B = B} we have of course |§|(E,B) = 0. For the remaining cases
boundedness of the E(K, £(P, Q))—valued measure 6 requires that for every

E € R, the modulus |0|(E,B) is bounded in §(P, Q) with respect to all
neighborhoods Wz ., for Z € 3 and w € W. Let us recall the construction

in 1.7 of the standard lattice completion $(P, Q) of £(P,Q) to understand
this further: The elements of $(P,Q) are R-valued functions on the set
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T = (UZ63 Z) x Q*. An element ¢ € ,%(77, Q), that is an R-valued function
on 7" is bounded relative to a neighborhood Wz ) if there is A > 0 such
that @(a,pu) < A holds for all @ € Z and p € w®. Thus for boundedness of
the measure 6 we require that for every choice of disjoint subsets FE; € R
of F and ~; CI' we have

n

> u(viEi(a) = Z Re(vi)u(Ei(a)) < A

=1

for all @ € Z and p € w®; or equivalently, that for every Z € 3 the subset
{Z 0, (a) ‘ E; € R disjoint subsets of £, a € Z }
i=1

is bounded above in Q. Indeed, in case that K =R or K =C, both (P,V)
and (Q,W) are locally convex vector spaces, and we have yu € w® for all
v €I whenever p € w® for we W.

Recall that all sets Z € 3 are required to be bounded below in P. The
choice of all these sets for 3 results in the uniform operator topology for
£(P,Q) (see I,7.1(i)). If the sets in 3 are also bounded above (as is indeed
implied in the case that P is a locally convex vector space in its symmetric
topology), then boundedness of ¢ as an £(K, £(P, Q))-valued measure is
already implied by its boundedness as an £(P, Q)-valued measure. Indeed,
given E € R and w € W there is v € V such that [0](E,v) < w (see
Sections 3.2 to 3.6). Then for every Z € 3 there is A > 0 such that z < \v
for all z € 3. This implies the above condition for the boundedness of 6.

If 3 consists of all finite subsets of P, that is if we consider the strong
operator topology for £(P, Q) (see I,7.1(ii)), then boundedness is a much
weaker condition for 6 : For every a € P the subset

{Z 0, (a) ’ E; € R disjoint subsets of E}
i=1

is required to be bounded above in Q.
Countable additivity for the S(K,S(P, Q))—valued measure 6 demands
that for disjoint sets F; € R

o]

p(0y B)(@) = 1(05 ()

ieN -
‘ =1

holds for all a €], , Z and € Q"

Our notion of measurability for K-valued functions coincides with the
usual one (see also Examples 6.3 and 6.4). For K = R, all measurable K-val-
ued functions are in F(X,K), hence integrable. For K=R or K = C with
the Euclidean topology, a measurable K-valued function is in F(X,K) if on
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every set ' € R it can be uniformly approximated by step functions. This
implies of course strong integrability in the sense of 5.18. Because (P, Q)
was supposed to be the simplified standard lattice completion of £(P, Q),
the integral to a function ¢ € F(X,K) with respect to an £(P, Q)-valued
measure over a set E' € R is a linear operator from P into @, contained
in the closure of £(P, Q) in H(P, Q) with respect to the symmetric relative
topology. Thus, if the cone £(P, Q) is topologically complete with respect
to this topology, then this integral is indeed an element of £(P, Q).

Let us proceed to discuss the convergence theorems from Section 5: For the
sake of simplicity we shall restrict ourselves to the case of a single measure,
that is 6, = 6 for all n € N in Theorems 5.23 to 5.25: Let (@, )nen be
a sequence of integrable K-valued functions that converges pointwise 6-al-
most everywhere on a set F' € 2z to a function ¢ in the symmetric relative
topology of K. This is of course the usual (Euclidean) notion of convergence,
except for the case of K = R, endowed with the neighborhood Bj which
renders 0 € R, into an isolated point (see Example I.4.37(b)). The bounded-
ness conditions from Theorem 5.25 for the sequence (p,)nen read somewhat
differently for the different choices for K: We set ¢,. = ¢, =0 in all cases.
For K = R, we require that gpnép " holds for all n € N with some inte-
grable function ¢*. For K=R or K = C with the Euclidean topology and
the order we use an integrable positive-valued function ¢* and the function
f* = ¢*B whose values are in the full cone Ky, = {a+pB | a € K, p > 0} to
which Theorem 5.25 applies in this case. We therefore require that ¢y, |Q§F p*
holds for all n € N in this case. The assumptions of Theorem 5.25 are
now satisfied. Let T, = [p¢ndd, T = [L¢df and T* = [, ¢*df, or
T* = [(¢*B)d# in case K=R or K= C. These integrals are in general

elements of 5%(73, Q). The conclusion of Theorem 5.25 now states that

T < lim T, and lim T, < T+ 9O (T%)

n—o00 n—0o0

in S%(P, Q), that is
T(a,p) < lim T (a, p)

n—0o0

forall ael, ., Z and p€ P*, and indeed

Ze3
T(a,p) = lim T,(a, )
n—0o0

whenever T*(a,u) < +oo. Note that for linear operators T € £(P, Q) as
clements of §(P, Q) we have T(a,p) = w(T(a)).

Now let us investigate the additional assumptions of Theorem 5.36 which
will lead to convergence of (T},)neny towards T in the symmetric topology
of ?J(P,Q) : We require that F' = E is in fR. Strong additivity of the
E(K,E(P, Q))-Valued measure 6 in the sense of 5.30 means that for every
decreasing sequence (E,)peny of sets in R such that (), .y En = 0, for
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Z €3 and w € W thereis ny € N such that
0, (a) < O(0p,(a)) +w

holds for all @ € Z and n > ny. Recall that in case K =R or K =C we as-
sume that both P and Q are locally convex vector spaces in their respective
symmetric topologies, thus O(0g,(a)) = 0, and 6p, (a) < w implies that
0g,(ya) < w for all v € T. The above therefore means that the sequence
(0p, )nen of linear operators converges to 0 in the symmetric topology of
(£(P, Q),20). We also need to require that the functions ¢,,,¢ and ¢* or
©=B are (K,2)-based integrable in the sense of 5.6. Measurability in the
classical sense and boundedness below almost everywhere on the set FE is
sufficient for this. This condition also yields strong integrability for the func-
tions ¢ or %B. Finally, according to 5.36 we require that the element
T = [p¢*df or T* = [(¢*K)d is bounded in $H(P, Q). Under these
additional assumptions then Theorem 5.36 yields

T = lim T,

n—0o0

in the symmetric topology of S%(P, Q). If as in most cases of interest the inte-
grals T;, and T are actually elements of £(P, Q), then we infer convergence
in the symmetric operator topology of (£(P, Q),20).

Operator algebras. If 'H = P = Q is a locally convex topological vec-
tor space, then the space of continuous linear operator £(P,P) forms a
topological algebra, endowed with the composition of operators as its mul-
tiplication (see 6.4). We integrate K-valued functions with respect to an
£(P, P)-valued measure 6 in this case. The values of the integrals are con-
tained in the simplified standard completion H(P,P) of £(P,P). For the
integral to determine a multiplicative linear operator from En(X,K) =
Fn(X,K) into 5(73,77) in the sense of Example 6.14 we need to require
that the measure 6 satisfies Condition (A), that is Og(a)0g(b) = Op(ad)
and 0g(a)fe(b) =0 holds for all a,b € K and disjoint sets E,G € R. As
0p(a) = afp in this case, Condition (A) reads as follows:

(A) (0g)?=0r and Op6c =0 for disjoint sets E,G € R,

that is the operators 0 € £(P,P) are required to be idempotent and pair-
wise orthogonal for disjoint sets F,G € fR.

Spectral Measures. For a concrete example, let H = P = Q be a complex
Hilbert space with unit ball U and the neighborhood system V={pU | p>0}.
Let R be a weak o-ring, and as in spectral theory, let 6 be a projection-
valued measure on . We consider 6 as an £(C, £(H,H))-valued measure
in the above sense. Such a measure is seen to be PR-bounded, even if we
choose the uniform operator topology for £(H,H) (see 1.7.2(1)), that is the
family of all bounded subsets of H for 3. Indeed, let a € H such that
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lla]| <1 and let E; € R, for i« = 1,...,n be disjoint sets. For a spectral
measure the 0g, are projections onto mutually orthogonal subspaces of P.
Thus the elements a; = 0p,(a) are orthogonal and > I, [|a;|* < |lal]* =1
by the Bessel inequality (see Theorem 1 in 1.5 of [82]). Thus

1> 05 = | > ail* =3 lla)® < 1.
1=1 i=1 1=1
The set

{Z Og,(a) ‘ E; € 2R disjoint subsets of B, a € H, |a| < 1}
i=1

is therefore indeed bounded above in H. Countable additivity for a spec-
tral measure is however required only with respect to the strong operator
topology for £(H,H), which arises if we choose the family of all finite sub-
sets of H for 3. (Because projection operators in £(H,H) are of norm 1,
countable additivity with respect to the uniform operator topology can of
course only apply to finite sums of such operators.) Theorem 5.36 therefore
yields convergence in the strong but not in the uniform operator topology of
£(H,H) for spectral measures.

Spectral measures satisfy Condition (A) from above and also Condi-
tion (A*) from 6.14, that is 0p(a*) = (0g(a))” for all E € R and a € P.
As Og(a*) = abp and (GE(a))* = (aHE)* = EL(@E)* in this case, this is
equivalent to

(A*) 0p = (0p)" for all E € R.

This condition holds because the projection operators 0p € £(H, H) are self-
adjoint. The linear operator f — [ « fdO is therefore multiplicative on the
space Fr(X,C) of bounded measurable K-valued functions and preserves
the involution, that is [y f*df = ( [y fdf) .

6.22 Operator-Valued Functions and Cone-Valued Measures. This
is again a special case of 6.20. Let P be a cone, (Q, W) a locally convex
complete lattice cone. We choose NN =P, M =L =0 and H =R, in
the setting of 6.20 and use the special case (ii). For 3 we choose a family
of subsets of P, directed upward by set inclusion such that (J,.3Z = P,
and suppose that the locally convex cone (H(P,Q),%) of linear operators
from P into Q is quasi-full. Let Q) consist of the singleton subset {1} of
R.. Then the locally convex cone (L(R.,Q), 20) is isomorphic to (Q, W)
(see Example I.7.2(d))7 hence a locally convex complete lattice cone. Simi-
larly, because the cone P can be identified with the cone L(R,,P), we may
consider the elements of P to be linear operators from some quasi-full cone
H(P,Q) into L(R,,Q), that is into Q. Our choice for the families 3 and
) guarantees that these operators are continuous (see 6.20 (11)) Using these
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settings, case (ii) from 6.20 therefore permits us to consider (P, Q)-valued
functions together with P-valued measures. Countable additivity requires for
a P-valued measure 6 that for disjoint sets E; € B and for every linear
operator T € (P, Q) the series

(0 r) = i}T(HEi)

ieN

is order convergent in Q. The modulus of 6 is calculated for E € R and
Vizw) €T as

|9| (Eu Vv(Z,w))

= sup {Z T; (HE) ‘ T; < Vizw), Ei € R disjoint subsets of E} .
i=1

R-boundedness in the sense of Section 3.6 requires that for every E € R
and u € W there is V(z,,) € U such that |9\(E,V(Z7w)) < u. A bounded
P-valued measure then integrates (P, Q)-valued functions, and the values
of these integrals are elements of L(R,, Q), that is Q itself. If (Q,W) is
indeed the standard lattice completion of some locally convex cone Qg and
if the concerned function is (5’)(73, Qo))—based integrable, then its integral is
an element of the subcone Qf of Q.

Let us further consider the special case that (P,V) is a locally convex vec-
tor space, that (Q,W) is the standard lattice completion of a locally convex
vector space (Qp, Wy) and that H(P, Q) C £(P, Qp). Then countable addi-
tivity of an P-valued measure 6 is guaranteed by weak convergence of the
concerned series > fp, in P in this case. Indeed, weak convergence in P
implies weak convergence in Q for the series " | 0p,(T) = > T(0p,) for
every operator T' € £(P, Q). (see IV.2.1 in [185]). Weak convergence in Qp,
however, coincides with order convergence in Q in this case (see 1.5.57) as re-
quired for countable additivity. Moreover, Theorem 3.11 (or Corollary 3.13),
that is our version of Pettis’ theorem yields that for a vector-valued measure,
countable additivity with respect to weak convergence implies countable ad-
ditivity with respect to strong convergence, that is convergence in the sym-
metric topology of P. Every such measure is therefore strongly additive in
the sense of 5.30.

6.23 Positive, Real or Complex-Valued Functions and Cone- or
Vector-Valued Measures. This is a special case for the preceding section.
Let (P,V) be alocally convex cone and let and (Q,W) be its standard lat-
tice completion, Let K=R,, or K=R or K=C if P is indeed a locally
convex vector space over R or C, respectively, endowed with its symmetric
topology. We choose $(P, Q) = K endowed with one of the suitable topolo-
gies arising from the choice for the family 3 of bounded below subsets of P
(see Example 1.7.2(c) and 6.21 above), that is topologies generated by the
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neighborhoods B as discussed for the respective cases in 6.21. We shall also
use the notation for the unit sphere I' from 6.21. Using this, the modulus of
a P-valued measure 6 is given by

|0|(E,B) = sup {Z%H&

i=1

v, € ', E; € R disjoint subsets of E} .

The supremum on the right-hand side of this expression is taken in the lo-
cally convex complete lattice cone Q, that is a cone of R-valued functions
with the pointwise algebraic and lattice operations. Boundedness is of course
guaranteed in the case of B = B{. In the remaining cases it requires (see the
corresponding detailed argument in 6.21) that the set

o

i=1

E; € R disjoint subsets of E }

is bounded in P. We will be able to verify that every P-valued measure 6 is
R-bounded in this instance. For this call to mind that the elements 0g € P,
for all E € R, are considered to be continuous linear operators from K
into NV, thus are required to be bounded elements of P. Furthermore, recall
from 1.5.57 that the neighborhood system V for P is a generating subset of
the neighborhood system W for the standard lattice completion Q of P.
For E € %R let us consider the subset

A={0p |E €N, E' C E}

of P. We shall use Proposition 1.4.25 (which is derived from the Uniform
Boundedness Theorem 3.4 in [172]) in order to verify that A is bounded
above in P. For this, let p € P*. Because the elements of P* are also
order continuous linear functionals on the standard lattice completion Q of
P, we know from 3.9 that po6 is an £(K,R)-valued, that is an R-valued
measure on R. This measure is indeed real-valued, since the elements 0g,
for all E' € R, were seen to be bounded elements of P. A countably additive
real-valued measure is however known to be bounded, that is

{wa)|ac A} ={(no)p | E' € R, E'C E}

is a bounded subset of R. Because this holds true for all linear functionals
1 € P*, Proposition 1.4.25 yields that the set A is bounded above relative to
0 € P, that is bounded above, as claimed. Thus, given v € V), there is indeed
A > 0 such that 0z < Av holds for all subsets E' € 9% of E. We claim that
this implies |0|(E,V) < 4Av. For this let us recall the construction of the
standard lattice completion (Q, W) of (P,V). Its elements are R-valued
functions ¢ on the dual P* of P, and we have ¢ < v if p(u) <1 for all
€ v°. For any such p € v°, po# was seen to be a real-valued countably
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additive measure on R. As (nof)p < A for all subsets E' € R of E, we
know that is total variation on FE, that is nat(,u 00, E) is bounded by the
constant 4\ (see 6.4). Thus

0] (E,V) (1) = var(pob, E) < 4A

for all p € v°. This demonstrates |0|(E,V) < 4Mv, as claimed.

Integrals of K-valued functions with respect to a P-valued measure 6
were seen to be elements of P*. If (P,V) is indeed a locally convex vector
space that is complete in its symmetric topology and if as required in some
integrability conditions in the literature (see for example IV.10.7 in [55]) the
K-valued function ¢ can be approximated by a sequence of step functions
converging pointwise almost everywhere towards ¢ and such that the se-
quence of integrals over these step functions is convergent in P, then this
additional requirement guarantees that the value of the integral of ¢ is also
contained in P rather than in P~.

Let us discuss the convergence theorems from Section 5: Let (¢, )nen be a
sequence of integrable K-valued functions that converges pointwise #-almost
everywhere on a set F' € 2Ayn to a function ¢ in the symmetric relative
topology of K. This is the usual notion of convergence, except for the case
of K =R, endowed with the neighborhood B which renders 0 € R, as an
isolated point. The boundedness conditions from Theorem 5.25 are as follows:
We set ¢., = ¢, = 0 in all cases. For K = R, we require that gonéF p*
holds for all n € N with some integrable function ¢*. For K=R or K=C
with the FEuclidean topology and the order we use an integrable positive-
valued function ¢* and the function f* = ¢ B whose values are in the full
cone Ky = {a+pB | a € K, p > 0} to which Theorem 5.25 applies. We
require that |, GSF ©* holds for all n € N in this case. The assumptions
of Theorem 5.25 are now satisfied. Let a, = [, df, a = [L¢df and
a* = [pe*df, or af = [L(¢%K)df in case K = R or K = C. These
integrals are in general elements of P*. The conclusion of Theorem 5.25
now states that

a < lim a, and Manga—i—}:)(a*)
n—00 n—00
in P+, that is
a(p) < lim an(p)

for all € P*, and indeed
a(p) = lim a,(p)

n—oo

whenever a*(u) < +oo. For elements a € P C P we have a(u) = p(a).
If (P,V) is indeed a locally convex topological vector space and if F =
E € R, then the assumptions of Theorem 5.36 apply: The measure 6 is
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strongly additive by Theorem 3.11. Measurability in the classical sense and
boundedness below almost everywhere on the set FE is sufficient for the
functions ¢,,¢ and ¢%=B to be (K, U)-based integrable in the sense of 5.6.
The latter is indeed strongly integrable in the sense of 5.18. All integrals
involved are elements of P and Theorem 5.36 yields

a= lim a,
n—oo

in the symmetric, that is the given topology of P.

Algebra-valued measures. If P is a topological algebra, that is a locally con-
vex topological vector space over K = R or K = C with a compatible
multiplication, then Conditions (A) and (A*) from 6.14 read as follows:

(A) (0g)>=0r and Ogbc =0 for disjoint sets E,G € ‘R.
(A*) (HE)* =0 for all E € R.

According to 6.14, Condition (A) guarantees the multiplicativity of the
integral as an operator from En(X,K) = Fn(X,K) into P~, that is
Jx(f9)do € ([x fdb) - ([ gdf), Condition (A*) the compatibility with
an involution, that is [y f*df = ([ fdf)" for K-valued functions f,g €
Fn(X,K).

Lattice-valued measures. Now suppose that P is a lattice cone over K = R
or K =R, in the sense of 6.16, that is a quasi-full locally convex cone contain-
ing suprema for any two of its elements and satisfying the properties specified
in 6.16. For the integral to determine a V-semilattice homomorphism from
En(X,K) = Fnr(X,K) into P in the sense of 6.16 we need to require that
the measure 6 satisfies Condition (L), that is 0g(a)VOg(b) = 0g(aVb) and
Op(a) V O0g(b) = 0g(a) + 0c(b) holds for all 0 < a,b € K and disjoint sets
E,GeR. As 0g(a) = abg in this case, Condition (L) reads as follows:

(L) 0g >0 and 0V Og=0g+0q for disjoint sets E,G € R,

that is the elements 0p € P are positive and mutually disjoint for disjoint
sets E,G € R. According to 6.16, Condition (L) guarantees that the integral
as an operator from S%(X,K) = Fx(X,K) into P~ is a V-semilattice
homomorphism, that is [y (f V g)df = ([y fdf) V ([ gdf) for functions
fr9 € Fnr(X,K).

6.24 Positive Linear Operators on Cones of R-Valued Functions.
Let P =R, let X and R be as before, and let W be a neighborhood
system for F(X,R), consisting of non-negative functions w € F(X,R). Let
Q = Fw(X,R) be the subcone of functions in F(X,R) that are bounded
below with respect to W. Then (fw (X,R), W) is a full locally convex com-
plete lattice cone, provided that for every z € X there is w € W such that
w(z) < 400 (see Example 1.5.7(c)). There are two distinct types of con-
tinuous linear operators from R into Fy(X,R). Firstly, for a non-negative
real-valued function ¢ such that both ¢, —¢ € Fy(X,R), let T,(a) = ap
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for a € R. (In particular, this means 7T, (4+00)(z) = +oo for all z € X
such that ¢(z) > 0 and T,(+o00)(xz) = 0 else.) Secondly, for a function
1 € Fw(X,R) that takes only the values 0 and +oo, set Tg(a) =0 for
a € R and T))(+00) = 1. Then every linear operator T € £(R, Fw(X,R))
can be expressed as T = T¢+T£ with some ¢, € Fy(X,R) as above. Con-
sequently, an 2(@, Fw (X 7R))-vadued measure 6 on R can be expressed as
a sum of two Fy(X,R)-valued measures 0! and 6°, both yielding functions
in Fy(X,R), and such that for each E € R the function 6} is positive
and both 6L, 0% € Fy(X,R), and the function 6% takes only the values
0 and +oo. For a step function

h= ZXELC% S S%(Xaﬁ)a

i=1

where aq,...,a, € R, we have in particular

/hd@zZ&ﬂ};ﬂ— > 6% € Fw(X,R).
X i=1 i=1,...,n

s.th.a;=+o00

On Fx(X,R), the mapping
fH/ £do : Fn(X,E) — Fy(X,E)
X

defines a linear operator, continuous with respect to the locally convex cone
topologies induced by the neighborhood system W, that is

/fd@g/nger whenever f<g+u,,
X X

for f,g € Fx(X,R). Recall from Section 4 that v,, consists of all step func-
tions s = Y 1| Xg,+a; for 0 < a; € R such that [y sdf =" a;ifp < w.

According to 6.17, the linear operator determined by the integral is indeed
a V-semilattice homomorphism, if Condition (L) holds, that is if 6g(a) V
Op(b) = 0g(aVvd) andfg(a) V 0c(b) = 0r(a) + 05(b) for all a,b > 0 in
R and disjoint sets E,G € fR. The first part of this condition holds always
true for an £(R, (X, R))-valued measure 6 as introduced above, since the
operators involved, T, and Tg, are defined using non-negative functions ¢
and 1. Let us investigate the second part of the condition in (L): For disjoint
sets B,G € R let 0y =T,, + T, and 0 =T, +T),_. Then (L) requires
that the functions ¢p and ¢¢ are orthogonal, that is pg(x)pa(z) =0 for
all © € X. (There are no additional conditions for the functions g and
1¢.) If this condition is satisfied, then we have

/X(f\/g)d9=</xfd0>\/</xgde>

for all f,g € Fnr(X,R).



244 IT Measures and Integrals. The General Theory

6.25 Bounded Linear Operators on Spaces of Real- or Complex-
Valued Functions. Now let P =K for K=R or K =C, endowed with
the equality as order and the usual topology, that is ¥V = {pB | p > 0}, and
a <b+pB if la—b| <p for a,b € K. Let X and PR be as before. Let W be
a system of nonnegative R-valued functions on X, closed for addition and
multiplication by (strictly) positive scalars and directed downward. Suppose
that for every € X there is v € V such that v(z) < +oo. Let Qp =
Fw(X,K) be the vector space over K of all functions f € F(X,K) that are
bounded with respect to the functions in W, that is for every w € W there
is A > 0 such that |f(z)] < Aw(z) for all x € X. The above condition on
W guarantees that for every x € X the point evaluation ¢, is contained in
the vector space dual Qf, of Qp. Let Q be the standard lattice completion
of Q. We shall consider an £(K, Qp)-valued measure 6 such that for all
E € R the operators 0 € £(K, Q) are linear over K. According to 6.12(iii)
then the operator

X

is linear over K in the sense that

([aras) o= ([ rav) e

for every f € Fipg)(X,P), pe Qj and a € K. If we set

(/Ffd9> (2) = (/Ffde) (&)—Z(/Ffde) (ie.)

for x € X, then these integrals may be reinterpreted as K-valued functions
on X and the integral is a K-linear operator from Fn(X,K) into Fw (X, K).
Moreover,

/ f d@‘ <w holds whenever f <oy,
F

for f € Fn(X,K) and w € W. (Recall that v, consists of all step
functions s = > a;xg,<B for 0 < o € R such that szdH =
> i il 0l(E;, B) <w.)

Obviously, K-linear operators in E(K, Fw(X, K)) correspond to functions
p € Fw(X,K). They operate as

Ty(a) =ap  for ackK.

An E(]K, Fw (X, K))—Valued measure 6 on YR may therefore be considered as
an Fyy(X,K)-valued set function on PR. Boundedness means that for every
EFeNR and w € W thereis p >0 such that
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0](E,B) = sup {Z 0%,

i=1

‘ E; € R disjoint subsets of E} < pw.

Measurability for a function in F(X,K) in the sense of Section 1 coincides
with measurability in the usual sense.

Both P =K and Q) = Fy(X,K) are indeed topological algebras. Thus
according to 6.14, the integral is an algebra homomorphism if Condition (A)
holds, that is if Og(a)fr(b) = Or(ab) andOg(a)fc(b) = 0 holds for all
a,b € K and disjoint sets E,G € R. The first part of this condition means
that the function 0p € F(X,K) takes only the values 0 or 1, i.e. is
the characteristic function of some subset ®(FE) of X. The second part
of (A) requires that for disjoint sets E,G € PR the functions g and 6
are orthogonal, that is 0g(x)0c(z) =0 for all x € X, that is the sets ®(E)
and ®(G) are disjoint. If this condition is satisfied, then we have

o= ([ s00) ([o)

for all f,g € Fn(X,K). The extension of the multiplication from Qy to
Q that was introduced in 6.14 implies pointwise multiplication for the cor-
responding K-valued functions. Thus, under Condition (A) the integral de-
fines a K-linear bounded and multiplicative operator from Fx(X,K) into
Fw(X,K). It also preserves the involution since Condition (A*) is obviously
implied by (A).

7. Extended Integrability

We can further extend integrability to a wider class of functions f € F(X, P).
Obviously, if there is g € F(pg)(X,P) such that both f + g and g are
contained in F(pg)(X,P) and if the element [, gdf is invertible in Q,

then we may set
/fd@z/(f+g)d0—/gd9.
F F F

The class of these functions f € F(X,P) will be denoted by §rg)(X,P).
The following is straightforward to verify:

Theorem 7.1. §pg) is a subcone of F(X,P) containing Fire(X,P).
If f,9€3 e and 0 <a €R, then

(a) [p(af)dd=a [, fdo
(b) fF(f+g)d9:fFfd9+ngd0
(¢c) [pfdo < [ngdd+w whenever f < g+v, for weW.
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8. Notes and Remarks

The beginnings of modern measure theory date back to the late 19th century,
some of the foundations being laid by Riemann, Harnack, Peano, Jordan,
Borel, Baire, Lebesgue, Carathéodory and Radon, to name just a few of the
mathematicians involved. Excellent expositions about the early history of
measure theory can be found in the works of Lebesgue [114], [115] and [116],
Carathéodory [30], Hahn and Rosenthal [80], Halmos [83] and Saks [182].
Vector-valued measure theory originated in the first half of the twentieth cen-
tury in treatises by Clarkson, Bochner, Dunford, Morse, Pettis and Gelfand
among others. Since its appearance in 1977 the book by Diestel and Uhl [43]
about vector measures has become a standard reference on the subject and is
also often cited in this text. It contains various sections with detailed surveys
of the history of the field. There is also an extensive literature on finitely
additive measures. The books by Dunford and Schwartz [55], [56], [57] and
Diestel and Uhl [43] contain some sections about these. However, finitely
additive measures appear to be less suitable for analytic purposes, and we
therefore do not address them in this text.

The (total) variation of a Banach space-valued measure 6 on a o-field R
is usually defined as the positive R-valued set-function |0 by

|0|(E) = sup {Z 1O(E)|| ‘ E R disjoint subsets of E}

for E € R (SeeII1.1.4 in [55] or I.1.4 in [43]). The semivariation of a vector-
valued measure was introduced by Gowurin [74] and is given by

10]|(E) = sup {

Clearly ||0[|(E) < |0|(E), and every countably additive vector measure is
known to be bounded, that is |8](X) < +oo (see IV.10.2 in [55]). The set-
function |@] is seen to be o-additive, whereas [|6]| is generally only subaddi-
tive. On the other hand, the definition of the modulus of 6 from Section 3.2,
if applied to this situation, reads as

(Ei)

‘ lv:l <1, E; € R disjoint subsets of E} ,

0|(E,B) = sup {2%9&

=1

| <1, E; € R disjoint subsets of E} ,

where B denotes the unit ball of P =R or P = C. Recall that |0|(E,B)
is an element of the standard lattice completion of the given Banach space,
that is an R-valued function on its dual unit ball B*. Since this function
is non-negative, it cannot be considered as an element of the second dual of
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this Banach space. However, its supremum norm || |6|(E,B)|| as a function

on B* is the semivariation of the measure. Indeed,

161(2, B)||

= sup (sup {Z’yﬂEi ’ |vi| <1, E; € R disjoint subsets of E}) ()

el i=1

peB*

= sup sup { (Z %9&) () ’ |vi| <1, E; € R disjoint subsets of E}
i=1

= sup {sup (Z 'yié?Ei> (1) ’ lvil <1, E; € R disjoint subsets of E}

REB o
sup {

Z%‘@Ei
1011(E).

i=1

This observation establishes the relationship between the modulus of a
vector-valued measure according to Section 3.6 and its classical semivaria-
tion. However, while the modulus is a countably additive set-function, the
semivariation, as its norm is only subadditive. Boundedness in the sense of
Section 3.6 means that sup,cp |0|(X,B)(1) < +o00, hence that the semi-
variation [|@]|(X) is finite. Boundedness guarantees that the linear operators
from P into @ which are the values of the measure can be extended to
linear operators from the standard full extension B, into Q.

In the literature there is no shortage of different concepts of integrability
for scalar-valued functions with respect to vector-valued functions or mea-
sures and variations in the resulting definitions of the integral. The best
known are perhaps those by Bochner [19], Pettis [144], Bartle [8], [9] and
Dunford and Schwartz [55]. There are also some corresponding differences in
the definition of measurability. Again, a comprehensive treatment of the rel-
evant definitions and their implications can be found in Chapter II of Diestel
and Uhl [43]. Due to its well-understood properties, the Bochner integral is
probably most used in applications. Not surprisingly, our very general ap-
proach in this chapter covers many of the above-mentioned notions. This
is because we are using locally convex cones in our settings and order con-
vergence for most of our definitions and results, and order convergence is
generally weaker than the originally given topological convergence. Stronger
results are pointed out when possible. Since Q, the range of the integrals, is
required to be a locally convex complete lattice cone, if applied to the case of
a vector space, the results of this chapter often refer to the second dual of this
vector space (Section 6.5). This situation is well-understood for vector-valued
measures.

It would probably be worthwhile, though demanding, to explore the
Radon-Nikodym property in the settings of this chapter. This refers to a

‘ [vil <1, E; € R disjoint subsets of E}
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special case of the Application 6.20 from above. Let P and Q be locally
convex cones satisfying our standard assumptions, and let p be a scalar-
valued (positive, real or complex-valued) measure on R. These scalars can
be interpreted as linear operators from £(P, Q) into itself. One can there-
fore integrate certain £(P, Q)-valued functions with respect to p, and the
integral is evaluated in the standard completion £(P, Q) of £(P, Q). Given
a suitable function ¢ of this type, this can be used to define an £(P, Q)-
valued set function by

F)E:/cpdp for E €.
E

The convergence theorems then will guarantee that 6 is countably additive
and indeed an £(P, Q)-valued measure. Now investigations would have to be
carried out, under which conditions a given £(P, Q)-valued measure 6 can
be expressed in this way using a given scalar-valued measure p and some
£(P, Q)-valued density function ¢.





