10

Two-sided estimates

In this chapter we harvest the crop of the earlier chapters. In order to show
the conjunction of the upper and lower estimates, we use key observations
on the Einstein relation, on the elliptic Harnack inequality and on upper and
lower heat kernel estimates.

Corollary 10.1. Assume that (I, p) satisfies (po), (VD) and (H), then

(wT'C) & (aDpv) & (TC) & (ER) < RLE (E) ¥ ¢ (F), (10.1)
where ' € Wy is a consequence in the direction % and an assumption for
ol
Proof  All the implications are established in Remark 7.2, except the last

one which is given there for E, i.e., for g (F) and RLE (E). The implication
(ER) = RLE (F) is trivial. Its reverse is similarly simple; cpv < E follows

as usual, and F < Cpv is RLE (E) itself. Tt is clear that the L direction
holds and only its reverse needs some additional arguments. Let us assume
that r; = 27;,7"”_1 <2R < Tn, B, =B (IE, 7’1;), Az = Bi\Bi—l and Vi=V (CC,’I‘Z‘).
We have derived in Proposition 7.5 from (pg), (VD) and (H) that

n—1

E(2,2R) <CY_ Vigap(z,7i,7ig1) -
=0

Now we use a consequence (3.39) of (H):

p(z,7i,mi41) < C max gP+ (z,y)
YEAi+1

to obtain
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n—1

E(z,2R) < C Z Vit1 yglf)i ngz+1 (z,y)
i=0 o

n—1 n—1

< CZF(:E,W_H) < CF (z,ry) Z 2=

=0 =0
< CF (z,2R),

where (7.12) was used to get the second inequality.
On the other hand, from (7.13) we obtain

F (z,2R)
YV (r OP) - 2
“Viw2r) V@) -V @ R/2)
< i B
B yGB(zJ%l\I%(z,R/z)g (z,9) Z 1 (z)

z€B(z,R)\B(z,R/2)

< > 9% (x,2) pu(2) < E (2,2R),
z€B(z,R)\B(z,R/2)

which means that
cF (z,2R) < E(z,2R).

Consequently, F ~ E, E € Wy and (T'C) is satisfied which implies (FR) and
all the other equivalent conditions. |

Remark 10.1. Let us remark here that as a side result it follows that RLE (E)
or for F' € Wy, g (F') implies pv ~ F and FE ~ F as well.

We have seen that
(wT'C) < (aDpv) & (TC) < (ER) < RLE (E). (10.2)

Let (x) denote any of the equivalent conditions. Using this convention, we
can state the main result on weakly homogeneous graphs.

Theorem 10.1. If a weighted graph (I', i) satisfies (po) and (V D), then the
following statements are equivalent:

. there is an F' € Wy such that g (F) is satisfied;

. (H) and (wTC) hold;

. (H) and (TC) hold;

. (H) and (aDpv) hold;

. (H) and (ER) hold;

(H) and RLE (E) hold;

. there is an F' € Wy such that UE (F) and PLE (F) are satisfied;

. there is an F' € Wy such that PMV (F) and PSMV (F) are satisfied.

P D G LoD~
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The proof of Theorem 10.1 contains two autonomous results. The first
one is UE (F) <= PMV (F), the second one is PLE (F) <= PSMV (F).

Let us emphasize the importance of the condition (aDpv). It entirely re-
lies on volume and resistance properties, no assumption of stochastic nature
is involved, so the result is in the spirit of Einstein’s observation on heat
propagation. This condition in conjunction with (VD) and (H) provides the
characterization of heat kernel estimates in terms of volume and resistance
properties. Of course, the elliptic Harnack inequality is not easy to verify.
We learn from ¢ (F') that the main properties ensured by the elliptic Harnack
inequality that the equipotential surfaces of the local Green kernel g% are
basically spherical and that the potential growth is regular.

10.1 Time comparison (the return route)

In this section we summarize the results which lead to the equivalence of 1...6,
and 6 = 7 in Theorem 10.1, and we prove the return route from 8 = 2.
The equivalence of 1 and 6 is established by Theorem 7.1, 7.4 and 10.1, see also
Remark 10.1. The implication 6 = 7 is given by Theorem 8.2, and 7 <= 8
is a combination of Theorem 8.2 and 9.1.

Now we prove the return route 8 => 2 of Theorem 10.1.

Our task is to verify the implications in the diagram below under the
assumption F' € Wy, (pg) and (VD).

PMVy (F) PMV;- (F)
PSMV (F)} PSM(;/ ( F)} = (H) (10.3)
DUE (F)
PMYV; (F) v~ F (TC)
PSMV (F) } = fHL)E (F) ¢ = p(H) = () (10.4)

The heat kernel estimates are established as we indicated above. Now
we deal with the proof of the elliptic Harnack inequality (H) and the time
comparison principle (T'C').

Theorem 10.2. If I" satisfies (po), (VD) and there is an F € Wy for which
PMYV (F) and PSMV (F) are satisfied, then the elliptic Harnack inequality
holds.

Lemma 10.1. If (I, p) satisfies (po), (VD) and PMV; (F) for an F € Wy,
1
then for a given €,0 > 0,0 < §* < C—lFs?g there are ¢1 < ... < ¢4 Such that

PMVs« (F) holds for e and ¢;s.

Proof We would like to derive PMVj- (F) for ¢; from PMV; (F) which
holds for some other constants a;. We will apply PMV; (F') on the ball B =
B (z,dR) and re-scale the time accordingly. We have PMV;« (F') on B (x, R)
by
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max u; < max U
c3F(z,R)<i<c4F(z,R) azF(z,0R)<i<asF(z,0R)
yeB yeB
asF(z,0R)

< Y D@l

j=a1F(z,0R)yEB

coF(z,R)

2. 2w

j=c1F(z,R) yeB

if the inequalities ¢; < ... < ¢g,a1 < ... < aq4
asF (2,0R) > c4F (z, R)
asF (xz,0R) < 03F (z,R)
asF (2,0R) < coF (2, R)
a1 F (z,0R) > 1 F (z, R)

(03 - CQ)ﬁ’ g > 6*. We

Let p = Cp (6%)°

are satisfied. In addition we require ¢4 < ¢ and &
can see that the following choice satisfies these restrlctlons.
and ¢ = cp (5*)ﬂ . Let us choose

2q
Cqp = E,Q4 = —Cy,
p
c3 < ¢4,03 = (C3,

1 .
co < €3,a9 = 5111111{])6270,3},

1 . {a2 }
Cl = -mmg§ —,C2 0,01 = (qcCy.
2 q

Let us observe that ¢; can be arbitrarily small since ¢4 < ¢, and if the sub-
solution is not given from an m up to asF (z,0R), it can be extended simply

bY Ui = PPy, |
Proof [of Theorem 10.2] Let us fix a set of constants ¢; < ¢y < c3 <cqy =€

as in Lemma 10.1 and apply PSMV (F) for them. Let us apply Lemma 10.1
for 6* to receive PMVj+ (F) on B = B(z,R). As a consequence for D =

B (z,0*R), ui (y) = h (y) we obtain
c
maxh < ——— h(y)w(y) . 10.5
< 1y (10.5)
Similarly PSMV (F') yields
mlnh > Z h(y (10.6)

yED

The combination of (10.5) and (10.6) gives the elliptic Harnack inequality for
the shrinking parameter §*. Finally (H) can be shown by using the standard
chaining argument along a finite chain of balls. The finiteness of the number
of balls follows from volume doubling via the bounded covering principle. B
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Theorem 10.3. If (pg) and (VD) hold, and there is an F € Wy for which
PMV (F) and PSMYV (F) are satisfied, then E ~ F and (TC) is true.

Proposition 10.1. Assume (pg) and (VD). If PLE (F) for F € Wy holds,
then

E(z,R) > cF (z,R).
Proof It follows from PLE (F') that there are ¢,C,1 >0 > 4§ >0,1>¢ >
g’ > 0 such that forallz e IR > 1, A= B(z,2R) and n: ¢'F (z,R) < n <
eF(x,R),r=0R,y € B=DB(z,r)

PA(z,y) = PA(x,y) + P2 (z,y) >

It follows for F = eF (x, R) and F' = ¢'F (x, R) that

(oo}

Baom) =Y Y Ry =YY 5P w)

k=0 ycB(z,2R) k=0yEB

F
1~4 V(x,r)
> E E —P, > F R) > cF R).
_k:F,y€B2 k<x7y)_cV(l‘,R) ((L‘, )_C (‘Tv )

Proposition 10.2. If DUE (F) holds for an F € Wy, then
p(z,2R)v (z,2R) < CF (z,2R).

The first step towards the upper estimate of pv is to show an upper esti-
mate for A71.

Proposition 10.3. If (pg), DUE (F), (VD) hold and F € Wy, then
Az, R) > cF~(x, R). (10.7)

Proof  Assume that C; > 1,n = F(x,C1R), y,z € B = B(z, R). Let us
use Lemma 8.8 and DUE (F)) to obtain

Pon(y,2) < C ulz) 1/2°
(V(y, f(y,2n))V (2, f(z,2n)))
From (VD) and F € W} it follows for w = y or z d(z,w) < R < C1R = f(z,n)

that
V(CL‘, ClR)

V(w, Cl R)
which by using (pg) yields that for all n,

<C,

1(2)
Falv2) < O Flamyy
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If ¢ is the left eigenvector (measure) belonging to the smallest eigenvalue A
of I — PP and normalized to (¢1) = 1, then

Q=N =oPB1= 3 6(:)PEGy < Y Culy)

y,2€B(z,R) yEB(z,R) MmN e B(z,R) V(Z» f(zv 2”))
R \° 1 f(z,20)\"

<C Y _e — J\zzn)
=" .Bnm) ( 7 (2 2n)> eBR) ((11 7 (z,2n)

1 “ 1
<C|=C < —
- (Cl f) T2

if 0y = 2C1/2C}. Using the inequality and 1—¢ > 5 log % for £ € [4,1], where

£ =1— Az, R), we have

log 2

5 > cF(x,CiR)™' > cF(z, R)™ .
n

Az, R) >

Proof [of Proposition 10.2] Let us recall from (3.9) that
Az, 2R)p(x,R,2R)V (z,R) <1

in general and the application of (VD) and (10.7) immediately yields the
statement. |

Proposition 10.4. Assume (pg). If PLE (F) for an F' € Wy holds, then there
is a ¢ > 0 such that for all R > 0,z € I’

p(z,R,2R)v (z,R,2R) > cF (z,2R)
Proof The inequality (3.16) establishes that

p(z,R,2R)v(x,R,2R) > min  F(z,R/2).
zEBB(m,%R)

From Proposition 10.1 we know that

min  FE(z,R/2)>¢ min F(z,R/2),
2€0B(z,3R) 2€0B(z,3R)

and from F' € Wy, it follows that

p(z,R,2R)v (z,R,2R) > min F(z,R/2) > c¢F (z,2R).
ZGGB(m,%R)
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Proof [of Theorem 10.3] From Proposition 10.2 we have that pv < CF
which together with Proposition 10.4, yields that

p(x,R,2R)v (xz,R,2R) ~ F (z,2R) .

Since F' € Wy, we have that pv € Wy. From Proposition 7.1 and from (aDpv)
the Einstein relation follows:

E (z,2R) ~p(x,R,2R)v (x,R,2R) ~ F (z,2R) (10.8)

since (H) is ensured by PMV (F) + PSMV (F). Since FF € Wy and E ~ F,
it follows that E € Wy which includes (T'C') and, of course, (wT'C) too, and
the proof of 8 = 2 in Theorem 10.1 is completed. |

10.2 Off-diagonal lower estimate

Now we are ready to show the off-diagonal lower estimate LE (F') :

where d = d (x,y), F € Wi. The proof of the off-diagonal lower estimate uses
the modified Aronson’s chaining argument. We have shown that

(VD)+ (TC)+ (H) = DUE (E), (10.9)
(E) = DLE (E),
furthermore for F' € Wy,
(VD) + DUE (F) + DLE (F) + (H) = NDLE (F). (10.10)
The lower estimate will follow if we show for F' € W; that
(VD)+ NDLE (F)= LE(F). (10.11)
It results from (10.9 — 10.11) that our final conclusion is
(VD)+(TC)+ (H) = LE(E)
if 3/ > 1 for E.
Theorem 10.4. Assume that (I, 1) satisfies (po). Then for an F € W
(VD)+ NDLE (F)= LE(F),

and if E € Wy
(VD)+ (TC)+ (H)=— LE(E). (10.12)
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Let us recall that
Pan = L'n+m- (1013)

We need a replacement of this property for the operator P, which is stated
below in Lemma 10.5.

Lemma 10.2. Assume that (po) holds on (I', i), then for all integersn >1 >
1 such that
n=1[ (mod 2), (10.14)

we have for all x,y € I’
Pi(z,y) < C" ' Pu(x,y), (10.15)

with a constant C = C(po).
Proof Due to the semigroup property (5.22), we have

Pk+2(xvy) = Z Pk(xa Z)PQ(Zvy) > Pk(xa y)PQ(y7y)
zel

Using (pg), we obtain

Py(y,y) = > P(y,2)P(z9) > po Y _ P(y,2) = po,

zry zry
whence Pyyo(z,y) > poPr(x,y). Iterating this inequality, we obtain (10.15)
. “1/2

with C'=p, '~ |
Lemma 10.3. Assume that (I', u) satisfies (po). Then for all integers n > 1>

1 and all z,y € T, } }

where C = C(po)-

Proof This is an immediate consequence of Lemma 10.2 because both
Pi(z,y) and Pyi(x,y) can be estimated from above via either P,(z,y) or
Po11(x,y), depending on the parity of n and I. |

Remark 10.2. Note that no parity condition is required here in contrast to the
condition (10.14) of Lemma 10.2.

Lemma 10.4. Assume that (I, i) satisfies (po). Then for all n,m € N and
x,y € I', we have the following inequality

pnpm(xv y) S Cp’ﬂ+m+1(xa y)v (1017)

where C = C(po).
Proof Observe that, by (10.13),

Pnpm = (Pn + Pn+1)(Pm + Pm+1) = Pn+m + 2Pn+m+1 + Pn+m+2-
By Lemma 10.2, Py (2, y) < CPyymy2, whence
pnpm (z7 y) S C(P7L+7n+1 + P7z+7n+2) == C’jjn+7n+1-
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Lemma 10.5. Assume that (I, u) satisfies (po). Then for all x,y € ' and
k,m,n € N such that n > km + k — 1, we have the following inequality
~ \k ~
(Pm) (Iay) < Onikmpn(xvy) (10'18)
Proof By induction, (10.17) implies

~ \k -
(Pm) ($,y) < Ckilpkm+k—1(x7y)-
From inequality (10.16) with [ = km + k — 1, we obtain
ﬁkm«#kfl(x» y) S Cn_km_(k_l)ﬁn(x7 y)»

whence (10.18) follows. |

Proof [of Theorem 10.4] The proof starts with separation of three cases
according to different regions for d = d (x,y).

L d(z,y) < 5f (2,n),
2. 6f (z,n) < d(z,y) < dn,
3. n <d(z,y) <n.

In Case 1 [ = n by definition and cp§™ is a trivial bound. In Case 3

22 0r (n8) 2 (2)

which results in [ > ¢n and again the lower estimate is smaller than exp (—Cn)
which can be received from (py).

Case 2

The proof uses varying radii for a chain of balls.

Assume that 0 f (z,n) < d (z,y) < §’'n. Consider a shortest path m between
x and y, write d = d (z,y),

m = L(n,%A)J —1, (10.19)

R=f(x,n), S=f(y,n), A=B(z,d+ R)UB(y,d+ S). Let 0 =z and
r1 = [dco f (01,m)],
and choose 0y € 7 : d(01,02) = 1 — 1 and recursively
riv1 = [dcof (0541, m)] (10.20)
and 0;41 € 7 : d(0;,0i41) = 1541 — 1 and d (y,0i41) < d(y,0;). Write B; =

B (0;,7;). The iteration ends with the first j for which y € B;. From F' € W)
and z;41 € B; it follows that
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e < f(zwm)

S Fr S Cs, (10.21)

and the from triangle inequality it is evident that

1
d (Zi, Zi+1) S 2’/‘1' + Ti+1 S <2 + C) 5COf (Zz', m) . (1022)
1

Here we specify co = (24 1/¢1) ™. Let us recall the definition of I = I (n, d, A):
d
>maxCFE | z,- |, (10.23)
z€EA l
and taking the inverse, we obtain

1n d
i ——) >, :
Iz%lgf <Z’ C l> — 1 (10.24)

Let us choose C > Cp (%)ﬁ in (10.23) (using F' € Wy) such that

f (01', é?) <decof (Oz’7 ?) =T

By the definition of j,

Jj—1 d
d>zmz(jfl)7,
=1

consequently, 7 — 1 <1

~ 7 ~ ~ ~
(Pm) (z,y) > Z Z Py, (z,21) Py (21, 22) ... Py (2521, 9) -
z1€Bg z;_1€B; _2
Now we use NDLE to obtain

g cp (1) cp (y)
() @02 3 X G Ve )

21€By  zj_1€B;_»

> -1 V (01,71) V(Ojfl»rjfﬁ w(y)
N Vi(x, f(x,m))  V(zj—2, f(zj—2,m)) V (251, f (zj—1,m))
1 () V (o1,71) V(0j—2,7j-2)

o v (l‘, f (l‘, m)) |4 (ZQ, f (227 m)) v (Zj—lv f (zj—l’ m)) .
If we use (10.20), (10.21) and (V' D) it follows that
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5V (o I (y) V (01,71) V (0j-2,7j-2)
(Pm) (z,y) = V(Lf(x’m))v(ZQ’ﬁh)'V(zj_l,ﬁrj_z)
M(J)j”
Vi, f(z,m))
) e
2 Ve f @) p[-C (i —1)]
cu (y) exp [C1] (10.25)

>_ P\g)
~ Vi, f(z,n)
Finally from Lemma 10.5 we know that there is a ¢ > 0 such that

l

P, > cn—lm (ﬁm)

if n > Im +1— 1. Let us note that from (10.19) it follows that n —Im +1 < 31
which results in

63l

P, > cvim (]Bm)l > c/m exp (—Cl)
c F(z,d(z,y)\ 7T
> verey e | () 1 '

This completes the proof of the lower estimate. |





