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Subbranches of Types A;, B;, C,

In this chapter, we introduce important notions “subbranches of types A,
By, and C;”. In the first section, we summarize their properties often without
proof, and the subsequent sections are devoted to the proofs of these proper-
ties. The proofs are routine and technical in nature. For the first reading, we
recommend the reader to read only the first section (and assuming it) to skip
to the next chapter.

9.1 Subbranches of types A;, B;, C;

Let [Y be a subbranch of a branch X where [ is a positive integer and Y
is a subbranch of X. Here Y itself is possibly multiple. We express X =
molAg+mi101+---+m\Oy and Y = noApg+n101 4+ +n.0. (e < A), and
then set

ppam THELEMNAL G N ), ey e .
m; mx

mx—1

Recall that r; (i =1,2,...,\) are positive integers satisfying r; > 2. Next we
recall the deformation atlas DA._1(IY, k) associated with Y. First we define
a sequence of integers p; (i =0,1,..., A+ 1) inductively by

po=0, p1=1
Pit1 =1ipi —pi-1 fori=1,2,... A
Then pyy1 > px > -+ > p1 > po = 0 (6.2.4). Let f(z) be a non-vanishing
holomorphic function defined around z = 0, and we set f; = f(wPi-1nPi) and
fi = f(zPi+1(P) (see (6.2.7)). Then DA._1(lY,d) is given by the following
data (see Lemma 7.1.1): for i = 1,2,...,e — 1,
Hi . wmi_lflni_lnmiflni (wni_lnni + tk}fl)l g O
H: . Zmi#»l*lni«i»l leflnl (Z’I’Li+1<"ﬂi + tk}ﬁ)l 5= 0

gi the transition function z = 1/w, ¢ = w"in of N;.
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Then we ask:

Problem When does DA._1(lY, k) admit a complete propagation?

As we will show later, there are exactly three types of Y for which DA._1 (1Y, k)
admits a complete propagation (Theorem 13.1.1). Now we introduce these
three types. Below, the notation Y < X means In; < m; fori =0,1,...,e.

Definition 9.1.1 Let [ be a positive integer and let X be a branch.

Type A; A subbranch Y of X is of type A; if one of the following conditions

holds: (In fact, these conditions are equivalent. See Lemma 9.2.3.)

(A1) 1Y <X and %=L > 7.

(A.2) 1Y <X and 1Y is dominant tame.

(A.3) 1Y < X and Y is dominant tame.

Type B; A subbranch Y of X is of type B, if Y < X, m. =1, and n, =1
Type C; A subbranch Y of X is of type C| if one of the following conditions

holds: (In fact, these conditions are equivalent. See Lemma 9.4.2.)

(C.1) 1IY <X, n, divides n._1, and nfl;l < 7o, and u divides | where
w:= (Me—1 — Me—1) — (e — 1)(me — Ine). (As in (C.3) “Note”,
u>0.)

(C.2) IY <X, ne=rene—mne_1, and u divides [ where u is in (C.1).
(C.3) IY <X,ne=rene—ne_1, and me — me4q divides [.
(Note: A > e+ 1 holds for type C;. See Corollary 9.4.4. Also note that
by Lemma 9.1.5 below, me — me11 is equal to w in (C.1); so u > 0.)

We provide respective examples of types A;, By, Ci:

Example 4; =2, m=(12,9,6,3) and n=(3,21).

Example B, =2, m=(12,7,2,1) and n=(3,2,1).

Example C; =5 m=(30,25,20,15,10,5) and n = (3,3,3,3).
(In Example Cj, me — In, = 0 and so u = 5.)

Note: Take =7, m = (57,16,7,5,3,1), and n = (7,2,1). Then Y satisfies
the conditions of type C} except that u divides [. Indeed v = 2, and so u does
not divide [ = 7. Consequently Y is not of type C;.

Recall that a subbranch Y = ngAg+n101+- - +n.0, (¢ < A) of a branch

X =mglAg+m101 + -+ +m,0, is proportional if 7;;—8 = TT% == ZL—;

Lemma 9.1.2 Any subbranch Y of type C} is “not” proportional.

Proof. In fact, when e = A, from a condition in (C.1), we have nagl <
ry = TRA=L apd g0 ZA=L 7}—)’\\; this confirms the non-proportionality of

mx nx—1
Y. When e < A\, we show the non-proportionality of ¥ by contradiction; if
Y is proportional, then (me_1,m.) = (¢ne—_1,cne) for some rational number
c. By (C.3), ne = rene — Ne—1, and hence cn. = recne — cne_1, that is,
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Me = TeMe — Me_1. Thus we have

Me + Me—1
—_—— = T%.
Me

However, from the definition of a branch,

Me—1 + me+1

€y

Me
and the comparison of the above two equations gives m.41 = m.. This is a
contradiction. Therefore any subbranch of type C} is not proportional. O

On the other hand, types A; and B; may be proportional. For instance if
X =1Y;
m = (Ing,Iny,...,Iny), n=(ng,n,...,ny),

then Y is of proportional type A;; for a special case ny = 1 and m, = [, this
is of proportional type B; at the same time. A subbranch both of type A; and
By is simply referred to as of type AB;.

Lemma 9.1.3 Suppose that'Y is a dominant subbranch of a branch X. Then
Y is of type AB; if and only if Y is of proportional type By.

Proof. =: Trivial.
<=: By proportionality, 7%) = 77%1 =...= % Since m, =1 and n, =1
(type By), these common fractions are equal to [. Namely

(mo,ma,...,me) =1(ng,n1,...,ne (=1)). (9.1.1)

Next we insist that e = A; assuming e < A, we derive a contradiction. Note
that (9.1.1) with the equations m;41 = rym; —mi—1 (i = 1,2,...,A = 1)
implies that [ divides all m; (i = 0,1,...,X). We “define” ney1,neta,...,nx by
n; = % (i=e+1,e+2,...,A). Then (mg, my,...,my) =l(ng,n1,...,ny).
In particular the sequence n = (ng,n1,...,n.) is contained in a dominant
sequence n’ = (ng,n1,...,ny), and so Y is not dominant (a contradiction!).
Thus e = X\ and

(mmml, .. ,mA) = l(no,nl, oana (= 1))
This shows that Y is of type AB;. O

From this lemma, type AB; coincides with proportional type Bj; so the
arithmetic property of the latter is the same as that of type A; — dominant
tame. Thus as long as we are concerned with the arithmetic property of type
By, it is enough to investigate that of non-proportional one. We remark that
when we later construct deformations from subbranches of types A4;, B;, and
C}, a subbranch of proportional type B; (i.e. type AB;) produces two different
deformations according to the application of the respective constructions for
types A; and B;.
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We point out that a subbranch Y both of type B; and Cj also exists;
=2, m=(43,2,1) and n = (1,1,1) is such an example. As we will see
later, a subbranch Y both of type B; and C; produces the same deformation
regardless of the application of the respective constructions for type B; and
Ci, and thus there is no reason to distinguish them; we adopt the following
convention.

Convention 9.1.4 To avoid overlapping of type C; with type Bj, we exclude
the case me = and n, = 1 from type C;.

Now we give several comments on (C.1), (C.2), and (C.3) in the definition
of type Cj.

Lemma 9.1.5 The integer u := (Me—1 —Ine—1) — (re — 1)(me —Ine) in (C.1)
is equal to me — mey1 in (C.3). (Note: since me > Meq1, we have u = m, —
Me+1 > O)

Proof. In fact, we may write

U= (Me—1 — TeMe) + Me +1(rene — Ne—1 — Ne)
- (me_l - Temg) + mg

= Me — Me41-

where the second and third equalities respectively follows from n. = rene —
ne—1 (a condition in (C.2)) and %&meﬂ = 7. O

By the above lemma, u = m, — mey1 > 0. We remark that “IY < X, n,
divides n._1, and nfl—;l < re” (cf. (C.1)) implies u > 0 (Proposition 9.4.8).

However, if we drop “% < r.”, then u > 0 fails; for example,
e

=1 m=(6,54,3,2,1) and n = (5,3,1). Then n, divides n._1, but

nflgl =3 > r. = 2. In this case u = —1. (Actually n is of type A;.)

I=1,m=(4,3,2,1) and n = (3,2,1). Then n, divides n._1, but nﬁj =

2 =r, = 2. In this case u = 0. (Actually n is of type A;.)

Secondly we point out that the condition (C.1) (or all other conditions) of
type C; implies that

(C) 1Y <X, n, divides n._1, and nij < 7o, and me — My divides [.
But the converse is not true; namely (C.1) is not equivalent to (C’). In fact,
under the condition (C’), m, — me41 does not necessarily equal u in (C.1).
(cf. Lemma 9.1.5.) For instance, | = 1, m = (13,4,3,2,1) and n = (2,1),
which satisfies all conditions of (C’). However m, — mey1 = 1, while u = 2.
In particular, m, — mc41 divides [, while u does not, and thus this example
is not of type C;.



9.1 Subbranches of types A;, B, Ci 157

Remark 9.1.6 For type Cy, from the condition that n. divides ne_1 and Y
is a subbranch, it is easy to deduce that n. divides n; (i = 0,1,...,e —1).
Namely, when ne > 2, a subbranch Y of type Cy itself is multiple. See the
proof of Lemma 8.1.4.

It is worth pointing out the following property (type Blu means non-proportional
type By):
Type A; ‘ lY is dominant tame

Type B? ' 1Y is dominant wild (Proposition 9.3.2)

Type C; | Y is wild (Proposition 9.4.11)

As we explained above, proportional type B; (i.e. type AB;) is dominant tame.
We also note that type Blﬂ (non-proportional type B;) and type C; are wild,
but in contrast with type Bf, type C is in general not dominant, e.g.

=1, m=(6,54,3,2,1) and n=(1,1,1).
This is not dominant; n is contained in a dominant sequence n’ = (1,1,1,1,1,1).

(Interesting enough, n’ is not of type C; but of type B; where [ = 1.) A more
complicated example is the following:

[=10, m = (40,26,12,10,8,6,4,2) and n=(3,2,1).

(In this case u = 2.)

This example is also of type C; but not dominant; n is contained in n’ :=
(3,2,1,1) (type B; where | = 10). Another curious example is: | = 2, m =
(6,5,4,3,2,1) and n = (2,2). Then n is of type C; contained in n’ = (2,2, 2),
which is again of type Cj. See also Remark 20.2.4, p357 for this example.

Remark 9.1.7 If n._; < n,, then Y is none of types A;, B; and C;. (1) Y is
not type A;: In fact, n._1 < n. implies nfl;l < 1, and so n;;j < 1. because
re > 2. Thus Y does not fulfill (A.1). (2) Noting that 1 < n._1 < n., we have
1 < ne, and so Y is not of type B;. (3) As ne_1 < ne, the integer n, does not

divide n._1, and hence Y is not of type Cj.

Let Y = nglAg+n101 +---+n.0O, be a subbranch of a branch X = mgAg +
m101 + - + myO,. If Y is of type Cj, then A > e + 1 by Corollary 9.4.4
below. On the other hand, this is not necessarily true for types A; and Bj. It
may occur that A\ = e; for example,

Example 4; =1, m=(9,6,3) and n=(3,2,1
Example B, =3, m=(9,6,3) and n = (1,1,1).

Now setting

a:=Me_1—IMe_1, b:=me—1In., c:=ne_1, d:=n,,
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we restate the definitions of types A;, B;, and C as follows:

Type A; A subbranch Y is of type A; if [Y < X and 5 > re.
Type B; A subbranch Y is of type B; if Y < X, b=0and d = 1.
Type C; A subbranch Y is of type C if one of the following conditions

holds:
(C.1) 1Y < X, d divides ¢, and 5 < 1¢, and u divides [ where u :=
a— (re —1)b.

(C.2) 1Y <X,d=rcd—c, and u divides | where u := a — (r, — 1)b.

We next summarize signs for some quantities concerning with types A;, Blu
and Cj, where type Bf means non-proportional type B;.

Type 4; |a>0|b>0|c>0|d>0
Type Bl |a>0|b=0|c>0|d=1
Type C; |a>0]b>0|c>0|d>0

Here note that for any type, ¢ = n._1 > 0 and d = n. > 0, and for type B,
d =1. In general a > 0 and b > 0 hold; the strict inequality a > 0 is valid for
types Blﬁ and Cj, which will be proved in Proposition 9.3.2 and Proposition
9.4.11 respectively. On the other hand, b > 0 is not true for type B; because
b=me —In. =1—1=0. We also remark that for type A;, a = 0 if and only
if b = 0. Moreover a = 0 (equivalently b = 0) occurs precisely when X =Y
and in this case, Y is proportional (Corollary 9.2.8).

Next we provide the table for the signs of quantities a — r.b, r.d — ¢ and
u := a—(re—1)b; this table are useful for our later construction of deformations
associated with subbranches of types A;, B;, and Cj. In the table, type Blﬁ
means non-proportional type By, and for type A;, if e = A, then we formally
set mey1 := 0. For a subbranch Y of type C; such that lY is not dominant,
we formally set ney1 := 7ene — ne—1; then meyq > Iney1 by non-dominance,
and hence Iney1 — meyq < 0.

Table 9.1.8
Type A; | a —1eb < —mey1 <0 red —c <0 U< b—mMey
TypeBlﬁ a—reb>0 red —c >0 u >0

a—r.b>0 if [Y is dominant

Type C red—c=d>0| u=me—Meqp1 >0

a—1eb=1Iner1 —mes1 <0

if 1Y is not dominant

(The inequalities in the above table will be shown in Proposition 9.2.5, Propo-
sition 9.3.2, and Proposition 9.4.11 for types A, Blﬁ7 and C respectively.)

The following table for type Cj, to be proved in Lemma 9.4.10, will be
used later in the construction of deformations.
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Table 9.1.9

u>0b if 1Y is dominant

T
YPe Gl b i 1Y s not dominant

For a subbranch Y = ngAg+n101 +---+m¢O, of a branch X = mgAg+
m101 + -+ + my0O,, recall that ©; is a (—2)-curve if the self-intersection
number O; - ©; = —2; a chain of (—2)-curve is a set of (—2)-curves of the
form ©, + O411 + -+ + Op where a < b. If Y is of type Cj, then in most
cases the complement of Y in X contains a chain of (—2)-curves, where by
the “complement of Y in X7, we mean ©.41+Ocio+---+0) (note A > e+1
for type C; by Corollary 9.4.4). To explain this result, we set u := (me—1 —
ne—1) — (re — 1)(me — In.), and then u divides ! by the definition of type Cj,
and so we write | = Nu where N is a positive integer. Next we set b := me—In,
and d := ne, and if u < b, considering the division of b by u, we let v be the
integer such that b—vu > 0 and b— (v+ 1)u < 0. According to whether u > b
or u < b, we have the following information about chains of (—2)-curves in the
complement of Y in X. (Note: r; = 2 is equivalent to ©; being a (—2)-curve.)

Table 9.1.10 (Type C;) Refer Proposition 9.4.12 for the proof.

b=0 Ter] =Tera=--=1r =2, A=e+Nd—1
b>1, u>b Terl =Tetr2 =-"-=7r_1=2, A=e+ Nd
b>1, u<bd

-7 =7 Tod] =Tega=+=7y_1=2, A=e+Nd+wv
u does not divide v i 2 At

b>1, u<b, Feg1 =Tesa=-=ry=2, A=e+Nd+v—1
u divides v

Example 9.1.11 (Exceptional example) In the above table, for the case
b>1and u > b, if A = e+ 1, then the complement of Y in X may not
contain a chain of (—2)-curves at all; [ =2, m = (5,3,1) and n = (1,1) is
such an example of type C;, in which case u = 2 and so N =1 in [ = Nu,
and consequently A = e+ 1 = e+ Nd = 2. Then r) (= 3) # 2 and hence the
complement ©y of Y in X is not a (—2)-curve.

The following criterion for Y to be of type C; is useful.

Lemma 9.1.12 Whenl = 1, a dominant subbranchY is of type C if and only

if the following conditions are fulfilled: (1) n. divides n._1, and }Zl < Te,

(2) Me—1 —ne—1 = 1, and (3) me = ne.

Proof. =>: Suppose that Y is of type C;. Then by definition, (1) is satisfied.
To show (2) and (3), we set v := (Mme—1 — INe—1) — (1e — 1)(me — Ine), and
then u divides [ by the definition of type Cj. In the present case, [ = 1 and so
u==x1. As u = me — meq1 > 0 for type C; (Lemma 9.1.5), we have u = 1.
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Now for simplicity, we set a := me_1 — ne_1 and b := m. — n.. Of course
b > 0. Since Y (= 1Y) is dominant and of type Cj, we have a — r.b > 1 by
Table 9.1.8. Thus

b>0, a—rb>1. (9.1.2)
Our goal is to show that (2) @ =1 and (3) b = 0. Note that since [ = 1,
U= (Me—1—Ne_1) — (Te — 1)(me —ne) =a — (re —1)b = (a — reb) + b.

On the other hand, as we saw above, u = 1 and thus (a — r.b) + b = 1. Taking
(9.1.2) into consideration, this equation holds exactly when a — r.b = 1 and
b =0, that is, a = 1 and b = 0. Hence (2) and (3) hold.

<=: Taking into account (1), we only have to show that v = a — (r, — 1)b
divides I = 1. But a = 1 (2) and b = 0 (3), and so u = 1, which obviously
divides I. Therefore the condition (C.1) of type C is satisfied; so Y is of
type Cj. a

Remark 9.1.13 Recall that a subbranch Y is of ripple type if n,_1 = n, =
me (see (8.1.3), pl46); then Y is dominant by Lemma 8.1.5. Clearly the three
conditions of the above lemma are fulfilled and thus Y is of type C7. However,
the converse is not true; even if the conditions (1), (2) and (3) of Lemma
9.1.12 are fulfilled, it does not imply that Y is of ripple type. The following
examples are of type C7 but not of ripple type because n._1 # ne.

(1) 1=1, m=(15,11,7,3,2,1) and n = (12,9,6,3).
(2) 1=1,m=(22,17,12,7,2,1) and n = (18, 14, 10,6, 2).

A recipe to produce subbranches of type C;

We close this section by giving a recipe to produce examples of subbranches of
type C;. Given m = (mq, my,...,m)), take two positive integers n, := 1 and
Ne—1 := Te — 1 where r, = %@meﬂ Then clearly ne = rene —ne_1, and
hence the first condition in (C.3) of Definition 9.1.1 is fulfilled. Thus Y is of

type C) precisely when m,—m.; divides [. For example, (1) me—me41 = 1 or

(2) me—mer1 = 2 and [ is even. If this is the case, we define ne_o, ne_3, ..., n
inductively by n;—1 = rin; —n;41 for i = e —1,e — 2,...,1. This yields a
sequence n = (ng, ny,...,n.) of type Cj.

9.2 Demonstration of properties of type A;

In this section, we demonstrate the properties of type A;. We begin by recalling
the definition of dominance. Let Y = ngAg+n101+- - -+m.O. be a subbranch
of a branch X = mgAg + m101 + -+ + mxOyx. We set nep1 := refe — Ne—1

W. Then Y is said to be dominant if either

formally, where 7. := ”
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(1) Met1 < 0 or (ii) mey1 > Mmeyr holds. According to (i) or (ii), YV is called
tame or wild respectively. The condition (i) is rewritten as nfl—;l > re, and so
we have

Lemma 9.2.1 A subbranch Y is dominant tame if and only if nfl—;l
holds.

‘We then note

> Te

Lemma 9.2.2 LetlY be a subbranch of a branch X = moQAg+m101+---+
mxOx. Then the following statements hold:

(1) Y is dominant = 1Y is dominant.
(2) Y is dominant tame <= 1Y is dominant tame.

Proof. We write Y = ngQAg+mn101+---+n.0,. First we show (1) by contra-
diction. Suppose that Y is not dominant. Then there exists an integer k.41
(0 < ket1 < Mmey1) satistying

lnefl + keJrl

= .. 2.1
In r (9.2.1)

Thus Ine—1 + ket1 = Inere. It follows that [ divides key1. We write kep1 =
Inet1 where n.q1 is a positive integer, and then (9.2.1) is

l?’LG_l + lne+1 o

ne e

Thus %ene“ = 1. This implies that Y is not dominant, because the

sequence n = (ng,n1,...,Ne) is contained in a longer sequence (ng,nq,...,

Ne41). This contradicts that Y is dominant. Hence {Y is dominant, and so (1)
is confirmed.

Next we show (2). Remember that a subbranch is dominant tame if and

only if nﬁ: > r. (Lemma 9.2.1). Obviously nflgl > r. is equivalent to
lnlei_l > re, and so we confirm the equivalence in (2). a

(&

We remark that in (1) of the above lemma, the converse is not true in
general. For instance, [ =4, m = (6,5,4,3,2,1) and n = (1,1,1). Then In =
(4,4,4) is dominant wild, whereas n is not dominant; indeed, n is contained
in a dominant sequence (1,1,1,1,1,1).

Next we show the equivalence of conditions of type A;.

Lemma 9.2.3 The following conditions are equivalent:
(A1) IY < X and &=L > .

(A2) IY < X and 1Y is dominant tame.
(A3) IY < X and Y is dominant tame.

Proof. The equivalence of (A1) and (A.2) follows from Lemma 9.2.2, while
that of (A.2) and (A.3) follows from Lemma 9.2.2 (2). O
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Next we derive a formula needed for later use.
Lemma 9.2.4 Let IY be a subbranch (note: Y is not assumed to be of
type A;). Set a :=me_1 — Ine_1 and b :=m, —In.. Then
a—1b=—mer1 — (N1 — TeNe).

In fact,

a—7Teb= (Me—1 —INe_1) — re(me — Ine)
=Me_1 — TeMe — INe_1 + Telne
= —Me41 — ne_1+ Telnea

Me—1 + Met1
m

where the last equality follows from ”

= Te.
Proposition 9.2.5 Let Y be a subbranch of type Ay, and set
a:=Me_1—INe_1, b:i=me—1Ine, c:=ne_1 and d:=ne.

Then the following inequalities hold:

(Da—redb<—meyr1 (2)red—c <0 (3) u<b—mey1, where
u:=a— (ro—1)b.

Proof. (1): IfY is of type A;, then n;ib;l > e, ie.
Ne—1 — TeNe > 0. (9.2.2)
By Lemma 9.2.4, a — reb = —meq1 — l(ne—1 — 7ene), and so from (9.2.2), we

derive a — reb < —mey1. This proves (1).
(2): Asd=mn, and ¢ = ne_1, (2) is nothing but (9.2.2).
(3): By (1), a — reb < —meq1, and hence together with b > 0, we have

u=>b+ (a—71eb) <b—mey1.
This proves (3). O
We gather several basic lemmas for subbranches (not necessarily of type
Al):

Lemma 9.2.6 LetlY be a subbranch with the multiplicities In = (Ing,Iny, ...,
Ine). Let Z be the dominant subbranch containing Y, and write its multiplic-
1ties as

k= (lnl, lng, ceay lne, ke+1, ]{;e+2, ceay k‘f)
Then | divides k; for i = e+ 1,e + 2,..., f. (In particular, “defining” n;
(i=e+1l,e+2,...,f) by n; := %, then Z =Y’ where Y/ = ngAg+n101 +
<o+ n5O75.)
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Proof. Since Z is a subbranch, we have

lne—l + ke+1

. (9.2.3)
In, +k
Mot Betz _ . 9.2.4)
keJrl
Fioy + ki |
PRI iy imet2edd S oL (9.2.5)

By (9.2.3), we have n,_1 + kelH = rene, and hence [ divides kei1. Set neyq =

ke+1 ke+2

, 1.e. keqy1 = Iney1 which we substitute into (9.2.4): n. + = TeNet1-
Hence [ divides k.4 2. Repeating this argument, we see that [ divides k; for
i=e+1l,e+2,...,f. a

Lemma 9.2.7 Suppose that X = mgQg + m1©01 + -+ + mxOy is a branch.
Let IY be a subbranch with the multiplicities In = (Ing,Iny,...,Ine), and let
Z be the dominant subbranch containing Y (note: Z = Y’ for some Y’ by
Lemma 9.2.6). Set a := me—1 —Ine_1 and b := me — In.. Then the following
statements hold:

(I) Ifa=0, then Z =X (and so Z is “trivially” dominant tame.)
(IT) IfY is dominant tame, then the following equivalences hold:

a=0 <= b=0 < X =1Y.

(Note: If IY is dominant but not tame, then (II) is not valid. For example,
=4, m=(6,5,4,3,2,1) and n = (1,1,1). Then a =0 but b # 0.)

Proof. (I): By Lemma 9.2.6, we may express Z = Y’ where Y’ = ngAq +
1101 4+ -+ +nOs (e < f). It is enough to show that m; = In; for i =
0,1,..., f;in fact, once this is shown, we have Z = moAg+m10:+- - -+m Oy,
and Z of this form is dominant precisely when f = A, i.e. Z = X. Now we show
that m; = In; firstly for i = 0,1,...,e. From the definition of a subbranch,

ne_o +Ine _ Me—2 + Me (: - )
lnefl Me—1 et

In particular if a = 0, i.e. me_1 = In._1, then
Ne—o + INe = Me_o + M. (9.2.6)

Taking into account In._o < m._o and In, < me, (9.2.6) implies that In._o =
Me_o and In. = m.. Next, again from the definition of a subbranch,
1771573 + lnefl Me—3 + Me—1

= = Te_g).
ne_o Me—2 ( ¢ 2)
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From In._o = me_o (we showed this just above), we have
MNe—3 +1Ne_1 = Me_3 + Me_1. (9.2.7)

Taking into account In._3 < me_3 and Ine_1 < me_q, (9.2.7) implies that
Ine_3 = me_3 and In._1; = me_1. Repeating this argument, we deduce m; =
In; for ¢ = 0,1,...,e. Similarly, we can show that m; =In; fort =e+ 1,e +
2,..., f. Therefore m; = In; holds for ¢ =0, 1,..., f. This proves (I).
(IT): The equivalence “a = 0 <= b = 0” is already shown in Lemma 6.3.1,
p107. To show the equivalence “a = 0 <= X = [Y”, we note that if Y is
dominant tame, then [Y is also dominant tame by Lemma 9.2.3; thus the
dominant subbranch Z containing Y is lY itself; Z = Y. We now show
“a =0+ X =1Y".

=: If @ = 0, then X = Z by the assertion (I). Since Z = lY, we have
X =1Y.

<: Trivial. This completes the proof of the assertion (II). O

As a corollary, we have the following result.

Corollary 9.2.8 LetY be a subbranch of type A;, and set a := me_1 —Ine_1
and b := me—In,.. Then the following equivalences hold: a = 0 <= b = 0 <=
X =1Y.

Proof. By Lemma 9.2.3, if Y is of type A;, then Y is dominant tame, and so
the assertion follows from the above lemma. a

9.3 Demonstration of properties of type B;

We begin with the following lemma for subbranches not necessarily of type B;.

Lemma 9.3.1 Let! be a positive integer and let Y = ngAg+n101+- - -+n:0,
be a subbranch of a branch X = mgQAg+m101 4+ -+ -+ m)0Oy such that Y is
a dominant wild subbranch of X. Set a := me_1 —Ine_1, b:=me —Ine, c:=
Ne—1, d:=mn. and u:=a — (ro — 1)b. Then the following inequalities hold:

(1) a,¢,d>0, (2)b>0, (B)a—rdb>0, 4)rd—c>0, (5) u>0.

Proof. We first verify (1) and (2). Since lY is a subbranch of X, we have
Me_1 > Ine_1 and me > In,, and so a,b > 0. Since Y is a subbranch of X,
we have n._1,n. > 0, and so ¢,d > 0. Hence to prove (1) and (2), it remains
to show a > 0, which is carried out by contradiction. Suppose that a = 0,
namely me_1 = Ine—1. Then

lne—l + Me+1
ne
Me—1 + Me41

= by me_1 = Ine_1
ne

Te > because Y is wild
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Me—1 +M
> e—1 e+1

by me > In,
Me

=Te,

and thus r, > re, giving a contradiction. This proves a > 0. To show (3), we
first note that

a—1ebi=(Me—1 — INe—1) — Te(me — In)
= (Me—1 — TeMe) — INe + relne,

Me—1 + Me41

g = r., and therefore

where me_1 — 7eMe = —Mey1 by
a—7reb=—megp1 — Ine + relne.

lne—l + Me41

n , and so
€

Since 1Y is wild, we have r, >

a—Teb=—Mey1 — INe_1 + 1elne

lne—l + Me41

Ine
ne "

> —Me41 — lnefl +
=0.
Thus a — r.b > 0, and (3) is proved. Similarly, (4) is shown as follows:

lne—l + Me+1 Me+1
Neg = Ne—1 =
ne l

Finally, it is immediate to show (5). Indeed, a — 7.0 > 0 by (3) and b > 0 by
(2), and so we have u = a — (1. — 1)b = (a —7¢b) +b > 0. Thus (5) is proved.O

Ted — C=TeNe — Ne_1 > > 0.

Recall that a subbranch Y = ngAg + 7107 + -+ + n.0, of a branch
X =molAo +m1O1 + -+ +m)0, is proportional if 77?0 = m1 =...= me
By Lemma 9.1.3, a domlnant subbranch Y is both of type Al and of type
By (i-e. type ABZ) if and only if Y is of proportional type By; explicitly this

is the case

m = (Ing,Inqy,...,Iny), n=(ng,ni,...,ny), and ny=1

The arithmetic property of proportional type B; is the same as that of type

A;, namely dominant tame. Next we investigate the arithmetic property of

non-proportional type Bj; remember that a subbranch Y = ngAg + 1107 +
-+ + neO, is of type B; provided that m., = [ and n, = 1.

Proposition 9.3.2 Let X = mgQAg + m101 + -+ +my0, be a branch, and
suppose thatY = ngAg+n101+---+m.0O, is a subbranch of non-proportional
type By of X. Set a :=me_1 —Ine_1, b:=me—Ine, c:=ne_1, d:=n.(=1)
and u:=a — (r, — 1)b. Then

(1) 1Y is dominant wild, and
(2) a>0, a—rdb>0, rd—c>0, u>0.
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Proof. The proof of (1) consists of two steps:
Step 1 We demonstrate that [Y is dominant by contradiction. Suppose that
1Y is not dominant. Then there exists an integer ket1 (0 < keg1 < Mei1)
satisfying

ne—1+ ket

= Te, 931
In. r (9:3.1)

and so
lne—l + ke+1 Me—1 + Met1

= (=re).

ne Me

Since m, = In. (= {) by the definition of type Bj, we have
lne—l + ke+1 =Me—1+ Met1-
As Ine—1 < me—1 and key1 < Met1, this holds exactly when

lne,1 = Me—1, ke+1 = Me41- (932)

Note that from (9.3.1), we have n._; + kel“ = TeNe. So [ divides k.41, and in
particular, | < k.y;. Namely m, < mey1 by me = [ (the definition of type B;)
and mei1 = ket1 (9.3.2). This yields a contradiction because the sequence
mg, M1, ..., my is strictly decreasing. Therefore [Y is dominant.

Step 2 We next show that Y is wild, that is, lne_llnﬂ < re as follows:

€

Me—1 4+ Met < Me—1 + Met1
ne ne

by Ine—1 < Me—1

_ Me1 T Met1 by me = lne (= 1)
Me

= 7e. (9.3.3)

Thus Y is dominant wild, and so (1) is confirmed. The assertion (2) follows
immediately from Lemma 9.3.1 because [Y" is dominant wild. (Note: In (9.3.3),
“Ine—1 < me—1" is not valid for proportional type By, as ln._1 = me—1.) 0O

9.4 Demonstration of properties of type C;

Let Y = ngAg+n101 + -+ +n.0O, be a subbranch of a branch X = mgAg +
m101 + - - - + myO,, where we set
mi—1 + Mjt1

rg=——  (i=12...,A—-1), ry = .
my; mx

mx—1

For a while, we do not assume that Y is of type Cj; Y is an arbitrary subbranch.
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Lemma 9.4.1 Set u:= (me—1 —Ine—1) — (re — 1)(me — Ine). Then
U=Me — Met1 + U(rene — Ne—1 — Ne).
(In particular, if ne = rene — ne_1, then u = me — Metq.)
Proof. In fact,
U= (Me—1 —Ilne_1) — (re — 1)(me — Ine)
= Me + Me—1 — TeMe + U(TeNe — Ne—1 — Ne)
=Me — Met1 + U(rene — Ne—1 — ne),
where in the last equality we used reme = me—1 + Met1- O

Next we show the equivalence of three conditions of type C;.

Lemma 9.4.2 The following conditions are equivalent:

(C.1) 1Y <X, n, divides ne_1, and nflzl < re, and u divides | where
w:i= (Me—1 — Ne—1) — (Te — 1)(me — Ine).
(C.2) IY <X, ne=rene—ne1, and u divides | where u is in (C.1).
(C.3) IY < X, ne = Tele — Ne—1, and me — Moy divides 1, where by
convention, meyr1 =0 if A =e.
(Note: By Lemma 9.4.1, me — me41 equals u in (C.1) and (C.2). In (C.3),
actually m.y1 = 0 does not occur as we will see in Corollary 9.4.4 below.)

Proof. We first show that (C.2) is equivalent to (C.1).
(C.2) = (C.1): This is easy. If n, = rene — ne_1, then n, divides n._1, and

”;Lgl =r.—1 < re, hence (C.1) holds.

(C.2) <= (C.1): Under the assumption that n. divides n._; and

Ne—1
Ne
it suffices to prove that n, = rene —ne_1, that is, r, — Re-1 _ g holds; setting

Ne
q:=Te— nﬁ;l, we show ¢ = 1. We first note that (i) ¢ is an integer because

ne divides n._1, and (ii) ¢ is positive because —5 L < r,. Therefore ¢ is a

positive integer. We then prove ¢ = 1 by contradiction. Suppose that

< Te,

q>2. (9.4.1)
We note
u=(Me—Met1) +U(rene — Ne—1 — Ne) by Lemma 9.4.1
= (Me — Meq1) + e (7“@ - n;_l — 1)

= (Me — Mes1) +ne(qg—1).
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Here m¢ — me4+1 > 0 because the sequence mg, mq, ..., my strictly decreases.
On the other hand, n, > 1 and ¢ — 1 > 1 (9.4.1). Hence

u=(me—Mey1) +ine(qg—1) > L.

But w divides [ by assumption, and so [ > u. This is a contradiction. Therefore
q = 1, and the claim is confirmed.

Finally, we show that (C.2) is equivalent to (C.3). This is evident. Indeed,
u = (Mme — Mey1) + (rene — ne—1 — ne) by Lemma 9.4.1, and hence if n, =
TeNe — Ne—1, then u =me — Meyq. O

Recall that a subbranch Y is of type C} provided that Y satisfies one of
the equivalent conditions of Lemma 9.4.2.

Corollary 9.4.3 Let Y = ngAg + n101 + -+ + n.O, be a subbranch of a
branch X = moQAg+m101+ - +my0O,. Set b:=m, —In. and d := n., and
then

(1) me=1ld+0b, and
(2) if furthermore Y is of type Cy, then mey; = 1ld+ b — u.

Proof. From d = n, and b = m, — In., we have m, = ld + b, and so (1) is
confirmed. Next we show (2). If Y is of type Cj, we have u = m, — meq1
(Lemma 9.1.5). Substituting (1) m. = {d + b into u = m, — Me41, we obtain
u =1d + b —me41. This confirms (2). O

We also note the following.

Corollary 9.4.4 Let Y = ngAg + n101 + -+ + n.O, be a subbranch of a
branch X = mogQAg +m101 4+ -+ mxOnx. If Y is of type Cy, thene+1 < A.

Proof. We show this by contradiction. Suppose that mer1(:=reme—me_1)=0.
We first claim that m, divides both [ and m, — In.. In fact, since me — meq1
divides [ by the definition (C.3) of type C; and me4+1 = 0 by assumption, we
see that m. divides [; clearly this also assures that m. divides m, — In.. Next
setting b := m, — In,, we write [ = I'm, and b = b'm, where I’ (resp. V') is a
positive (resp. nonnegative) integer. Then

b Me —INe  Me — U'Mene
W= = - —1-In..
Me Me Me

Namely
b =1-1ne. (9.4.2)

From I’ > 1 and n. > 1, we have ' < 0. Since b’ is nonnegative, we obtain
b =0 (and so b = 0), and then by (9.4.2), I’ = n. = 1. Here note that b = 0
implies that m. = In., and thus together with n. = 1, we have m, = [. This
means that Y is not only of type C; but also of type B;. But this contradicts
Convention 9.1.4 (we excluded this case from type Cj). O
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We collect several lemmas needed for later discussion.

Lemma 9.4.5 LetlY be a subbranch with the multiplicities In = (Ing,lny, ...,
Ine). Let Z be the dominant subbranch containing Y, and write its multiplic-
1ties as

k= (lnla ln27 EERE) lnea k€+17 ke+27 EERE) kf)
Then

(I) I divides k; (i = e+1,e+2,..., f). (So “defining” n; (i = e+1,e+2,..., f)
by n; 1= %, then Z = 1Y’ and k = In’ where Y’ := ngQAg+n101 +---+
ns© and n’ := (ng,n1,...,ny).)

(I1) if ne divides ne_1, then n. also divides n; (i = e+ 1,e+2,...,f), and
MOTEOVET Ne < Neq] < Nega < - <Ny

Proof. (I) is nothing but Lemma 9.2.6. We show (II); we first prove that n.
divides mey1. Since Z = IngAg + In1O1 + -+ + InyOy is a subbranch, we
have In;41 = riln; — In;—1, so njy1 = ryng; —ng—q for i = 1,2,...,f. In
particular ne41 = rene — ne—1. Hence n, divides n.y; (note: by assumption,
ne divides me_1), and consequently n. < n.y1. Next since n. divides neiq,

from neyo = Tep1Met1 — Ne, it follows that n. also divides n.io. Furthermore

Ne42 = Tet1Me41 — Ne
2> 2Ney1 — Ne by req1 > 2
=Ney1 + (Meg1 — Ne)
> Nett by net1 > ne. (9.4.3)

Namely, net1 < neqo. Then using the fact (as shown above) that n. divides
both n.y1 and neqo, it follows from neys = reponeso — ney1 that ne divides
Net3. Also we can show neio < neys as in (9.4.3). Repeat this argument, and
then (II) is shown. O

Lemma 9.4.6 Let Y be a subbranch of type C;. Then Y and lY are (not
necessarily dominant) wild.

Proof. We first verify the wildness of [Y. We separate into two cases according
to whether 1Y is dominant or not.

< r. and so lTlLe_l
n

Ne—1
Ne

Case 1 1Y is dominant: Since Y is of type Ci,

which means that Y is wild.

< Te,

(&

Case 2 Y is not dominant: Let Z be the dominant subbranch containing
Y. Then by Lemma 9.4.5 (I), the multiplicities of Z are of the form:

k = (Ini,lng, ..., Iny).
Since Y is of type Cj, n. divides n._1 and so by Lemma 9.4.5 (II), we have

ne§n6+1§ne+2§"'§nf.
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lnf_1
lnf

This implies that Z is wild, and consequently (by definition) Y is wild. Sim-

ilarly we can show the wildness of Y. a

nf—1
ny

nf_1
ny

In particular < 1. Since ry > 2, we have < ry, and so <ry

For subsequent discussion, we need some result on Y not necessarily of
type Cj.

Lemma 9.4.7 Let lY be a subbranch which is not dominant. Set
a:=mMe_1 —INe_1, b:=me—In. and w:=a— (re—1)b.
If n. divides n._1, then

(1) @ —reb = Inep1r — Mey1 where Neqq := TeNe — Ne—1. (In particular, from
net1 < mey1, we have a — r.b < 0).
(II) >0 and a > 0.

Proof. The statement (I) is derived as follows:

a—Teb=me1 —Ine_1 — re(me — Ine)
= (Me—1 — TeMe) — INe—1 + Telne

lnefl + lneJrl

= (—Mey1) — Ne—1 + In. Ine

= —Met1 +Net,
where in the third equality we used me—1 — reme = —Mey1 and ro =
% (note that by assumption, !Y is not dominant and so 0 <

Meqy1 < Mey).
Next we show (II). We first prove u > 0. By assumption, n. divides n._1
and thus by Lemma 9.4.5, we have

Net1 > Ne. (9.4.4)
Then

u=>b+ (a—r.b)
= (me — Ine) + (Ine41 — Me1) by (I)
= (Me = Meg1) + 1(Net1 — ne)
>0 by me > me4q and (9.4.4).

This proves u > 0. Finally, we show a > 0. We divide into two cases according
to whether b =0 or b > 0.

Case b = 0: In this case we have v = a — (r. — 1)b = a. Thus a > 0 because
u > 0 as shown above.

Case b > 0: Noting that a > 0, we assume that a = 0 and deduce a contra-
diction. If @ = 0, then we have u = a — (r. — 1)b = —(r, — 1)b. Since 7, > 2,
together with b > 0, we obtain v < 0. This contradicts v > 0, and we conclude
that a > 0. O
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Proposition 9.4.8 Let lY be a subbranch such that (i) n. divides ne_1 and

(i) Tl;;l < 7Te. Then u > 0 where u := (Me_1 — INe_1) — (re — 1)(Me — Ine).

Proof. According to whether [Y is dominant or not, we separatle into two
Ne—1
Ine
which means that 1Y is (dominant) wild and hence by Lemma 9.3.1, we have
u > 0. (Notice that in this case we do not need the assumption (i).) Next if Y
is not dominant, together with (i), we conclude that v > 0 by Lemma 9.4.7
(IT). (Notice that in this case we do not need (ii).) O

cases. If IY is dominant, then from the assumption (ii), we have < Te

Remark 9.4.9 As is clear from the proof, © > 0 holds under a weaker as-
sumption: (1) 1Y is dominant wild or (2) n. divides n._;.

The above proposition will be often used later (e.g. for the proofs of Lemma
13.3.5, p242 and Lemma 13.4.5, p247). For u := a — (r. — 1)b where a :=
Me_1 — Ine_1 and b := m, — In., the following inequalities are also valid.

Lemma 9.4.10 Let Y be a subbranch of type C;. Then

u>b if 1Y is dominant
u<b if 1Y is not dominant.

Proof. If IY is dominant, then (noting that type C is wild by Lemma 9.4.6),
we have a — r.b > 0 by Lemma 9.3.1, and so u = b+ (a — r.b) > b.

If 1Y is not dominant, then a — r.b < 0 by Lemma 9.4.7 (I), and thus
u=">b+ (a—rcb) <b. O

We provide examples for the respective cases of the above lemma.

Example (u > b)
=1, m=(6,5,4,3,2,1) and n=(4,4,4).
Then Y is of type C; and [Y is dominant; in this case u =1 > b= 0.

Example (u <)
=1, m=(6,5,4,3,2,1) and n=(1,1,1).
Then Y is of type C; and [Y is not dominant; in this case u =1 < b = 3.

Now we summarize the properties of type C; obtained thus far.

Proposition 9.4.11 Let Y = nglAg+n101+ -+ 1.0, be a subbranch of a
branch X = mgAg +m101 + - +mx0,. Set

a:=Me_1 —INe_1, b:=me—Ine, c:=n._1, d:=n. and
u:=a— (r.—1)b.

Suppose that Y is of type C;. Then the following statements hold:

(1) Y and IY are (not necessarily dominant) wild (Lemma 9.4.6).
(2) a> 0 (Lemma 9.4.7 (II)).
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(3) a—1eb>04f1Y is dominant (Lemma! 9.3.1), and
a—71eb=1IMcr1 — Mer1 <0 4f 1Y is not dominant (Lemma 9.4.7 (I)).
(4) red — ¢ =d > 0 (the definition (C.2) or (C.3) of type C}).
(5) u=me — Mmes1 >0 (Lemma 9.1.5).
(6) w > b if IY is dominant, and u < b if Y is not dominant (Lemma
9.4.10).
(7) e+ 1< X (Corollary 9.4.4).

Let Y = ngQAg + m1©; + .-+ + m.O, be a subbranch of of a branch
X = melAg + m101 + -+ + my0O,; recall that ©; is a (—2)-curve if the
self-intersection number ©; - ©; = —2, and a chain of (—2)-curve is a set of
(—2)-curves of the form O, + Oyq1 + -+ + O, where a < b. (It is valuable
to keep in mind that the existence of a chain of (—2)-curves often implies the
existence of various deformations.)

We shall show that if Y is of type C}, then in most cases, the complement of
a subbranch Y of X contains a chain of (—2)-curves where the “complement”
is Ocq1+Ocqa+ -+ 0Oy (note that e+ 1 < A for type C; as shown in Corol-
lary 9.4.4). cf. Example 9.1.11 for an exceptional case where the complement
contains no (—2)-curves.

Now we give the information on chains of (—2)-curves in the complement
of Y in X. Below we note that r; = 2 is equivalent to ©; being a (—2)-curve.

Proposition 9.4.12 Let Y = ngQAg + 1101 + - - - + n.O, be a subbranch of
type Cy. Set

a:=Me_1—INe_1, b:=me—Ine, c:=n._1, d:=n. and
u:=a—(r.—1)b,

and (noting that u divides | by the definition of type Cy), write | = Nu where
N is a positive integer, and if u < b, then (considering the division of b by
u), let v be the positive integer such that b —vu > 0 and b — (v + 1)u < 0.
Then the following holds:

(I) if b=0, then A\=e+ Nd—1 and

Te4l =Teqa =+ =Tx=2, my_1=2u, and my=2,
(II) if b>1 and u>b, then A =e+ Nd and
Te4l =Tet2 =+ =Tr—1 =2, my_1=0b+u, and my=0b,
(Note: ry := mniz;l =b _g Y is an integer and so in this case, b divides

u.)
(IIT) if b>1, u<b, and u does not divide b, then A =e + Nd+ v and

Tetl = Teq2 = -+ =7Trx—1 =2, my_1=b—(v—1u, and my=
b —vu.

(IV) if b>1, uw<b, and u divides b (so b =wvu), then A\=e+ Nd+v—1
and re41 =Teya = =7y =2, mxy_1=2u, and my=u.

LIf Y is of type Cy, then 1Y is wild by (1), and so we can apply Lemma 9.3.1 for
dominant wild Y.
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Remark 9.4.13 Note that «w > b if [Y is dominant, and u < b otherwise.
See Proposition 9.4.11 (6).

Proof. (I): By Corollary 9.4.3 applied for b = 0, we have
me = ld, Mes1 = ld — u, where d := n,. (9.4.5)

Since a sequence (Mg, Met1,---,my) is inductively determined from m, and
Mey1 by the division algorithm, this sequence is uniquely characterized by the
following properties:

(a) me > Mey1 > -+ > my > 0,
(b) Meti—1 + Metitl
m Me+i
A—1-

, (1=0,1,...,A—e—1) is an integer, and m divides

Therefore (9.4.5) implies that meq; = Id —iu (i = 0,1,...,A —e — 1), an
arithmetic progression. Note that

Mepvay = 1d — (Ndyu=1d—1d byl = Nu
=0,
whereas my(ny4—1) = u. Thus we conclude that A = e+ (Nd — 1) and
(MeyMet1y ... ,my) = (ld, ld—u, ld—2u, ..., 2u, u),

from which we deduce 7,11 = reys = - -+ = r) = 2. This proves the assertion
().

(I1) b > 1 and u > b: The proof is essentially the same as that for (I). By
Corollary 9.4.3, we have

me = ld+ b, Mer1 =1d+b—u. (9.4.6)

As in (I), this implies that mey; = Id + b — iu, an arithmetic progression.
When i = Nd — 1, we have

me+(Nd_1) :ld+b— (Nd— ].)U
=ld+b—Ild+u by I = Nu
=b+u,

and likewise M. (nq) = b. On the other hand, we have m., (ng+1) =b—u <0
(note u > b by assumption), and thus A = e + Nd. Therefore

(9.4.7)

ld+b—iu, i=0.1,... Nd—1
Meti =9 i = Nd

and rey] =Treyo = =1y_1 = 2.



174 9 Subbranches of Types A;, B, Ci

(IIT) b>1, w <b, and u does not divide b: The proof is similar to that of
(IT); by Corollary 9.4.3, we have

me = ld+ b, Metr1 = 1d+b—u, (9.4.8)

which implies that me4; = ld + b — iu, an arithmetic progression. Let v be
the positive integer such that b — vu > 0 and b — (v + 1)u < 0. Then for
i =Nd+ v —1, we have

Mey(Ndpv—1) = ld+b— (Nd+v—1)u
=ld+b—Ild—vu+u by [ = Nu
=b—vu+u,
and likewise mey (Nd4v) = b — vu. Similarly we obtain meq(nvgto41) = b —
(v+ 1)u. As we took the positive integer v in such a way that b —vu > 0 and

b— (v+ 1u < 0, we have Mey (Nitv) = b —vu > 0 and Meq (Nag4o41) < 05
hence A = e + (Nd + v). We thus conclude that

{ ld+b—iu, i=01,...,Nd+v—1
Me+i =

b —vu, i=Nd+w,
from which we derive re41 = req2 = -+ - = rax_1 = 2. This proves the assertion.
(IV) b>1, w <b, and u divides b (i.e. b = vu): Using the computation
of (IIT), we have Mmey(Nd+v) = b —vu = 0 in the present case, and thus
A=e+ (Nd+wv—1), and my_; = 2u and m) = u. The remaining statement
follows from the same argument as in (III). O
Supplement

In the proof of Proposition 9.4.12, we only used the fact “u divides [d”. The
reader may wonder that in the definition of type Cj, we can replace “u divides
[” by a weaker condition “u divides [d”. Unfortunately this is not true, because
in that case the deformation atlas associated with [Y does mot necessarily
admit a complete propagation. This is confirmed by the following example,
which illustrates the essential role of the condition “u divides {” in type C;.

Example 9.4.14 Let X = 32A(+240,4+1605+803. We take Y = 277420,
and [ = 12. Then [Y satisfies the condition of type C; except “u divides I”;
indeed u = 8 and d (:= n.) = 2, hence u does not divide I but divides Id = 24.

We show that the deformation atlas associated with Y does not admit a
complete propagation. First note that

Hy o wd(w?n? + 1) —s=0.

(The exponent 2 of t2 is necessary for making a first propagation possible.
See the second equality of (9.4.9) below.) We take g; : z = 1/w, ¢ = w?p —
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v/ —1tw, where we note that there is no other choice of g; which transforms
‘H1 to a hypersurface. Since

12
1

ws(w2n2 —|—t2)12 —wd |:2(w2’l7)2+t2:| ’
w

the map g; transforms the polynomial w®(w?n? + t2)'? to
12

2
ig [22 <§ + t\/ll) +t2| = ig { (2242 +2v/—1tzC — t2> + t2]12
z z z

17 5. 12
= {z ¢ +2\/—1t2C]
=24 2C? + 2V -1t¢ ]2 (9.4.9)
Thus the following data gives a first propagation.
Hy - wl(w?n? +12)12 —s=0

H A +2V/-1t)2 -s=0
g1 : z=1/w, ¢ =w?n—/—1tw.

Similarly, we can construct a second propagation as follows: Noting that
Ho: 0t (wn +2vV—1tw)'? — s =0,

we take go : 2 = 1/w, ¢ = w?n+ 2v/—1tw. (Note: there is no other choice of
g2 which transforms Hs to a hypersurface. See the second equality of (9.4.10)
below.) Since

1 12
n*(w?n + 2v-1tw)'? = — (w?n)* [ (w?n) + 2V —1tw] ,
w

the map go transforms a polynomial n* (w?n + 2v/—1tw )2 to

2 << - 2¢j1ti)4 [(c - 2¢j1ti) +2ﬁtﬂ - (C - 2ﬁti)4 -

=242 (2¢ — 2v/—11)%
(9.4.10)

Hence the following data gives a second propagation:
Ho : nt(w?n + 2/ —1tw )2 — s =0
HY 222 (2¢ -2/ -1t)* =5 =0
go z=1/w, ¢ =w?n+2v/—1w.

It remains to construct a third propagation. However this is impossible, which
is seen as follows. Note that Hs : w!?n*(wn—2y/—1¢t)*—s = 0, and a standard
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form of a deformation g3 of z = 1/w, ( = w?n is given by z = 1/w, ( =
w?n + f(t)w where f(t) is a holomorphic function in ¢. For brevity, we only
consider the case f(t) = at® where a € C and k is a positive integer (the
discussion below is valid for general f(t)). We claim that for any « and k, the
map g3 cannot transform

Hy:  w?nt(wn —2v/=1t)* —s=0
to a hypersurface. In fact, since
1 4
Wy — 2V = w4 () - 20T
w
the map g3 transforms Hs to

1 kl ! k 4

Clearly for any choice of & € C and a positive integer k, the left hand side,
after expansion, contains a fractional term. So a further propagation is im-
possible, and consequently the deformation atlas associated with Y does not
admit a complete propagation. (For a non-standard form of g3 containing
higher or lower order terms, the argument is essentially the same though the
computation becomes complicated. cf. Example 5.5.12, p96.)





