Chapter 7

Forward-Backward SDEs with Reflections

In this chapter we study FBSDESs with boundary conditions. In the simplest
case when the FBSDE is decoupled, it is reduced to a combination of a well-
understood (forward) reflected diffusion and a newly developed reflected
backward SDE. However, the extension of such FBSDEs to the general
coupled case is quite delicate. In fact, none of the methods that we have
seen in the previous chapters seems to be applicable, due to the presence of
the reflecting process. Therefore, the route we take in this chapter to reach
the existence and uniqueness of the adapted solution is slightly different
from those we have seen before.

81. Forward SDEs with Reflections

Let O be a closed convex domain in R". Define for any z € 0O the set of
inward normals to O at x by

(1.1) Ne={v:|y]=1, and (y,z—y) <0, Vyec O}

It is clear that if the boundary A0 is smooth (say, C1), then for any = € 9O,
the set A, contains only one vector, that is, the unit inner normal vector
at z. We denote BV ([0, T];IR™) to be the set of all R"-valued functions of
bounded variation; and for n € BV ([0, T];R"), we denote |n|(T) to be the
total variation of n on [0, T.

A general form of (forward) SDEs with reflection (FSDER, for short)
is the following;:

(1.2) Xt)== +/0 b(s, X (s))ds +/0 o(s, X (s))dW (s) +n(t).

Here the b and o are functions of (¢, z,w) € [0,T] x R™ x Q (with w being
suppressed, as usual); and n € BVz([0,T];R™), the set of all {F;}i>o-
adapted processes n with paths in BV ([0,T]; R™).

Definition 1.1. A pair of continuous, {F;}+>-adapted processes (X, n) €
LZ.([0,T];R™) x BV£([0,T];R") is called a solution to the FSDER (1.2) if

1) X(t) € O, ¥t € [0,T], a.s.;

2) n(t) = [y 1x(s)co0)7(s)d|n|(s), where v(s) € Nx(s), 0 < s <t < T,
d|n|-a.e.;

3) equation (1.2) is satisfied almost surely.

A widely used tool for solving an FSDER is the following (determinis-

tic) function-theoretic technique known as the Skorohod Problem: Let the
domain O be given,
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Problem SP(-;0): Let ¢ € C([0,T];R") with ¥(0) € O be given. Find
a pair (¢,n) € C([0,T];R"™) x BV ([0,T]; R™) such that

1) ¢(t) = ¢ (t) +n(t), vt € [0,T], and (0) = 3(0);
2) p(t) € O, for ¢t € [0, T];

)
3) Inl(®) = Jy Lies)coordinl(s);
4) there exists a measurable functlon v :[0,7] — R", such that v(t) €

Ny (dn| a.s.) and n(t fo v(s)d|n|(s

A pair (¢,n) satlsfymg the above 1)74) is called a solution of the
P(;0).

It is known that under various technical conditions on the domain O
and its boundary, for any ¢ € C([0,T];R") there exists a unique solu-
tion to SP(y;0). In particular, these conditions are satisfied when O
is convex and with smooth boundary, which will be the case considered
throughout this chapter. Therefore we can consider a well-defined map-
ping I' : C([0, T}; R™) — C([0,T];R"™) such that I'(y)(t) = ¢(t), t € [0,T7,
where (¢,7n) is the (unique) solution to SP(1; O). We will call " the solu-
tion mapping of the SP(-;O).

An elegant feature of the solution mapping I' is that it may have a
Lipschitz property: for some constant K > 0 that is independent of T, such
that for ¢; € C([0,T],R"™), i = 1,2, it holds that

(1.3) T () = TW2) ()7 < Kl () = 207,

where |£|; denotes the sup-norm on [0,¢] for £ € C([0,T];R"). Conse-
quently, if (v;,n:), i = 1,2 are solutions to SP(¢;; O), i = 1, 2, respectively,
then for some constant K independent of T,

(1.4) o1 () +02()l7 + [m () = m()lr < Klha() = 2()l7-

In what follows we call a (convex) domain O C R"™ regular if the so-
lution mapping of the corresponding SP(-;0O) satisfies (1.3). The sim-
plest but typical example of a regular domain is the “half space” O =

R’ é{(xh <o, xy) € R" 0, > 0}. With a standard localization tech-
nique, one can show that a convex domain with smooth boundary is also
regular. A much deeper result of Dupuis and Ishii [1] shows that a convex
polyhedron is regular, which can be extended to a class of convex domains
with piecewise smooth boundaries. We should note that proving the regu-
larity of a given domain is in general a formidable problem with independent
interest of its own. To simplify presentation, however, in this chapter we
consider only the case when the domains are regular, although the result we
state below should hold true for a much larger class of (convex) domains,
with proofs more complicated than what we present here.
We shall make use of the following assumptions.

(A1) (i) for fixed z € R", b(-,z,-) and o(-,z,-) are {F;}1>o-progressively
measurable;
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(ii) there exists constant K > 0, such that for all (¢,w) € [0,T] x  and
z,z' € R", it holds that

|b(t, z,w) — b(t, 2", w)| < K|z —'|;

1.5
(1.5) lo(t, z,w) — o(t,z',w)| < K|z — 2|

Theorem 1.2. Suppose that O C R" is a regular, convex domain; and
that (A1) holds. Then the SDER (1.2) has a unique strong solution.

Proof. Let I’ be the solution mapping to SP(-;O). Consider the fol-
lowing SDE (without reflection):

(1.6) X’(t):x+/0 Z(s,)?(.))ds+/0 (s, X (-))dW (s),

where for y(-) € C([0,T];R"),

bt y(),w) = bt T(H)(1),w); Tt y()w) = o(t, T)(1), w).
Note that for any {F;}:>o-adapted, continuous process Y, the processes
b(-,Y(:),:) and (-, Y(-),-), are all {F;}+>o-progressively measurable. Fur-
ther, the regularity of the domain O implies that there exists a constant
Ky > 0 depending only on the Lipschitz constant of I and K in (Al), such
that for any {F;},>0-adapted, continuous processes Y and Y”, it holds that

|Z(37Y('vw)’w) _E(S’Y/("w)’w)‘: < KU‘Y(S’W) - Y/(va))n;
\5(3,Y(~,w),w) - 5(5’1//("“))"‘))‘: < KU‘Y(S’W) - Y/(va))nk’

for all (t,w) € [0,T] x O. Therefore, by the standard theory of SDEs (cf.
e.g., Protter [1]), we know that the SDE (1.6) has a unique strong solution
X.

Next, we define a process X (t) = T'(X)(¢), t € [0, T]. Then by definition
of the Skorohod problem, we see that there exists a process n such that
(X,n) satisfies the conditions 1)-3) of Definition 1.1. Consequently, for all
t € [0,T], we have

X(t) = X(8) +n(t)

=x+/0 Z(s,)?(.))ds+/0 (s, X (-))dW (s) + n(t)
:x—i-/o b(s,X(s))ds+/0 o(s, X (s))dW (s) +n(t).

In other words, (X, n) is a solution to the SDER (1.5). The uniqueness fol-
lows easily from the construction of the solution and the Lipschitz property
(1.3) and (1.4). The proof is complete.

§2. Backward SDEs with Reflections

In this section we study the reflected BSDEs (BSDERs, for short). For
clearer notation we will call the domain in which a BSDE lives by Oa,
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to distinguish it from those in the previous section. A slight difference is
that we shall allow O3 to “move” when time varies, and even randomly.
Namely, we shall consider a family of closed, convex domains {Os(¢,w) :
(t,w) € [0,T] x Q} in R™ satisfying certain conditions. Let £ € O2(T,w)
be given, we consider the following SDE:

T T
(2.1) Y(t)=¢ —|—/t h(s,Y(s),Z(s))ds — /t Z(8)dW (s) + ¢(T) — ¢(t).

Analogous to the FSDER, we define the adapted solution to a BSDER
as follows:

Definition 2.1. A triplet of processes (Y, Z,¢) € L%(Q; C([0,T}; R™)) x
L%(0,T; R™*%) x BVg([0,T]; R™) is called a solution to (2.1) if

(1) Y(t,w) € Oz(t,w), for all ¢t € [0,T], P-a.e. w;

(2) for any {Fi}:>o-adapted, RCLL process V() such that V(t) €
Oq(t,-), V¥t € [0,T7], a.s., it holds that (Y (t) — V (¢),d((t)) <0, as a signed

measure.

We note that Definition 2.1 more or less requires that the domains
{Ox3(+, )} be “measurable” (or even “progressively measurable”) in (¢,w) in
a certain sense, which we now describe. Let y € R™ and A C R™ be any
closed set, we define the projection operator Pr with respect to A, denoted
Pr(-; A), by

1
(22) Pr(y;A) =y = ,Vyd*(y, 4),  y€R™
where d(-, ) is the usual distance function:
(2.3) d(y, A) Einf{ly - z| : = € A}.

For each y € R™, we define 3(¢,y,w) = Pr(y; Oz2(t,w)). Throughout this
chapter we shall assume the following technical condition.

(A2) (i) For every fixed y € R™, the process (t,w) — B(t,y,w) is {Fi }i>0-
progressively measurable;
(i) for fixed y € R™, it holds that

T
(2.4) E / 1B(t,y,-)Pdt < oo,

Before we go any further, let us look at some examples.

Ezample 2.2. Let H,, be the collection of all compact subsets of R™,
endowed with the Hausdorff metric d*, that is,

(2.5) d* (A, B) = max{sup d(z, B), sup d(y, A)}, VA,B € Hy,.
€A yeB

It is well-known that (#,,, d*) is a complete metric space. Now suppose that
(@ é{(’)g(t,w) D (t,w) €10, T) x Q} C (Hm,d*), then we can view Oz as an
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(Hm, d*)-valued process, and thus assume that it is {F;}+>o-progressively
measurable. Noting that for fixed y € R™, the mapping A — d(y, A) is a
continuous mapping from (H,,,d*) to R, as

d(y, A) — d(y, B)| < d*(A,B), Yy €R™, VA, B € Hpn,

the composition function (t,w) ~ d?(y, O(t,w)) is {F;}i>0-progressively
measurable as well, which then renders V,d?(y,01(-,-)) an {Fi}i>o0-
progressively measurable process, for any fixed y € R™. Consequently,
O, satisfies (A2)-(i).

Next, using elementary inequality |d(z1,A) — d(z2,A4)| < |z1 — 22|,
Vz1,20 € R™, VA C R™ one shows that

Vyd? (y, O2(t, w))| < 2d(y, Oa(t,w)).

Assumption (A2)-(ii) is easily satisfied provided d(y, O2(:,-)) € L?([0,T] x
Q), which is always the case if, for example, 0 € O (t,w) for all (¢,w), or,
more generally, O (t,w) has a selection in L%(0,T; Q).

Ezxample 2.3. As a special case of Example 2.2, the following moving do-
mains are often seen in applications. Let {O(¢,x) : (¢,z) € [0,T] x R"} be
a family of convex, compact domains in R™ such that

(i) the mapping (¢, z) — O(t, z) is continuous as a function from [0, 7' x
R"™ to (Hu,,d*).

(ii) for each (¢, ), 0 € O(t, x); and there exists a constant C' > 0 such
that

sup d*(O(t, z),O(t,0)) < Clx|.
te[0,T]

Let X € L%(Q;C([0,T);R™)), and define Os(t,w) é(’)(t,X(t,w)), (t,w) €
[0,T] x Q. We leave it to the readers to check that O, satisfies (A2).

Ezample 2.4. Continuing from the previous examples, let us assume that
m =1and O(t,z) = [L(¢,z),U(t, x)], where —co < L(t,z) <0 < U(t,z) <
oo for all (¢,z) € [0,T] x R™. Suppose that the functions L and U are both
uniformly Lipschitz in x, uniformly in ¢ € [0,7]. Then a simple calculation
using the definition of the Hausdorff metric shows that

d*(O(t,0), O(t, 2)) = max{|L(t, ) — L(t,0)[, [U(t,z) = U(#0)[} < Cla].
Thus O, satisfies (A2), thanks to the previous example.
Let us now turn our attention to the well-posedness of the BSDER (2.1).

We shall make use of the following standing assumptions on coefficient
h:[0,T] x R™ x R™% x O+ R™ and the domain {O(t,w)}.

(A3) (i) for each (y, z) € R™xR™*%, h(-,y, z,-) is an {F; };>o-progressively
measurable process; and for fixed (t,z) € [0,7] x R™*? and a.e.w € Q,
h(t,-, z,w) is continuous;
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(ii) E [, |h(t,0,0)[2dt < oo;
(iii) there exist & € R and kg > 0, such that for all t € [0,T], v,y €
R™, and z, 2’ € R™*%, it holds P-a.s. that

(y—y h(t,y,z) — h(t,y',2)) < aly —y'|*
\h(t,y,2z) — h(t,y,2")| < kalz — 2'};

(iv) The domains {Oz(t,-)} is “non-increasing”. In other words, it
holds that

O(t,w) C O(s,w), Vt > s, a.s.

Our main result of this section is the following theorem.

Theorem 2.5. Suppose that (A2) and (A3) are in force. Then the BSDER
(2.1) has a unique (strong) solution. Furthermore, the process (; is abso-
lutely continuous with respect to Lebesgue measure, and for any process V;
such that Vi(w) € Oz2(t,w), ¥t € [0,T1], a.s., it holds that

dg

(2.6) <dt,Yt—Vt>§0, vt € [0,T], a.s.

Remark 2.6. Suppose m = 1 and Oy = [L, U], for appropriate processes
LandU. Denote by ¢ =¢T—(, Car = (, = 0, the minimal decomposition
of ¢ as a difference of two non-decreasing processes. By replacing V in (2.6)
by

L _
Ve = Lel page gy T Yelgagi cops
U
Vo = Utl{d;ttgo}—‘rml{ddgtt >0p te [O,T],
respectively, we obtain

(2.7) (Yy — Ly, d¢,™ ) =0, (Y, —Uyd¢ )=0, Vtel0,T], as.

Proof of Theorem 2.5. Since the proof is quite lengthy, we shall split it
into several lemmas. To begin with, let us first recall the notion of Yosida
approzimation, which is another typical route of attacking the existence and
uniqueness of an SDE with reflection other than using Skorohod problem.

Let ¢ be any proper, lower semicontinuous (l.s.c., for short), convex
function (by proper we mean that ¢ is not identically equal to +00). Let
D(p) ={z: p(x) < co}. We define the subdifferential of ¢, denoted by Oy,
as

Oo(y) é{x* eER™: (z%,y—xz) >0, Vz € D(p)}.

In what follows we denote 42 O¢. Define, for each £ > 0, a function

(28) ee®)2 it { Iyl + @)}
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Since R™ is a Hilbert space, and ¢ is a l.s.c. proper convex mapping, the
the following result can be found in standard text (cf. Barbu [1, Chapter
I1]):

Lemma 2.7. (i) The function ¢, is (Fréchet) differentiable.
(ii) The Fréchet differential of ., denoted by Dy, satisfies Dy, = A.,
where A, is the Yosida approximation of A, define by

(29) A= W), where L(y) = (I +24) ().

(iti) |Jo(2) = Je(y)] < |z =yl [Ae(2) — A= (y)| < [z —yl,
(iv) Ac(y) € 0p(Je(y))-
ifx € O;

here A%(y) 2 P 0
otherwise, where A%(y) = Pro,(y)(0),

0 T
() 1A:0)] e { o
yeR™.

Let us now specify a l.s.c. proper convex function to fit our discussion.
For any convex, closed subset O C R™, we define its indicator function,
denoted by ¢ := Ip to be

()é 0 y € O
= + o0 yé¢ O,

In this case, D(¢) = O. Now by definitions (2.8) and (2.9), we have

R — f _ 2 — 2
©e(y) Inf 25‘9 x| 0.9 (y,0)
1
Ac(y) = Do.(y) = 2€Vd2(y,0) = _(y—Pr(y,0)),

Consequently, we have

Je(y) = Pr(y;0), Ve >0;
(2.10) A (y) Yy € O, Ve > 0;
A°(y) Yy € O.

Further, we replace O by the (H,, d*)-valued process {Oz}, then

:0’
:0’

1
ee(t,y,w) = 251.(92@@)(3/), Ve > 0;
(2.11) J-(t,y,w) = (I +eA(t,,w)) *(y);

As(tvyaw) = i(y - Js(tava))'

By (2.10) we know that J.(¢,y,w) = Pr(y,Oz(t,w)), and by assumption
(A2) we have that for every ¢ > 0, J.(-,y,-) € L%(0, T;R™) for all y € R™.
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Let us now consider the following approximation of (2.1):

T T
Yf(t):g+/ h(s,yf(s),Zf(s))ds—/ Z°(s)dW (s)
(2.12) i K

- " Ay (s))ds,

where A, is the Yosida approximation of A(t,w) = 0lp,t,,) defined by
(2.11). Since A, is uniform Lipschitz for each fixed e, by Lemma 2.7-(iii)
and by slightly modifying the arguments in Chapter 1, §4 to cope with the
current situation where « in (A3) is allowed to be negative, one shows that
(2.12) has a unique strong solution (Y¢, Z¢) satisfying

T

(2.13) E{ sup |YE())? + / ||ZE(t)H2dt} < .
0<t<T 0

We will first show that as e — 0, (Y6, Z%) converges in a certain sense, then

show that the limit will give the solution of (2.12). To begin with, we need

some elementary estimates.

Lemma 2.8. Suppose that condition (A3) holds, and that £ € L% ().
Then there exists a constant C' > 0, independent of ¢, such that the follow-
ing estimates hold

T
B sw V0P + [ (Z70Pa} <
te[0,T] 0

(2.14) .
E{/O ALt Y1) Pt} < C.

Proof. The proof of the first inequality is quite similar to those we
have seen many times before, with the help of the properties of Yosida
approximations listed in §2.2, we only prove the second one. First note that
since O is convex, so is ¢.(¢,-,w) (recall (2.11)). We have the following
inequality (suppressing w):

(2.15) @ (t,y) + (D (t,y), 7 —y) < @e(t,y),  Y(ty), as.

Now let t =t9 < t1 < --- <t, =T be any partition of [t,T]. Then (2.15)
leads to that
Pe(ti, YE(8:)) + (Dpe(ts, YE(6:)), Y (tig1) — Yo (i)

(2.16)
< @e(ts, Yo(tiv1)) < e(tivr, Yo(tir1)), a.s.

where the last inequality is due to Assumption (A3)-iv). Summing both
sides of (2.16) up and letting the mesh size of the partition max; [t;+1—%;| —
0 we obtain that

T
@17) @t Y (1) + / (Dipel(s, Y*(5)),dY*(s)) < (T, €) = 0.
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Thus, recall the equation for Y¢ we have
1 /T
pelt o)+ | [ 1Dp(Y(s)Pds
t
T
(218) oL+ [ (Donls Y(9) s, Y¥(5), 2°(5)) ds
t

T
— /t (D (Y*(s)), Z5dW5 ) .

By Cauchy-Schwartz inequality and (A3)-(iii),

1
(Depe(t,y) ity 2)) < o _[Dee(ty)I” +eC(L+ 121 + ), (t, 2).

We now recall that o > 0; & € O2(T, ) (ie., ¢(T,€) = 0); and
Ac(t,y,w) = Dye(t,y,w). Using the first inequality of this lemma we ob-
tain that

E/ (Y4 (s |d5—E/ |Dp. (YE(s))|?ds

<c(1+E swp |Y€(t)|2+E/ |Z5(t)Pdt) < .
te[0,T] 0

where C > 0 is some constant independent of €. Thus, by a slightly abuse
of notations on the constant C, we obtain the desired estimate.

Lemma 2.9. Suppose that the assumptions of Lemma 2.8 hold. Then
there exists a constant C > 0, such that for any €, > 0, it holds that

T
(2.19) E{ sup \Ye(t)—Y‘s(t)\z—k/O 1Z5(t) — Z°(t)| dt} (e +6)C.

t€[0,T)

Proof. Applying It6’s formula we get
T
YVE(t) - YO (t)) +/ 1Z5(s) — 2°(s) || *ds
t

T
+2/t (A(s, V() — As(s, Y*(s)), Y¥(s) — YO(s) ) ds

T
:2/ (h(s,Y?(s), Z°(s)) — h(5,Y°(s), Z°(5)), Y *(5) — Y°(s) )ds

t

(2.20)

T
- Q/t (YE(s) = Y(s),[Z°(s) — Z°(s)]AW () ) -
Since A.(t,y,w) € d¢(J:(y)), we have by definition that

(Ac(t,y,w), Je(t,y,w) =) >0, Ve Otw).
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In particular for any § € R™, and any 6 > 0, J5(t,7,w) € O2(t,w) and
therefore

(Ac(t,y,w), Je(t,y,w) — Js(t,F,w)) >0,  VFER™, aewe
Similarly,

(As(t,7,w), Js(t,7,w) — Jo(t,y,w)) >0, VyeR™, acwell
Consequently, we have (suppressing w)

(Ac(ty) — As(t,¥),y —y)
=(Ac(t,y), [y — Je(t, )] + [Je(t,y) — Js(t, )] + Js(t, 9) — )
(2.21)  +(As(t,9), [y — Is(t, )] + [Js(t,9) — J-(t,9)] + Je(ty) —y)
> — (A:(t,y), 0As(t, ) ) — (As(t,y),eAc(t,y))
—(e+6) (A:=(t,y), As(t,9) ) -

Also, some standard arguments using Schwartz inequality lead to that

~ ~ 1 ~ ~
(2.22) 2(h(t,y,2) =Wt 4, 2)y —y)) < llz - Z1* + Cly - g1*.

Combining (2.20)—(2.22) and using the Burkholder and Gronwall inequal-
ities we obtain, for some constant C' > 0,

B{ sw [y =Y 0P+ [ 120 - 2°0)| %t}

t€[0,T)

<(5+5)E/0T‘<A€(t,yf( #)), As(t, Y (t) ‘dt

S(e+6){E/O \AE(YE(t))|2dt~E/0 |A5(Y‘5(t))\2dt}é < (e+9)C,

thanks to (2.14). This proves the Lemma.

As a direct consequence of Lemma 2.8, we see that if we send ¢ to
zero along an arbitrary sequence {e,}, then there exist processes Y €
LZ(Q;C([0,T);R™)), Z € L%(2 x [0,T];R™)), independent of the choice
of the sequence {e,} chosen, such that

(Y™, Z")B(Yer, Z5) —» (Y, Z),  asn — oo,

strongly in LZ(Q; C([0,T]; R™)) x LL(Q x [0, T]; R™).

Furthermore, by Lemma 2.8 and the equation (2.12), it follows that
for some n € L%(0,T;R™), ¢ € L%($;C([0,T];IR™)), and possibly along a
subsequence which we still denote by {e,}, it holds that

A, (Yen(.)) N _7](') weakly in L.%:(O,T; Rm);

sup ’/ Ac, (Yo (s ))ds—!—(()‘ }—>0, asm — 00.

0<t<T
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Here, we use —n and —( to match the signs in (2.1) and (2.12). Obviously,
we see that the limiting processes Y, Z, and ¢ will satisfy the SDE (2.1),
and the proof of Theorem 2.6 will be complete after we prove the following
lemma.

Lemma 2.10. Suppose that the process (Y, Z), n, and { are defined as
before. Then (Y, Z,() satisfies (2.11), such that

(i) EIC/(T) = E [ [n(t)|dt < oo;
(ii) Y (t) € Oq(t,-), Vt € [0,T], a.s.;

(iii) for any RCLL, {F; }+>0-adapted process V, (Y (t)-V (t),n(t)) <0,
a.s., as a signed measure.

Proof. (i) We first show that ¢ has absolutely continuous paths al-
most surely and that C = 7. To see this, note that 1 is the weak limit of
Ac, (Yen)'s. By Mazur’s theorem, there exists an convex combination of
A., (Ye)s, denoted by A, (Ye"), such that A, (Ye") — 5, strongly in
L% (2% [0,T]);IR™)). Note that for this sequence of convex combinations of
the sequence A, (Y*"), we also have

t 2
E{ sup ’ / A, (Yo (s))ds + C(t)‘ } — 0, as n — oo.
o<t<t | Jo

Thus the uniqueness of the limit implies that ((¢) = fot n(s)ds, Vt € [0,T].
Furthermore, since L%(2) C L'(£2), we derive (i) immediately.

(ii) In what follows we denote d(y,t,w) = d(y, O2(t,w)). Since Oz (t,w)
is convex for fixed (¢,w), d(-,O2(t,w)) is a convex function. Further, since
O3 has smooth boundary, one derives from (2.9) that

d(y,t,w) = ly = Pr(y, O2(t,w))| = ly — Je(y)| = el Ac(y, £, w)].
for all y € R™, and ¢ € [0,T], P-a.s.. Hence by part (i), we see that

E/Td(Yf(t),t,w)dt <5E/T |A-(Y2(t))|dt
(2.23) 0 0

< eVTE] /T |A5(Y€(t))|2dt}é 0.
0

Next, define for each (t,w) € [0,T] x Q the conjugate function of d(-,t,w)
by

(2.24) G(z,t,w) éinf{d(y,t,w) —{(z,y)}
y
and define the effective domain of G by
(2.25) DE(t,w) ={z € R: G(z,t,w) > —00}.

Since d(-,t,w) is convex and continuous everywhere, it must be identi-
cal to its biconjugate function, or equivalently, its closed convex hull (see
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Hiriart-Urruty-Lemaréchal [1]). Consequently, the following conjugate re-
lation holds:

(2.26) d(y,t,w) = sup {G(z,t,w)+(z,9)}
z2€DC (t,w)

and both the infimum of (2.24) and the supremum of (2.26) are achieved
for every fixed (t,w). Now for fixed (t,w), and any zy € DE(t,w), we let
Yo = yo(t,w) be the minimizer in (2.24). Then

d(yOatvw) - <y0aZO> = G(Z(],t,(.d) S d(yvtaw) - <ya20>a V?J S ]Rna
and hence
<y_y0720> gd(y,t,w)—d(yo,t,w), VyE]R’n

Since it is easily checked that d(-,t,w) is uniformly Lipschitz with Lipschitz
constant 1, we deduce from above that |zg| < 1. Namely D (¢,w) C [~1,1].

Now let Y be the limit process of Y°», we apply a measurable selec-
tion theorem to obtain a (bounded) {F;}+>0-adapted process R, such that
R(t,w) € DY(t,w) C [~1,1], Vt, a.s.; and

(2.27) dY (t,w),t,w) = G(R(t,w),t,w) + ( R(t,w), Y (t,w)),
| AV (1,0), 1,0) > G(R(E ), £,) + (Rt w), Yo (1, ),

Therefore, recall that Y» — Y, we have
T T
B [ aw i =E [ {6+ (R, Y (0) d
0 0
T

= lim E {G(Y(t),t,-)+<R(t),Y”(t)>dt

n— oo 0
T
< lim E [ d(Ye(8),t,-)dt =0,
n—oo 0

thanks to (2.23). That is, EfOT d(Y (t),t,-)dt = 0, which implies that
Y (t,w) € O2(t,w), dt x dP-a.e. Thus the conclusion follows from the con-
tinuity of the paths of Y.

(iii) Let V(t) be any {F:}i>o-adapted process such that V(t,w) €
Os(t,w), ¥t € [0,T], P-a.s. For every € > 0, and ¢ € [0, 7], consider

(2.28) Ac(t) = E/O (J(Y2(5)) — V(s), Ac(Y¥(s)) ) ds.

Since V(t) € Oz(t,-), for all t, and A (Y*(t)) € Olo,,)(J-(Y(t)) (see
Lemma 2.7-(iv)), we have

(J(YS(1) = V1), A=(£,Y*(2) ) = 0.
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Namely, A (t) > 0, Ve > 0 and ¢ € [0,T]. On the other hand, since
t
As(t) = E/O L20r() = Y7(5), A, YE(5)))
+(Y¥(s) = V(5), Ac(5,Y*(5))) }ds

=EAX—em4aY%@>%4Y%@—V@»A4aY%$»}w

(2.29)

Now using the uniform boundedness (2.14) and the weak convergence
of {A., (-, Y*")())}, and the fact that Y°» converges to Y strongly in
LZ(Q;C([0,T);R™)), one derives easily by sending n — oo in (2.29) that

OSE/0 (Y(s) —V(s),—n(s))yds, Vte][0,T).

Or equivalently,

d¢
T dt

as a (random) signed measure. Thus completes the proof of Lemma 2.10.

(Y(t) = V({t),nt)) = (Y (&) - V), > () <0, Vtel[0,T], as.

§3. Reflected Forward-Backward SDEs

We are now ready to formulate forward-backward SDEs with reflection
(FBSDER, for short). Let O; be a closed, convex domain in R", and
Oy = {Oz(t,w) : (t,w) € [0,T] x R"™ x Q} be a family of closed, convex
domains in R™. Let z € Oy, and g : R" x Q — R™ be a given Fr-
measurable random field satisfying

(3.1) g(z,w) € O2(T,w), V(z,w).
Consider the following FBSDER:

t t
Xt=m+/ b(s,Xs,Ys,Zs)dH/ o (s, X, Yo, Z)dW, + 1
0 0
(3.2) . .,
Yzzg(XT>+/ h(s,Xs,Ys,zs)ds—/ Z,dW, + Cr — G
t t

Definition 3.1. A quintuple of processes (X, Y, Z, n, () is called an adapted
solution of the FBSDER (3.2) if
1) (X,Y) € LZ(Q,C(0,T;R™ x R™)), Z € L%(0,T;R™%), (n,¢) €
BVz(0,T;R™ x R™);
2) Xy € 01, Y; € Os(t,-), ¥Vt € [0,T], a.s.;
3) Inle = Jo Lix.coonydinlss m = Jgvsdlnls, Ve € [0.T), as., for some
progressively measurable process «y such that vs € Nx (01), d|nl|-a.e.;
4) for all RCLL and progressively measurable processes U such that U; €
Os(t,-), Yt € [0,T1], a.s., one has (Y; — U, d(:) <0, Vie€0,T], as.;
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5) (X,Y, Z,n, () satisfies the SDE (3.2) almost surely.

In light of assumptions (A1)-(A3), we will assume the following
(A4) (i) Oy has smooth boundary;

(i) Oz(t,w) C Oa(s,w), Vt > s, a.s.; and for fixed y € R™, the map-
ping (¢t,w) — B(t,y,w) éPr(y; Os(t,w) belongs to L%([0,T]; R™).

(iii) The coefficients b, h, o, and g are random fields defined on
[0,7] x R" x R™ x R™*? such that for fixed (z,y,z), the pro-
cesses b(-,z,y,2,-), h(-,x,y,2,-), and o(-,z,y,2,-) are {Fi}i>o0-
progressively measurable, and g(z,-) is Fr-measurable.

(iv) For fixed (¢, z,z) and a.e. w, h(t,z,-, z,w) is continuous, and there
exists a constant K > 0 such that |h(t, z,y, 2, w)| < K(1+|x|+|y|),
for all (t,z,y,z,w). Moreover,

T T
E/ |b(t,0,0,0)|2dt+E/ lo(t,0,0,0)2dt + E|g(0)]* < oco.
0 0

(v) There exist constants k; > 0,7 = 1,2 and v € R such that for all
(t,w) € [0,T] x 2 and xé(m,y,z),xié(mi,yi,zi) € R" x R™ x
R™*? i =1,2, and x° é(ac,y) for x = (z,y, 2).
o |b(t,x1,w) — b(t,x2,w)| < K|x1 — Xal;
o (h(t,z,y1,2,w) = h(t, 2,92, 2,w), 1 — y2) < vly1 — ya/*;
o |h(t,x1,y,21,w) — h(t, z2,y, 22,w)| < K(Jz1 — 22| + |21 — 22||);
o [lo(t,x1,0) = o(t,x2,0)[|* < K*[x} — x3|* + k|21 — 22| ;
o [g(z1,w) — g(z2,w)| < ka2|z1 — 2.
We should note that if k1 = ks = 0, then ¢ and g are independent
of z, just as the many cases we considered before. Therefore, the FBSDE

considered in this chapter is more general. We note also that the method
presented here should also work when there is no reflection involved (e.g.,

01 = Rn, 02 = Rm)
83.1. A priori estimates

We first establish a new type of a priori estimates that is different from
what we have seen in the previous chapters. To simplify notations we shall
denote, for ¢t € [0,T), H(¢,T) = L%(¢,T;R), and let H®(¢,T') be the subset
of H(t,T') consisting of all continuous processes. For any A € R, define an
equivalent norm on H(¢, T') by:

lllen s {E / Te-AS|§<s>|2ds}5.

Then Hy(¢,T) é{f e H(t,T) : [[€|len < oo} = H(t,T). We shall also use
the following norm on H®(¢,T):

A _ C
€ inp=e TEEr?+ 67, €€ H(LT), AER,B >0,
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and denote H) g(¢,T') to be the completion of H¢(¢,T") under norm - ; x g.
Then for any A and 8, Hj g(¢,T) is a Banach space. Further, if ¢t = 0, we
simply denote || [x 2 [[-llon; - 252 - 2,5 H=H(0,T); H® = H*(0,T);
H, = H)\(t,T), and Hj g = HA”@(t,T).

Moreover, the following functions will be frequently used in this section:
for A€ Rand t € [0,7],

1— —At 1
B3 AN =% B =T = [ e,
0

It is easy to see that, for all A € R™, B(J),-) is a nonnegative, increasing
function, A(A,t) > 1; and B(\,0) =0, A(\,0) = 1.
Lemma 3.2. Let (A4) hold. Let (X,Y,Z,n,¢) and (X', Y',Z' .7/, ()

be two solutions to the FBSDER (3.2), and let Eég — &, where £ =
X,Y, Z,n,(, respectively.

(i) Let A\ € R,C1,Cy >0, and let \; = A\ — K2+ C; '+ Oy 1) — K2
Then, for all N € R,

t
e—AtE|Xt‘2 + (5\1 _ )\/)/ B_ATB_A/(t_T)EwXT‘QdT
(3.4) 0

t
< / e e NN K (Cy + KBV 2 + (KCs + K2)E|Z, 2} dr.
0

(i) Let A € R and C3,Cy > 0, and let Ay = —\— 2y — K(C5 ' +C; 1.
Then, for all N € R,

T
e—)xtED/t|2 + (5\2 _ )\/)/ e—ATe—)\/(T—t)ED/T‘QdT

t

T , =N
(3.5) +(1— KC’4)/ e e N Z 2dr
t
’ ~ T , ~
< k%e—)\Te—)\ (T_t)E‘XT|2 + KCg/ e—)\Te—)\ (T_t)|X7—‘2dT
t

Consequently, if KCy =1 — « for some a € (0,1), then
(3.6) e MEIXr]? + M|X|3 < K(C1+ E)|YI3 + (KCy + kD) Z|3.

(3.7) IX]3 < BOWT)K(Cy+ K)|[Y |3 + (KCs + k)1 Z]3).
(3.8) V(3 < B(ho, T)[k2e M E|X7|? + KC3|| X3,

~ Ao, T B ~ -
(3.9) 1215 < A2 D 23T R P 4 KO IZIR).

Proof. We first show (3.4). Let ¢ € (0,7], A\, ) be arbitrarily given, and
consider the function Fy(s,x) ée"\se_x(t_s)\:c\Q, for (s,z) € [0,t] x R".



184 Chapter 7. FBSDEs with Reflections

Applying It6’s formula to Fi (s, )/(\'s) from 0 to ¢, and then taking expectation
we have

t
e MEIX?+ (N~ )\’)E/ e e N1 | X 2dr
0

t
= / e*”e**’“*”{Z<X7,b(T,XT,YT,ZT)—b(T,X’ Y/, Z1))
0

T T T

T T T

+ llo(r, X, Y, Z0) = 0(r, X}, Y1, Z)||2 fdr

t
+2E/ e NN (X d, )
0

Since Xy, X, € 01, ¥Vt € [0,T], a.s., we derive from Definition 3.1-(3)
that e~ e~ (=7) (X, dij, ) < 0 (as a signed measure), Vs € [0,T], a.s. .
Therefore, repeatedly applying the Schwartz inequality and the inequality
2ab < ca® + ¢ 'b%, Ve > 0, using the definition of \;, together with some
elementary computation with the help of (A4), we derive (3.4).

To prove (3.5), we let Fy(s,z) = e e > (=0|z[2, and apply Itd’s
formula to Fi(s,Ys) from t to T to get

T
e MET? + (N + \E / e N 0|7, 2dr
t

T
+E/ e e N0 Z, | Pdr
t
= e M NTOE|g(X7) — g(X])|?

T
+2/ e N0 MUY (1, X, Ye, Z,) — h(T, XL, Y, Z0) ) dr
t
T , N .
+ 2E/ e NTeTATUY, dC, ) .
t

Again, since Y (¢,-),Y'(¢,-) € O2(t, ), P-a.s., by Definition 3.1-(4) we have
(Yi(w), d@(w)) < 0, dt x dP-a.s.. Thus, by using the similar argument as
before, and using the definition of A2, we obtain (3.5).

Now, letting \ = 0 and ¢t = T in (3.4) yields (3.6); letting X' = A\; in
(3.4) and then integrating both sides from 0 to T" yields (3.7), since B(Aq, -)
is increasing; letting A\’ = Xy in (3.5) and integrating from 0 to T yields
(3.8). Finally, note that if Ay < 0, then letting \' = Ay and ¢t = 0 in (3.5)
one has (remember KCy =1 — «)

T N ~
12)2 < / e 0| Z, 2dr
0

O PP VA 112
< {Be IR + KCol| X3
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while if Ay > 0, then let \ = 0 in (3.4) one has

1218 < | {Be T EIR P + K5 K1}
Combining the above we obtain (3.9).

We now present another set of useful a priori estimates for the adapted
solution to FBSDER (3.2). Denote ¢°(t,w) = 0(s5,0,0,0,w), f(t,w) =
£(5,0,0,0,w), R°(t,w) = h(t,0,0,0,w), and ¢°(w) = g(0,w).

Lemma 3.3. Assume (A4). Let (X,Y,Z,n,() be an adapted solution to
the FBSDER (3.2). For any \,\' € R,e > 0,C4,Cs,C3,C4 > 0, we define
X5 =AM — (1+K?)e and X5 = \y — €, where \; and )y are those defined in
Lemma 3.2. Then

t
e—)\tE|Xt‘2 + (S‘i . )\/)/ e—A'(t—T)e—)\sE|XT|2dT < e—A’t‘x‘Q
0
3.10 Y ! 2 1 >
(3.10) +/ e N (t=7) = T{€E|f(7',0,0,0)\ + <1+€)|0(T,0,0,0)
0
+K(CL+ K(1+e)E|Y, 2 + (KCy + E2(1 + s))E|ZT\2}dT.
and
— T !
e*)\tED/tF + ()\S _ )\/)/ 67)\ (Tft)efA‘rE|YT‘2dT
t
T ’
+(1 - k4C’4)/ e NN Z, 2 dr
(3.11) t .
<K2(1+e)e N T D TR X 2 + (1—!—s)e_X(T_t)e_ATE|g(0)|2
T , 1
+/ e (T_t)e_’\T{chE\XT|2 + €E|h(7',0,0,0)\2}d7.
t

Consequently, if Cy = 1;(0‘, for some « € (0, 1), we have

B + XIXIR < [[of + K (G + K+ 2]V
(3.12) . .
KO+ RO+ )IZIR+ PR+ (14 L)1

I3 < BOGT) Jaf + K(Cs + K+ )Y 3
(3.13) : ,
KO+ RO+ )IZIR+ PR+ (14 D)1
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VIR < BOS.T) 101+ )T B+ KCol X3
1 =T 02 1 012
# (14 )RR+ 100

AN, T) {

(3.14)

1Z]13 < k3(1+e)e B X7|* + KCs| X1}

(3.15) ) )
+ (1 + g)e_ATEgo|2 + . ||h0||2].

§3.2. Existence and uniqueness of the adapted solutions

We are now ready to study the well-posedness of the FBSDER (3.2). To
begin with we introduce a mapping I' : H® — H€® defined as follows: for

fixed z € R", let X = I'(X) be the solution to the FSDER:
¢ ¢

(3.16) X, =x+/ b(s,XS,YS,ZS)ds—F/ 0(8,Xs,Ys, Zs)dWs + 1y,
0 0

where the processes Y and Z are the solution to the following BSDER:

T T
(3.17) Y: = g(X7) +/ h(s, Xs,Ys, Zs)ds — / ZsdWs + (1 — (.
t t

Clearly, the assumption (A4) enables us to apply Theorem 2.5 to con-
clude that the BSDER (3.17) has a unique solution (Y, Z, ¢), which in turn
guarantees the existence and uniqueness of the adapted solution X to the
FSDER (3.16), thanks to Theorem 1.2. Furthermore, by definition of A§
(Lemma 3.3) we see that if A is chosen so that A\; > 0, then it is always
possible to choose ¢ > 0 small enough so that A\{ > 0 as well; and (3.12) will
lead to X € H, 5, (since A; > 0 and A{ > 0). Let us try to find a suitable
A1 > 0 so that T is a contraction on H A%, » Which will lead to the existence
and uniqueness of the adapted solution to the FBSDER (3. 2) immediately.

To this end, let X1, X2 € HS; and let (Y¢, Z%, (%) and (X ), i=1,2,
be the corresponding solutions to (3.17) and (3.16), respectively. Denote
AL = ¢ — €2 for € = X,Y,Z,X. Applying (3.6)-(3.9) (with Cy = ')
we easily deduce that

e ME|AXT|? + M[|AX]|3

3.18
(3:15) < pla, T){k3e " E|AX7|? + KCs[|AX |3}
where
- AN, T
(3.19) (e, TY2 K(Cy + K)B(X2,T) + ( ; )(ch + k)

and (recall Lemma 3.2)

(3.20) M = A-K(2+C; " +Cy ) —K? = -A-2y-K(Cy'+C ).



§3. Reflected FBSDEs 187

Clearly, the function u(-,-) depends on the constants K, k1, k2,7, the du-
ration T' > 0, and the choice of C;—C} as well as A, a. To compensate the
generality of the coefficients, we shall impose the following compatibility
conditions.

(C-l) 0<kiks < 1;
(C-2) ky = 0; Ja € (0, 1) such that p(a, T)KCs < Ay,

(C-8) ky > 0; Jag € (kika, 1), such that u(ad, T)k? < 1 and A\ = ch

We remark here that the compatibility condition (C-1) is not a surprise.
We already saw it in Chapter 1 (Theorem 1.5.1). In fact, in Example 1.5.2
we showed that such a condition is almost necessary for the solvability of
an FBSDE with general coefficients, even in non-reflected cases with small
duration. The first existence and uniqueness result for FBSDER (3.2) is
the following.

Theorem 3.4. Assume (A4) and fix Cy = 1?3 . Assume that the compat-
ibility conditions (C-1), and either (C-2) or (C-3) hold for some choices of
constants A, «, and C1—C5. Then the FBSDER (3.2) has a unique adapted
solution over [0, T).

Proof. Fix Cy = 1_;3. First assume that (C-1) and (C-2) hold. Since

ka =0, (3.18) leads to that

IAX]3 < IAX]3,

,U,(Oé, T)KC3
M
Since we can find C1—C35 and a € (0,1) so that p(a, T)KC3 < 1, T' is a

contraction mapping on (H, || - ||»). The theorem follows.

_ Similarly, if (C-1) and (C-3) hold, then we can solve A from (3.20) and

A1 = KC3/k3, and then derive from (3.18) that
AX io,i\l < plog, Tks AX ,2\07;\17

Let Cy, i = 1,2,3 and ag € (k1k2,1) be such that u(ad, T)k3 < 1, the

mapping I' is again a contraction, but on the space H, 5, , proving the

theorem again.

A direct consequence of Theorem 3.4 is the following.

Corollary 3.5. Assume (A4) and the compatibility condition (C-1). Then
there exists Tp > 0 such that for all T € (0,Tp], the FBSDER (3.2) has a
unique adapted solution.

In particular, if either ky = 0 or ko = 0, then the FBSDER (3.2) is
always uniquely solvable on [0, T for T small.

Proof. First assume ko = 0. In light of Theorem 3.4 we need only show
that there exists Top = To(C1, Ca, Cs, A, &) such that (C-2) holds for some
choices of C1—C5 and A, «, for all T' € (0, Tp).
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For fixed Cy,C5,Cs, A, and o € (0,1) we have from (3.19) that

KCy +k})KC

w(a, 0)KCs = ( 2+a1) 3
Therefore, let C1-C3 and « be fixed we can choose A large enough so that
p(a,0)KCs < A1 holds. Then, by the continuity of the functions A(a, )
and B(a, -), for this fixed A we can find Ty > 0 such that pu(a, T)KCs < A\
for all T' € (0,Tp]. Thus (C-2) holds for all T' € (0, 7] and the conclusion
follows from Theorem 3.4.

Now assume that k2 > 0. In this case we pick an o € (k1k2,1), and
define
1R

> 0.
k2 o

(3.21) 52

Now let Cy = ’ﬁf, C, = 17;3’ and choose A so that \; = (k3C3)/k3 > 0.

Since in this case we have
KCy+ki 1 kK1
2 ) T _ 1
A T

thanks to (3.21). Using the continuity of u(a3, ) again, for any C1,C3 > 0
we can find Ty(C1,C5) > 0 such that p(ad, T)k3 < 1 for all T € (0, Ty].
In other words, the compatibility condition (C-3) holds for all T' € (0, Tp],
proving our assertion again.

Finally if k1 = 0, then (C-1) becomes trivial, thus the corollary always
holds.

From the proofs above we see that there is actually room for one to play
with constant C1—Cj5 to improve the “maximum existence interval” [0, 7).
A natural question is then is there any possibility that Ty = oo so that the
FBSDER (8.2) is solvable over arbitrary duration [0,T]¢ Unfortunately,
so far we have not seen an affirmative answer for such a question, even
in the non-reflecting case, under this general setting. Furthermore, in the
reflecting case, even if we assume all the coefficients are deterministic and
smooth, it is still far from clear that we can successfully apply the method
of optimal control or Four Step Scheme (Chapters 3 and 4) to solve an
FBSDER, because the corresponding PDE will become a quasilinear varia-
tional inequality, thus seeking its classical solution becomes a very difficult
problem in general.

We nevertheless have the following result that more or less covers a

class of FBSDERs that are solvable over arbitrary durations.
Theorem 3.6. Assume (A4) and the compatibility condition (C-1). Then
there exists a constant A > 0, depending only on the constants K, k1, ko,
such that whenever v < —A, the FBSDER (3.2) has a unique adapted
solution for all T > 0.

Proof. We shall prove that either (C-2) or (C-3) will hold for all T > 0
provided v is negative enough, and we shall determine the constant A in
each case, separately.
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First assume ko = 0. In this case let us consider the following mini-
mization problem with constraints:

(3.22) mip F(ChCQ,Cg,)\hOl),
C;>0, i=1,2,3;11>0,0<a<l1,
lezx(xc2+k§)c3>o

where
a (GG o
M —2(KCy + k)KCs

2 —
+K(2+C;1+C2‘1+03‘1)+K2(1_Z).

F(C1,02,C3, M1, )
(3.23)

Let A be the value of the problem (3.22) and (3.23). We show that if
v < —A/2, then (C-2) holds for all T > 0.

Indeed, if v < —A/2, then we can find Cy, C, C3,A\; > 0 and « € (0, 1),
such that A\; — 2(KCs + k?)KC3 > 0, and

(01 + K)K203 n b
A —2(KCy + k)KCs !

2 —
+K(2+C;1+C§1+C§1)+K2(1_Z).

—2v >
(3.24)

On the other hand, eliminating A in the expressions of A; and A in (3.20),
and letting Cy = (1;(“) we have

_ - K2
o=—(M+K@+Cr +C + G+ +KY) -2y
Thus (3.24) is equivalent to
1 (K(C,+K) (KCo+k2)
3.25 - il K(Cs <1,
(3.25) W h G

and Ay > 0. Consequently, A(A2,T) =1 and B(A3,T) < A1 (recall (3.3));
and (3.25) implies that p(a, T)KC3 < A1, i.e., (C-2) holds for all T > 0.
Now assume ko > 0. Following the arguments in Corollary 3.5 we

—_ 2
choose \; = Kk€3 >0,C4 = 1_Ka°, and ag € (k1kz2,1). Let 6 > 0 be that

defined by (3.212), and consider the minimization problem:

(3.26) min ﬁ(Ch Cy,C3),

C;>0, i=1,2,3;
603—K02>0

where
- 2K(Ch+ K
F(Clac2a03)éa0 2( i )+K(2+Cl_1+02_1+03_1)
(50{0 - KCQ
(3.27)
KCs

2 — a2
2 0
+ +K( 2).

k3 1—a?
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Let A be the value of the problem (3.26) and (3.27), one can show as in
the previous case that if v < —A/2, then Ay > 0 (hence A(\g,T) = 1 and
B2, T) < A1), and p(ad, T)k3 < 1. Namely (C-3) holds for all T > 0.
Combining the above we proved the theorem.

83.3. A continuous dependence result

In many applications one would like to study the dependence of the adapted
solution of an FBSDE on the initial data. For example, suppose that there
exists a constant 7' > 0 such that the FBSDER (3.2) is uniquely solv-
able over any duration [¢t,T] C [0,T], and denote its adapted solution by
(Xbr yte zb® pbt () Then an interesting question would be how the
random field (¢,z) — (Xb*, Y0o Z6* nh® (7)) behaves. Such a behav-
ior is particularly useful when one wants to relate an FBSDE to a partial
differential equation, as we shall see in the next chapter.

In what follows we consider only the case when m = 1, namely, the
BSDER is one dimensional. We shall also make use of the following as-
sumption:

(A5) (i) The coefficients b, h, o, g are deterministic;

(ii) The domains {Ox(,-)} are of the form O(s,w) = Oz(s, X" (s,w)),
(s,w) € [t,T] x R™, where Os(¢t,z) = (L(t,z),U(t,z)), where L(-,-) and
U(-,-) are smooth deterministic functions of (¢, ).

We note that the part (ii) of assumption (A5) does not cover, and is
not covered by, the assumption (A4) with m = 1. This is because when
m = 1 the domain Q5 is simply an interval, and can be handled differently
from the way we presented in §2 (see, e.g., Cvitanic & Karatzas [1]). Note
also that if we can bypass §2 to derive the solvability of BSDERs, then
the method we presented in the current section should always work for the
solvability for FBSDERs. Therefore in what follows we shall discuss the
continuous dependence in an a priori manner, without going into the details
of existence and uniqueness again. Next, observe that under (A5) FBSDER
(3.2) becomes “Markovian”, we can apply the standard technique of “time
shifting” to show that the process {Y"*(s)}s>; is F;-adapted, where F! =
o{W,,t <r < s}. Consequently an application of the Blumenthal 0-1 law
leads to that the function u(t, ) = Y;* is always deterministic!

In what follows we use the convention that X**(s) = z, Y"%(s) =
Yh2(t), and ZH*(s) = 0, for s € [0,t]. Our main result of this subsection is
the following.

Theorem 3.7. Assume (A5) as well as (A4)-(iii)—(v). Assume also
that the compatibility conditions (C-1) and either (C-2) or (C-3) hold. Let
u(t, x) éYf’w, (t,x) € [0,T] x O1. Then u is continuous on [0,T] x O and
there exists C' > 0 depending only on T, b, h, g, and o, such that the
following estimate holds:

(3.28) |ulty, z1) — u(ts, 22)|? < c(m — 2o+ (L + |z V |22 )|t —tz\).
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§

Proof. The proof is quite similar to that of Theorem 3.4, so we only
sketch it. R

Let (t1,z1) and (t2,T2) be given, and let X = X*¥1 — X*2:%2 Agsume
first ¢4 > to, and recall the norms || - [, and - ;g at the beginning of
§3.1. Repeating the arguments of Theorem 3.4 over the interval [ta, T, we
see that (3.8) and (3.9) will look the same, with || - || being replaced by
I - llt5,x; but (3.6) and (3.7) become

e MBI X2+ M||X|12

(3.6)’ ~ ~ ~
<K(Cy+ E)|[Y g, 5 + (KC2 + EDIIZ]F, A + EIX(t2).
3.7y IX17, B, T)[K (Cr+ K)[Y 7, 5
+(EC2 + K)IZII7, » + EIX (t2)],
= A =Mty AT o
where B(A\,T)=°""1¢ . Now similar to (3.18), one shows that
AT %412 XL X112
e E|Xr|" 4+ M| X
sy el + BRI,

<pla, T){k3e M B|Xr|” + KCs|| X7, } + BIX (t2)|*.

Arguing as in the proof of Theorem 3.4 and using compatibility conditions
(C-1)—(C-3), we can find a constant C' > 0 depending only on 7" > 0 and
K, k1, ko such that

(3.29) X ? 55 S CE|X(t2)]* = CElzs — X' (1) 2,

where 3 = A1 — pu(a, T)KC3 if ky = 0; and 8 = p(a, T)k3 if kg > 0.

From now on by slightly abuse of notations we let C' > 0 be a generic
constant depending only on T, K, k1 and k2, and be allowed to vary from
line to line. Applying standard arguments using Burkholder-Davis-Gundy
inequality we obtain that

(3.30) E sup |X'(s)P+E sup |Y'(s)]> < CE|X(t2)]?,
ta<s<T t2<s<T

To estimate E \)/(: (t2)|? let us recall the parameters \f and \§ defined
in Lemma 3.3. For each ¢ > 0 define

A(X5,T)

€ A €
u (o, T)=K(C1 + K(1+4¢))B(\5,T) + |- KC,

KCs.

Since A§ — A1, A§ = Ao, and pf(a, T) — p(a, T), as € — 0, if the compat-
ibility condition (C-1) and either (C-2) or (C-3) hold, then we can choose
g > 0 such that p®(a, T)k3(1+ ) < 1 when ky = 0 and pf(a, T)KC3 < \§
when ke # 0. For this fixed € > 0 we can then repeat the argument of
Theorem 3.4 by using (3.12)—(3.15) to derive that

(1 _ we (aa T)KC3

12 2 1 —0N-
o ONHR < 0@ [+ (14 )] ko
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or
(1 - ,us(oz,T)k§> X! i,ﬂ < C(e) {|x1|2 + (1 + i)} , ke #0,

where C(g) is some constant depending on T', K, k1, k2, and &. Since e > 0
is now fixed, in either case we have, for a generic constant C > 0,

IXH3 < O+ |21 ),

which in turn shows that, in light of (3.12)-(3.15) [|[Y1[]2 < C(1 + |z1]?),
and [|Z|3 < C(1 + |z1]?). Again, applying the Burkholder and Holder
inequalities we can then derive

(3.31) E{ sup \Xl(t)\2}+E{ sup |Y1(t)\2}§C(1+|x1\2).

t1<s<T 11 <s<T

Now, note that on the interval [t1, t2] the process ()? , f’, A ) satisfies the
following SDE:

X(s) = (x1 — x2) /b1 dr+/tjal(r)dW(r),

(3.32) € [t1,t2],

ta
Y(s) = V(ts) + hl )dr + / ZY(rydw (r),

where b!(r) = b(r, X2(r),Y! (T‘),Zl(T)) ol(r) = o(r, X1 (r),Y(r), Z (1)),
and ht(r) = h(r, X1(r),Y*(r), Z1(r)). Now from the first equation of (3.32)
we derive easily that

E{ sup |X(s)]"} < Cf|ar — o’ + (1 + |21 )|t — t2]}.

t1<s<ts

Combining this with (3.30), (3.31), as well as the assumption (A4-iv), we
derive from the second equation of (3.32) that

E|Y (t1)]” < E[Y (t2)]* + C(1+ [21[* V |22[*)[t1 — ta
< O{lzy =z + L+ |21 2 V [22*)[t1 — 22}

Since ?(tl) = u(t1, 1) — u(te, z2) is deterministic, (3.28) follows. The case
when t; < ts can be proved by symmetry, the proof is complete.





