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1 Sets of finite perimeter

Symmetrization is one of the most powerful mathematical tools with several
applications both in Analysis and Geometry. Probably the most remarkable
application of Steiner symmetrization of sets is the De Giorgi proof (see [14],
[25]) of the isoperimetric property of the sphere, while the spherical sym-
metrization of functions has several applications to PDEs and Calculus of
Variations and to integral inequalities of Poincaré and Sobolev type (see for
instance 23], [24], [19], [20]).

The two model functionals that we shall consider in the sequel are: the
perimeter of a set F in IR" and the Dirichlet integral of a scalar function
u. It is well known that on replacing E or u by its Steiner symmetral or its
spherical symmetrization, respectively, both these quantities decrease. This
fact is classical when E is a smooth open set and u is a C! function ([22],
[21]). Moreover, on approximating a set of finite perimeter with smooth open
sets or a Sobolev function by C' functions, these inequalities can be easily
extended by lower semicontinuity to the general setting ([19], [25], [2], [4]).
However, an approximation argument gives no information about the equality
case. Thus, if one is interested in understanding when equality occurs, one has
to carry on a deeper analysis, based on fine properties of sets of finite perimeter
and Sobolev functions.

Let us start by recalling what the Steiner symmetrization of a measurable
set F is. For simplicity, and without loss of generality, in the sequel we shall
always consider the symmetrization of E in the vertical direction. To this aim,
it is convenient to denote the points z in IR" also by (z’,), where 2’ € IR"~*
and y € R. Thus, given 2’ € IR"™!, we shall denote by FE,s the corresponding
one-dimensional section of £

Ey={yeR: (a',y) € E}.

The distribution function i of E is defined by setting for all 2/ € R" !
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p(z') = LY (Ey).

Here and in the sequel we denote by £F the Lebesgue measure in IRE. Then,
denoting the essential projection of E by n(E)* = {z' € R"™': u(z') > 0},
the Steiner symmetral of E with respect to the hyperplane {y = 0} is the set

B ={(a',y): ' e m(E)", |yl < p(a)/2}.

Notice that by Fubini’s theorem we get immediately that u is a £71-
measurable function in IR"™', hence E® is a measurable set in IR" and
L"(E) = L™(E?®). Moreover, it is not hard to see that the diameter of E de-
creases under Steiner symmetrization, i.e., diam(E*) < diam(F), an inequal-
ity which in turn implies ([1, Proposition 2.52]) the well known isodiametric
inequality

where w,, denotes the measure of the unit ball in IR".
Denoting by P(E) the perimeter of a measurable set in IR", the following
result states that the perimeter too decreases under Steiner symmetrization.

Theorem 1.1. Let E C IR" be a measurable set. Then,
P(E") < P(E). (L.1)

As we said before, inequality (1.1) is classic when E is a smooth set and can
be proved by a simple approximation argument in the general case of a set of
finite perimeter. However, following [9], we shall give here a different proof of
Theorem 1.1, which has the advantage of providing valuable information in
the case when (1.1) reduces to an equality.

Let us now recall the definition of perimeter. If F is a measurable set in
R" and 2 C IR" is an open set, we say that F is a set of finite perimeter
in {2 if the distributional derivative of the characteristic function of F, Dy g,
is a vector-valued Radon measure in {2, with finite total variation |Dxg|(£2).
Thus, denoting by (D1xEg,- .., DnxE) the components of Dx g, we have that
for all i = 1,...,n and all test functions ¢ € C}(2)

e |
[ xe@zE@ e == [ o@)abixs(a). (12

From this formula it follows that the total variation of Dyxg in {2 can be
expressed as

|D><E\<m:sup{z [ w@)aDie s v e clme) uwuxg} (13)
=1

= sup{/E divip(x) da = b € CH2;R™), [[¥]oe < 1}.
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Notice that, if F is a smooth bounded open set, equation (1.2) reduces to

[ F@d—— [  spE@ar-e),
E OENS$2

ne 0z

where v¥ denotes the inner normal to the boundary of E. Here and in the
sequel H¥, 1 < k < n — 1, stands for the Hausdorff k-dimensional measure in
R". Thus, for a smooth set F,

Dixp = vPH" ' LOE i=1,...,n,
[Dxe|(2) =H""(OEN ).

Last equation suggests to define the perimeter of E in {2 by setting P(E; 2) =
|Dxg|(£2). More generally, if B C §2 is any Borel subset of 2, we set

P(E; B) = |Dxsl(B).

If 2 = IR", the perimeter of E in IR" will be denoted simply by P(E).
Notice that the last supremum in (1.3) makes sense for any measurable set E.
Indeed, if for some E that supremum is finite, then an application of Riesz’s
theorem on functionals on Co(2;IR") yields that Dyg is a Radon measure
and (1.3) holds. Thus, we may set for any measurable set £ C IR" and any
open set {2

P(E;0) = sup{ [ divota)do: v € YR, Wl < 1} S

Clearly F a set of finite perimeter according to the definition given above if
and only if the right hand side of (1.4) is finite. Notice also that from (1.4)
it follows that if E} is a sequence of measurable sets converging locally in
measure to I in 2, i.e., such that xg, — xz in L _(£2), then

loc

P(E; ) < lihm inf P(Ey; 2). (1.5)

Another immediate consequence of the definition of perimeter is that P(E; £2)
does not change if we modify E by a set of zero Lebesgue measure. Moreover,
it is straightforward to check that

P(E; 2\ OF) = [Dxp|(2\0E) =0,

i.e., Dxg is concentrated on the topological boundary of F.

Next example shows that in general Dxp may be concentrated on a much
smaller set. Let us denote by B,.(z) the ball with center x and radius r and
set B = U2, By/o:(qi), where {¢;} a dense sequence in IR". Then E is an
open set of finite measure such that £"(9F) = co. However, E is a set of
finite perimeter in IR”. In fact, given ¢ € C3(IR™;R") with ||¢]s < 1, by
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applying the classical divergence theorem to the Lipschitz open sets Ej =
Ui?:lBl/Ql (¢:), with k& > 1, we have

/ divipdz = lim [ divipdz = — lim (i, vy a1
E k—o0 By

k—o00 OE),

IN

o0
nw

lim 1" (05 < z; 2Tfl) <0,

i—
To identify the set of points where the measure “perimeter” P(E;-) is con-
centrated, we may use the Besicovitch derivation theorem (see [1, Theorem
2.22]), which guarantees that if F is a set of finite perimeter in IR", then for
|Dxg|-a.e. point @ € supp|Dxg| (the support of the total variation of Dy )
there exists the derivative of Dy with respect to |Dxg|,

o DXE(Br (@)

CABATIAY)) B (e .
M Dxel By ) (1.6)

and that

[E(x)] =1. (1.7)
The set of points where (1.6) and (1.7) hold is called the reduced boundary
of E and denoted by 0*E. If € 0*F, vE(x) is called the generalized inner

normal to E at z. Since from Besicovitch theorem we have that Dyp =
v¥|Dxg|LO*E, formula (1.2) can be written as

/ ¢ dl‘zf/ o d|Dxg| forall p € CH(R™) and i = 1,...,n.
E B

611
(1.8)
The following theorem ([13] or [1, Theorem 3.59]) describes the structure of
the reduced boundary of a set of finite perimeter.

Theorem 1.2 (De Giorgi). Let E C R" be a set of finite perimeter in R",
n > 2. Then

(2) 0*E = GKhUNO,
h=1
where each Ky, is a compact subset of a C* manifold My, and H"1(Ng) = 0;
(i) |Dxp| =H""'LO"E;
for H" '-a.e. x € Ky, vE(x) is orthogonal to the tangent plane to M, at x .

From this theorem it is clear that for a set of finite perimeter the reduced
boundary plays the same role of the topological boundary for smooth sets. In
particular, the integration by parts formula (1.8) becomes



Geometrical Aspects of Symmetrization 159

/ dp dr = —/ ovF dH" ! forall p € CLH(R™) and i =1,...,n,
E 9" E

81’7;
(1.9)
an equation very similar to the one we have when E is a smooth open set.
In the one-dimensional case sets of finite perimeter are completely charac-
terized by the following result (see [1, Proposition 3.52]).

Proposition 1.1. Let E C IR be a measurable set. Then E has finite perime-

ter in R if and only if there exist —oo < a1 < by < as <--- <by_1 <an <
N

by < 400, such that E is equivalent to LJ(ai7 bi). Moreover, if {2 is an open
i=1
set in IR,

Notice that from this characterization we have that if £ C IR is a set of finite
perimeter with finite measure, then P(E) > 2. Moreover, P(E) = 2 if and
only if E is equivalent to a bounded interval. Notice also that Proposition 1.1
yields immediately Theorem 1.1 and the characterization of the equality case
in (1.1).

If we translate Theorem 1.2 in the language of Geometric Measure theory,
then assertion (i) says that the reduced boundary 8*E of a set of finite perime-
ter E in IR™ is a countably H"~!-rectifiable set (see [1, Definition 2.57]), while
(iii) states that for H" 1-a.e. + € 9*E the approximate tangent plane to 9* E
at z (see [1, Section 2.11]) is orthogonal to v¥(z). Therefore, from the coarea
formula for rectifiable sets ([1, Remark 2.94]), we get that if g : R" — [0, +00]
is a Borel function, then

[ pom@ieri@= [ wf g pace), o)

where H° denotes the counting measure.
Setting V = {z € OE* : vE(z) = 0} and g(z) = xv(z), from (1.10) we get
that

/ dz’ / xv (@) dHO(y) = / v (@) o ()] AL () = 0.
Rr1 (0°E),/ OB

Therefore, if F is a set of finite perimeter, then V, = 0 for £L* l-a.e. 2’ €
R ie.,

for £ ae. 2/ € R™, vZ(a',y) #0 for all y such that (z/,y) € 9*F.
(1.11)
Let £2 be an open subset of IR™ and u € L(£2). We say that u is a function of
bounded variation (shortly, a BV -function) in {2, if the distributional deriv-
ative Du is a vector-valued Radon measure in (2 with finite total variation.
Thus, denoting by D;u, i = 1,...,n, the components of Du we have that



160 N. Fusco

/ u(?gp da = —/ pdD;u for all ¢ € CL(02). (1.12)
Q Q

i
The space of functions of bounded variation in 2 will be denoted by BV (£2).
Notice that if u € BV(£2), then, as in (1.3), we have

wmm»:wQEZmemwm:weca&mwwMMSl}
1=1"

= Sup{/_() udivip(z) dz : ¢ € CL2;R™), [|9]leo < 1} .

Moreover, it is clear that if E is a measurable set such that £"(E N 2) < oo,
then xp € BV(£2) if and only if E has finite perimeter in (2.

In the sequel, we shall denote by D%u the absolutely continuous part of
Du with respect to Lebesgue measure £". The singular part of Du will be
denoted by D*u. Moreover, we shall use the symbol Vu to denote the density
of D%u with respect to L". Therefore,

Du = Vul"™ + D’u

Notice also that a function u € BV (£2) belongs to W1(£2) if and only if Du
is absolutely continuous with respect to £, i.e., |[Du|(B) = 0 for all Borel
sets B C {2 such that £"(B) = 0. In this case, the density of Du with respect
to L™ reduces to the usual weak gradient Vu of a Sobolev function.

Next result is an essential tool for studying the behavior of Steiner sym-
metrization with respect to perimeter.
Lemma 1.1. Let E a set of finite perimeter in R™ with finite measure. Then
p € BV(R™™Y) and for any bounded Borel function ¢ : R" ™' — R

/ (") dDip(z) = / oW () dH" (), i=1,...,n—1.
Rr—1 Jo

(1.13)
Moreover, for any Borel set B C R,

Dul(B) < P(E;B x R). (1.14)
Proof. Let us fix ¢ € C(IR"™!) and a sequence {1;} of C4(IR) functions,
such that 0 < ;(y) <1 for all y € IR and j € IN, with lim; . ¢;(y) =1 for
all y. For any ¢ € {1,...,n — 1}, from Fubini’s theorem and formula (1.9), we
get immediately

a@/ ’ /7/ /
];n e = [ ot [ Sy

tim [ 02 a1y ) da'y (1.15)

j—o0 E 05

=i [ ol @) e

Jj—oo .

—- | ewb@ e,
O*F
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This proves that the distributional derivatives of p are real measures with
bounded variation. Therefore, since £"(E) < oo, hence p € LY(IR" 1), we
have that € BV(IR"™!) and thus, by applying (1.12) to y, from (1.15) we
get in particular that (1.13) holds with ¢ € CA(IR™ ). The case of a bounded
Borel function ¢ then follows easily by approximation (see [9, Lemma 3.1]).

Finally, when B is an open set of IR"™*, (1.14) follows immediately from
(1.13) and (ii) of Theorem 1.2. Again, the general case of a Borel set B C
R, follows by approximation. 0O

Next result provides a first estimate of the perimeter of E®. Notice that in
the statement below we have to assume that E* is a set of finite perimeter, a
fact that will be proved later.
Lemma 1.2. Let E be any set of finite perimeter in R™ with finite measure.
If E® is a set of finite perimeter, then

P(E*;B x R) < P(E; B x R) + |D,xz:|(B x R) (1.16)
for every Borel set B C R™™'.
Proof. Since € BV(IR"™'), by a well known property of BV functions (see
[1, Theorem 3.9], we may find a sequence {f;} of nonnegative functions from
CHR™ 1) such that p; — pin LY(R™Y), pi(z’) — p(a’) for L '-a.e. 2’ in
R™™, | Dy, | (R™™Y) — |Dp|(R™™) and [Dpj| — |Dp| weakly* in the sense
of measures. Then, setting

E; ={(e",y) e R" " x R: p;(a’) >0, |y| < pj(a’)/2},

we easily get that xp: (z) — xp«(2) in LY(IR™). Fix an open set U € IR" ™" and
€ CHU x R,IR™). Then, Fubini’s theorem and a standard differentiation
of integrals yield

/—U(z )/2n— 1
/ XEsdlvwdx—/ dx/ 81/11 dy+/ XE,%d
UxIR i) /2 5= 311 2xIR Jy

3 S 2 e

i=1

Oy
+/ XES dx
O2xIR Ei 8

where 7 : IR™ — IR"™" denotes the projection over the first n—1 components.
Thus

/ xe:divy dz <
UxRR ’

-1

S/Tr(supm/)) :ZB<%< v tile )> 7/11(90’ #)):ﬁvﬂﬂdz,Jr

Oy,
+/ XEs =2 da. 1.17
UxIR E3 dy ( )
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If ||Y]|oo <1, from (1.17) we get

Mn
/ Xgsdivy dx §/ |V,uj|d:L"+/ XEs 2 dx . (1.18)
UxIR ! m(supp)) UxIR / 6:[/

Since xp; — Xp= in LYR™1) and 7(suppy) is a compact subset of U,
recalling that |Dp,| — |Dp| weakly* in the sense of measure and taking the
limsup in (1.18) as j — oo, we get

. 8 n
/ Xg=divy) dz < |Dpl|(7(suppy))) +/ XEs (;/j dx
UxIR UxIR Y

< [Dp|(U) + |Daxe=|(U x R) (1.19)
< P(E;U x R) + [Dpxes (U X R),

where the last inequality follows from (1.14). Inequality (1.19) implies that
(1.16) holds whenever B is an open set, and hence also when B is any Borel
set. O

Remark 1.1. Notice that the argument used in the proof of Lemma 1.2 above
yields that if F is a bounded set of finite perimeter, then E* is a set of finite
perimeter too. In fact, in this case, by applying (1.18) with U = IR"™" and
[¥]|co < 1 we get

/ xapdivipde <
S/]Rn—l |Vu_,'|dx/+/]RT [wn(acﬁw(z’)/?)fwn(:v’fuj(m')/z)] dz’ .

n—1

Hence, passing to the limit as j — oo, we get, from (1.14) and the assumption
that F is bounded,

[ xeedivode < Dul@ )+ [
.

Rn—1

[nle (@) /2) = (2’ u(a') 2) | da’
< P(E)+2L" H7(E)T) < 0.

Next result, due to Vol’pert ([26], [1, Theorem 3.108]), states that for £7~1-
a.e. ' the section E, is equivalent to a finite union of open intervals whose
endpoints belong to the corresponding section (9*E), of the reduced bound-
ary.

Theorem 1.3. Let E be a set of finite perimeter in R™. Then, for L 1-a.c.
.CL’/ c IR"_l,

(2) E, has finite perimeter in IR ;

(i) OBy = (0"E)ar ;
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(4it) vE (! y) #0 for all y such that (2',y) € 0" F;

(iv) xe(2’,) coincides L -a.e. with a function g, such that for ally € O* B,

lim+ g (2) =1, lim g (2)=0 if vP(a’,y) >0,
z—y z—y~
lim_ g (2) =0, lim g.(2)=1 if vP(a’,y) <0.
zZ—y Z*)yi

The meaning of (i) and (ii) is clear. Property (iii) states that the section
(0*E), of the reduced boundary contains no vertical parts. As we have ob-
served in (1.11), this is a consequence of the coarea formula (1.10). Finally,
(iv) states that the normal v¥(z) at a point x € 0*F has a positive vertical
component if and only if F, lies locally above x.

Notice also that from (ii) it follows that (9*E), = 0 for L 1-ae. 2’ ¢
m(E)" and that there exists a Borel set Gg C w(FE)T such that

the conclusions (i)-(iv) of Theorem 1.3 hold for every (1.20)

o' € G, LV (n(E)T\GE)=0. '
Let us now give a useful representation formula for the absolutely continuous
part of the gradient of p.

Lemma 1.3. Let E C R" be a set of finite perimeter with finite measure.
Then, for L™ '-a.c. ' € n(E)T,

i vE (', y) )
(@)= > = i=1,....n—1. (1.21)
Proof. Let Gg be a Borel set satisfying (1.20) and ¢ any function in
Co(R™1). Set p(z') = g(z')xa,(2'). From (1.13) and (1.10), recalling also
(iii) and (ii) of Theorem 1.3, we have

/ o(a") dDipt = / oYX (@ W () dHP () =
Gg

O*E

_ ! / VlE(T) E n—1
I*E n

. Py

- [, ) 2 T

Thus from this equality we get that

l/iE(xlvy) n—1
yed*E,, " ?

Hence the assertion follows, since by (1.20) £*~(r(E)* \Gg)=0. O
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Remark 1.2. If E® is a set of finite perimeter, since £ and E® have the same
distribution function u, we may apply Lemma 1.3 thus getting

ou ., E (@ () .
Y — g i \T o)) for L7 lae. 2 € m(E)T. 1.22
85, ") = L) or e e e BT (1)

2 Steiner Symmetrization of Sets of Finite Perimeter
Let us start by proving the following version of Theorem 1.1.

Theorem 1.1 (Local version) Let E C IR" be a set of finite perimeter,
n > 2. Then E* is also of finite perimeter and for every Borel set B ¢ R™™!,

P(E*; B) < P(E; B). (2.1)

Proof. Let £ C IR" be a set of finite perimeter. If £L"(E) = oo, by the
isoperimetric inequality (3.6) below, IR \ E has finite measure, hence £*(IR '\
E,) < oo for L ae. 2/ € R™', E* = R™ and the assertion follows
trivially.

Thus we may assume that E has finite measure. For the moment, let us assume
also that E* is a set of finite perimeter (we shall prove this fact later). Let
us set G = Gg N Ggs, where G and Gg- are defined as in (1.20). To prove
inequality (2.1) it is enough to assume B C G or B C R"" !\ G.

In the first case, using Theorem 1.2 (ii), Theorem 1.3 (iii), coarea formula
(1.10) and formulas (1.22) and (1.21), we get easily

P(E*;Bx R :/ —|wE aHr ! / _ dac/
( ) Esm(Bx]R)\VE|| | Z VE (z',y)]

yed Es, T

1
:2/ ———da’ 2.2
o W@ @) @2)
2

:2/3 1+i(%> dz’

=/B 4+lz<ah >2 da’

:/B 4+nzl( > %)2@:/.

yEO*E,/ ‘ Vn

Notice that, since £ has finite measure, for a.e. 2/ € R" ™!, £L1(E,) < co and
thus P(E,/) > 2. Hence from the equality above, using the discrete Minkowski
inequality, we get
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P(ES;BXIR):'/E; 4+§( > M)Qdﬂ (2.3)

veos, e (@ y)]

S/B (#{y:yea*Ez/}) Zl( > %)Qdﬂf'

yeEI*E,
2
/ Z 1+Z( E . )dlj
yeO*E 1
/ Z dx— P(E;B xTR),
yeES* B, " x

where the last two equalities, as in (2.2), are a consequence of the coarea
formula and of the assumption B C Gg.

When B ¢ R™ '\ G, we use (1.6), Theorem 1.2 (ii), coarea formula again,
Theorem 1.3 (ii) and the fact that £~ 1(7(E)™ N B) = 0, thus getting

Doy |(B x R) = / WE ldHrt = / #{yc o S ar'
0*E*N(BxIR) B

= / #lyed B Yda’ =0,
B\n(E)+

where the last equality is a consequence of the fact that £, = ( for all
2’ ¢ m(E)T. Then (2.1) immediately follows from (1.16).

Let us now prove now that E® is a set of finite perimeter. If F is bounded,
this property follows from what we have already observed in Remark 1.1. If
FE is not bounded, we may always find a sequence of smooth bounded open
sets Ej, such that L"(EAE)) — 0 and P(ER) — P(E) as h — oo (see [1,
Theorem 3.42]). Notice that, by Fubini’s theorem,

LB ABY) = [ 16E) - £ (B
= [ £ B — L (B
]R’n.fl

< / |CY By A(Ep)o)| da’ = L7 (EAEY).
Rn-1

Therefore, from the lower semicontinuity of perimeters with respect to con-
vergence in measure (1.5) and from what we have proved above we get

P(E®) <liminf P((Ep)°) < lim P(E)) = P(E)

h—o0 h—o00

and thus E* has finite perimeter. 0O
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The result we have just proved was more or less already known in the
literature though with a different proof (see for instance [25]). The interesting
point of the above proof is that it provides almost immediately some non
trivial information about the case when equality holds in (1.1), as shown by
the next result.

Theorem 2.1. Let E be a set of finite perimeter in R™, with n > 2, such that
equality holds in (1.1). Then, either E is equivalent to R" or L™(E) < co and
for L Loa.e. 2’ € m(E)*F

E,/ is equivalent to a segment (y1(z),y2(z")), (2.4)
(DlEv ey Vf—lv Vf)(l'l7yl(wl)) = (VlEv (RS Vf—lv _Vf)(xlv yQ(‘T,)) . (25)

Proof. If L"(FE) = oo, as we have already observed in the previous proof,
E® =TR". Then, since P(E) = P(E®) = 0, it follows that also E is equivalent
to R™.

If L™(E) < oo, from the assumption P(E) = P(E®) and from inequality (2.1)
it follows that P(E*; B x R) = P(E; B x RR) for all Borel sets B ¢ R"!.
By applying this equality with B = G, where G is the set introduced in the
proof above, it follows that both inequalities in (2.3) are indeed equalities.
In particular, since the first inequality holds as an equality, we get

#y:yed'Ey}p=2 for L tae. 2’ € G.

Hence (2.4) follows, recalling that, by (1.20), £L*~1(x(E)* \ G) = 0.
The fact that also the second inequality in (2.3) is an equality implies that

v (@ (@) _ v )

WE@ @) WE@ (@)

fori=1,...,n—1 and for L" -a.e. 2’ € G.

From this equation, since [v¥| = 1, we have that vF (2, y1 (")) = vE (', ya ("))
and |[vE (2!, y1(2'))] = |vF(2',y2(2"))| for L 1-a.e. 7' € G. Then, equality
vE( i (a") = —vP(2',y2(2') is an easy consequence of assertion (iv) of
Theorem 1.3. Hence, (2.5) follows. O

As we have just seen, Theorem 2.1 states that if £ has the same perimeter
of its Steiner symmetral £°, then almost every section of £ in the y direction is
a segment and the two normals at the endpoints of the segment are symmetric.
However, this is not enough to conclude that E coincides with E* (up to a
transaltion), as it is clear by looking at the picture below.



Geometrical Aspects of Symmetrization 167

x/

Thus, in order to deduce from the equality P(F) = P(E®) that E and E*®
coincide, up to a translation in the y direction, we need to make some as-
sumption on the set E or on E®. To this aim let us start by assuming that,
given an open set U ¢ R" ¢,

(Hy) H ' {zed E: v () =0}n (U xR)} =0,

i.e., the (reduced) boundary of E* has no flat parts parallel to the y direction.
Notice that this assumption rules out the example shown on the upper part
of the picture. Moreover, as we shall see in a moment, (H;) holds in an open
set U if and only if the distribution function is a W' function in U. To this
aim, let us recall the following well known result concerning the graph of a
BV function (see, for instance, [18, Ch. 4, Sec. 1.5, Th. 1, and Ch. 4, Sec. 2.4,
Th. 4]).

Theorem 2.2. Let U € R" ™! be a bounded open set and u € L'(U). Then
the subgraph of U,

Su :{(SL’/U) eUxR: y<u(x/)},
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is a set of finite perimeter in U x R if and only if u € BV (U). Moreover, in

this case,
P(S,;;BxR) = / 1+ |Vul|2da’ + |D*ul(B) (2.6)
B
for every Borel set B C U.

Notice that if E is a bounded set of finite perimeter, since . € BV (IR"™!) by
Lemma 1.1, and

E*={(a',y) e R" " xR: —p(a')/2 <y < p(a’)/2}, (2.7)

from Theorem 2.2 we get immediately that £ is a set of finite perimeter, being
the intersection of the two sets of finite perimeter {(z',y) : v > —p(z’)/2}
and {(2',y) 1y < p(a’)/2}.

Proposition 2.1. Let E be any set of finite perimeter in R™, n > 2, with
finite measure. Let U be an open subset of IR~ . Then the following conditions
are equivalent:

(i) H* '({z € 0*E*: vE'(z) =0} N (U xR)) =0

(ii) P(E*; B x R) = 0 for every Borel set B C U such that L"*(B) =0,
(iii)p € WHH(U).

Proof. Let us assume that (i) holds and fix a Borel set B C U such that
L"~1(B) = 0. Using coarea formula (1.10) we get

P(E*;BxR) =H""9"E°N (B x R))
=H" '{z e dE v (2) 01N (B x R))

1 n—
:/H*E‘mxwfs#omwxm)( o) |vE (z)| dH" !

,/b xT
/ / X{ ;&0}( ,Y) ) = 0.
(6 B%),,

CWEEL )]

hence (ii) follows.

If (ii) holds and B is a null set in U, by applying (1.14) with E replaced by
E?® we get |Dp|(B) = 0. Thus, Dy is absolutely continuous with respect to
L7, hence p € WH(U).

Notice that, if Fy, Fy are two sets of finite perimeter and B is an open set,
then (see [1, Proposition 3.38]) P(E1 N Es; B) < P(Ey; B)+ P(E»; B) and, by
approximation, the same inequality holds also when B is a Borel set. There-
fore, recalling (2.7) and (2.6) we get that, if (iii) holds, for any Borel set B
in U

P(E*; B x R) < 2P(S,,/2; B x R) / VA |VuRdd . (28)

Set By = m(9*E*) \ Ggs, where Gg: C m(E)" is a Borel set satisfying (1.20)
with E replaced by E°. Since by Theorem 1.3 (9*E®), = 0 for L l-a.e.
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2 ¢ 7(E)*, we have L1 (By) = LMY (7 (0*E*) \ n(E)*) + L Y (=(E)*t \
Gp<) = 0. Therefore, from (2.8) we get that P(E*;(BoNU) x R) = 0,
ie. H" 1 ((0*E*\ (Gg: x R))N (U xR)) = 0. Then, (i) follows since by
definition {z € 0*E* : vF (2) =0} C 9*E* \ (Gps x R). O

It may seem strange that assumption (H;) is made on the Steiner symme-
tral E®. Alternatively, we could make a similar assumption on E by requiring
that

(H7) H *{z €0 E: vE(x) =0} n(U xR)} =0.

Actually, it is not difficult to show that (H7) implies (H;), while the converse
is false in general, as one can see by simple examples. In fact, if (H{) holds,
arguing exactly as in the proof of the implication ‘(i)=-(ii)” in Proposition 2.1
we get that P(E; BxIR) = 0 for any Borel set B C U with zero measure. Then
(2.1) implies that the same property holds also for E* and thus, by Proposition
2.1, we get that E*® satisfies (H;). Notice also that when P(E) = P(E®),
then by (2.1) we have that P(E; B x R) = P(E®; B x IR) for any Borel set
B ¢ R™ . Thus one immediately gets that in this case the two conditions
(H1), (Hy) are equivalent.

Let us now comment on the example on the lower part of the picture above.
It is clear that in that case things go wrong, in the sense that E and E* are not
equal, because even though the set F is connected in a strict topological sense
it is ‘essentially disconnected’. Therefore, to deal with similar examples one
could device to use a suitable notion of connectedness set up in the context
of sets of finite perimeter (see, for instance, [1, Example 4.18]). However, we
will not follow this path. Instead, we will use the information provided by
Proposition 2.1.

If the distribution function u is of class W1 (U), then for H" 2-a.e. 2’ € U
we can define its precise representative fi(z’) (see [15] or [27]) as the unique
value such that

lim u(y) — fi(2")] da’ = 0, (2.9)
r—0 B;Lfl( ')
where by B"~!(z') we have denoted the (n—1)-dimensional ball with centre
2/ and radius r. Then, in order to rule out a situation like the one on the
bottom of the picture above, we make the assumption

(Hy) alx’)y >0 for H" 2-a.e. 2’ €U .
Next result, proved in [9], shows that the two examples in the picture are

indeed the only cases where the equality P(E) = P(E®) does not imply that
the two sets are equal. As for Theorem 1.1, we state the result in a local form.

Theorem 2.3. Let E be a set of finite perimeter R™, with n > 2, such that

P(E®) = P(E). (2.10)
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Let us assume that (Hy) and (Hy) hold in some open set U C R"™'. Then,
for every connected open subset Uy of U, EN (Uy x IR) is equivalent to E* N
(Ua x R), up to a translation in the y direction.

In particular, if (Hy) and (Hs) hold in a connected open set U such that
LY m(BE)YY\U) =0, then E is equivalent to E*, up to a translation in the
y direction.

As far as I know, this result was known in the literature only for convex sets,
where it can be proved with a simple argument. In fact, let us assume that £
is an open convex set such that P(E) = P(E®) < co. Then, n(E) is also an
open convex set and there exist two functions vy, ys : 7(E) — IR, y; convex,
and yo concave, such that

E={(y): 2" en(E), 1(2') <y <pa()}.

Let us now fix an open set U CC 7 (E). From assumption (2.10) and from (2.1)
we have that P(E*;U x R) = P(E;U x IR). Since y; and yo are Lipschitz
continuous in U, we can write this equality as

. ST . .
2/ \/1—&—%(}[1":/ \/1+\Vy1\2dy;'+/ V14 |Vy |2 da’ .
Ju Ju Ju

From this equality, the strict convexity of the function ¢ — +/1 + 2 and the
arbitrariness of U, we get that Vyas = —Vy; in 7(F) and thus yo = —y1 +
const.. This shows that F coincides with £, up to a translation in y direction.

The proof of Theorem 2.3, for which we refer to [9], uses delicate tools from
Geometric Measure theory. However, in the special case considered below it
can be greatly simplified.

Proof of Theorem 2.3 in a Special Case. Let us assume that E is an
open set, that m(E) is connected and that E is bounded in y direction.
Notice that since E is open, then p is a lower semicontinuous function and
for any open set U CC 7(F) there exists a constant ¢(U) > 0 such that

wu(z") > c(U) forall 2’ € U. (2.11)

Moreover, since E is bounded in the y direction, the function

' €m(E)—m(z) = /E ydy

!

is bounded in 7(E). Then, the same arguments used in the proofs of Lemmas
1.1 and 1.3 yield that m € BViee(7(E)) and that for L" l-a.e. 2’ € 7(E),
i=1,...,n—1,

om, . yrPhy)
)= 2 Ry (212

a

yeo*
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where we have denoted by dm/Ox; the absolutely continuous part of the
derivative D;m.

By Proposition 2.1 we have that (H;) implies that the distribution
function p is a Sobolev function. The same assumption implies also that
m € Wlicl (r(E)). In fact, the argument used to prove (1.14) shows that if
B C 7(FE) is a Borel set, then |Dm|(B) < MP(E;B x IR), where M is a
constant such that £ C R™ ! x (=M, M). Therefore, if £~'(B) = 0, from
(2.1) and Proposition 2.1 we have that P(E; B x R) = P(E*; B x R) = 0,
hence Dm is absolutely continuous with respect to £"~ .

Let us now denote, for any z’ € w(E) by b(z’) the baricenter of the section

Ez’v i-e-7
/ ydy
JE.

p(z')

From (2.11) and Proposition 2.1 we have that b too belongs to the space
VVILS (m(E)). Thus, to prove the assertion, since w(F) is a connected open set,
it is enough to show that Vb = 0, hence b is constant on 7(E). To this aim,
let us evaluate the partial derivatives of b, using the representation formulas
(2.12) and (1.21). We have, for any i = 1,...,n—1 and for £L""l-a.e. 2’ € 7(E),

b(z") =

) ydy )
b (') = 1 ( yvf (' y) /ET' Z m) (2.13)
YyEO* By

Ox; " pla’) vi@y)l @) S ed (@ y)l

Since for £" lae. 2 € w(E) (2.4) and (2.5) hold, the right hand side of
(2.13) is equal to

v (2!, ya(2’ y3(a")—yi (o) 207 (2, yo (o’
L@y L) L)) et

p(z) P y2(@)] 2 (@)~ (@) B (', y2(a)

Hence, the assertion follows. 0O

3 The Polya—Szeg6 Inequality

We are going to present the classical Polya—Szego inequality for the spherical
rearrangement of a Sobolev function uw and discuss what can be said about
the function v when the equality holds. In order to simplify the exposition,
we shall assume that u is a nonnegative measurable function from IR", with
compact support. However, most of the results presented here, like Theorem
3.1, still hold with no restrictions on the support or on the sign of w.

Given u, we set, for any ¢ > 0,

pu(t) = L({z e R™ : u(z) > t}).
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The function g, is called the distribution function of u. Clearly p, is a de-
creasing, right-continuous function such that

1 (0)=L"(suppu), py(esssupu) =0, p,(t—)=L"({u>1t}) forallt>0.
(3.1)
Notice that from the last equality we have that when ¢ > 0

f1y, is continuous in ¢ iff £L"({u=1}) =0.

Let us now introduce the decreasing rearrangement of u, that is the function
u* : 0, +00) — [0,+00) defined, for any s > 0, by setting

u*(s) =sup{t > 0: p,(t) > s}.
Clearly, u* is a decreasing, right-continuous function. The following elemen-
tary properties of u* are easily checked:

() w(pa(t) <t <u(pu(t)—) for all 0 < ¢ < esssupu;
(33) pu(u(s)) <5 < pu(u®(s)=) forall 0 <s < L"(suppu);
(i) LY ({s : u*(s) >t} = pu(t) for all t > 0.

Notice that (jjj) states that the functions w and u* are equi-distributed, i.e.,
by = My - Let us now define the spherical symmetric rearrangement of u, that
is the function u* : R"™ — [0, 4+-00), such that for all 2 € R"

w*(w) = u*(walz[") . (3.2)
By definition and by (jjj) we have
LM({u* > t}) = L"({u>t}) forall t >0,

i.e., fty = fy+. Thus also v and u* are equi-distributed. As a simple conse-
quence of this equality and Fubini’s theorem we have, for all p > 1,

/|u*(a:)|pdx=/ lu(@)|? dz,
R" R"

and, letting p — +00, esssup u = esssup u*.

If w is a smooth function, in general its symmetric rearrangement will be
no longer smooth (actually the best we may expect from Theorem 3.1 below
is that w* is Lipschitz continuous). However, the symmetric rearrangement
behaves nicely on Sobolev functions, as shown by the next result.

Theorem 3.1 (Pdlya—Szegd Inequality). Let u € WP(R"), p > 1, be a
nonnegative function with compact support. Then u* € WHP(IR") and

/]R Vet @) d < /]R [Vu(w)P da. (3.3)
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The proof of this result relies upon two main ingredients, the isoperimetric
inequality and the coarea formula for BV functions. Let us start by recalling
the latter.

Let u be a BV (£2) function. Then, for Ll-a.e. t € IR, the set {u > t} has
finite perimeter in 2. Moreover, for any Borel function g : 2 — [0, 4+00], the
following formula holds (see [1, Theorem 3.40]).

/Q g(z) d|Du| = /:)dt/a*{m}g(x) dH" . (3.4)

In the special case u € W11(£2), it can be shown that for £-a.e. ¢ the reduced
boundary 0*{u > t} coincides, modulo a set of H"~l-measure zero, with the
level set { = ¢}, where u denotes the precise representative of u, which is
defined H" 1-a.e. in £2 as in (2.9). Therefore, if u € W1(£2), (3.4) becomes

/ g(x)|Vu(z)| de = / dt/ g(x) dH" " (z). (3.5)
2 —oo {a=t}
The isoperimetric inequality states that if F' be a set of finite perimeter, then
=t 1
<min{£"(E),£”(]R” \ E)}) < —=P(E). (3.6)
nwy'"

Moreover, the equality holds if and only if E is (equivalent to) a ball.
Next lemma shows that if u is a Sobolev function, then the same is also
true for u*.

Lemma 3.1. Let u be a nonnegative function with compact support from the
space WHL(IR™). Then u* belongs to WH(IR") and

/|Vu*|d:c§/ |Vu|dz. (3.7)
R" R»

Proof. Let us first prove that for any 0 < a < b, the function u* is absolutely
continuous in (a,b) and

b
1
/ ()] ds < — s V| dz . (3.8)
a nwy' a5 J {ur (b)<u<ur (@)}

To this aim, we start by observing that from the third equality in (3.1) and
from inequality (jj) we have

L'({z e R" :u™(b) <u(z) <u(a)}) = pu(u” (b)) — pu(u(a)—) <b—a.
(3.9)
Let us denote by w : [0,00) — [0,400) the modulus of continuity of the
integral of |Vul, i.e., a continuous function, vanishing at zero and such that
for any set of finite measure
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/ [Vu|dz < w(L™(E)) .
E

Using the coarea formula (3.5), the isoperimetric inequality (3.6) and (jj)
again, we obtain the following estimate for the integral of |[Vu| between two
level sets,

u*(a)
|Vu|dz = / P({u>t})dt

./{u*(b)<u<u*(a)} u*(b)

u*(a) n—1
> nul/n / (" (u>n) " a
u* (b)
> new/ [ (u () )7 (u* (@) — u* (b)) (3.10)
> nw,ll/”a%l (u(a) —u*(b)).
Let us now take a finite number of pairwise disjoint intervals (a;,b;) C (a,b),
i=1,...,N. By applying (3.9) and (3.10) to each interval (a;, b;), we get

N

N 1
06— ()| < —mr 3 [
; nw,l/”a nl ; {u*(b;)<u<u*(a;)}

1 N
< ﬁw(Z(bi ~a). (3.11)

1/n
nwy' ‘aw =

IN

|Vu| dx

N

From this inequality it follows immediately that u is absolutely continuous in
(a,b), since the left hand side is smaller than a given € > 0 as soon as the sum
of the lengths of the intervals (a;, b;) is sufficiently small. Moreover, by taking
the supremum of the left hand side of (3.11) over all possible partitions of the
interval (a,b), from the first inequality in (3.11) we get immediately (3.8).

Notice that from (3.8) it follows that u* is in I/Vlf)c1 (R™\{0}). To prove the
assertion, we fix o > 1 and estimate the integral of |Vu| in the annuli Ay , =

{zr e R": wp Mgk < lz| < w{l/na(k“)/"}, for k € Z. Using (3.8) again,
and recalling the definition (3.2), we get, for any k € Z,

/ IVe*| dar = o / o ™ (™) d
Ak o k,o
W Vmg e/

= nzwi/ 272 M (wpr™)| dr
W;I/ﬂgk/n
gkl

= nw,l/"/k s" 5 |ut(s)| ds
g

n—1

<o n

/ [Vuldz .
{u*(ok)<u<u*(ok+1)}

Then the assertion immediately follows by summing up both sides of this
inequality over all k € Z and then letting o — 17. O
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Notice that the lemma we have just proved provides the Pélya—Szego in-
equality for p = 1. However, for the general case p > 1 we present a different
proof which has the advantage of giving better information when the inequal-
ity becomes an equality.

To this aim let us introduce a few quantities that will be useful later. If

e WEHIR™), we set

loc
Df ={z e R": Vu(z) #0}, D?=R"\D;.

We can now give a representation formula for the derivative of j,,. Notice that
the formula stated in (3.12) uses the fact that the |Vu*| is H" -a.e. constant
on Ll-a.e. level set {u* = t}.

Lemma 3.2. Let u € WHL(IR™) be a nonnegative function with compact sup-
port. Then, for L -a.e. t > 0,

H 7 ({ur =1}

1
//‘u(t) = *
[Vur| fur=ty

. 1 .
—— dH"™ 3.12
/{u t} ‘V’U/‘ " ( )

Proof. First of all let us evaluate ju,(t) using the coarea formula (3.5). We
get, for all t > 0,

pa() = L" ({u>t}NDY) +L" ({u>t}ND)

"({u>t}nDY) + /D X{ust} () d (3.13)

+<>o
XD+ _
u>tN DO / / !

+oo
" ({u>tynDY +/ ds/ —dH"fl,
« J ) ¢ {a=s) [Vl

where the last equality follows by observing that coarea formula (3.5) implies
that H"~1({a =t} N DY) = 0 for L'-a.e. t > 0. By applying (3.13) to u*, we
get also that for all t > 0

+oo Hn—l({u* — t})

3.14)
IV fur =1 (

() = L7 ({u >t} nDY ) /t

Let us now recall a nice property of absolutely continuous functions (see for
instance [10, Lemma 2.4]).

If g is an absolutely continuous function in a bounded open interval I and,
for all ¢ € R, we set ¢,4(t) = L' ({g > t} N DY), then ¢, is a nondecreasing
function such that ¢ (t) = 0 for L'-a.e. t.

By applying this result with g = u* and observing that £" ({u* >t} N DY) =
£ ({u* >t} NDY.), for all t > 0, from (3.14) we get immediately the equality
n (3.12). On the other hand, the inequality



176 N. Fusco

! 1 n—1
ACEE
{a=t} [Vl

follows immediately from (3.13). O
We are now ready to prove the Pélya—Szegé inequality (3.3).

Proof of Theorem 3.1. Let us fix a nonnegative function u € W1?(IR")
with compact support and let us assume, without loss of generality, that u
coincides with its precise representative u. From Lemma 3.1 we know already
that u* belongs to the space W1(IR"). Thus, using the coarea formula (3.5)
with u replaced by u* and recalling that |Vu*| is constant on the level sets of
u*, we get

. 400
/ |Vu*|P da :/ dt/ |Vau*|P~t dHmt
JIR™ 0 J{ur=t}
400
:/ H (= )|Vl de
0

From this equation, using twice (3.12), the isoperimetric inequality (3.6)
Holder’s inequality and coarea formula again, we get

R" 0 RO .

- /+oc [Hn—l({u* _ t})]p

(/ d'anl)P—l dt
{wr=y |Vl

oo [ ({u=1})]"
= /0 dHP1\ P! a
</{u:t} [Vl )

+o0o
< / dt/ |VulP~t ™t :/ [VulP de .
0 {u=t} R"™
Hence (3.3) follows. O

Let us now discuss the equality case in (3.3). First, notice that if this is
the case, then all inequalities in (3.15) are in fact equalities. In particular, if
the second inequality in (3.15) holds as an equality, then we can conclude that
the set {u > t} is (equivalent to) a ball for £L'-a.e. t > 0. Moreover, if the
equality holds in the third inequality (where we have used Holder inequality),
the conclusion is that for £l-a.e. t > 0, |Vu| is H"!-a.e. constant on the level
set {u = t}.

These are the immediate consequences of the equality case. However, with
some extra work, one can prove the following, more precise, result (see [5] or
[11, Theorem 2.3]).
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Proposition 3.1. Let u € WHP(IR™), p > 1, a nonnegative function with
compact support such that

/ |[Vu*|P dx :/ [VulP da . (3.16)
R" R"

Then there exist a function v, equivalent to w, i.e. such that v(z) = u(z) for
L"-a.e. x € R", and a family of open balls {U;}4>0 such that:

(i) {v>t}=U, forte|0,esssupu);
(ii)) {v =esssupu} = ﬂ Uy, andis a closed ball (possibly a point);

0<t<esssupu
(i11) v s lower semicontinuous in {v < esssupu};
(iv) ifv(z) € (0,esssupu) and L"({u =v(x)}) =0, then x € OU,(y);

(v)  for every t € (0,esssupu) there exists at most one point x € Uy such
that v(x) # t;

(vi)  the coarea formula (5.5) holds with @ replaced by v;

(vii)  for L'-a.e. t € (0,esssupu), |Vo(z)| = |Vu*|fuzp for H" '-a.c.
S 6Ut .

This proposition contains all the information that we can extract from equality
(3.16). However it is not true in general that (3.16) implies that u coincides
with v*, up to a translation in x. This can be easily seen by considering any
spherically symmetric nonnegative function w, such that £"({w = tp}) > 0
for some ¢y € (0,esssupw) and another function u whose graph agrees with
the graph of w where u < ty and with a slight translated of the graph of
w where u > tg. Then v* = w and (3.16) holds, but w is not spherically
symmetric. What goes wrong in this example is the fact that the gradient of
w (and of u) vanishes in a set of positive measure. Thus, this example suggests
to introduce the following assumption,

(H) L({0 < u* < esssupu} NDIL) =0.

Notice that we are in a situation similar to the one we were in the previous
lecture when dealing with the assumption (H;). In fact, it can be proved (see
for instance [10, Lemma 3.3]) that (H) is implied by the stronger assumption

(H') L"({0 < u < esssupu} N DY) =0.

Moreover, (H) is equivalent to the absolute continuity in (0,+o00) of the dis-
tribution function p, and the two conditions (H) and (H') are equivalent if
(3.16) holds (see [10, Lemma 3.3] again).

The following result was proved for the first time in the Sobolev setting
by Brothers and Ziemer ([5]). It shows that when equality holds in (3.3),
assumption (H) guarantees that u and u* agree.
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Theorem 3.2. Let u € WIP(IR™), p > 1, be a nonnegative function with
compact support such that (3.16) and (H) hold. Then u* = u, up to a trans-
lation in x.

Notice that the above result is in general false if p = 1, even in one dimension.
To see this it is enough to take a function which is increasing in the interval
(=00, a) and decreasing in (a, +00).

The starting point of the proof of Brothers and Ziemer is to observe, as we have
done before, that the equality (3.1) yields that £™-a.e. set {u > t} is a ball and
that |Vu| is constant on the corresponding boundary. Then the difficult part
of the proof consists in exploiting assumption (H) to deduce that all these
balls are concentric, i.e. u is spherically symmetric. To prove this, we shall not
follow the original argument contained in ([5]), but a somewhat simpler one
used in [11], which is in turn inspired to an alternative proof of Theorem 3.2
given in [17].

To this aim from now on we shall assume, without loss of generality, that u
agrees with the representative v provided by Proposition 3.1 and that Uy =
{u > 0} is a ball centered at the origin. Then, for all 0 < ¢t < esssupu we
denote by R; the radius of the ball U; and set, for all z € Uy,

)y (317)

Wn

B(z) = (

To understand the role of the function @, observe that if x € Up is a point
such that u(z) = ¢, then p,(u(z)) = L"(U;). Therefore, @(x) is equal to the
radius of the ball U;.

The following lemma is a crucial step toward the proof of Theorem 3.2.

Lemma 3.3. Under the assumptions of Theorem 3.2, & € Wh>2(Uy) and
[Vo(z)| =1 for L™-a.e. x € Up \ {u = esssupu}. (3.18)
Proof. We claim that g, ou € WH(Up) and that

Vu(z)

Vlmow) (@) =" (fu=u(@)}) e~ —x

ot (2) for L™a.e. z € Up.

(3.19)
From assumption (H ), which is equivalent by (3.16) to (H’), using (3.13) and
Proposition 3.1 (vii), we get that for all 0 <t < esssupu,

+oo g m—1 u=s
py(t) = L ({u = esssupu}) + /z Hu=s)) \V’M(\J\[{u:s} )

For £ > 0, we set

+oo g m—1 u=s
e (t) = L™ ({u = esssupu}) +/ w ds .

t |Vu||{u:s} +e
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Clearly, ftyc(t) T pu(t) for every t > 0 as € | 0. Moreover, p, . is Lipschitz
continuous in [0, +00), and

H ({u=1})

— for L'-a.e. t >0
[Vuljfu=ty + € orsae =T

1oy o (t) =
whence

for Ll-a.e. t>0.

eH" *({u=t})
|, o (8) — i, (1)) <
- IVl fu=ry (IVtljfu=r) + )

Thus, 1], ((t) — i, (t) L1-a.e. in [0,+00) as e — 0, since |Vul|fu—yy # 0 for

n—1 —
Ll-ae.t >0, in as much as W € L'(0,00). This membership and
[{u=t}
the fact that
n—1 —t
[0, (8) = 11, ()] < w for L'-a.e. t >0
’ Ul u=t}

entail that 4, . — pi, in L'(0,00). Hence, jiye — iy uniformly in (0,00).
Consequently, the functions /i, . ou converge uniformly to f, ou. Furthermore,
by the chain rule for Sobolev functions (see e.g. [1, Theorem 3.96]),

Vo)) = s () V) = ~H (= o))
for L™-a.e. z € Upy.

The last expression clearly converges to the right-hand side of (3.19). More-
over, from Theorem 3.1, we have that H" '({u = t}) = H""1(9U,) <
nw, Ry ™" for Ll-a.e. t € (0,esssupu). Thus,

[V (py,e 0 u)(z)] < nwnRg_l for L"-a.e. x € Uy .

By dominated convergence, V(f, . o u) converges to the right-hand side of
(3.19) in L'(Up). Hence, the claim follows.

To conclude the proof let us now observe that for all ¢ € (0,esssupu),
pu(u(z)) > pu(t) > 0 for all z € Uy \ U;. Therefore, we can compute the
derivatives of @ in Uy \ U; by the usual chain rule formula for Sobolev func-
tions, thus getting, from (3.19), that for £"-a.e. x € Uy \ Uy

Va(x) = —Wll/n (pa(u@))) H"”(WZU(@D%XW ()
L ) (3.20)

= =1 _Xp;
[Vl fuzu(z)y T

Then, (3.18) follows immediately from Proposition 3.1 (ii). In particular, this
proves that @ is a W1 function in the open set Uy \ {u = esssupu} (which
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is the difference of an open ball and a closed one). To conclude the proof it
is enough to observe, that since i, . o u € Whe(Uy), ® has a continuous
representative in Uy which is constant on the closed ball {u = esssupu}. O

Notice that Lemma 3.3 is not telling us that & is Lipschitz continuous in
Up. It just says that @ coincides L"-a.e. with a Lipschitz continuous function,
with Lipschitz constant less than or equal to one. Therefore, we may only
conclude that there exists a set Ny, with £"(Ny) = 0 such that

|P(x) —D(y)| < |z —y| for all z,y € Uy \ No . (3.21)
However, this information is enough to achieve the proof of Theorem 3.2.

Proof of Theorem 3.2. From the coarea formula (3.5), recalling (iv), (v)
and (vi) of Proposition 3.1, we get

400
HH(OU, N Np) dt = / |Vu|dz = 0.
Jo JNo

Therefore, there exists a set Iy C (0, 4+0oc), with £!(Iy) = 0, such that
H™ AU, N Ny) =0 for all ¢ € (0,400) \ I .

Let us now fix 0 < s < t < esssup u, with s,t ¢ Iy. From Proposition 3.1 (v)
we can find two sequences {x),} C OU, \ Ny and {y,} C U, \ Ny such that

u(zp) =s, wul(yp) =t forallh, |z, — yn| — dist(OUs, OUY) .
Since @(zp) = Ry and @(yp) = Ry, from (3.21) we get that

|Rs — Ry| < ) liIE |xp — yn| = dist(0Us, OU,)

Hence, Uy and U, are concentric balls. From this one can easily conclude that
Us and Uy are indeed concentric for all 0 < s < ¢ < esssup u, thus proving the
assertion. 0O
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