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Summary. This note presents some properties of positive cadlag local martin-
gales which are not martingales — strict local martingales — extending the results
from [MYO06] to local martingales with jumps. Some new examples of strict local
martingales are given. The construction relies on absolute continuity relationships
between Dunkl processes and absolute continuity relationships between semi-stable
Markov processes.
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1 Main results

Let (£2,F, F:,P) be a filtered probability space. On {2 x R, we denote by O
and P respectively — the optional and predictable sigma fields and by B (R)
the Borel sigma field. Consider (S),5, — an Ry valued local martingale with
respect to the filtration (ft)tgo- For the definitions of local time for discon-
tinuous local martingales we follow ([TL78], pages 17-22; see also [Mey76]
and [Pro05]). For each a € R there exists a continuous increasing process
(L¢, t > 0), such that Tanaka’s formula holds:

t

(St — a)+ = (SO - (l)+ +/ 1{5u7>a}d.5'u
0+

_ 1
+ Z |:1{Su_>a} (Su - a) + 1{Su,_<a} (Su - CL)+ + §L?7 (1>

o<u<t
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which we write equivalently:

t
1
(St — a)+ = (SO - a)"‘ + / 1{5,u7>a}d5u + iﬁg
0+

Furthermore, there exists a B (R) x O measurable version of £, a.s. cadlag
in ¢, and a B (R) x P measurable version of L, which is a.s. continuous in t.
We will only consider such versions. Also note that for any f > 0, Borel,

/ soaiss,= [ e

We shall say that T is a (F;) stopping time which reduces the local mar-
tingale S if (Siar) is a uniformly integrable martingale. We shall say that a
process X is in class (D) if the family {X,, 7 - a.s. finite (F}) stopping time}
is uniformly integrable.

The following Theorem is a straightforward generalization of Theorem 1
in [MY06].

Theorem 1. Let 7 be an (F;) stopping time such that 7 < 400 a.s. and
K > 0. Then there is the following identity

E(S, — Kt =E(So~ K)" +BIS 4+ [ELK —es(r), ()
where c¢g (1) :=E (Sy — S;),

TE = 3 Ve, sk (Su—K) "+ Y g, <y (Su— KT (3)

O<u<T O<u<T

— (K L)

and (L{),_ is the (continuous) local time at K of S.

>0

Proof. Taking a = K in Tanaka’s formula (1), one has

t
(St — K)+ _ (SO — K)+ :/O ]-{Su,>K}dSu =+ Z l{Su—>K} (Su — K)_
+

O<u<gt

1
+ Y s <xy (Su— )T+ §Lf< ;
O<u<gt

introducing J as in (3) one obtains
1
NE .= [(st - K)" - St} - [(So ~K)t — 5o+ JE + 2L§<]

t
= / 15, >K}dSu, + So — S
0+
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and (NtK)t>0 is a local martingale. Since (S — K)* — S, = — (S, A K), one
has

1
—NtK:St/\K—SO/\K+JtK+§Lf(.

In order to get (2) it is enough to prove that N is in class (D), i.e., the family
NE 1{r <400}, Where 7 ranges all (F;) stopping times, is uniformly integrable.
Indeed, again from Tanaka’s formula

1 t
(S, — K)" —(So — K)t —JK — §L§< = /0 1s, >k}dSu.
+

Let (7n),>; (Tn — +00a.s.) be a sequence of (F;) stopping times which

reduces both (S),, and (fg+ 1{S“_>K}d5u)t>0. Then one gets

1
EJf,, + ELf,, =E [(Swn CK)Y —(Sp— K)*} < ESipr, = ES).

Finally, by Beppo-Levi:
1
EJE + i]ELf{ <ES)

and

1
EJE + 5IELfO < ES,,

then for any (F;) stopping time 7
1
INF1p ooy <2K +JE + §L§ a.s. ,

which ensures that (NtK)t>o is in class (D). Therefore (NtK)t>0 is a uniformly

integrable martingale and the result follows. ]

Let 7 be an (F;) stopping time which is a.s. finite. With notations from
[LNO6] suppose that S € M? ., and moreover that: (S)_ < oo a.s., ST is in
class (D), |AS| < C and

Ee** < 0o

for some positive constants C' and e. Then from Theorem 1.1 in [LNO06] the
term cg (1) :=E (Sp — S;) in (2) can be characterized as

s E 1/2 1 T 1/2
s (7) = lim A\/;P ((S}T > A) ~ lim )\\/;IF’ ([S, S|Y2 > )\) :
Besides as a consequence of (2) one obtains

¢s (1) = lim (EJTK + ;EL§>.

K—oo
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Let 7 be an a.s. finite (F;) stopping time. Define

Cstrit (K 7)== lim E(Syar, — K)V, (4)

n—oo

where T,, — oo a.s., T, reduces (St)t>0~ The following proposition shows that
this limit exists and does not depend on the reducing sequence 7),, n > 1.

Proposition 1. Let 7 be an a.s. finite (F;) stopping time. Then

) 1
(strict (K, T) ) (SO _ K)+ + Ejj{ + 5IELf_{ (5)

Furthermore, if the process (ASy), is in class (D), then

ot (5 1) _ [(ST . K)*} + lim nP(S* > n),

where S§ 1= supgc,<¢ Su-
Proof. By Tanaka’s formula
t
1
(S, — K)" —(So — K)* = / lis, >xydSu+ Jf + §L{(,
0+

where JX is defined by (3). Since (St)i>0 1s a local martingale,

t
Sk 12/ 1¢s, >K}dSuy
0+

is also a local martingale. We have seen in the proof of Theorem 1 that

t
NE — / 1(s, >x}dSu + So — S
0+

is a uniformly integrable martingale, then
SK .= NK+5, -8,

is the sum of a uniformly integrable martingale and a local martingale (S;),-

Therefore a stopping time which reduces (St),, reduces (S£) >0 as well.

Let T be an (F;) stopping time which reduces (St)t>0. Then Sia7 and SﬁT
are uniformly integrable martingales. For any 7 — an a.s. finite (F}) stopping
time one gets

1
E(S;ar — K)" =E (S — K)" +EJf\p + SELT,r, (6)

now taking for T a stopping time T,,, such that T,, — oo a.s. and T;, reduces
(St);>0 » one obtains that
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OstriCt (K7 7—) = lim E (ST/\Tn - K)+

n—oo

exists and does not depend on the sequence of stopping times reducing (St)t>0.
Furthermore,

) 1
Cstrlct (K, 7_) —F (SO _ K)+ + EJ_[{( —+ iEL"I—(

In order to move further suppose that the process (ASt)t>0 is in class (D).
Take
T, :=inf{u >0|S, >n}.

Since (St)t>0 is an adapted cadlag process, T;, is an (F;) stopping time and
T,, — oo a.s. Since
|Sear,| < n+ ASr,,

(StaT, )i 1s in class (D) and subsequently is a uniformly integrable martin-
gale. In particular T, is an (F;) stopping time which reduces (St);,. Now
one can get for any 7 - an a.s. finite (F;) stopping time

E(Sear, = K)T = E [(8r = K)" Lirar,y | + B [(Sr, — K) " 1(om,y] -

The left hand side converges and equals CS"°t (K, 7). The first expression
on the right hand side converges as well (by Beppo-Levi) to E[ (S — K)Jr ]

Hence E[ (S7, — K)" 1(,>7,1] converges as well. Besides one has for n > K
(n—K)P(r>T,) <E|(S1, - K)" 1o, )]
<(n—K)P(r>T,) +E[ASr, 1{r>7,3]
and
E {(STH —K)* 1{T>Tn}} —E[ASr,1(ors] < (0= K)P(r > T))
<E [(STn ~K)* 1{T>Tn}} .

Since (AS7,1(rs7,))

as n — 00, and

> 18 a uniformly integrable family ]E[ASTnl{T>T”}]—>O,

nILH;OE {(STW, - K)*" 1{T>Tn}} :nILH;O n—K)P(r > Tn):nlin;o nP (ST > n).

Finally

lim E(S;nr, — K)' =E [(ST - K)*} + lim nP(S* > n),

n—oo n—oo

where S} 1= supgc, <t Su- O
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Remark 1. Note that from Theorem 1 and Proposition 1 for any positive local
martingale S, such that (AS), is in class (D), and for any a.s. finite (F3)
stopping time 7
cs (1) = lim nP(S; >n).
n—oo
Remark 2. Under the conditions of Proposition 1
CMiet (K, ) = sup E (Sorr — K)T. (7)

o-(F.) stopping time

Proof. From (6) one obtains that for any pair of (F;) stopping times 7, o and
a sequence of stopping times R,, such that R, — oo a.s. and R, reduces

(St)i>0
1
E (ST/\O'/\Rn - K)+ =E (SO - K)+ + EJ‘fg\o’/\Rn + §EL7{</\U/\R71'
Then by Fatou’s Lemma,
1
E (ST/\O' - K)+ < E (SO - K)+ + hm lnf EJ‘/S\U/\RTL + §EL‘}r{/\a/\Rn

n—oo

=E(S)— K)" +EJX

TNAO

1

+ i]EL'rI'{/\J

1

<E(Sy— K)" +EJX + 5ELf.

Now (7) follows from (5) and (4). O
Remark 8. The original proof of Proposition 2 in [MYO06] differs a little from
ours. In order to obtain (6), the fact that the stopping time which reduces
(St);>0 reduces as well (StK)t>0a is not used. Let us go through this other
proof and see that there is no contradiction.
Proof. Let T be an (F3) stopping time which reduces (S),, and TE n>1,
TX — o0 be a sequence of stopping times that reduce (StK)t>0' Then for any
7 — an a.s. finite (F;) stopping time — one gets

1
E (ST/\T/\TTLK - K)+ =E(So — K)Jr + EJrIs\T/\T,,{( + gELf/\T/\T,{('

On the right hand side one can pass to the limit as TX — oo by Beppo-Levi
and get a finite limit as soon as we already know from the proof of Theorem 1
that

1
EJE + §EL£ < ESp.

On the left hand side, (ST/\T/\T7{()7L>1 is a uniformly integrable martingale,

thus it converges in L! to S, 7. Finally one gets
1
E(Sear — K)T =E(Sy — K)T +EJE . + 5IELEAT, (8)

which is the same as (6). O



1t6’s Integrated Formula for Strict Local Martingales 381

For any p — a finite measure on R define
+oo n
Fu@)i= [ pldk) (e - K)
0

and fi := O+°° w1 (dK). As in [MY06] we have the following Proposition and
Corollary (the proofs are the same as in the continuous case).

Proposition 2. Under the notations and assumptions of Theorem 1

BLF, (5] = £y (5o) + E | [ T aK) (754 325)] - es (0.

Corollary 1. The process

+oo 1
Fu(s) = Fp(so) = [ wtar) (95 4+ 3L) = (s i), 20
0

is a martingale.

2 Examples

One can trivially construct strict local martingales from continuous strict local
martingales: indeed, M; := Mt(c) —&-Mt(d) and (Mt(c)) is a strict local martingale
and (Mt(d)) is a uniformly integrable martingale, then (M) is a strict local
martingale.

We now obtain strict local martingales with jumps which are generaliza-
tions of the strict local martingale (1 / RIEB)), where (Ris)) is a Bessel process

of dimension 3. As in the case of (1 / R§3)), such strict local martingales can be
obtained from absolute continuity relationships between two Dunkl Markov
processes instead of Bessel processes. For simplicity, we consider here only one
dimensional Dunkl Markov processes (see [GY06]).

The Dunkl Markov process (X;) with parameter k is a Feller process with
extended generator given for f € C? (R) by

212

Lif (z) = %f” () +k (if’ () — f(”f)_f(_x))

where k > 0. Note that |X| is a Bessel process with index v := k — . Denote

by P the law of (X;) started at € R, and by (F;*) the natural filtration
of X.

Proposition 3. Let 0 < k < % < k' and z > 0. Define

To:=inf{s > 0]|X;_ =0 o0r X, =0}.
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Then ngk) (Th < +00) =1 and there is the following absolute continuity rela-
tionship:

o)

x

7

k' —k Ninty
_ ‘Xt/\To| E’ exp | — (k/)2 _ k2 /t/\TO ds P(k) (9)
7] k 2 o X2l

where N; denotes the number of jumps of X on [0, t]. Furthermore

= () () (U R) o

(')

is a strict local martingale under Py ’, and

P® (1 > £ =BV, (11)

(k') (#)

where Ey 7 is the expectation under Py 7.

Remark 4. Note that the law of Ty under ngk) is that of x2/(2Z(%_k)), where

Z(%f k) is a gamma variable of a parameter + — k (see page 98 in [Yor01]).

Proof. Let X be a Dunkl Markov process. Note that AX; = X, — X, =
—2X,_, when AX; # 0. Hence if X; =0, then X;_ =0 and

To=inf{s > 0|X,_ =0} =inf{s > 0]|Xs| =0}.

In order to prove (9) we proceed as in the proof of Proposition 4 in [GYO06].
First we need to extend Theorem 3 in [GY06] for k < 1. Since |X| is a Bessel
process with index (k — %), for k < %, Ty < +o0 a.s., and, for k > %, Ty = 40

a.s. Denote
5 du
- = to,
0 Xu

then 7 is a continuous strictly increasing time change and 7., = 7. Denote
Y., := X,,. Since for any f € C?(R)

Ty = inf{s>0

£ (X0 — (Xo) - /O Cf (X.)ds

is a local martingale,

f(Ya) — f (o) / Y200 (V) ds
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is a local martingale. Then, as in the proof of Theorem 4 in [GY06], one
obtains that Y is of the form

Y, = exp (ﬂg’) + iﬂNék/Q)) ,

where v = k — %, ( 79/)) is a Brownian motion with drift v, (Nék/Q)) is a

Poisson process with parameter k/2 independent from (ﬁq(f)). Denote

t
d
At = %7
0 Xu
then 74, =t, for t < Ty. Hence
Xt =Yy, t <Tp. (12)

Note also that differentiating the equality A,, = ¢ with respect to time one
gets

and A, = inf {s > 0 ’fos Y2du =1}, t <Ty. Note that (9) is equivalent to

] \*7F /& N*'e (K)? — k2 /t ds '\ (k)
= e — —_— X —_— T
FXA{t<To} | X¢| 1% P 2 0 X2

Indeed (9) is equivalent to

Pk

x

T

(13)

ES) (F (X, s <1) =E® (F (X s <t) 1 )

13 Mt/\T()
=E® (F !
=, (Xsa S < t) El{t<’]"o} 5

for any bounded measurable F', (M;) is given by (10). Then
K’ - -
B (MiLjpery P (Xo s <) =EW (P (X, s <0 1ery ),

which is equivalent to (13). By (12) X is associated to the pair (8, N(*/2))

under P*)| and to the pair (ﬂ(”l),N(k,/Q)) under P(¥'). Both pairs consist
of a Brownian motion with drift and a Poisson process which are mutually
independent, and v := k — %, v/ := k' — 1. Now in the same way as in the
proof of Proposition 4 in [GY06], for any bounded measurable F,

E) (F (ﬁé”)7N§k), s < t)) =]E9(ck,)(DtF<5£”')7N§k’)’ o< t))

where
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Dy :=exp ((1/ —v) 55”') —

N

_ o (V/>_} 2 _ (1.)2 E '
—ewp (6005 = 3 (= 07%) ) ()
and Dy, = M, t <Tj. Denote G, := 0o {BS(V/),NS(H/Q), s < t}, then

v’ k'/2
F (ﬁ,(axs)vags/ )> Lia.<u}

is G4, v measurable and

E® (F (5559),N,(4i/2)) 1{As<u})

_ g (]E(’“/) (Dt |Ga,pu) F (ﬁﬁf) Ng’jm) 1{As<u})

— g (DASF (ﬁ&i",N/ﬁ’Z'”)) 1{As<u}>-

As u — +00 one gets

Eg;k) (F (ﬁ,(c\i)’ Ngz/?)) 1{A5<+OO})

—g{") (DASF (ﬁgf),N,S'Z//Q)> 1{As<+00}>' (14)

Noting that (A4s; < +o00) = (s < Tp), (14) leads to (13). From (13) one
easily obtains (11). Suppose that (M) is a martingale then from (11) for any
t>0pH (To >t) =1 and PP (To = +0o0) = 1, which is impossible because
k < L. Hence (M,) is a strict local martingale. O

Other examples of strict local martingales with jumps can be obtained
from absolute continuity relationships between two non-negative semi-stable
Markov processes. We shortly recall the definition of a semi-stable Markov
process (see [Lam72]):

A semi-stable Markov process (with index of stability a = 1) on Ry :=
[0, +00) is a Markov process (X;) with the following scaling property: for any

c>0 )
(Lxg) @ (xe)
¢ >0 >0

where (X{*)) denotes a semi-stable Markov process started at z > 0. Denote
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To:=inf{s >0|X;_ =0o0or X, =0}, (15)

then Lamperti in [Lam72] showed that: either Ty = +00 a.s., or Ty < 400 a.s.
and X7,_ =0 a.s., or Ty < +o00 a.s. and X7, > 0 a.s. Furthermore this does
not depend on the starting point > 0.

Note that for a semi-stable Markov process the following Lamperti relation
is true. We suppose that there is no killing inside (0, 00).

Proposition 4. Let (&) be a one-dimensional Lévy process, starting at 0.
Define

t
Agz) ::/ xexp (&) ds,
0
for any x > 0. Then the process (X,), defined implicitly by

rexp& =X t < T, (16)

AL
is a semi-stable Markov process, starting at x, and

A®) =Ty, (17)
where Ty is defined by (15). The converse is also true.

Denote
Tt(x) := inf {s =0 ‘Ag“’) = t}.

Let (ff ) be the natural filtration of (&) and (F;*) be the natural filtration of
(Xt). As in [CPY94], using Proposition 4, one obtains the following absolute
continuity relationship between two semi-stable Markov processes.

Proposition 5. Suppose that (X;) is a semi-stable Markov process associated
with Lévy process (&) via Lamperti relation (16) and Epe®s = e?®) < oo,
Define Q by

b t
X, ds
Ql}'txﬁ{t<To} - (x) eXp (—p (b)/o X2) P|}}Xﬂ{t<T0}’

where Ty is defined by (15). Then, under Q, (X) is still a semi-stable Markov
process associated with Lévy process (&) via Lamperti relation (16) and

W (u) =W (u—ib) — W (—ib),

where W, W are the characteristic exponents of (&) under P and Q respectively.

Proof. Let us consider the change of measure given by the Esscher transform:

Q|ff =exp (& — p (b)) P|ff .
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Since Eebét = etr(®) < o
M; = exp (b&; — p (b) ¥)

is a martingale. Furthermore (&;) is still a Lévy process under @. Note that
{Tt(w) < 400} = {t < Tp} and for any ¢t < Ty

A =t (18)

Denote G; := .7-'5(1), then for any A € G;
t

T

Q (Aﬂ {Tt(a:) < u}) =Ep <1A0{Tt<1)<u} exp (bfﬂm —p(b) Tt(w)>) . (19)

Note that (X;/z)" = exp (b€ @) on {t < Tp}. Differentiating (18) one gets

that

et X

Letting u tend to infinity, from (19) one gets

Q (A N {Tt(m) < —l—oo})

—E <1An{T§”><+°°} (?)bexp (_p(b) /Ot Z)) .

But from (17) {Tt(a:) < 400} = {t < Tp}. Hence

QAN (< Ty}) =B <1An{t<m (Y oo (o0 [ ;‘é)) o

S

Let us find the range of the parameter b such that

My m (f)bexp (-0 [ £)

is a strict local martingale. Note that it is sufficient to find b such that
Q(To < +00) =1 and P (Tp = +o0) = 1. Indeed, given such a parameter

Q (t < To) = Ep (Mt)

and as in the proof of Proposition 3 (M;) is a strict local P-martingale.
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Now let £ be a Lévy process under P with the characteristic exponent ¥,
given by Lévy—Khintchine formula

1 _
U (A\) = ia\ + 502/\2 + /R (1—e? 4+ iINE g1 <1y) T (da)

where a € R, 62 > 0 and 7 is a positive measure on R\ {0} such that

/(1 Al )m (dz) < oo.

Let us suppose that 7 has compact support. Then Epeét = et?(?) < oo for any
t and b. Let the semi-stable Markov process X be associated to £ via Lamperti
relation. Conditions for P (Ty = +o00) = 1 or P (Tp < +00) = 1 bearing on
(a, o%, ) can be deduced from Theorem 1 in [BY05]. Note that Ty < +oc if
and only if &, — —oo. Since 7 has compact support, from the Central Limit
Theorem for a Lévy process, & — —oo if and only if Ep&; < 0 ie.,

—a +/ xm (dx) < 0.
|z|>1

Let Q be given by Proposition 5. Denote by ¥ the characteristic exponent
of £ under @, then

W (\) = i) [a—baQ—i—/ z (1 —e") 7 (dz)

z|<1

1 )
+ 502% + / (1— e +iXalyy <)) 7 (d),
R

where 7 (dz) = €7 (dz). Hence, in order to have Q (Tp < +o00) = 1 and
P (Ty = +00) = 1 one can choose b such that

—a+ /w|>1 am(dz) =20 (20)

and

2 bx bx
—a+bo —/lmdx(l—e )W(dx)—F/ ze’m (dx) < 0. (21)

|z|>1

It is easy to see that (20) and (21) imply that b < 0. For example, for any
given a and m, such that (20) is true, one can always choose b < 0 such that

bo? — e_b/ |z| ™ (dz) < a — / a7 (dz), (22)
r<—1 z>1

which implies (21). Note that condition (22) is more restrictive than (21).
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