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A General Approach to Stabilization

The first Almighty Cause acts not by partial,
but by gen’ral laws.
A. Pope

In this short chapter we develop a general approach for stabilized evaluation of
a closed unbounded operator using von Neumann’s theorem and the spectral
theory of bounded self-adjoint operators as basic tools. Recall that the essential
problem of evaluating an unbounded linear operator L : D(L) C H; — Hyata
vector € D(L) given only an approximation z° € H, satisfying ||Jz —2%| < §
is that in general 2° ¢ D(L), and even if 2° € D(L) one can not guarantee
that Lz® — Lz as 6 — 0, since L is discontinuous. Our goal in this chapter
is to develop general approximations to Lz of the form S,z, where S, is
a bounded linear operator depending on a parameter a > 0. Since S, is
bounded the vector S,z° is defined for all % € H; and for each a@ > 0
the mapping z° — S,° is stable. The next ingredient in the stabilization
strategy is a parameter choice scheme a = «(d) that ensures the regularity of
the approximations, that is, so that

||Sa(§)$6 —Lz|| -0 as §—0.

3.1 A General Method

The key to our development is von Neumann’s theorem. Recall that this states
that if L : D(L) C Hy — Hs is a closed densely defined linear operator, then

the operator L: H, — H, defined by
L=(+L*L)"!

is bounded and self-adjoint with o(f) C [0, 1] and the operator LL:H, — H,
is bounded with ||LL|| < 1. In the same way the operator L : Hy — Hj
defined by
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L=(I+LL*)"

is bounded and self-adjoint and the operator L*L: Hs; — H; is bounded.
Before proceeding we notice a simple property of these operators.

Theorem 3.1. If f € C[0,1] and © € D(L), then f(L)z € D(L) and
f(L)Lz = Lf(L)x.

Proof. For any z € Hy we have Lz € D(L*L) and (I+L*L)Lx = x. Therefore,
it x € D(L), then

Lz =L(I+ L*L)Lx = (I + LL*)LLx.
We then have R _
LLr=(I+LL*) 'Lr = LLx
and from this it follows that

~ ~

p(L)Lx = Lp(L)a

for any polynomial p. If f € C]0,1], then by the Weierstrass approximation
theorem there is a sequence of polynomials {p,} that converges uniformly to
f. For x € D(L) we then have

~ ~ ~

f(L)Lx =limp,(L)Lx = lim Lp, (L)z.
n n
For any y € D(L*) it follows that

(f(L)La,y) = lim, (Lp,(L)z, y)

= lim,, (p,, (L)x, L*y)

= (f(L)z, L*y).

Therefore, using Theorem 2.7, we find that

(D) € D(L*) = D(L)

and

In the same way one finds that f(L)L*z = L* f(L)x for all = € D(L*).

Corollary 3.2. If f(t) = tg(t) where g € C[0,1], then Lf(L) is bounded
and

LS < llglloo
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Proof. If x, z € D(L), then
(LFL)*(LF(D)w,z) = (Lf(L)z, Lf(L)2)
= (f(L)Lx, f(L)L2)
= (L'/2g(L)La, L'/?g(L) Lz)
= (Lg(L)La, Lg(L)Lz)
= (LLg(L)z, Lg(L)2)

= (L*LLg(L)x, g(L)z).

But N _
L*LL=1-1L

and therefore,

(LIL))(Lf(L))e, z) = (I = D)g(L)a, g(L)2).

But, since I — L and g(L) are bounded linear operators, this identity extends
to all z,z € Hy, and hence

1A < IT = LYg@)IP < (Iglle)? O

A general stabilization procedure is suggested by the formal identity Lx =
LLL™'z. Stable approximations {y,} to Lz will be formed in the following
way: L

Yo = LLT,(L)x (3.1)

where T,, € C[0,1] for each @ > 0 and the family of functions is shaped to
approximate ¢! in the following sense:

T.(t) -»t™' as a—0 foreach te(0,1] (3.2)

and
[tTo(t)| is uniformly bounded for « >0, t€[0,1]. (3.3)

Note that, since LL and T,, (L) are both (by von Neumann’s theorem) bounded
linear operators, the approximations y, given by (3.1) are defined for all
x € Hy, not just for z € D(L), and the mapping = +— y, is stable. In particular
this means that the approximations

Y0 = LLT,(L)2®
are defined and stable for approximations z° € H; to x € D(L) satisfying
lz — 2%|| < 6 even if 2% ¢ D(L). A general stable approximation scheme
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for La then consists of a choice of a family {T,} satisfying (3.2) and (3.3)
matched with a parameter choice strategy o = a(d) designed to ensure that
yi( 5 Lz as § — 0. Before treating some specific cases we establish basic
convergence and stabilization results. We consider first the case of error-free
data z.

Theorem 3.3. Suppose L : D(L) C Hy — Hy is a closed densely defined lin-
ear operator and {To} is a family of continuous real-valued functions defined

on [0, 1] satisfying (3.2) and (3.3).
(i) For allx € Hy, 14 = LTo(L)z — z as a — 0.
(i) If x € D(L), then yo = Lxy — Lz as a — 0.

(ii2) If x ¢ D(L), then ||ya| — oo as a — 0.
Proof. First note that
T —aq=(I—LTy(L))x

But by (3.2) and (3.3), the function 1 — ¢T,(¢) converges in a pointwise and
uniformly bounded manner to the function

The spectral theorem applied to the bounded self-adjoint operator L then
gives

T— Ty — 0, as a—0.

NI T
By Lemma (3.1), if # € D(L), then

Lz —yo = L(I — LT\ (L))x = (I — LT, (L)) La.

The spectral theorem applied to the bounded self-adjoint operator L then
gives

L:z:fyaHPN Lzxr=0, as a—0.

(L)
To establish the final assertion, note that if {||y.||} has a bounded sequence,
then it has a weakly convergent subsequence, say y,, — w, for some sequence
ay, — 0. Now y,, = Lz, where z,, = LT, (L)x and by the properties of {T,,}
and the Spectral Theorem,
a?n—mc—PN(va):E:x as n — oo

But since the graph of L is closed and convex, and hence weakly closed,
2, — x and Lz, — w, and we have z € D(L) and Lz = w. So if z ¢ D(L),
then {||y.||} must be unbounded. O
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Suppose now that z° € H; is an approximation to = € D(L) satisfying

|z — 2%|| < 6. The stability error
Yo — yf; = LETQ(E)JU — LETQ(E)Q:‘S
may be estimated as follows:

lya = y5|? = (L* LLTo(L) (2 — 2°), LTo(L) (2 — 2°))
= (I = L)To(L)(z — 2%), LTo (L) (x — 29))

< &||(I = DTa(DILTa(L)])-
Therefore, if r(a) is a function satisfying
(1 —1)Ta(t)| <r(a) for te]0,1] (3.4)
then, since ||LT,(L)| is uniformly bounded, we find that

[ya = yall < 60(\/7(a)).

Putting these results together we obtain the following general stabilization
result:

Theorem 3.4. If x € D(L) and ||z — 2°|| < & then
Yo = LLT,(L)2® — Lz as 6 —0
if a = a(0) — 0 as § — 0 in such a way that §+/r(a(d)) — 0.

Under appropriate conditions an actual rate of convergence can be obtained
in terms of a function w(a, V) satisfying

(1 —tT,(t)t"| < w(a,v) (3.5)

max |
te[0,1]

Theorem 3.5. Suppose x € D(L) and Lz € R(L") for some v > 0. If {T\}
satisfies (3.5), then

| Lz — LLT(L)z|| = O(w(a, v)).
Proof. This is immediate for if Lz = E”w, then
Lx — LETQ(E)JC = L'w — ETa(E)E”w
={I-LT,(L))LYw. O

Note that in the particular case ¥ = 1 the requirement on = in the previous
theorem may be expressed simply as € D(LL*L) since by Lemma 2.8

~

D(LL*L) = {x € D(L) : Lz € R(L)}.

Also, the relaxed assumption that x € D(L*L) leads to a special convergence
rate.
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Theorem 3.6. If = € D(L*L), then |Lx — LLT,(L)z|| = O(w(a,1/2)).
Proof. Write L _
Lz — LLT,(L)x = LS, (L)x
where S, (t) =1 —tT,(t). Then, on setting w = x + L* Lz, we find that

|Lz — LLT,(L)z||?> = (L*LSo (L)%, S (L)x)
= (=So(L)z + So(L)w, So(L)z)
< (So(L)w, So(L)Lw)

= [Sa(L) L 2wl® < w(e,1/2)lw]®. O

3.2 Some Cases

We now illustrate the general results of the previous section on some spe-
cific stable approximate evaluation methods. In some of the examples the
stabilization parameter has a continuous range of positive values, while in
other iterative methods the role of the stabilization parameter is played by
a discrete iteration number that tends to infinity. Depending on the particu-
lar method under consideration, the stabilization parameter may take values
which approach either 0 or co.

3.2.1 The Tikhonov-Morozov Method

The best known stabilization procedure is what we call the Tikhonov-Morozov
method in which y = Lz is approximated by

Yo = L(I + aL*L)flsc (3.6)

where « is a positive stabilization parameter converging to zero.

Before taking up general results for the Tikhonov-Morozov method, we
illustrate the method on a couple of simple examples of unbounded opera-
tors that were discussed in Chapter 1. For example, if L is the Dirichlet-to-
Neumann map on the unit disk with domain

D(L) = {f € I2(0D) - Y Inf|fn)? < oo}
nez
defined by A
(LF)(e®) = In|f(n) exp(ind).

nez
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where

then one sees easily that

yo(e”) = L(I + oL L)™' f*(expif) = ) ( i > £9(n) exp (ind).

1+ an?
nez +

As another illustration consider the problem of reconstructing a source distri-
bution g in the heat problem

ou  0%*u
Ezﬁﬁ-g(x), O<x<m 0<t,
where u(z,t) is subject to the boundary conditions

u(0,t) = u(m,t) =0, 0<t

and initial condition
u(x,0) =0, 0<z<m,

from knowledge of the temperature distribution f(z) = u(z,1) at time ¢ = 1.
We found in Chapter 1 that g = Lf where

o0 2 T
D(L) = {h : Z mtaZ, < oo, ay = ;/0 h(s) sinmsds}
m=1

and
L = — E — 5 Sl 1mn ds.
X P 1 o 2 Smnx o S)simnsas

In this case the Tikhonov-Morozov approximation to g is found to be

@ =L(I+aL*L)"1f°

T — i
=3 Z Q sin nx / f°(s) sinnsds
n=1 0

oo () e () )

Returning to the general situation, we find that since

where

(I+al*L) ' =(1—-a)l+a(l+L*L) " =L(1—a)L+al)™!
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the Tikhonov-Morozov method fits into our general scheme if we take
T.(t)=(a+(1—a)t)™', te][o,1].

Note that this class of functions satisfies criteria (3.2) and (3.3) and hence
LI+al*L) 'z — Lz as a—0

for each z € D(L). Also, since

1
1-0)T,(1)| =—
max |(1- 0T, ()] =

we may take r(a) = 1/« in Theorem 3.4. That is, if we set
o= +aL*L) 'z and 2° =+ aL*L)"'2°

then we have:

Corollary 3.7. If v € D(L) and ||z — 2°|| < 0§, then
L — Lal | < 5/v/a.

Therefore, if % € H is some approximation to x € D(L) satisfying ||z —2%|| <
d and if § = o(y/«(d)), then by Theorem 3.4

LI+ a(8)L*L) 2’ - Lz as 6 —0.

In order to apply Theorem 3.5 and obtain a convergence rate we require
an upper bound for

a(l =)t
1—-tT, ()t = —————.
( ®) a+(1—a)t
For 0 < v <1 we claim that
a(l —t)t”
— 7 <o’ A t 1]. .
oz—|—(1—oz)t*a or tel0,1] (3.7)

This is the same as (1= )(t/a)"
T+ (o)) =

But setting z = t/«, this is seen to be equivalent to
2 —az’Tt <14+ (1—-a)z, for z€]0,1/a]. (3.8)

The function on the left of the inequality above has a maximum of

v | 1—w
v+1 V—l—la
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which is clearly not greater than 1 for 0 < ¥ < 1 and hence for 0 < v <1 and
0 < o < 1 inequality (3.8) holds and hence so does the bound (3.7). We may
therefore take

w(a,v) =a”

for the Tikhonov-Morozov method. An immediate application of Theorems
3.5 and 3.6 gives:

Corollary 3.8. If © € D(L) and Lx € R(L) (equivalently, = € D(LL*L)),
then

1Lz = ya| = O(a).

If © € D(L*L), then
1Lz = ya| = O(Va).

A converse of the first rate in Corollary 3.8 may be of interest. We provide
two proofs of such a converse as each is instructive in its own way. In the
first converse we assume that L is compact, that is, that LL* has compact
resolvent. For operators LL* with compact resolvent, we show that if x € D(L)
and |Lx — Lz, | = O(a) as a — 0, then « € D(LL*L). To see this suppose
the self-adjoint bounded operator Lis compact and let {u;; A\;} be a complete
orthonormal eigensystem for L. Note that the eigenvalues {A\;} lie in the
interval (0, 1]. Suppose they are ordered as:

0<~~~<)\n+1§)\n§~~~<)\2§)\1~

Then
Lry = LL(al+ (1 —a)L) 'z
= Lo + (1 —a)L) 'Lz
=5 N (Lz,uj)u,;
o+ (T—a)n 70
and hence
(1— )2
ILo — Laa|* = o® 3772, g (L, )2

(a+(1-a)X)
>a?(1=M)? 7 (a+ (1= a)A) * (L, uy)[*.
Therefore, if ||[Lx — Lz, || = O(«), we have
Y (a+ (1 —a)\) (L, u;)]* < ©

Jj=1



62 3 A General Approach to Stabilization

for some constant C' and all « € (0, 1]. In particular, all of the partial sums of
the above series are uniformly bounded by C. Letting a — 07 in each of the
individual partial sums shows that

n
> ALz u)P < C
j=1
for each n and hence the series Zjoil )\;2\<Lx7 u;)|? is convergent. The vector

z= Z )\j_l(Lx, Uj) U,

=1
is therefore well-defined and
Lz= Z(Lx, uj)u; = Lz,
j=1

that is, Lz € R(L) and hence z € D(LL*L) in light of Lemma 2.8. We now
drop the assumption that L is compact.

Theorem 3.9. If x € D(L) and |Lxz — Lz, | = O(«), then x € D(LL*L).
Proof. First note that
To = (I +al*L) 'z € D(L*L)

and hence
Lzo = (I +aLL*) 'Lz € D(LL").

and
Lz, — Lr = —aLL*Lzx,,.

Therefore, by the hypothesis
|LL*Lxo| = O(1). (3.9)

By Theorem 2.11 we know that LL* is closed. This can be seen in another
way by using Theorem 2.7. Indeed, if {y,} C D(LL*) satisfies, y, — y and
LL*y, — p, then, using Theorem (2.7), we have for any v € D(LL*) =

(LL*u,y) = limy,— oo (LL*u, ypn) = lim, o (u, L**L*y,,)

= lim, <U7LL*yn> = <U,p>«



3.2 Some Cases 63

Therefore, y € D(LL*) and LL*y = p, that is, LL* is closed. Hence the
graph of LL* is closed and convex, and hence weakly closed. By (3.9) there is
then a sequence a,, — 0 with

LL*Lz,, —w

for some w. But Lz,, — Lz, by Theorem 3.3 (ii). Since the graph of LL* is
weakly closed, it follows that Lz € D(LL*) and LL*Lx = w. In particular,
x € D(LL*L) as claimed. O

An application of Theorem 3.5 and Theorem 3.4 gives:

Theorem 3.10. Suppose © € D(L) and Lz € R(L") for some 0 < v < 1.
If |z — 2%|| < & and the stabilization parameter is chosen in the form o =
C62/ @+ then

lyes) — Lell = O8>/ +1).

Note that this theorem gives a best rate of O(6%/%) for the case v = 1. In the
next chapter we shall show that this rate is essentially best possible.
3.2.2 The Iterated Tikhonov-Morozov Method

In this section we briefly investigate an iterative stabilization method related
to the Tikhonov-Morozov method. The simplest iterative stabilization method
is suggested by the approximation

1 1 ST e )
?‘1—(1—:&)'“2::0(1 b= t = Tu(®):

It is easy to see that the family {T,,(¢)} satisfies (3.2) and (3.3). Furthermore,
tT,(t) = (1 =) tTh—1(t) +t, To(t)=0
and hence one is led via the general spectral approach to the iterative method
xn, = (I — f)xn_l +Lx
or equivalently
(I+L*L)x, =L"Lay,_1+x, x=0 (3.10)

This gives, for each n, a stable approximation y, = Lz, to the value Lzx.
The method (3.10) is a special case (for o = 1, see below) of the iterated
Tikhonov-Morozov method.

Approximation orders that are arbitrarily near to the order of error in the
data, O(4), are achievable by use of iteration methods. One such method is the
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iterated Tikhonov-Morozov method. A different iterative stabilization method
is studied in the next section. In the iterated Tikhonov-Morozov method a
positive parameter « is fixed and the job of stabilization is assumed by an
iteration number n (so in this case the stabilization parameter n — o0). In
the ordinary Tikhonov-Morozov method with parameter a the value Lz is
approximated by a stable approximation Lz, where xz, satisfies

(I +al*L)x, = z.
In the iterated method approximations xg, x1,... are given by x¢o = 0 and
(I+al*L)x, =2+ aL*Lx,_1 (3.11)

where « is a fized positive parameter.

In the case when only an approximate data vector z° is available satisfying
|z — 20| < 4, the approximations generated in the same way with 2 replaced
by z° will be denoted {z}. We emphasize that in this case the stabilization
parameter is the iteration number n which satisfies n — oo, rather than the
parameter o — 0, as in the general discussion of the first section, and we trust
that this trivial modification will cause no confusion.

The iterated method (3.11) may be expressed in terms of the operator
L=(+L*L)y"! by

(oI +(1—a)L)z, = Lo + ol — L)xp_1.
In other words the stabilized approximations to Lx are given by y, = Lx,

where 2, = LT, (L)z and the functions {T,,} are defined iteratively by Ty(t) =
0 and

T, (1) = (1_;)t+a {1+ a(lt_ t)Tnl(t)}, n=1,2,...

for t € (0, 1], or equivalently

1 a(l—t) \"
Tt)=-(1—-| —————— .
n(t) t< <(1—a)t+a) )
The definition T;,(0) = 0 extends these functions continuously to [0, 1]. Note
that [tT,,(¢)] < 1 for all n and T,(¢t) — 1/t as n — oo for each t € (0,1],
therefore {T,,} satisfies (3.2) and (3.3) and hence the approximations satisfy

Lz, — Lx as n — oo.
The general stability estimate requires a bound r(n) for the function
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where s =t/(a + (1 — a)t) € [0,1]. But note that

1—s
s

(-8 =3 (-5 <n

Jj=1

and hence we may take r(n) = n/a. We therefore have

Corollary 3.11. Suppose © € D(L) and ||z — 2°|| < 8. If n = n(§) — o< as
n — oo while §1/n(0) — 0, then sz((;) — Lz.

We shall give another proof of this result from an entirely different perspective
in the next chapter.
To obtain an error bound we notice that

(1= tT, (1)) = a*(1 = 5)" ((1-SS>+SQ>

where again s = t/(a+ (1 —«a)t) € [0,1]. We may assume that o < 1 and then

S

a’(1— s) <<1_S)+m) < (1-s)s”

(i) () o0

If € D(L) and Lz € R(L") for some v > 0, we then find that

l[yn — Lz| = O(n™").
Combining this with the previous result gives

Corollary 3.12. If z € D(L) and Lz € R(E”) for some v > 0, then for
llz — 20| < & if the iteration parameter n = n(8) is chosen so that n(J) ~
62/v+1) e have

Iyhs) — La|| = O/ +D).

Note that the restriction ¥ < 1 is not imposed here and hence rates arbitrarily
close to O(J) are in principle achievable by the iterated Tikhonov-Morozov
method. In the next chapter we will study the nonstationary Tikhonov-
Morozov method in which the value of the constant o may change from one
iteration to the next.

3.2.3 An Interpolation-Based Method

Of course there are many other possible choices for the family {T,} that
lead to stabilization methods. For example, another arises from interpolatory
function theory. Let T}, be the polynomial of degree not greater than n that



66 3 A General Approach to Stabilization

interpolates the function f(t) = 1/t at t = 37 %, 354, ..., B, where {B;} are
positive numbers satisfying 1 > 3, — 0 as n — oo and ) 3; = oo, that is

Tn H 1_ﬁ]

Note that {T,,} is given iteratively by T} (¢) = 5 and

Tot1(t) = Bny1 + (1 = Bnpat) Tn(t), n=1,2,.... (3.12)
It is evident that [¢7,(¢)| < 1 and therefore {7}, } satisfies (3.3). Also,

n

n n
gH(l—ﬁjt)gne*wﬂ'zexp —Zﬂjt —0 as n— o0
j=1 J=1

for t € (0,1], and hence {T,} satisfies (3.2). We therefore immediately obtain
from Theorem 3.3 that the iteratively defined sequence

yn+1 = ﬁn+1Lz$ + (I — BnJrlZ) yn; n = 0, 1, e yo = 0 (313)

converges to Lz for each x € D(L). In order to obtain a stability result we
need a candidate for the function r(n) in equation (3.4) (again in this instance
the iteration number n plays the role of a stability parameter). This is easily
had from the iterative formulation (3.12):

|1 = ) Toga ()] < Brgr + [(1 = )T ()]

and hence

max |(1 —#)T, |<Zﬁj—0n

te[0,1]
From the general stability result of the previous section we then obtain
ly, = ynll < 60>,

Therefore, if the iteration parameter n = n(J) grows at a rate controlled so
that 620n(5) — 0 as 6 — 0, then Theorem 3.4 guarantees that

yi((;) — L, as 6 —0

where y9 is defined as in (3.13) with z replaced by x° satisfying ||z —z°| < 4.
For convergence rates we need a function w(n, ) satisfying (3.5). But note
that
n
0< (@ —tT, ) <t [Je ™ =tveont.
j=1
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However, the function on the right of the inequality above achieves for ¢ € [0, 1]
a maximum value of v”(ec,,)™" and hence we may use

v

w(n,v) = (7)1/ o b

e
From Theorem 3.5 we obtain:

Corollary 3.13. If z € D(L) and Lz € R(L") for some v > 0, then
[yn = L[| = O(a,").

Combining the results of Theorem (3.4) and Theorem (3.5) we therefore
obtain:

Corollary 3.14. If z € D(L) and Lz € R(E”) for some v > 0, then for
|z — 2°| < & if the iteration parameter n = n() is chosen so that o) ~
62/ v+ we have

Hyi(é) — Lz| = 0(52,,/(2,,“))'

Under appropriate conditions one can achieve rates that are arbitrarily
close to optimal for this method by use of an a posteriori choice of the iteration
parameter rather than with an a priori choice as in Theorem 3.14. In fact,
note that

yn=L|1- ﬁ (1-8L) | == La, (3.14)
j=1
where
zo=1-T] (I - @-E) x, 10=0 (3.15)
j=1

and {z9} is defined in the same way with = replaced by z°. The approxima-
tions {z°} can be compared with the available data 2 in order to monitor
the convergence of {y°} to Lz. First note that 2 — 2% as n — oo and

o =il = | (1 = BL) @ = ad )| < lla® =2l

We assume that for a given constant 7 > 1, the signal-to-noise ratio is not
less than 7, i.e., we assume that

2% = a3l = [|l2°]] = 7o.
There is then a first value n = n(d) > 1 of the iteration index for which
|z° — asfl(é)H < 7. (3.16)

Note that this iteration number is chosen in an a posteriori manner as the
computation proceeds.
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Lemma 3.15. If x,,(5) is given by (8.15) where n(6) satisfies (3.16), then
|z — 2n)ll < (74 1)

Proof. From (3.15), using the approximate data z° in one case and “clean”
data z € D(L) in the other, we have

n(é)
37?1(5) —Zne) = |1 — H(I —B;L) | (z° — ).

j=1

Now o 8 6 6
T = Tp) =T — xn(&) +r—x +xn(6) — Tn(s)

n(d T
= ot b + (IS0 - AD)) (w—a?).
Since ||I — ,BJZH < 1, we have by (3.16)
lz = 2p)ll <76+ ||z — .136H <(r+1). O

We now need an inequality.
Lemma 3.16. For 1> 0, |[LFz|| < ||z||Y/@etD) || Drtt/2)| 20/ @uD)

Proof. Let {E\} be a resolution of the identity for Hy generated by the
bounded self-adjoint operator L : Hy, — Hs. By Hoélder’s inequality

IZ#2]? = fy 1 Xd] Exz?

1 1/@2p+1) , 4 2p/(2p+1)
< (Jo 1d1E211) (Jy 2241 Bxz)?)

~ 2p/(2p+1)
— ||Z||2/(2u+1) (||Lu+1/2z||2) )

Lemma 3.17. If € D(L) and x = L"w for some w € D(L), then
ILa = Lan sl = O3/ +0).
Proof. From (3.14) and lemma 3.1 we find
Lz — Lang = L (H?L? (I - @-E)) Lrw
= (I = B,L)) Lo = Ltz

where z,5) = (HT,L(&)(I - ﬁjf)) Lw and hence |[|z,5)|| < || Lw].

Jj=1
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Applying the previous lemma, we find

| Lo — Ly s || < |\Lw||1/(2#+1)HLM+1/2Z”(6)||2u/(2,¢+1)
(3.17)
= || Lw]||Y/@rtD)|| LY2( Lo — L s))|| 24/ 21t

However, since ||z — z,,(5)| < (7 +1)d and ||LE|| <1,
IZY?(La — Lays)|? = (L(Le — L), Lo — L)
= (LE(:U — Tp(s)), Lx — Ly s))
< (7 + 1)6||Lx — Lyl
Therefore (3.17) gives
Iz — Lans) || = 0"/ C#HD)|| L — Lay g |*/ Y

that is,
|L& = Lans) || = 0@/ @), O

Theorem 3.18. Suppose that x € D(L) and x = L'w for some w € D(L)

and p > 1/2. If 2° € Hy satisfies ||z — 2°|| < § and n(0) is chosen by (3.16),

then
||in(5) — Lz|| = O((gmin((Qu—l)/(2u),u/(u+1))).

Proof. First note that
n—1 _
(w1 —ahy) = (@=a) == [ ] (1= BL) | (2"
j=1
and hence by (3.16)
ln(@)-1 = all = 10, 5-1 = 2 + (Ta(@)-1 = 205)-1) = (v = 2%)]

> e 5oy =2 = I (T (1= B,L) ) (= a®)]] (3.18)
>76—0=(r—1)

Ifz = z“w, then

n—1
o1 — ol = |2 T (1= B,L) w]| = 0@, 2).
j=1
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However, 0,,/0,-1 — 1 as n — oo and hence o, ", = O(c,,*), therefore

[Zn@s)—1 — @]l = O, (5)-
In light of (3.18), we then have
Tn(sy = O(67/H). (3.19)
By the general stability estimate

1L 5y — L) | = [1835) — Yn(o) || < 64/Faa) = O(8H /1),

Combining this with the previous lemma gives the result. O

We note that this result says that rates arbitrarily close to optimal may in
principle be obtained by use of the iteration number choice criterion (3.16).

3.2.4 A Method Suggested by Dynamical Systems

We begin with some heuristics and then we develop a theoretical method
for stable approximation of Lxz. This method will then be used to give an-
other motivation for the iterated Tikhonov-Morozov method at the end of
this section.

Given data x° € H; our goal is to produce a smoothed approximation
z(a) € D(L) to x° with Lz(a) — Lz as a — oo (again in this section we
find it convenient to reverse the direction of the stabilization parameter).
That is, if w(a) = 2° — 2(a) we want w(0) = 2° and w(a) — 0 as a — o
in an appropriate way as § — 0. We are only concerned with unbounded
operators L and in this case the positive unbounded operator L*L has an
unbounded spectrum. On the other hand the operator (L*L)' typically has
positive eigenvalues that converge to 0. In order to suppress high frequency
components in w one might then seek the long term trend in the solution of

)

Z% _ —(L*L)T’w, w(()) = 29, (3.20)

This has the formal solution
2% — z(a) = w(a) = exp (—(L*L) o)z’

or equivalently
z(@) = (I —exp (—(L*L) ) 2°

which in light of Theorem 2.13 suggests the definition

(o) = LTo(L)a?
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where
1(1—eo/0=9) te(0,1)
Ta(t) =
0 ,t=0,1.

Note that these functions are continuous on [0, 1] and satisfy conditions (3.2)
and (3.3) (of course, with the modification that o — oc0). While this does
not result in a computable method, the theory of the previous section applies
nevertheless. Setting s = ¢/(1 — t) we find that

1—t)Th(t)| = 1— e 2%)/s =
32[3?%]‘( )JTa ()] sg[loa}go)( e )/s=a

Therefore, we may set r(a) = a in Theorem 3.4 and hence if & = a(d) — o0
and 62a(8) — 0, then Lz%(a(8)) — Lz as § — 0.
With the same transformation ¢ — s we find that for v > 0

(1 — tTu ()" = ( i )Ve—as < e < (K)Va—”.

s+1 e

Therefore we may take w(a,v) = O(a™") in Theorem 3.5. Combining these
two results we obtain

Corollary 3.19. Suppose & € D(L) and ||z — 2°|| < 8. If Lz € R(L") for
some v > 0 and o(8) = C5~2/ ¥+ then

1L2°(a(8)) — Lz| = O(8>/+1).
Working formally, (3.20) suggests

dw
L*L— = —
do v

or since w(a) = 2 — z(a)

R A

Ta — z(a). (3.21)

If we approximate the solution of the differential equation by the simple
implicit forward difference method

Zn — Zp—1
L*L% =20 — 2, 20=0

with step size h, we find on setting 5 = 1/h and rearranging that
(I +BL*L)z, = BL*Lzp_1 + a°

which is the iterated Tikhonov-Morozov method. An entirely different motiva-
tion and convergence proof for this method will be given in the next chapter.
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The iterated Tikhonov-Morozov method may be motivated by equation
(3.21) in a slightly different way. Specifically, from (3.21), we have

On41 dZ On41
L*L/ d—dT = (py1 — Q) ° —/ z(T)dr
(0% T (0%

n n

or, on setting S = 1/(ay 41 — @), and using the right hand rule on the last
integral, we are led to

Zne1 4+ BL Lzpyq = x° + BL* Lz,

which is the iterated Tikhonov-Morozov method. This approach suggests the
use of other closed quadrature rules on the integral above. While we do not
suggest that such rules will lead to methods that offer any computational
advantage over the Tikhonov-Morozov method, it is instructive to see how
the general theory applies to another method. For example, if the trapezoidal
rule is used we are led to the approximation

BL*L(zp11 — 2n) = 0 — (znt1 + 2n)/2
or, setting v = 23 > 0,
(I+~L"L)zpt1 = 220 + yL*Lz, — 2.

Equivalently, o
2, = LT, (L)z’
where Ty(t) = 0 and
2 (1 —t)—t
_l’_
vyl —=t)+t A(1—-t)+t
One finds immediately that

Tn+1 (t) =

Tn(t) =

S
N
=
|
N
= |2
|~
—| =
[
~ | ~
S— | —
+ 1 |
~
N~
3
N——

and from this it follows that

Therefore, one may take r(n) = O(n) in the general stability estimate. How-
ever, for this method the convergence analysis given previously does not
automatically apply since
1—-t)—t
IR Ul el Y

Y1 —t)+t
for t € (0,1] with the equality holding at ¢t = 1. Therefore, the convergence of
the spectral approximation may fail if the resolution of the identity generated
by L has a jump discontinuity at ¢ = 1. This is equivalent to the condition
that {0} # N(I — L) = N(L) (see Lemma 2.9).
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3.3 Notes

Lardy [34] was the first to exploit von Neumann’s theorem in applications
to series representations for the Moore-Penrose inverse of a closed unbounded
linear operator. The general spectral approach to stabilized approximate eval-
uation based on von Neumann’s theorem was introduced in [15]. Another
approach to general stabilization theory, based on the theory of regulariza-
tion and Theorem 2.10 is suggested in [21].

The best known specific instance of the general method is the Tikhonov-
Morozov method. This method was developed by V.A. Morozov and his
co-workers and is summarized in [39]. A much more extensive treatment of
this method, based on our spectral approach, emerges in the following chap-
ters. See also [40] and [22] for further developments. The line of reasoning in
the proof of Theorem 3.9 is inspired by an argument of Neubauer [41]. The
iterative stabilization method that is motivated by functional interpolation
appears in [18]; the techniques of that paper owe a lot to [27]. It would appear
that other stabilization methods based on numerical integration techniques for
initial value problems for ordinary differential equations could be developed.

In appropriate circumstances the Tikhonov-Morozov method can be
adapted to stably evaluate certain nonlinear operators A. We outline the the-
ory of Al'ber [1] for accomplishing this. Suppose that A : D(A) € H — H
is a nonlinear monotone operator defined on a subset D(A) of a real Hilbert
space H, that is

(Az — Ay,z —y) >0
for all 2,y € D(A). Given 2° € H and x € D(A) with

lz — 2| < 6

we wish to stably approximate Az using the data z°. We assume that A is
discontinuous in the usual sense, but satisfies a weak condition called hemi-
continuity, namely that A is weakly continuous along rays, that is

A(u+tv) = Au as t— 0"

when u + tv € D(A) for sufficiently small nonnegative t¢.

Under these conditions it can be shown, by use of a fundamental result on
maximal monotone operators, that for & > 0 the nonlinear operator I + a4
has a single valued continuous inverse defined on all of H (see, e.g., [49]). The
mapping

2% (I 4 ad)~ta?

is therefore a stable operation. Also,

A(I +aA) ! = é([ ~ (I +aA)™
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and hence, for fixed o > 0, the operation
2% = A(I 4+ aA) 2’ = Az

where 2%, be the unique solution of

o 5 _ .0
o, + Az, =

is a stable operation. Let z, be the solution of the same equation using the
“clean” data x:
To + ¥Ax, = .

The goal is to show that Az’ — Az if @ = a(J) — 0 in some appropriate
sense as 6 — 0. First, we show that Az, — Az as o — 0.
Note that, by the monotonicity of A

0 < (Ax, — Az, 20 — )

= —a(Ax, — Az, Az,)

IN

—al|Azq* + af Az Az ||

and hence
[Azall < ||Az].

From the definition of x, we then have
[za — z| = af[Azq| = O(a)

and hence z, — r as a — 0.
Suppose v € H is arbitrary and ¢ > 0. Then

0 < (Azq — A(z +tv), 24 — (x + tv))
= (Azq, 2o — x) — t(Azqy,v) — (A(x + t0), 24 — x — tv).

Since ||Az.] is bounded, for any sequence «,, — 0, there is a subsequence,
which we again denote by a.,,, and a y € H such that

Az, —y.

Therefore, taking limits as a,, — 0 above, and using the fact that z,, — =z,
we arrive at

0< —<y,’U> + <A<.’L‘ +t7}),1}> = <A(‘T + t’U) - y,U)-
By the hemicontinuity of A we then have

OS <Al’7y,’l)>
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for any v € H. Therefore, Ax = y, that is,
Az, — Az as o — 0.

However, since || Az || < ||Az|, it follows from the weak lower semicontinuity
of the norm that ||Az|| — ||Ax| and hence

Az, — Az as o — 0.
The convergence of {Az%} will now be established. First, we have
1Azg, — Azl < [|Azf, — Awal| + [|Azq — Axl]
and
|4z, — Azo| = a7 H|(@° — 23) + (za — 2)]|

(3.22)
<d/a+a e — xi”

But, since
20 — o+ a(Az’ — Ax,) = 2° —

one finds, using the monotonicity of A,
20, — zall® < |2l — zall? + (Azd, — Awg, 20, — 2a)
= (2° — 2,20 — a) < 8lld, — zal
and hence [|2% — 24| < 6. From (3.22), we then obtain
Az, — Az < 26/
Therefore, if & = a(d) — 0 in such a way that §/a — 0, then
Axi — Az, — 0.
But, as previously established, Az, — Ax and hence

Aazi — Azx.





