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1 Introduction

For any N x N complex matrix X, we have constructed matricial cumulants
(CY(X))n<n in [2] (resp. (CO(X))n<n in [3]) such that if X,Y are N x N
independent complex matrices and U (resp. O) is a Haar distributed unitary
(resp. orthogonal) N x N matrix independent of X, Y, then for any n < N,

CYX4+UYU*) =CY(X)+CY(Y),

COX +0Y0") =C2(X)+C2(Y).

We defined the CY (X) (resp. C2 (X)) as the value on the single cycle (1...n)
of a cumulant function CY(X) (resp. C°(X)) on the symmetric group S,
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(resp. Sap,) of the permutations on {1,...,n} (resp. {1,...,n,1,...,7}). Note
that we defined more generally cumulant functions for a n-tuple (X1,...,X,,)
of N x N complex matrices. The aim of this paper is to give a geometrical
interpretation of the values of the cumulant function CY(Xy,..., X,,) (resp.
CO(Xy,...,X,)). It derives from the necessary confrontation of our results
with the work of Collins and Sniady on the “Integration with respect to the
Haar measure on unitary, orthogonal and symplectic group”, see [5].

Let us roughly explain the key ideas of this interpretation and first intro-
duce briefly some notations. Let © be a permutation in S, denote by C(w)
the set of all the disjoint cycles of m and by ~, (7) the number of these cycles.
Let € = (e1,...,6,) € {—1,1}"™. We set for any n-tuple X = (X1,...,X,) of
N x N complex matrices

ra(X) =ra(X1,.., Xn) = [ ™ []X]- (1)

CeC(m) jeC
and
M):‘(: (g(‘s’ﬂ')) = TW(Xlslv v 7X761").

In this last expression we set X ! for the transpose Xt of the matrix X and
9(e,r) denotes some particular permutation on the symmetric group Sz, which
will be made precise in Section 3.1.

These n-linear forms 7,7 € S, or ME(g(r o)), m € Sy, e € {—1,1}", in-
troduced on MY, for any integer n > 1, are respectively invariant under the
action of the unitary group Uy for the first ones and the orthogonal group
Oy for the second ones. From the point of view of [5], they canonically define
linear forms on the tensor product M%" which also are invariant under the
corresponding action of Uy, respectively Oy. As M%" is naturally endowed
with a non degenerate quadratic form (u, v) — (u, v), these linear forms corre-
spond in the first case to vectors u,, ™ € S,,, of M%” which are Uy-invariant,
and in the second one to vectors uy,. .y, € € {—=1;1}", © € S, which are
Op-invariant (n will be defined in Section 3.3). Thus they satisty

T‘ﬂ-(Xl,...,Xn) = <X1 ®®Xn,uﬂ->

respectively .
MX(g(e,ﬂ)) = <X1 ®...® X"’un(ga,w)>'

Actually, for n < N, {u, ; 7 € S,,} forms a basis of the space [M5"]"~ of
U y-invariant vectors, while a basis of the space [M$"]%V of Qy-invariant
vectors can be extracted from {u,, ;e € {~=1;1}", m € S, }. Note that this
last one needs the double parametrization by S, and some ¢ in {—1,1}™. This
is the reason why, contrary to the unitary case where the adjoints are not
involved, the transposes of matrices naturally occur in the orthogonal case.
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We then prove that our matricial cumulants CY(Xy,...,X,) (re-
spectively C°(Xi,...,X,)) are the coordinates in this appropriate ba-
sis of E {f UX\Ur®...® UXnU*dU} (respectively E{ JOX,0" @ ...
®OXnOtdO})7 where integration is taken with respect to the Haar mea-
sure on Uy (resp. Op).

The paper is split into two parts. The first one concerns the matricial U-
cumulants and the second one is devoted to the @-cumulants. In each part
we first recall the definition and fundamental properties satisfied by these
cumulants (Sections 2.1, 2.2 and similarly 3.1, 3.2). Then we describe a basis
of [M$"]¢ in each case (G = Uy in Section 2.3 and G = Oy in Section
3.3) before giving the geometrical interpretation of our cumulants and ending
with a new proof in that context of the properties they satisfy (Sections 2.4
and 3.4).

Note that the same development as for the orthogonal group can be carried
out for the symplectic group Sp(N). We just provide the corresponding basis
of Sp-invariant vectors of M%” in the final section without giving more details.

Throughout the paper, we suppose N > n.

Before starting we would like to underline that the description of the sub-
space of invariant vectors relies on the following ideas. Note this first simple
remark:

Lemma 1.1 Let G and G’ be two groups acting on a vector space V through
the actions p and p' and let [V] denote the subspace of G-invariant vectors
of V.. Then, when p and p' commute, for any vector v # 0 in [V]E, {p'(¢') v ;
g €G'} CV]C.

Hence [V]¢ is known as soon as we can find a suitable group G’ and some
vector v in [V]¢ for which we get {p'(¢') - v ;¢' € G'} = [V]Y. For the
considered groups, the Schur-Weyl duality leads to the right G’. Thus for
G = GL(N,C) and Uy, G’ is chosen to be equal to S,. For G = Oy or
Sp(N), G’ is Say,. This is well described in [8], see Theorem 4.3.1 for GL(N, C)
and Theorem 4.3.3 or Proposition 10.1.1 for On and Sp(N). As for Uy, note
that any analytic function invariant by Uy is invariant by GL(N,C) too
(see Weyl’s Theorem about analytic functions on GL(N,C), [9]). For any
u € [M$™U~ | the analytic function on V, A +— (A, u) is Uy-invariant, hence
is GL(N,C)-invariant. Thus, for any A in M%" and any G € GL(N,C),
(A,u) = (A, G uG) and hence u € [MEG")FLWVO) Tt readily comes that
[M%n]GL(Nt(C) _ [M%n]UN
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2 Matricial U-cumulants

We refer the reader to [2] where the present section is developed and we just
recall here the fundamental results.

2.1 Definition and first properties

Denote by * the classical convolution operation on the space of complex func-
tions on Sy,

Frgm) = > flo)glo'm)= > f(xp~")g(p),

gES, PES,
and by id the identity of S,,. Recall that the x-unitary element is

1if #=1id

0 else ’

Ojg =T — {
that is f*d;qg = d;qx f = f for all f. The inverse function of f for x, if it exists,
is denoted by f(—1) and satisfies f* f(-1) = f(=1 « f = §,4. In particular the
function 7 — 277(7) is x-invertible for n— 1 < |x| (see [6]). Moreover, since 7,
is central (that is, constant on the conjugacy classes), 7 and thus (27=)(—1)
commute with any function f defined on S,,.

Recall the definition of the U-cumulants introduced in [2].

Definition 2.1 For n < N, for any n-tuple X = (X1,...,X,) of random
N x N complex matrices, the n-th U-cumulant function CY(X) : S,, — C,
7 — CY(X) is defined by the relation

CY(X) := E(r(X)) % (N1,

The U-cumulants of X are the CY(X) for single cycles 7 of S,,.
For a single matriz X, CY(X) where X = (X, ---, X) will be simply denoted
by CY(X).

1

For example, if try = +Tr,
Chy(X) = E(try (X))

CY) (X1, Xz) = NE{Tr(X1)Tr(Xp)} — E{Tr(X1 X)}

N(N? 1)
Cliy 01, 5) = T TR,

Here are some basic properties remarked in [2]. First, for each 7 in S,
(X1,...,X,) = CY((Xy,...,X,)) is obviously n-linear. Moreover it is clear
that for any unitary matrix U,

cY(urx,U,...,.U*X,U) = CY(Xy,...,X,).
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Now,

1. For any 7 and o in S,

CTII']((XU'(I)7"'7XU(T7«))> =Cy, ((le'“vXn))' (2)

omo—1
2. CY(X) depends only of the conjugacy class of .

Thus the cumulants CY(X) of a matrix X for single cycles 7 of S,, are all
equal so that we denote by CY(X) this common value. We call it cumulant
of order n of the matrix X. In particular, CY(X) = E(tryX) and CY (X) =
7 [E{trn (X?)} — E{(tryX)?}]. We also proved the following

Proposition 2.1 For any k <n < N, any 7 in S,, then

Og(Xla"'anaINP'wIN)

_ CU(Xy,...,Xy) ifr = (n)...(k+1)p for some p € Sk,
0 else.

Now recall the fundamental properties we proved in [2] and which motivated
the terminology of cumulants.

2.2 Fundamental properties
2.2.1 Mixed moments of two independent tuples

In [2] we have proved the following theorem with great analogy with the results
of [10] about the multiplication of free n-tuples.

Theorem 2.1 Let X = (Xy,...,X,,) and B = (By,...,B,) two inde-
pendent n-tuple of N x N random complexr matrices such that the distri-
bution of X is invariant under unitary conjugations, namely YU € Uy,
LUXU*,..., UX,U*) = L(X1,...,Xn). Then we have for any 7 in Sy:

E (rz(BiX1,. .., BaXn)) = {E(r(B)) * CY(X)}() = {CY(B) * E(r(X))}(m)

From Theorem 2.1 we readily get the following convolution relation which has
to be related to Theorem 1.4 in [10].

Corollary 2.1 With the hypothesis of Theorem 2.1,
CY(X1By,...,X,B,) = CY(X) «CY(B).

If X = (Xy,...,X,) and B = (By,...,B,) are two indepen-
dent n-tuple of N x N random complex matrices such that the dis-
tribution of X 1is invariant under orthogonally conjugations, namely
VO € Oy, L(0X;0Y,...,0X,0") = L(X1,...,X,), the mixed moments
E(rp(B1X1,...,B, X)) can still be expressed by a convolution relation
but on Sa,; consequently we were led to introduce in [3] another cumulant
function C© : S,,, — C, recalled in Section 3.
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2.2.2 Linearizing property

Proposition 2.1 together with Corollary 2.1 imply that the cumulants
CY(Xy,...,X,) vanish as soon as the involved matrices (Xi,...,X,) are
taken in two independent sets, one having distribution invariant under unitary
conjugation; therefore they do linearize the convolution, namely if X7, X5 are
two independent matrices such that L(UX,U*) = L(X;), YU € Uy, then

O (X1 + Xo) = O (X1) + G (Xa).

2.2.3 Asymptotic behavior

We refer the reader to [12] for noncommutative probability space and freeness
and to [11] and [10] for free cumulants. Let (A, &) be a noncommutative
probability space. For any noncommutative random variables (ay,...,a,) in
(A, ®) and for any 7 =[[;_, m in S,, with m; = (l;,1,li2, .-, lin, ), We write

s
¢7T(a’17 cee 7an) = H ¢<ali,1ali,2 AL, )7
i=1

T
kr(at,...,an) = H kn(ar, s ai; 55 a,, ),
i=1

where (kp)nen stand for the free cumulants. For any n-tuple (Xi,...,X,)
of N x N matrices, we define the normalized generalized moments
IE(n(rN)(Xl, ..., Xpn)) where 7 is in S,, by setting

E(rM(Xy,..., X)) = ﬁE(rﬂ(Xl, L Xx))=E| ] %T&( [IBSIE
cec(n) jec
We also define the normalized cumulants by
(CHWN(Xy, ..., X,) = N"MeV (X, ... X,).
In [2] we prove the following equivalence.

Proposition 2.2 Let (X1,...,X,) be a n-tuple of N x N matrices. Let
(21,...,2n) be non commutative variables in (A, $). The following equiva-
lence holds,

E(rM(Xy,...,Xn) —  énlx1,...,2n), V7 € S

™

e (CHM(Xy,..., X)) —  ke(zy,...,2n), V7T € Sn.
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2.3 Action of the unitary group on the space of complex matrices

We first need to precisely state some basic generalities and notations. Let
(e1,...,en) be the canonical basis of CV. Endow CV with the usual Hermi-
tian product (3", uie;, >, viei)en = Y., u;v;. Thus the dual space (CV)* is
composed by the linear forms v* : CN — C,u + (u,v)e~ with v € CV. Let
(e%,...,e%) be the dual basis. First consider the tensor product C¥ @ (CV)*
with orthonormal basis e; ® €7, ¢,j = 1,..., N with respect to the Hermitian
product
<U1 X UT, U2 U§>CN®(CN)* = <U1, U2>CN <’U27 ’U1>CN.

The unitary group Uy acts on CV @ (CV)* as follows:
pU)(e;®ej) =Ue; ® (Uej)".

Now consider My with canonical basis (Eqp)ap=1,...,n defined by (Eqp)i; =
q,i0p 5, and with Hermitian product (A, B) pm, = Tr(AB*). It is well-known
that My and CV @ (CV)* are isomorphic Hermitian vector spaces when we
identify any M = (Mij>1§i,j§N € My with M = ZlSiJSN Mijei & e;f (and

hence anb = e, @ e} ). Besides the action p corresponds on My to
p(U)Y(M)=UMU"*.

Note also that the inner product AB in My corresponds to the product
defined by
(u1 ®@v7).(ug ® v3) = (ug,v1)cy Ul ® V3,
and the adjoint A* to the following rule: (v ® v*)* = v ® u*.
More generally, for any n, the tensor products M%" and (CV @ (CN)*)®n
are isomorphic through the map: A = 4, ® --- ® A, — A=A, ---® A,
and with Hermitian product

(A1®~-®An,Bl®'-'®BH>M%n

= HTr(AiB;‘) = H<gi7§i>CN®(CN)*
=1

i=1
= (4, ® @A, B ®"'®§n>(CN®(CN)*)®"'
Here again the following actions of Uy are equivalent:
on (CY @ (CN)*)®" pu(U)(ei, @ e}, @ - @€y, Def))
=Ue;, ® (Uey;)* ®@---@Ue;, @ (Uey, )",
on M§" (A @ @A) =UAU*®---@UAU*.
Denote by [V]U~ the subspace of Uy-invariant vectors of V with V = MS" or

(CN @ (CN)*)®n, Clearly [M$™]U~ and [(CN @ (CN)*)®")UN are isomorphic
too. Consequently from now on we identify M%" and (CV @ (CV)*)®". We
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also simply denote the Hermitian product by (.,.) from now on throughout
Section 2. Note lastly that the inner product in M§™ is defined by

(A®-®A,).(Bi1®---®B,)=A1B® - ®A,By,

and the adjunction by (41 ® - ® 4,,)* = A} ® - - ® A They satisfy for any
u,v,w € MY

(v, w) = (v,u".w) = (u, w.v"). (3)
In the following proposition we determine a basis of [M%”]UN . We use the
previous identification in the proof.
Proposition 2.3 For any permutation o in S,, define

ua = Z Eiafl(l)il ® o ® Eiafl(n)i".
i1 ;

seeln

Then {u, ; o € Sy} generates [MS"|UN. Moreover when N > n, it is a basis
of M~

Proof: The first part of Proposition 2.3 derives from Theorem 4.3.1 in [8]. We
briefly recall how this set is introduced before showing that it forms a basis
of [MS"Y~. We work on (CV @ (CN)*)®" where we consider another group
action and a specific invariant vector in order to apply lemma 1.1. Define

Oni=Iy®..®Iy= Y ¢ ¢ @ Qe, e .
~—_——— )

n times

It is clear that ©, € [M%"]U~. Consider now the natural action p’ of

S, x S, on (CV @ (CN)*)®" defined for any permutations ¢ and 7 in S,
acting respectively on {1,...,n} and {1,...,7} by
p'((o,7)(ei, ®ef, @ - ®ei, @e; )

— eiafl(l) ®€* ®..-®€Z‘071(") ®e*

11 t—1(a)’

The actions p, and p’ obviously commute. Hence, according to Lemma 1.1,
for all (o,7) in S, X Sy, p'((0,7)) - Oy, belongs to [M5"]U~. Note that, since
(0,7) = (o7 1,id)(r,7) and p'((7,7)) - ©,, = O, then

1 ((0,7)) O ;5 (0,7) €S xSp} ={p'((0,id)) - O, ; 0 €8,}.
Thus we simply denote p’((o,id)) by p'(c) and we set
Uy = p'(0) - Op.

Remark that u,q = ©,,. Note also that u, corresponds to pgn (o) in [5].
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From Theorem 4.3.1 in (8], the set {p'(0) - O, ; 0 € S,} generates
MGMGEWNE) = [MF™UN (see [9]). We now prove that it is a basis when
N > n.

One can easily see that the adjoint of p'((o,7)) satisfies p'((o,7))* =
p'((e=1,771)) so that

<u07ua’> = <@mua*10’> = <ua’*1m9n> .

Now from (1) we get:

n
<@n,Uo—>: Z H(Sil»io'(l): Z TO'(Eil,h?"'?Ein,in)

i1yenyin I=1 i1,eeyin

=ro(In,...,In) = N,

so that oy

(Ug,uy) = NV o),
Let G = ((Uo, Uy )y o s, xs, Pe the Gramm matrix of {u, ; o € S,}. Let
a = (ay)ses, and b = (by)ses, be in C*. We have:

Ga=b& Z (Ug,uyr)a, =bs, Yo €8,
o' €S,
& 3 N g, b, woes,
o' €S,
Sb=ax N7
Sa=bx (N

when N > n since in that case N7 is x-invertible. Therefore G is invertible
when N > n and {u, ; 0 € S,} is a free system of vectors of [(My)®"]"~.00

Here are some basic properties satisfied by the u,, o € S,,, which can be
easily proved. For any ¢ and 7 in §,, and Aq,..., A, € My,
*

Uy = Ug—1,

—~
(2 SENTEN
=

Ug - Ur = UgT,
<Ua~(A1 & .- ®An)au7'> = <A1 Q- A7“u0717'>’
(A1 ® @A) g, ur) = (A1 @+ @ Ap,Upg1),

—~
(=)
=

the two last ones coming from (3), (4) and (5).
Moreover, for any k < n, if 7 in S,, is such that 7 = (n)--- (k + 1)p for
some p in S, then
Ur =Up @ IN® ... ® IN (7)
—_————

n—k times
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and more generally, if 7 = pips with p1 € S{1,...,k} and ps € S{k +
1,...,n}, then

Ur = Up, @ Up,. (8)
Lastly note the following straightforward equality:
,0/((0', U)) “Ur = Uggg—1- (9)

Here is an immediate interpretation of the generalized moments in terms of
Hermitian products with the u..

Lemma 2.1 For any A1 ®---® A, in M%" and any ™ € S,
rr(Ar,. . AR) =(A1®...Q Ay, Ug). (10)
Proof: We have:

<A1 ® e ® Aru uﬂ-> = Z Tr(AlE’h’i,r—l(l)) e Tr(AnEini,r_l(n))

= > (i g (A i
= Z (Al)jljﬂu) e (A”)jnjﬂ'(n)
Jiseesdn
:’f’ﬂ(Al,...,An). O

2.4 Geometrical interpretation of the U-cumulants

In [5] the authors introduce the linear map IT of M%" on [M$"U~ defined
forany A1 ® --- ® A, by:

(A ®...®A,) ::/

UA U ®.. .QUA,U*dU :/ pn(U)(A1®- - -®A,)dU
Un

Un

where integration is performed with respect to the Haar measure on Uy . Note
that they call it the conditional expectation onto [M$"]U~ and denote it by
E(A;®...®A,) but we prefer to adopt the previous notation II(4;1®...®A,,)
in order to stay faithful to our notations of the expectation in [1] and [3]
and also to underline the property of orthogonal projection mentioned in [5]
instead of conditional expectation. Indeed it is easy to verify that for any
B € [M$"U~ and any A € M§",

(I(A), B) = / (pn(U)(A), B)dU = / (A, po(U")(B))dU = (A, B).

We first get the following proposition in the same spirit as formula (10) in [5].
It will be one of the key tools when recovering of the properties of Section 2.2.
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Proposition 2.4 Let A = (Ay,...,A,) and B = (By,...,B,) be two in-
dependent sets of N x N matrices such that the distribution of A is invari-

ant under unitary conjugation, i.e., for any deterministic unitary matriz U,
(UA U, ..., UAU*) and (Ay,..., A,) are identically distributed. Then

E(II(A1B1®...® A,By))
=E((A®...04,)) . E(II(B1®...® B,)). (11)
Proof:
E(II(A1B1 ®...® A,By))

_E (/ U A BU; & ... U A, ByU? dU1>
@ /E (/ U\Us A UEBIUS ® ... @ UyUs AU B U dU1> AU,

O g (/ / UAU*U\BU; @ ...0 UAUU B, U dUldU)

YEMA ®...04.) E(B®...0B,)),

where we used the invariance under unitary conjugaison of the distribution
of A in (a), a change of variable U for U;Us; in (b) and the independence of
A and B in (¢). O

Here is the main result of the section:

Theorem 2.2 Let Aq,--- , A, be in My, N > n. Then the matricial U-
cumulants of (Ay,---,A,), CY(Ay,..., A,) with o € S, are the coordinates
of E(TI(4A; ® ... ® A,)) in the basis {ugs,0 € Sp}:

E(I(A ®...®A,) = Y CY(A1,..., Ap)u,.
gES,,

Proof: According to Proposition 2.3, there exist {Cy (A1, ..., Ap),0 € Sy} in
C such that

MA1®...0Ax) = > ColAr,..., Ap)u,.
oES,

Then, using (10),

re(Ar. Ay = (AL @ .. @ An)un) = Y ColAr, .., Ap)(ug, tr)
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Thus,
E(rp(As,...,An)) =E (C‘(Al,...,An)) « N7 ().

On the other hand, by definition of the CY(Ay,..., A,), we have
E (re(Ay,...,An)) =CY(Ay,...,Ay) * NV (n).
Since N7 is invertible for the %-convolution, we can deduce that for any o € S,,,

]E(C‘,,(Al,...,An)) = CY(Ay,..., Ay). 0

The key properties of these cumulants taken from [2] and recalled in Sec-
tion 2.1 can be recovered using this geometric interpretation.

e Proof of Formula (2) (or Lemma 3.1 in [2]):
Note that Ao’(l) R Ag(n) = pl(O'_l,U_l)(Al R R An). Thus
since the actions p, and p’ commute we have II(A,(1) ® -+ ® Agp)) =
e o™ HII(A; ® --- ® A,). Using (9) and Theorem 2.2, Formula (2)
follows from the linear independence of the u,, m € S,,. O

e Proof of Proposition 2.1:
On the one hand, from Theorem 2.2 we have

E(H(Al®...®Ak®IN®"'®IN))=Z Cg(Al,...,Ak,IN,...,IN)uU.
gES,

On the other hand, we also have

]E(H(Al®...®Ak®IN®"'®IN))
=EM(A41®.. A4))QIy® - @Iy

:(ZC/?(AI”AIC)UP)@[N@@IN
PESK
= > CY(AL. . A U,
ces,
o=(n) - (k+1)p
for some p € Sk

the last equality coming from (7). The result follows by the linear inde-
pendence of all the u,. O

e From the two previous points we easily get Corollary 3.1 in [2] that we
recall here:
Let V = {’L S {1,...,n},Ai #IN} = {’L] << ’Lk} Then

C’g(Ail,...,Aik) if mye =1id and Ty = p,
0 else.

C,?(Al,...,An){
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Proof of Theorem 2.1:
Write:

E (r7(A1B1,..., AyBp))
=E((I(A1B; ® ... ® Ay Bn), ux))

W g (m (A1® @A) EM(B®...® B,)), ux)

(b) Z CU ( (Bl® ®Bn))vuﬂ'>
oceS,

© 3" CYAEIL(B; @ ... @ By),up-1r))
o€ES,

= Z Cg(A)E(Toflﬂ'(B))a
0ES,

where (a) comes from (11), (b) from Theorem 2.2 and (c¢) from (6). Simi-
larly, developing E(II(B; ® ... ® By,)), we also get

E(Tﬁ(AlBl,.. A B ))

= Z CU Al ®...Q® An)auﬂ'a*1>)
ocES,
=Y CJB)E(rr1(A) = Y E(r-(A))CL. (B).
ocES, TES,
O
Proof of Corollary 2.1:
Using (11), Theorem 2.2 and then (5), we get
B)) =Y CJ(A)CY(B)uy.u, = Z ZCU A)CY, (B))us.
The result follows from the linear independence of the u. O

Note that Theorem 2.1 or Corollary 2.1 enable to compute the coordinates
of E{II(AB)} in the basis {u,, 7 € S, }. This also was the aim of formula

(10) in [5].
The linearizing property followed from Proposition 5.1 in [2]. We propose
here a slightly modified version of this proposition:

Proposition 2.5 Let A and B be two independent sets of N x N matrices
such that the distribution of A is invariant under unitary conjugation. Let
X1,...,Xp be in AUB and define V ={i € {1,...,n}, X; € A}. Denote
X by A; if i € V and by B; else. Denote also by Ay, the tuple composed
by the X;,i € V and by By. the complementary tuple. We assume that
VO andV #{1,...,n}. Then

cY (A|V)CTWc (Byye) if (V) =V,

Uixy,.... X v
Cr (X1, Xn) = 0 else.
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Proof: Without lost of generality, thanks to formula (2), we can as-
sume that V' = {1,...,k}, 1 < k < n, so that (X1,...,X,) =
(A1,..., Ak, Brt1, ..., Bp). Then write

E(II(X, ®...® X»))
H(AlfN®...®AkIN®INBk+1®...®INBn))
(

=E(
@ g
CEM(In®...QIN @ Bpy1 ® ... Q By))
={E(I[(A1®...0 4)) @ IN®...® Iy}
AIn®... @Iy QE{I(Biy, ®...® By))}
=E(II(A1®...® Ap)) @ E(I(Bry1 ® ... ® By))
© 3 CU(Ay,..., Ay) CY(Byin, ... By) tor
ceS{1,....k},7€S{k+1,...,n}

A®..0A,QIN®...®IN))

where (a), (b) respectively come from (11), (8). Thus the coordinates of
E(II(X; ®...® X,,)) in the basis {u,,7 € S,} are null unless 7 = o7
with o € S{1,...,k}, 7 € S{k + 1,...,n}. In that case they are
CYU(Ay,..., Ay) CY(Bryi1, ..., By). O

In particular if 7 is a single cycle we have CY (X7, ..., X,,) = 0 from which
the linearisation property follows.

3 Matricial O-cumulants

In order to underline the parallel with the previous section, we first begin with
a summary of the definitions and main results of [3]. Note that this work [3]
has been greatly inspired by the paper of Graczyk P., Letac G., Massam H. [7].

3.1 Definitions

Let us introduce some objects. Let So, be the group of permutations of
{1,...,n,1,...,7}. Denote by (ij) the transposition sending ¢ onto j and

j onto i. Define
n

0 =[G,

i=1
H, = {h € S2,,0h = ho}.
H,, is the hyperoctahedral group. For ¢ = (e1,-- ,&,) in {—1,1}", set



Geometric interpretation of the cumulants 107

For any m € S, define the permutation s, € Sg, as follows: for all j =
1,...,n,

sx(j) = 7(j) sn(7) = ().
Note that H, = {s7c, (m,¢€) € S, x {—1,1}"}. If 7 € S,,, we still denote by
7 its extension on Sy, which is equal to the identity on {1,---,7}. For ¢ in
{=1,1}" and 7 € S,,, we define

g(e,w) =TT Te.

Note that it is easy to deduce g(. r) from 7, since one just has to put a bar
on i if &, = —1 in the writing of 7.

Example: m = (134)(25), 7(1,-1,-1,1,1) = (22)(33) then g(1,—1,-1,1,1),(134)(25))
= (134)(25).

Definition 3.1 A pair (e,7) € {—1;1}" x S, is particular if for any cycle
c of m we have €; = 1 when i is the smallest element of c. The permutation
9(e,x) 18 called particular too.

There are K = (712,21 particular pairs (e(),m;) which define K particular per-
mutations g; = g(-(1),r,) and it is easy to deduce from Theorem 8 in [7] (see

also [3]) that we have the partition

K

Son/ Hn = | 9:Hn.

=1

We are going to extend the generalized moments (1) defined on S, into two
functions defined on Ss,,, respectively H,-right and H,-left invariant:

Definition 3.2 Let g;,1 = 1...,K be the particular permutations of Say.

For any n-tuple X = (X1,...,X,) of complex random matrices, set for any
g€ 82n
My (g) = rm (X7, X5 O) when g € giH,,,
My (9) := E{Mx (g )}
My (9) == rr (X EI(Z) XY when g € Hyugy,
Mx (9) := E{M. (g)}~
Note that M(*} N = M7, and we will denote this H,,-bi-invariant
N, N) (IN7...7IN)

function by Mj, . Note also that
My, (g(e,'n’)) — Nn(m) (12)

We denote by A~ the space of H,-left invariant functions on S,,, by A* the
space of H,-right invariant functions and by Ay the space of H,,-bi-invariant
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functions. For any ¢ in A" and any % in A~, define the convolution ® on
AT x A~ by
K

6@ p(g) = \?1| b () =3 dla)vis g),

=1

where * stands for the classical convolution on Sa,.
We showed in [3] that M, is ®-invertible when n < N and its ®-inverse relies
on the Weingarten function Wg introduced in [5]. Denoting by (M, )@~V
this inverse function, we introduced two cumulant functions C{*, C¢™ :
San, — C by setting

CRT =M ® (M),

CR™ = (Mr)® ™Y @ Mx.

(We slightly modified the notation C°*(X) we adopted in the introduction
and for the U-cumulant functions CY(X) in order to lighten the indices
when we consider for instance C)O(i(g(a,w)), that seems more readable than

Co= (X))
Note that
Cx"(9) = CX~(697'0).
These functions are respectively H,,-right and H,,-left invariant and coincide
on the g ), (6,m) € {=1,1}" x S,,.
Definition 3.3 The functions C’)O(+ and C’)O(_ are respectively called the right

and left O-cumulant functions of order n.

Thus, for example,

C)Cng((l)):%E(Tr(X)),
OF (1)(2)= (N + 1)E{Tr(X;)Tr(Xz)} —E{Tr(X; X2)} —E{Tr(X; 1 X3)}
e NN -D(N+2) ,
—E{Tr(X1)Tr(X2)}+(N+1)E{Tr(X; X5)} —E{Tr(X; ' X5)}
N(N —1)(N +2)

CO x,)((12)= .

The analogues of formula (2) and Proposition 2.1 are the following:
Lemma 3.1 If X* = (X{', -+, X2v) and if Xy = (Xp(1), -+ Xu(ny), then
Mx.(9) = Mx(reg) and Mx (g) = Mx (sx9)-

Ox*(9) = Ox M (1e9)  and  CRF(9) = CX " (s9). (13)
Proposition 3.1 Let Xy, .-, Xy be k N x N matrices. Then

O+
C(le“- Xk Ny ,IN)(g)

B {C’gj1 Xk)(g’) if there exists g’ in Sax such that g € ¢'H,

0 else.
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3.2 Fundamental properties

3.2.1 Mixed moments of independent tuples

In [3] we established the general convolution formula for mixed moments in-
volving the cumulant functions C°* or C9~.

Theorem 3.1 Let X and B be two independent sets of N x N random
matrices such that B is deterministic and X is random whose distribution
is invariant under orthogonal conjugation. Then for any 1 < n < N,
X = (X1,...,Xn) a n-tuple in X, B = (By,...,B,) in B, and for any
(e,e/,m) e {-1;1}" x {-1;1}" X S,,

E{r. (B X, ... B X))} = (Mg ® CQ7) (remre) = (CQF ® My) (remre).
In particular, we have
E{rs(BiX1,.... B, Xn)} = (Mg ® C{7) (7)
= (C5* ® My) (7).

3.2.2 Linearizing property

Note that unlike the U-cumulants the Q-cumulants C{*(7) of a matrix X
do not depend only on the class of conjugation of © (Nevertheless, when X is
symmetric, M; and C’)i( are bi-invariant). Thus the linearizing property has
the following meaning.

Proposition 3.2 Let A and B be two independent N x N matrices such that
the distribution of A is invariant under orthogonal conjugation. Then for any
single cycle m in S, and any € € {—1,1}",

CUtp(9em) = CLM (gem) + CH (gem)-

3.2.3 Asymptotic behavior
We now come to the asymptotic behavior of the moment and cumulant func-

tions. We need the following normalization:

Definition 3.4 Let X be a n-tuple of N x N complex random matrices. The
functions defined for all g € Sa,, by:

+(N 1
Mk (9) = e Mx (@)

(Cgi)w) (9) = N”*%(g)cgi (9)

where

;?n(g) = '771(77) Zf g€ g(s,ﬂ’)Hn

are respectively called the normalized right/left moment and Q-cumulant func-
tions of X on S, .
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Proposition 3.3 Let X = {X;,i € N*} be a set of N x N complex ran-
dom matrices and let x = {x;,7 € N*} be a set of noncommutative random
variables in some noncommutative probability space (A, $). Denote by k the
corresponding free cumulant functions. Then for alln, iy, ..., i, € N*, the two
following assertions are equivalent:

. +(N
Z)VE,W MXEP_)_’XM(Q(EJ)) — Qbﬂ(ﬂjfll,,xf:),
N — o0
’LZ) Ve,n (C)O(i,_MXM )(N) (g(s,‘n')) — kﬂ(xfll’ T ,J?f:)
N — o0

3.3 Action of the orthogonal group on the space of complex
matrices

We start again with some basic generalities and notations. Endow now cN
with the symmetric non degenerate bilinear form B(}, uie;, ), vie;) =
>, uiv; so that (er,...,en) is B-orthonormal. Then the tensor product
CN ® CV is endowed with the bilinear form

]§2(U1 ® v1, U2 ® v2) = B(u1,u2)B(v1,v2)

and e; ®e;,4,j=1,...,Nisa Bs-orthonormal basis of (CN)®2,
The orthogonal group O acts on (CV)®? as follows:

ﬁ(O)(el & ej) =0¢; ® Oej.

On the other hand, endow My now with the symmetric non degenerate bi-
linear form B(X,Y) = Tr(XY?). Here again, My and CV @ CV are iso-
morphic vector spaces when we identify any X = (X;;)1<ij<n € My with
X = Zl<i,j<N Xi;je; ® e; (and hence Ea)b = e, ® ep). The action p gives on
My

p(0)(X) =0XO".

Note also that the inner product XY in My corresponds to the product
defined by

(u1 ®@v1).(u2 ® v2) = B(vi,u) ui ® v, (14)

and the transposition X* to the following rule: (v ® v)! = v ® u.

Now for any n, the tensor products M%" and (CV @ CN)®@n = (CN)®@2n
are isomorphic through the map: X = X; ® --- ® X, — X = Xl QR Xn
and with bilinear forms

Bp(X1® @ X, V1@ - @Y,) = [[ (X)) = [[ B2(X:, Vi)
=1 =1

=B (X190 @ X, V1@ 2 Y,).
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Here again the following actions of Oy are equivalent:

on ((CN)®2TL ﬁn(O)(ei(l) & €i(1) " & €i(n) X ei(ﬁ))
= Oe;j(1) ® Oey1) @ - @ Oejn) @ Oeyny,
on MS"  pa(0)(X1®--®X,) =0X:0'® - @ 0X,0.
Denote by [V]9¥ the subspace of O y-invariant vectors of V with V = M%"
or (CN)®2", Then [M$"]%¥ and [(CN)®2"]O are still isomorphic and we
identify MS" and (CV)®2". We also simply denote the bilinear form B,, or

Bsy, by (.,.) (even if it is not a scalar nor a Hermitian product). Note lastly
that the inner product in M%” is defined by

(X190 0X,)1® -0, =X11® - X,Y,,

and the transposition by (X7 ® --- ® X,,)! = X ® --- ® X!. They satisfy for
any u, v,w € M%":
(uw,w) = (v,u'.w) = (u,w.o'). (15)

In order to present a basis of [M%"]9¥ in Proposition 3.4 below, we need to
introduce the second action of group. We always use the notation

@n :IN®®IN: Z €iy ®6i1®"'®ein®ein
_/_/ . .

115--5tn

n times

and we now consider the natural action p’ of Sa,, on (CV)®2" defined for any
permutation g in S, acting on {1,...,n,1,...,7} by

P (9)(ei1) ® ;1) @ - @ €i(n) ® €i(m))
= €ig1(1)) @ €i(g1(1)) @ B €igg-i(n)) @ €ig-1(ay)-  (16)
Note first that
(0 (9)u,v) = (u, p' (g~ ")) (17)
Now the actions p and p’ commute. Hence, according to Lemma 1.1,
{0'(9) - Onig € San} C MOV,
But writing

P'(g)-On = Z_) ( )(H 5@(1)1‘(1))
1),....i(7

i(1),..i(n),i( =1

" €i(g=1(1)) @ €i(g=1(1)) © - - - Ci(g=1(n)) @ Ei(g=1(n))>

it is easy to see that
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P(9) On =0, ==V, g7 () = g~1(1) = 6g7'0(1)  (where § =[]}, (i7).)
X EY I
<~ g€ H,,

so that g — p'(g) - ©,, is H,-right invariant. Actually Theorem 4.3.4 in [§]
makes this first result more precise:

Lemma 3.2 Let =, C Sa2, be a collection of representatives for the cosets
So,./H,,. Then

MG = Span{p'(9) - Oni g € Zn}.

We will use the parametrization of Ss,, H, by the subset P, of Ss, com-
posed with the pairings of {1,...,2n}. Let
n: 8271 — 73271
g = nlg) =g0g~" =]](9(i) g(i)).

i=1

Clearly n(g) = n(¢’) <= ¢ € gH,. We thus get a bijection from Ss,, H,
onto Pay, (see Proposition 17, [7] or Lemma 4.1, [2] for more details).
Therefore we set for any p € Poy,:

up, = p'(9) -0, if  n(g) =p. (18)

The vector u,, corresponds to pp(p) in [5]. Note that n(id) = § and uyp = On.
The u,,p € Pay, satisfy the following properties:

Lemma 3.3 1. For all Ay, -, A, in My, for any 7 € S, and ¢ €
{—1,1}", we have:

re(AT - AT) = (A1 @ @ Aty ),
and more generally:

(Ons (g ) = N = My (9c.m)
and hence
(Un(g)> Un(g)) = (On, Un(g—1¢)) = Miy (97'9). (20)

Proof: 1.) Write j = (j(1),---,5(n),j(1),---,4(n)) a 2n-tuple of integers in
{1,...,N} and

Un(g) = D (H 5j<z>j<z>> 0% (%‘(gfl(z)) ® €j<gfl<z’>>) :
=1 =1

J
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Thus

(A1 @@ A, uy(g))

LT (A <k>> (H J(l)y(l)>

(i
@ (o) B
= ZJ: (1:[ (4x) z(k)z(k)) (1:[ y(m(l)) <H5 (it ) (H%)y(y 1<l>>>

i) © €j(g- 1(1»))

Thus for any s in {1,. i}, i(s) = j(g7i(s)) = j(99‘1(s)), and
setting s = g(t) we get z( ( ))) ( o(t )) jt) foralltin{1,...,n,1,... ,7}.
Hence
(A1© @ A ty() = <H(Ak z(k)z(k)) <H Bitg()) (g(l»)
i \k=1

In particular for g = g(E ), this is formula (18) in [3] (or formula (2.10) in [7])
which gives r (A7, -, AS"). Now (19) comes from definition 3.2.

2.) The first line follows by taking the A; equal to Iy and from the definition
of My, (see (12)). The second one comes from (17). O

The following proposition is essential for our purpose. It relies on a result
n [5] that we found in a different way in [3] from mixed moments.

Proposition 3.4 The set {uy;p € Pan} is a basis of [MF'ON (when
N >n).

Proof: let p; = n(g;),l =1,...,K and G = (<upk,upl>)£fl:1 be the Gramm-
matrix of {u,, p € Pa,}. It exactly corresponds to the matrix of the operator
@ in [5] which is shown to be invertible with inverse operator the Weingarten
function Wy (see Proposition 3.10 in [5]). O

Here are some differences with the unitary case which can explain the intricate
development we did for the Q-cumulants. We give the proof below.

1. We have u! . In particular

n(9e,m) ~ Unlgty)
Un(r) = Un(r1): (21)

But in general u;(g) # Uy(g-1)- Instead we have

'U/f,](g) = un(gg). (22)
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In fact define the transposition in Py, by setting pt = n(fg) for p = n(g).
Then uf) = u,¢. Note that this corresponds to the parametrization of Pa,

H S5, = Ul 1 Hng:. Indeed consider n~ : g — 1~ (g) = n(fg~*)
from Ss,, on Pa,. It induces a one-to-one mapping from H,,\ Sa,, onto Pa,

such that 77 (9¢z,x)) = 7(9g(e,))- Then ufy(g) =u 1y. Consequently

n=(g~
Mp(9) = (A1 ® -+ @ A,y (g)) = (A1 @ -+ ® A, ty(gg-1))-  (23)
2. In general wy(g,)-Uy(gy) 7 Un(gigs)s PUb

Up () Un(g) = Un(ng) DA Up(g)-Un(r) = Un(or—10g)- (24)

Here again this relation could be understood by introducing the inner
product in C (Payp) = { Z app; ap € C} described in [8] Section 10.1.2,

PEP2n
for which C (Pa,,) is called the Brauer algebra. This product is of the form

p.q = N*PDr(p q) with a(p,q) € N and r(p, ) € P, and we get

ur(p#]) . (25)

As we do not use it in the following, we choose not to detail it here.

Up.Uy = Naa)

() (AL ® - ® Ap), un(g)) = (A1 @ - ® A, Up(m1g)) = ML (77 g),
() (A1 @ -+ @ An),un(m)) = (A1 @ -+ @ Aps Uy (gr-1g)) (26)
= <A1 R - ® Ap, unf(ng)) = M; (gilﬁ).
4. IfpeP{1,....k1,....k}), if Oy =],—,, (1), then
Upg, =Up @ IN--- R Iy (27)

and more generally if p € P({1,...,k,1,...,k}) and ¢ € P({k +
1,...,n,k+1,...,7}), then the juxtaposition pq is in Pa, and

Upg = Up B Ug. (28)

Proof: 1.) We simply write:

gy = 35 (T d5050) @i (€566 @ €600
=25 (UL 95050 ) @i flaa))@@j(mle(i)))
= Un(og)
Now n(fg) 0) # n(g~!) in general. For instance if g = (122), then
)-

0 (fg b i
0g0 = (122) a?ld n(0gf) = (12)(12). On the other hand g~! = (122) and
n(g™") = (12)(12) # n(6g0).
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Nevertheless 1(0g.»)) = n(g(;lw)) since 0g 0 = 10707, = T T,
(TesTe) € g(;’l,r)Hn'

2.) Take g = (12) so that ¢ = id, n(¢?) = 6 and uy = Iy ® Iy. Now
Un(g) = D, 4 Cin @ €y @ €i, ® €, and therefore, with (14), uy(g)-ty(g) =

leﬂzdh]z (5ilj2)6i2 ® i ®ei, ® € = Nuﬁ(g) 7£ In® Iy
Now write

UsUn(g) = Z ®€z<w—1<z>> @ €i(1)

i(1),...,i(n) =1

Z (H 5;'(1)3'(1‘)) ® (ey‘(g*l(l)) ® ej(g—lu‘)))
=1 =1

j
= > (H JON0) )(H Oi(n)j(g—1 l>>>®( Ci(x=1(1)) ®€j<g71(z’>>)
i(1),..,i(n).j 1=1
=> (H 5j<l>j<l>> X (%(y*lrl(l)) ® 6j<gfl<z’)))
i \u=1 =1
= Un(ng)-

For the second one we have

U(g)tn= | Y (H Wi ) R (es6010) @ i)
=1

J

Z ®et<w 1(1)) @ €
= > (H%a(z ><H5 ~L(D)i(n-? z)))@(eﬂgl(l))@ei(z))
=1

i(1),.5i(n),j

n n
= <H 5j<z>j<z>> & (cs6-10) © €501y
j =1 =1
> (H 5j<z>j(z‘>> X (ej(gfl(m ® €j<g—1(ew0<l‘>)>)
=1 =1

J
= Un(on=16g)-
3.) comes from (15), (21) or (22), and (24). Finally Property 4.) is clear from
the definition of the w,,. O
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3.4 Geometrical interpretation of the O-cumulants

Consider now, as in [5], the orthogonal projection IT of M%" onto [M "0~
defined by

H(A1®...04,) = 0A,0'®...00A4, 0! dO = n(0)(A1®---®A,,)dO
@N @N

where integration is performed with respect to the Haar measure on Qp. As
was the case for the unitary case, it corresponds to the conditional expectation
on [M%"9~ (which is still denoted by E(A) in [5]).

Note first that I commutes with the action of p’: for any A in M$" and g in
82717

P (9)TI(A) =TI (g)(A). (29)

Here is Proposition 2.4 which we have completely translated for models in-
variant under orthogonal conjugation. Its proof can be carried on in a very
similar way.

Proposition 3.5 Let A = (44,...,A,) and B = (By,...,B,) be two inde-
pendent sets of N x N matrices such that the distribution of A is invariant
under orthogonal conjugation. Then

EM(A1B1®... A,B,)) =E(II(41 ®...® A,))
CE(II(B1 ®...Q By)) . (30)
Now we get:

Theorem 3.2 Let g;,1 = 1,...,K be all the particular permutations of
San; denote by p; the pairing n(g;). For any Ay, -, A, in My, denote
by CL(g1) the matricial Q-cumulants C’gi(gl) of A = (A1,---,Ay). Then
{C{(q1),l = 1,...,K} is the set of coordinates of E(II(A; ®...® A,)) in
the basis {up,,l =1,...,K}:

K
E((A1 ... ® An) = 3 CL (1), (31)
Proof: As {u,l =1,...,K} is a basis of [M%"]%", we can write E(II(4; ®
Ay)) = Z{il a;(A)uy,,, and hence, using (19),

M3 (gx) = E((I[(A41 @ ... ® Ay), upk>>
K
= Z upzv“pk Zal YMi, (g gk)

from (20). Define Cp on S, by CA( ) = oq(A) if g € giH, so that the
previous equality gives M} (gx) = Ca ® M, (gr). Since M, is ®-invertible,
it follows that Ca = CO+ and hence o;(A) = C¢(g1). O
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We now review the properties of the @-cumulants expressed in Sections

3.1 and 3.2.

Proof of lemma 3.1:
Note that X¢ = p/(7.)X and X, = p/((sr)"1)X. Then use (19), (17) and
the definition (18). We get the expression of My.(g) and My (g). Then
use (29) in writing

E{II(X®)} = p' (o) E{II(X)}

CL ()P (1:)up,

I
]~

N
Il
—

C)O(+(Ql)un(ngz)

I
M=

N
Il
-

I
] =

C)(Z+ (Tegr)n(gr) (32)

=~
I
—

what gives C’)O(:r . And a similar development can be led with X.

Proof of Proposition 3.1: It is the same to the proof of Proposition 2.1 in
using (27).

Proof of Theorem 3.1:

E{r (B{'X{',...,Bo Xom)} = E((II(B' X @ ... © B Xim ), tym))
(a) 4
2 (E(11(B%)).E(II(X)), ty(m))

K
®) &
=3 CF (1) (ty (g0 E(THXT)) s )
=1
K
(c) &’
=3O8 () (E(I(XE)), ty(gr-1r. 1))

01(3)+(gl)<]E (H(X)) ) un(GTE/W’ITEQL)>

1=
[

=1

K
< chﬂgz)m(mx»,un,@l-lm,p
K

Z g 17'57'('7'5/)

=1
Cg+ ® My (ro772r),

(a) comes from (30), (b) from (32), (¢) from (26), (d) uses 67, = 7.0 and
finally (e) comes from (23).
We conduct the second equality in an identical way.
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e Lastly the linearizing property can be led in a very similar manner as for
the U-cumulants. Just translate Proposition 2.5 in using (28) and Propo-
sition (3.5).

Note that Theorem 3.1 here again gives (E(AB), u,) but only for the par-
ticular p = n(n), 7 € S,,. Similarly formula (19) in [5] only gave (E(AB), ©,,).

Actually it is impossible to get (E(AB), u,) for all p as a convolution formula,

although we did it for U-invariant models. This is due to the structure of Po,
as Brauer algebra that we briefly mentioned in (25). In fact we have:

E(II(AB)) = ) CR(9x)CH (91) -1y,
k,l

- Z CJ(\) (gk)cg (gl)Na(pk ’pl)ur(;vkﬁvz)'
k,l

3.5 About matricial Sp-cumulants

Let us end this section with some words about the symplectic case. Here N

I
is even. Recall that if J = 2), then Sp(N) = {T' € GL(N,C);

N
7.7% 0
TtJT = J}. Now identify My and CV @ CV through

X = (Xij)i<ij<n € My — X = Z Xije; ® Jﬁlej. (33)

1<ij<N

Endow M%" with the non degenerate skew-symmetric bilinear form

n

i=1

where Y;* = JY!J~1 and consider both following group actions: first the
action of Sp(N) defined by p(T)( X1 ® --- ® X,,) = TXiT* ®--- @ TX,, T,
second the action of S, corresponding to (16) on (CV @ CN)®" via the
previous identification (33) and which we still denote by p'.
Then the fit basis of [M%"]SP(N ) is composed by the vectors Up, P € Pay NOW
defined by

up =sgn(9)p'(9) - On i mlg)=p
where sgn(g) denotes the signature of the permutation g in S, and where
O, =Iny®---®Iy. It can be proved that, denoting A} by Ai_l,

Qp (A1 ® -+ ® A,y (g, ) = sgN(m)rx (AT, -+ L A7),
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We thus are led to introduce:

MRP(g) = 020(X, up(g))

MRP™(g) = 20 (X, - (g)) = (X, 1l )1
M (g) = E{Mz"* (9)}

My (g) = E{M¥"" (9)},

CxH(g) = Mt ® (M7P7)®(D}(g)

O (g) = {(M;P")®1 @ MY~ }(g).

With these definitions the geometrical interpretation of the Sp-cumulants as
in (31) holds true and similar properties as those exposed in Section 3.2 can
be proved like in Section 3.4.
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