5

Global Determination of the Basin
of Attraction

Up to now we have focussed on the construction of a Lyapunov function, i.e.
a function with negative orbital derivative. For such a function in a neighbor-
hood of an exponentially asymptotically stable equilibrium one can always
find a Lyapunov basin as described above. Since the basin of attraction is an
open set and the Lyapunov basins are compact sets, they are always proper
subsets of the basin of attraction. Hence, the best we can expect is that, given
a compact subset of the basin of attraction, we find a Lyapunov basin larger
than this compact set with our method.

For the results of this section we assume that f is bounded in A(zq) which
can be achieved by studying the dynamically equivalent system & = g(x)
where g(z) = %, cf. Remark 2.5. In particular, the basin of attraction

of zq is the same for the two systems & = f(x) and & = g(x). We can show
that given a compact set Ky C A(xg) one obtains a Lyapunov basin larger
than Ky by approximating the function V. The approximation can either be
direct or using the Taylor polynomial of V. This result uses an estimate of
[V (z) — V(x0)] — [v(z) — v(x0)]| near xo. Note, that this estimate is possible
although the approximation v only uses the values of the orbital derivative
V'(x) and not of V' (z). The reason is that V is a smooth function in xg. Thus,
the result does not hold for approximations of the function 7.

The result requires a sufficiently dense grid. Even if the set v'(z) < 0
is already quite large, the largest sublevel set of v probably only provides a
small Lyapunov basin. In order to enlarge the Lyapunov basin one has to use
a denser grid — not only where v/(x) > 0, not only near the boundary of the
former Lyapunov basin, but in the whole expected basin of attraction.

We consider again the example (2.11). A series of Lyapunov basins with
denser grids is shown in Figures 5.1 to 5.3. Note that here the sets v’(z) < 0 do
not change significantly, but the values of v and hence the Lyapunov basins
do. However, the enlargement of the Lyapunov basins is not monotonous,
cf. Figures 5.1 and 5.2. This indicates that in practical applications the error
is in fact smaller than predicted by the corresponding theorem. Figure 5.3
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Fig. 5.1. The function v is the approximation of the Lyapunov function V satisfying
V'(z,y) = —(2* + y?) for the example (2.11). The figures show the set v’(z,y) = 0
(grey), a level set of v(z,y) (black) and a local Lyapunov basin (thin black). Left:
grid density o = 0.4. Right: grid density @ = 0.2 (cf. also Figures 5.2 and 5.3).
Compare the Lyapunov basins (black) in both figures: although we used more grid
points (black +) in the right-hand figure, the left-hand Lyapunov basin is no subset
of the right-hand one.

Fig. 5.2. The set v'(z,y) = 0 (grey), a level set of v(z,y) (black), the grid points
(black +) and a local Lyapunov basin (thin black). Left: grid density o = 0.15.
Right: grid density a = 0.1 (cf. also Figure 5.3). The example considered is (2.11).

compares the best result (484 grid points) with the numerically calculated
boundary of the basin of attraction, an unstable periodic orbit. For the data
of the grids and the calculations of all figures, cf. Appendix B.2.
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— 1.5

Fig. 5.3. The set v'(z,y) = 0 (grey), a level set of v(z,y) (black), the grid points
(black +) and a local Lyapunov basin (thin black). Left: grid density o = 0.075.
Right: the same Lyapunov basin (black) is shown together with the numerically
calculated periodic orbit which is the boundary of the basin of attraction (grey).
The example considered is (2.11).

Given a Lyapunov function ¢ and a Lyapunov basin K, Theorem 2.24
implies K C A(zp). Thus, on the one hand, we search for a function ¢, the
orbital derivative of which is negative in K \{zo}, i.e. a Lyapunov function. On
the other hand, K is supposed to be a sublevel set of ¢, i.e. K is a Lyapunov
basin. We have discussed the construction of a Lyapunov function in the
preceding chapter, but can we thus find a Lyapunov basin? The appropriate
question concerning a global Lyapunov function is, whether we can cover any
compact set Ky C A(zp) with our approach, supposed that the grid is dense
enough.

The precise result which we will obtain reads: Let Ky be a compact set

with zg € Ko C Koy C A(xg). Then there is an open set B with B C A(xg),
a compact set B D K D Ky and a function ¢ obtained by our method, such
that

1. K ={z € B|q(z) < (R*)?} for an R* > 0,
2. ¢'(x) < 0 holds for all x € K \ {zo}.

In other words, ¢ is a Lyapunov function with Lyapunov basin K and thus
they fulfill the conditions of Theorem 2.24. This can be achieved for the
approximant vy of V' via W. For the direct approximation of V by v one
has to use the extension v* due to the local behavior of v. For the approxima-
tion ¢ of T these results do not hold since 7" is not defined and smooth in x(
which is necessary for the proof. For T', we consider a mixed approximation
in Section 5.2.
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We show in Section 5.1.1 that we can cover any compact subset of A(xg)
when approximating the function V' with V/ = —p(z). Because of possible
numerical problems near g — we have to choose a very dense grid here and
this leads to a high condition number of the interpolation matrix — we also
discuss a mixed approximation of V* in Section 5.2 where, additionally to
the orbital derivative, the values of the approximated function are given on a
non-characteristic hypersurface. In case of the approximation of T" this mixed
approximation is the only possibility to cover an arbitrary compact subset of
A(xg). The mixed approximation is particularly appropriate to approximate
the basin of attraction step by step.

5.1 Approximation via a Single Operator
In this section we consider the approximation of a single operator. In Section

5.1.1 we approximate the function V satisfying V'(x) = —p(z) via the
operator Dg(x) = ¢'(z) of the orbital derivative, where we follow [24].

In Section 5.1.2 we approximate the function W(z) = ‘:((Iw)) via the operator
D, W(zx) = W'(z) + m(x)W(z).

5.1.1 Approximation via Orbital Derivatives

Approximating the function V'(x) = —p(z), cf. Theorem 2.46, we obtain an
error estimate for the values of v and show in Theorem 5.1 a converse theorem
to Theorem 2.24. However, by this theorem we will need grid points near the
equilibrium which may lead to difficulties in the numerical calculation.

Theorem 5.1. Let x¢ be an equilibrium of @ = f(x) where f € C7(R™,R")
such that the real parts of all eigenvalues of Df(xg) are negative. Moreover,
assume that SUp,¢ a(4,) | f(2)|| < oo or, more generally, sup,cp~ || f(2)| < o0
holds; this can be achieved using (2.2).

We consider the radial basis function ¥ (z) = ¢y (c||z||) with ¢ > 0, where
Yii denotes the Wendland function with k € N and | := LgJ + k + 1. Let
N>og>o0":= %”1 + k. Let q be a (local) Lyapunov function with Lyapunov

basin K := K9(xg). Let Ko C A(xo) be a compact set with K C K.

Then there is an open set B with B C A(zq) and an h* > 0, such that for
all reconstructions v € C**~1(R" R) of the Lyapunov function V of Theorem
2.46 where V'(z) = —p(x) with respect to the grid Xy C B\ {zo} with fill
distance h < h* there is an extension v* as in Theorem 4.8 and a compact set

K D Ky such that

o (v*)(x) <0 holds for all x € K \ {xo},
o K ={x¢€ B|v(z) <(R*)?} for an R* € RT.

In other words, v* is a Lyapunov function with Lyapunov basin K.
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PROOF: Let V € C7(A(xo),R) be the function of Theorem 2.46 which satisfies

V'(z) = —p(z) for all x € A(zg) and V(xg) = 0. Set R := /maxecx, V(z) >
0 and

K1 = {x € A(z) | V(2) < R?},
Ky = {x € A(xo) | V(z) < R* + 2},
B ={x € A(zy) | V(z) < R* 4 3}.

Then obviously Ko C K; C Ko C B C B C A(xg) and B is open, cf. Theorem
2.46; note that sup, ¢ a(4,) [1f ()] < oo. All these sets are positively invariant.

Let B be an open set with B ¢ B ¢ B C A(xg), e.g. B = {z € A(xo) |
V(r) < R?+4}. Let x € C§°(R™,[0,1]) be a function with y(z) = 1 for
z € B and x(z) = 0 for R* \ B. Thus, x € C*(R") C F. Set @ := |x|
and Vo = V - x; then V5 € CZ(R™,R) and Vo(z) = V(z) holds for all z € B.
Lemma 3.13 implies Vo € F. Choose rj > 0 so small that B, (z9) = {z €

R” | ||z — zo|| < 74} € K and

1

d
0 < o

2r( max
7€[0,r(]

hold where 1(r) := ¥, x(cr). This is possible since L1p(r) = O(r) for r — 0,
cf. Proposition 3.11. Choose rg > 0 such that

2= {x € Alzg) | Vo(z) =72} C B, (z0)

holds. 2 is a non-characteristic hypersurface by Lemma 2.37 and, hence, by
Theorem 2.38 there exists a function 8 € C7(A(xg)\{xo},R) defined implicitly
by Sg(l.)z e (.

Set 0y := max__+ 0(x) > 0. Define minweg\éq(%)p(m) =: My > 0. Define

z€EB

-

Be > 0 such that h* < (&
Theorem 4.2 where Ko = B.
Let X C B\{xo} be a grid with fill distance h < h*. For the approximant
v of Vo(=V in B) we set b:= —v(xg). For the function o := v+ b- x we have
o(zg) = v(wo) +b = 0. For 2* € B,/ (x9) we have with d,+,0,, € F*, cf.

Lemma 3.22,

min (ﬁ,M@))E holds with C* and « as in

Vo(a*) = 0(z")| = (6 — bay) (Vo — v — bx)
= [(8z+ — 620) (Vo — v)|
< [0+ = baoll7= - [[Vo — vll#
< |0z+ — 0z || £+ - Vol 7 by Proposition 3.34.  (5.2)

Moreover, the Taylor expansion yields the existence of an 7 € [0, p], where
p = ||l* — zg|| < r{ such that
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[0 — 5-%0”3—‘* = (0px — 52?0)00(51* - Jmo)yw(z -y)

= (0r = b20)" [P(ll = 2™[]) = ¢ ([l = @ol])]

=2[1)(0) = P([lz" — xol|)]
d .

= —257&(7"),0
1

———, cf. (5.1).
= ar < OV
Hence, we have with (5.2)
[Vo(z™) — o(z™)| < % for all z* € B,/ (20).

For z € 2, ie. V(z) = Vo(z) = 73, we have x € B, (z9) and hence o(z) <
Vo(z) + 3 =71 + 3 and 9(z) > V() — 3 = 1§ — 3. For v(z) = o(z) — bx(zx)
we thus have

- -1
v(z) € Tg—bfi,rg—b+§ for all z € 2. (5.3)

For the orbital derivatives we have, using Theorem 4.2
| (z) — Vj(z)| = [v/(z)+p(x) <C*R" =1 forallz € B. (5.4)

Since C*h* = v < My by definition of h*, we have v'(z) < —p(z) + My <0
for all z € B\ Bﬂ (0). Hence, we can apply Theorem 4.8 and obtain an
extension v* of v, such that v*(z) = av(z) + b holds for all z € B\ BY(xo)
and (v*)'(x) < 0 holds for all x € B\ {z¢}. Now set

K={zeB|v(z) <a(R*+1-0)+b=:(R")?}
={reB\K|v(z) <R*+1-b}UK.

The equation follows from the fact that K is a subset of both sets, for the
proof see below.

We will show that K1 C K C K5 holds. Then Ky C K, K is a compact
set and (v*)(x) < 0 holds for all z € K \ {x}.

We show K| C K. For z € K;\ BY(xo) we have in particular f > 6(x) > 0
and with ¢ < ﬁ we obtain
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1
Vy(Srz)dr +5 + O(x)e —b

S—
=
S

< Vo(Soyx) —

[
S
&

1 ~
SW]($)+§+9()L—Z)
SRQ—I—I—B, ie. x € K.

Since in particular for z € 9K the inequality v(x) < R2+1—band thus v*(z) <
a(R2+1—6)+b holds true and, moreover, v* decreases along solutions, KCcK
follows. In particular we have a(R? +1 —b) + b > 0 since v*(zg) = q(xo) > 0.
Altogether, we have K; C K.

For the inclusion K C K> we show that for x € B\ K the inequality
v(z) > R?+1—b and thus v*(z) > a(R?>+ 1 — b) + b holds true. If z €
B\ K3 C A(xg), then we have 6(z) < 6y and

0(z)
v(x) = v(Sg(z)r) — / v'(Srz)dr
0

) o)
2o % +/0 (“Vi(Ssz) — 1) dr by (5.3) and (5.4)

0(x) B
> Vo(Sp(z)x) — / Vi (S-x)dr —% —0(x)e—b
0

=Vo(=)

1 .

ZVO(o:)—i—GOL—b
>R24+2-1-b, ic.2éK

since ¢ < ﬁ. This proves the theorem. O

5.1.2 Taylor Polynomial

In the following theorem we consider the function V' where V'(x) = —||z —
70]|?. We do not approximate V' by this equation for the orbital derivative, but

we approximate the function W(z) = Z((f)) as in Section 4.2.3 which satisfies

D, W(x) = —%. The proof is similar to the one of Theorem 5.1.

Theorem 5.2. Let x¢ be an equilibrium of & = f(z), where f € C7(R™,R™)
such that the real parts of all eigenvalues of Df(xg) are negative. Moreover,
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assume that SUp e a(z,) |1f ()] < 0o or, more generally, sup,cpn || f(2)]| < o0
holds; this can be achieved using (2.2).

We consider the radial basis function ¥(x) = ¢ (c||z|]) with ¢ > 0, where
Y11 denotes the Wendland function with k € N and [ := L%J +k+ 1. Let
V be the Lyapunov function of Theorem 2.46 with V'(x) = —||x — x| and
V(zg) =0, and n(z) = Z2§|a‘gpca(x—xo)°‘—|—MHx—x0|\2H as in Definition
2.56, and let W(x) = ‘:((f)) “2(A(zo),R) with W (zo) = 1, cf. Proposition

2.58. Let o > P > 2+0*, where o* := " + k. Let Ko C A(zo) be a compact

set with xg € Ky. o

Then there is an open set B with B C A(xg), such that for all reconstruc-
tions w € C**~1(R"™,R) of W with respect to a grid Xy C B\ {xo} which is
dense enough in the sense of Theorem 4.10, there is a compact set K D K
such that with vy (z) := n(z)w(z)
o v (x) <0 holds for all x € K\ {zo},

K ={z € B|vw(z) < (R*)?} for an R* € RT.
In other words, vy s a Lyapunov function with Lyapunov basin K.

PrOOF: Let V' € C9(A(zg),R) be the function of Theorem 2.46 which

satisfies V/(z) = —|lz — x0||? for all € A(mg) and V(zg) = 0. Then
’ 2

W € CP=2(A(z),R) satisfies W'(z) + ';((f))W(x) = —% for all z €
A(xo) \{zo}, cf. (4.21). Note that P —2 > ¢*. Set R := y/maxeck, V(z) >0
and

Ky = {z € A(z0) | V(z) < R?},

Ky = {z € A(zo) | V(z) < R+ 2},

B ={x € A(zo) | V(z) < R* 4 3}.
Then obviously Ko C K1 C Ko C B C B C A(g) and B is open, cf. Theorem
2.46; note that sup,e 44, [|f(z)|| < 0. All these sets are positively invariant.

Let B be an open set with B € B C B C A(x), e.g. B = {z € A(xg) |
V(z) < R* +4}. Let x € C§°(R™,[0,1]) be a function with x(z) = 1 for
r € B and x(z )—OforR"\B Thus, x € C°(R™) C F. Set a := ||x||» and
Wo = W - x; then Wy € CF2(R",R) and Wy(z) = W (x) holds for all = € B.
Lemma 3.13 implies Wy € F. Choose r{, > 0 so small that B, (z0) C Ko,

1
" ; (5.5)
(4T IWa )
1
Lo d o1 5.6
and 2(rp)” _max drd’(r)‘ T (4C|Wol #)? -

hold, where n(z) < C|z — zo|? for all x € B, cf. Proposition 2.58, 2.,
and ¢(r) := t(cr). This is possible since “L)(r) = O(r) for r — 0, cf.
Proposition 3.11. Choose rg > 0 such that
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Q2:={xc Alx) | V(z) =ri} C B, (z0)

holds. {2 is a non-characteristic hypersurface by Lemma 2.37 and hence, by
Theorem 2.38 there exists a function 8 € C7(A(xg)\{xo},R) defined implicitly

by Sg(yr € £2. Set by := max 5 0(x) > 0. Let

1 1
c n|(——m-—,—= 5.7
e<nin (gt g ) (57)
where My := max x — 20/|* and choose a grid Xy C B\ {z¢} according
to Theorem 4.10. - .
For the approximant w of Wy(= W in B) we set b := 1 — w(xg). With
0z € F*, cf. Lemma 3.25, and Wy(xo) = 1, cf. Proposition 2.58, 3., we have

r€EB ||

1] = (62, (Wo — w)|
< | Ozoll = - [[Wo — wl| £

< VE(0) - [Woll# (5-8)

by Proposition 3.37 since ||8,, [|%. = 6% 6% ¥(x —y) = ¥(0). For the function

Zo “Zo

W= w+b-x we have w(zg) = w(xo)+b=1. For z* € B, (xo) we have thus

[Wo(a*) = @(x*)] = |(8ar — 6u) (Wo —w —b- )
(0z+ — 020 ) (Wo — w)]
Oz — gy |

51‘* - 5£o|

7o [Wo —wl|#

F+ - ||Woll# by Proposition 3.37.

Moreover, the Taylor expansion yields the existence of an 7 € [0, p] where
p = ||l* — zg|| < r{ such that

[0 — 5:130”3-‘* = (0ax — 0ug)* (0 — 0 )W (z — y)
= (0ar — 0go)" [Y([lz — 2™)) = ¥([lz — 20]])]
=2[(0) — ¢(llz* — zol])]

= —2¢/()p
1

(4C - (rp)2I1Woll)?

IN

, cf. (5.6).

Hence, for all 2* € B, (z9) we have

1

[Wo(z™) — w(a™)| < W-

(5.9)

For vy (z) = n(z)w(x) = n(z)[w(x) — byx(z)] we have for all z* € B, (o)
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V(") — vw(a")] = n(z*)[Wo(z*) — @(a*) + bx(z*)]
< max  n(z) [|Wo(x*) — w(z*)| + |9

$€Br6 (z0)
—_——
<C(rp)?
1 1
<1+ by (55), (5.8) and (5.9).
Thus,
o 1 5 1
vw(z) € |rg — 30t for all x € 2. (5.10)
For the orbital derivatives we have, using Theorem 4.10, (4.18) and (4.19)
vy (z) <0 for all z € B\ {70} and (5.11)
1
log (2) + ||z — 20| < EC||x — x> < ECMy < 20 (5.12)
o

by (5.7) for all x € B.
Now set

K ={zre€B|vww(r) < R*+1=(R")*}.
We will show that K; C K C K3 holds. Then Ko C K, K is a compact set
and vy, () < 0 holds for all z € K\ {z¢}, cf. (5.11).
We show K; C K. Let x € K;. We distinguish between the cases 6(x) < 0
and 0(x) > 0. If 6(z) < 0, then
0(x) .
vw (x) = vw (Sg(z)®) — / vy (Srx)dr
0
< vw (Sp(z)T)
1
<rg+ 3 by (5.10)
<R*+1
since R? = max,cx, V(z) > max,cq V(z) = r2.

Now assume 6y > 0(x) § 0. We have

UW(x) = w Sg(z)x dr
1 )
Sr0+2+/ <||S a:—xo||2+29> dr by (5.10) and (5.12)
0

V(Suma) = [ V(Sraydreg o+ 50
0 0

=V (x)
<V(x)+1
< R*+1,
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i.e. x € K. Hence, K1 C K.

For the inclusion K C K> we show that for x € B\ K3 the inequality
v (z) > R%+1 holds true. If v € B\ Ky C A(xo), then we have 0 < §(z) < 6
and

0(x)
vw (x) = v (Soa)z) — / vy (Sr) dr
0

1 0(x) 1
>rg— = +/ |Sr2 — xo||* — = ) d7 by (5.10) and (5.12)
2 Jo 20
6(=) 1 0(x)
> — "S.x)dr—= — =2
> V(Sp(z)) /0 V' (S,x)dr T
=V (x)
1 1
> _-_ =z
V@) =33
>R 4+2 -1,
i.e. x ¢ K. This proves the theorem. O

5.2 Mixed Approximation

For T (and also for V') one can use a mixed approximation. Here, additionally
to the orbital derivative @', the values of @ are given on an (n—1)-dimensional
manifold, a non-characteristic hypersurface. Such a non-characteristic hyper-
surface can be given by the level set of a (local) Lyapunov function within its
Lyapunov basin. With this method one can also cover each compact subset of
the basin of attraction by a Lyapunov basin when approximating the function
T or V. In the case of T, where T"(x) = —1, the level sets of the function
T and thus also of ¢ up to a certain error have a special meaning: a solution
needs the time T5 — T from the level set T = T5 to the level set T = T7.

Moreover, one can exhaust the basin of attraction by compact sets: starting
with a local Lyapunov function and a corresponding local Lyapunov basin Ky,
one obtains a larger Lyapunov basin K; through mixed approximation using
the boundary dKj as a non-characteristic hypersurface. The boundary 0K,
is again a non-characteristic hypersurface and hence one obtains a sequence
of compact sets Ky C K7 C ... which exhaust A(xg). In Figure 5.4 we show
the first step of this method with the function V* for example (2.11): starting
with a local Lyapunov basin K, (magenta), we obtain a larger Lyapunov basin
K using mixed approximation. In [23] the same example with a different grid
X is considered, and one more step is calculated.

In this section we approximate the function Q@ = T or @ = V* via its
orbital derivatives and its function values. The orbital derivatives are given on



126 5 Global Determination of the Basin of Attraction

1.5
-+ -+ =+ -+ -+
-+ -+ -+ -+
—~+ -+ 4+ -+ -+
\'%4 1
-+ -+ -+ -+
- -+ -4 -+ -+

=h
I
\2
*N +
+
a “+
+
=

|
-
|
0
+
0
L \‘
T i
+
+ 4
+ +
O]
o
-

- = + X
5 4

-+ -+ 1 -+ -+
—+ + ] =+ —+

-+ +—13 -+ -+
-+ + 4 =+ -+

-+ -+ + -+ -+
—1 .5

Fig. 5.4. Mixed approximation of V* where (V*)'(z,y) = —(2* 4+ y*) with given
value V*(z,y) = 1 on the boundary of the local Lyapunov basin K = Ky (thin
black). We used a grid of M = 10 points (black circles) on K for the values of the
approximation v and a second grid of N = 70 points (black +) with o = 0.2 for the
orbital derivative v’. The sign of v'(x,y) (grey), and the level sets v(z,y) = 1 and
v(z,y) = 1.1 (black) are shown. The level set v(z,y) = 1.1 is the boundary of K;
(black) which is a subset of the basin of attraction for (2.11).

a grid X, whereas the function values are given on a different grid X9, C 2
where 2 is a non-characteristic hypersurface. In most cases, {2 is given by a
level set of a Lyapunov function g, e.g. a local Lyapunov function. This mixed
interpolation problem was discussed in Section 3.1.3, cf. Definition 3.7. Any
compact subset Ko C A(zp) can be covered by a Lyapunov basin K obtained
by a mixed approximation via radial basis functions as we prove in Section
5.2.1.

Moreover, we can approach the basin of attraction stepwise by a sequence
of Lyapunov functions ¢;, i = 1,2, ... with Lyapunov basins K; D K; 1. The
advantage of this approach is that one can use a grid Xy outside K;_; in
each step, cf. Section 5.2.2.

5.2.1 Approximation via Orbital Derivatives and Function Values

We approximate the Lyapunov function T satisfying 7 = —¢. Note that
we fix the values of T' on the boundary of a Lyapunov basin, i.e. on a non-
characteristic hypersurface.
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Theorem 5.3. Consider the function ¥(x) = b x(c||z]|) with ¢ > 0, where
Y1 denotes the Wendland function with k € N and [ := {gJ +k+ 1. Let
f e C°(R™",R™), where N 5 ¢ > o* := "TH + k. Moreover, assume that
SUPge A(zo) |1 f ()] < 00 or, more generally, sup,cpn ||f(2)|| < oo holds. Let

q be a Lyapunov function with Lyapunov basin K := f(ﬂ (zo) according to

Definition 2.23. Define 2 := OK. Let Ky be a compact set with K C Ko C
Ko C A(xo) and let H € C7 (2, R).

Then there is an open set B with B C A(zo) and constants hi, h* > 0
such that for every reconstruction t of T in the sense of Definition 3.7, where
T is defined in Theorem 2.38 with T(x) = H(x) for x € (2, using grids
Xy C B\ Bi(xg) with fill distance h < h* and X%, C 2 with fill distance
ho < h§, there is an extension t* € C?~1(R™ R) of t as in the Extension
Theorem 4.8, such that:

There is a compact set B O K D Ky with

1. K ={z € B|t*(x) < (R*)?} for an R* € RT,
2. (t*)(x) <0 for allx € K\ {x0}.

In other words, t* is a Lyapunov function with Lyapunov basin K.

PROOF: We assume without loss of generality that q(xo) = 0. 2 is a non-
characteristic hypersurface and we define the function 6 for all x € A(xo)\{zo}
implicitly by

S@(m)l‘ € 12, ie. q(Sg(m).%‘) = 7“2,

cf. Theorem 2.38, and set

0o = max  f(z) >0,
z€Ko\B; (z0)
K = {z € A(zo) \ B(x0) | 0(z) < 90} U B (o).

Then obviously Ky C Kj, and K is positively invariant.

Define T € C7(A(zo) \ {zo},R) as in Theorem 2.38, i.e. T'(x) = —
for x € A(zo) \ {zo} and T(x) = H(x) for x € 2. We set cy
max,ecn H(x) = max,cn T(z) and ¢, := minge o H(x) = minge o T(z). With
0% — chcm+%Et90+2

]

T2 > 0y we define the following sets
2

Ky = {x € A(zo) \ B(z0) | 0(z) < 9*} U BY(xp),
B:= {x € A(wo) \ B (o) | 0(z) < 6" + 1} U B(xy).

Then obviously K; C Ky C B, both K5 and B are positively invariant and B
is open, cf. Proposition 2.44; note that sup,c 4, [[f(2)|| < oo.

We modify T in BI (z0) and outside B such that '€ C§(R",R) C F and
T remains unchanged in B\ B(xzg), cf. the proof of Theorem 4.1.
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We apply Theorem 3.41 to K = B\ BI(x) and to grids Xy C B\

. 1

Bi(xo) with fill distance h < (ﬁ) * =: h* and X9, C 2 with fill distance

ho < Cl =: h{, where C* and Cj are as in Theorem 3.41. We obtain an
0

approximation ¢ € C?~1(R™ R) for which the following inequality holds for

all z € B\ Bi(xg), cf. (3.49),

< 0. (5.13)

ol

3
—5¢ St(@) < -

N | =

The Extension Theorem 4.8, applied to K = B, q and ¢ = ¢ implies
(t*)(x) <0 for all z € B\ {zo}. (5.14)

Note that for the function t* we have t*(z) = at(x) 4 b for all z ¢ BI(xo). We
set R:= /ey + 1+ %EGO and define

K :={z € B|t'(z) <aR?>+b=: (R*)?}
={z e B\Bﬂ(mo) | t(x) < R*} UBﬂ(xo).

The equation follows from the fact that BY(z¢) is a subset of both sets, for the
proof see below. Note that by (3.50) of Theorem 3.41 we have the following
result for all x € B\ {zo}:

t(SG(x)x) S [Cm - 1, cy + 1] (515)

since Sp(,)x € £2.

We will show that K; € K C K, holds. Note that K; C K implies
Ky C K. K C Ky C B, on the other hand, shows that K is a compact set; 2.
then follows from (5.14).

We show K; C K: For z € K, \ B9(x¢), we have with 0 < 6(z) < 6, the
positive invariance of K; and (5.15)

cpy+12> t(SQ(w)LL‘)
o(x)
= t(z) —|—/ t'(S;z)dr
0
> t(z) - g&@(:p) by (5.13)
tz) <ep+1+ géeo =R?

and hence z € K. For = € Bﬂ(wo), we have by the Extension Theorem 4.8
and (5.15) t*(z) < maxgen t*(§) < alem + 1) + b < (R*)% Thus, z € K.

We show K C Kj: Assume in contradiction that there is an z € B\ Kj
with t(z) < R? and 6(z) > * — note that B9(x¢) C K, by construction. By
(5.15) we have
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=t(z) + t'(S,x)dr

¢(z) by (5.13)
1

t(z) >cm—1+ 569* =R?

by definition of #*. This is a contradiction and thus K C Ks, which proves
the theorem. O

The following corollary shows that the difference of the values of ¢ corre-
sponds to the time which a solution needs from one level set to another up to
the error maxg [t'(€) + ¢|.

Corollary 5.4 Let the assumptions of Theorem 5.3 hold. For x € R" and
t >0 let S;x € K\ BI(xg) hold for all T € [0,£]. Denote py := t(z) and
po = t(Sgz). Moreover, let maxcy\ pay,) [t'(§) + ¢ =1 v < € hold (by the
assumptions of Theorem 5.8, in particular (5.18), o = C*h"* < % 18 an upper
bound).

Then the time t fulfills

P1— Po <i< Pl—Po.

cHe — T E—u
PRrOOF: We have py — p1 = fgt'(STm) dr. Since |t'(S-z) + ¢ < ¢ holds for
all 7 € [0,1], we have (—¢— 1)t < pg — p1 < (—¢+ 1), which proves the
corollary. O

Now we consider the Lyapunov function V satisfying V' (x) = —p(z). Fix-
ing the values on a non-characteristic hypersurface {2, we have to consider
the function V*, cf. Proposition 2.51, which satisfies (V*)'(x) = —p(x) for
x € A(xo) \ {zo} and V*(z) = H(x) for x € 2, where H is a given function.

Theorem 5.5. Consider the function ¥(x) = vk (cllz|) with ¢ > 0, where
Y15 denotes the Wendland function with k € N and | := LgJ +k+ 1. Let
f e C°(R",R™), where N 3 ¢ > o* := ”T'H + k. Moreover, assume that
SUPge (o) If(2)|| < 00 or, more generally, sup,cpn [|f(z)|| < oo holds. Let

q be a Lyapunov function with Lyapunov basin K = f(ﬂ(xo) according to
o

Definition 2.23. Define 2 := K. Let Ko be a compact set with K C K¢ C
Ko C A(xo) and let H € C7(2,R]).

Then there is an open set B with B C A(xo) and constants h§, h* > 0 such
that for every reconstruction v of V* in the sense of Definition 3.7, where V*
is defined in Proposition 2.51 with V*(x) = H(x) for x € {2, using grids
Xy C B\ Bi(x0) with fill distance h < h* and X%, C 2 with fill distance
ho < h}, there is an extension v* € C**~L(R™ R) of v as in the Extension
Theorem 4.8, such that:
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There is a compact set B O K D Ky with

1. K = {z € B|v*(x) < (R*)? for an R* € RT,
2. (v*)(x) <0 for all x € K\ {xo}.

In other words, v* is a Lyapunov function with Lyapunov basin K.

PRrROOF: We assume without loss of generality that q(zo) = 0. {2 is a non-
characteristic hypersurface and we define the function @ for all x € A(xg)\{zo}
implicitly by

Se(r)x S Q, i.e. q(SG(T);L') = 7*'27

cf. Theorem 2.38, and set
6o:= max 6(z) >0,

z€Ko\ B (z0) -

Ky = {x € A(zo) \ BY(x0) | 0(z) < 90} U BY(zo).

Then Ko C Ki, and K is positively invariant. We set € := 1 inf o 5a () p(x) >
0, pp = maxger, p(r), ey = maxzen H(z) = max,co V*(x) and
Cm = mingeo H(z) = mingc o V*(z). With 0* := c”f_c’”+(2M+€)00+2 > 0y we
define the following sets

165 = {z € A(o) \ B(wo) | 6(2) < 67} U B (o),
B:= {9: € A(zo) \ Bi(xo) | 0(z) < 0% + 1} U BY (o).

Then obviously K1 C Ko C B, both K5 and B are positively invariant and B
is open, cf. Proposition 2.51; note that sup,e 4, [1f(2)]| < oo.

We modify V* in BY(z) and outside B such that V* € C§(R",R) C F
and V* remains unchanged in B\ B}(xq), cf. the proof of Theorem 4.1.

We apply Theorem 3.41 to K = B\ B(zg) and to grids Xy C B\ B¥(x)

1
with fill distance h < (Cf)” =: h* and XR/[ C 2 with fill distance hg <

c%; =: h{, where C* and Cjj are as in Theorem 3.41. We obtain a function v €
C?=1(R™,R) for which the following inequality holds for all z € B\ BY(x),
cf. (3.49),

—p(z) —e <V'(z) < —p(z)+e<0. (5.16)
The Extension Theorem 4.8, applied to K = B, q and ¢ = v implies
(v*)(x) <0 for all x € B\ {z¢}. (5.17)

Note that for the function v* we have then v*(z) = av(z)+b for all z & B9 (x).
We set R := \/C]\/[ + 14 (pum + €)0o and define

K :={x € B|v*(z) <aR*+b=: (R*)*}
= {z € B\ Bi(x0) | v(z) < R*} U B(w).



5.2 Mixed Approximation 131

The equation follows from the fact that BY(z) is a subset of both sets, for the
proof see below. Note that by (3.50) of Theorem 3.41 we have the following
result for all z € B\ {zo}:

v(Sp(z)T) € [cm — 1, e + 1] (5.18)

since Sp(.)x € £2.

We will show that K1 € K C K, holds. Note that K; C K implies
Ky C K. K C Ky C B, on the other hand, shows that K is a compact set; 2.
then follows from (5.17).

We show K, C K: For z € K, \ B3(x0), we have with 0 < 6(z) < 6, the
positive invariance of K; and (5.18)

e +1 > v(Sp))

6()
= v(z) +/ v'(Syx) dt by (5.16)
0 S~——
> —p(Six)—e
> v(x) — (pm + €)0(x)
v(x) < ey + 1+ (par +€)0o = R?,

and hence = € K. For = € Bi(zq), we have by the Extension Theorem 4.8
and (5.18) v*(z) < maxgecn v*(§) < alepm + 1) +b < (R*)% Thus, z € K.

We show K C Ks: Assume in contradiction that there is an € B\ K»
with v(z) < R? and 6(z) > #* — note that BI(xo) C K by construction. By
(5.18) we have

cm — 1 < v(Sy) )

()
= v(x) +/ V'(Siz) dt by (5.16)
0 ~——
<—p(Stw)+e
<ov(x) + (—2e+ €)(x)
v(x) > cm — 1+ €0 = R?

by definition of 6*. This is a contradiction and thus K C K, which proves
the theorem. O

5.2.2 Stepwise Exhaustion of the Basin of Attraction

Using Theorem 5.3 or Theorem 5.5 we can stepwise exhaust the basin of
attraction, cf. also Section 6.3. We assume that sup,c (., [|f(2)| < o0.

Calculate a local Lyapunov function q and a corresponding local Lyapunov
basin K = f(ﬁ(xo). Denote qo := q, Ko := K and ro := r, and set By = R".
This is the departing point for a sequence of compact Lyapunov basins K;
i1=1,2,..., with Ki+1 D K; and UiEN K, = A(l‘o)
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Now assume that a Lyapunov function ¢; with Lyapunov basin K; =
K’ﬁ (zo) and neighborhood B; is given. The only information we need of the
Lyapunov function and the Lyapunov basin is the boundary 0K; =: §2;41.
Hence, if ¢; is the extension of a function ¢;, it suffices to know the set 0K;
either given by 8[~(§f (ro) = {z € B; | Gi(z) = 72} or by 8[~(§§ (x9) ={z € B; |
qi(z) =17}

Let B;y1 D K; be an open set which will be specified below. Choose
grids Xy C B;y1 \ K; — in practical applications we let the grid be slightly
larger, also including points in K; near 0K; — and XJOM C (2,41 := 0K;. Now
approximate either @ =T or Q = V* by a mixed approximation with respect
to the grids Xy and X9, and the values Q(§;) = H(&;) = 1 for & € XY,
Make the grids dense enough so that for the reconstruction ¢ there is a set
Sit1:={x € Biy1|1—¢€i41 < q(z) < ffﬂ} with €;41 > 0 such that ¢’(z) <0

o
holds for all x € S;41 and OK; C S;11. Then there is an extension ¢* of ¢
with g = ¢; such that ¢;11(2) := ¢*(x) is a Lyapunov function with Lyapunov
basin K41 := Si1 UK; = {z € Biy1 | ¢*(2) < ar?y +b=:r7,}.

We show that with this method J;cy Ki = A(xo) holds and we can thus
stepwise exhaust the basin of attraction, if we choose B;;1 properly. To show
this, we reprove the induction step from K; to K;;; again. Let K be a
sequence of compact sets with K, ; D K7 and | J,cy K; = A(20), e.g. K =
S_,K where S_; denotes the flow and K is the local Lyapunov basin defined
above. By Proposition 2.44, the sets K are compact and since for all z €
A(xg) there is a finite time T* with Sp-z € K, we obtain Uien K = A(0).

Now we reprove the induction step from K; to K;y;. For given ¢ choose

lix1 > I; so large that K; C Kl*i+1 C Kl*i+1 C A(zo) holds. Such an l;41 exists
due to the compactness of K;. Then Theorem 5.3 or 5.5 with q = g¢;, K =K;
and Ko = K l”;ﬂ implies that there is an open set B =: B;;; and a Lyapunov
function ¢* with Lyapunov basin K =: K;; with K;11 D Kltﬂ' This shows
User K = Alao).

For examples of the stepwise exhaustion, cf. Section 6.3 and Figure 5.4 as
well as [23].





