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Connected Reductive Groups and Their Lie
Algebras

The geometrical objects considered are defined over an algebraically closed
field k£ of characteristic p. In this chapter, we first introduce some notation
which will be used throughout this book. We then discuss some properties
about algebraic groups and their Lie algebras related to the characteristic p.
These results will be used to give an explicit bound on p for which the main
result of [Lus87] applies. For any prime r, we choose once for all an algebraic
closure F, of the finite field F, = Z/rZ. Then we denote by F,» the unique
extension of degree n > 0 of F,. in F,..

2.1 Notation and Background

We denote by G, the one-dimensional algebraic group (k — {0}, x), and by
G, the one-dimensional algebraic group (k,+). Let H be a linear algebraic
group over k, i.e. H is isomorphic to a closed subgroup of some GL, (k). We
denote by 1z the neutral element of H and by H° the connected component
of H containing 1. We denote by Lie(H) = H the Lie algebra of H (i.e.
the tangent space of H° at 1) and we denote by [,] the Lie product on H.
The Lie algebras of GL,(k), SLy(k) and PGL, (k) are respectively denoted
by gl (k), sln(k) and pgl, (k). Let Zy = {x € H|Vy € H,zy = yx} be the
center of H, and let z(H) = {X € H|VY € H,[X,Y] = 0} be the center of H.
If x € H, we denote by x, the semi-simple part of  and by z,, its unipotent
part. If X € H, then X, denotes the semi-simple part of X and X,, denotes
its nilpotent part.

For an arbitrary morphism f : X — Y of algebraic varieties, we denote by
dy f the differential of f at x. If X is an algebraic group, we put df =di f.
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2.1.1 H-Varieties and Adjoint Action of H on 'H

An algebraic variety on which H acts morphically is called an H -variety. If V' is
an H-variety and S a subset of V', we put Cy(S) :={h € H|Vz € S, h.x = z}
and we denote by C%(S) instead of Cy(S)° its connected component. We
also put Ay (S) := Cy(S)/C%(S). The normalizer {h € H|h.S C S} of S
in H is denoted by Ng(S). Let X be an homogeneous H-variety (i.e. H
acts transitively on X'). Then the choice of an element = € X defines an H-
equivariant morphism 7, : H — X, h — h.x which factors through a bijective
morphism 7, : H/Cg(x) — X. We have the following well-known proposition.

Proposition 2.1.2. The following assertions are equivalent:
(i) The morphism 7, is separable.
(ii) The natural inclusion Lie(Cy(x)) C Ker(dm,) is an equality.
(#ii) The morphism T; is an isomorphism.

2.1.3. For any h € H, let Int, : H — H be the automorphism of H given by
g +— hgh~!. Then the map Ad : H — GL(H), h — d(Int) is a morphism
of algebraic groups and is called the adjoint action of H on H. We also have
[Ad(h)X, Ad(h)Y] = Ad(R)([X,Y]) for any h € H, X,Y € H. For a closed
subgroup K of H, we use the terminology “K-orbit of H” for the adjoint
action of K on H. If X € H, we denote by OF the K-orbit of X and if
r € H, we denote by CK the K-conjugacy class of z in H. If X,Y are two
elements of H, we say that they are K -conjugate if X € O¥. The differential
of Ad : H — GL(H) at 1 is denoted by ad. It satisfies ad(X)(Y) = [X,Y]
for any X,Y € H. Since the restriction of Ad to Zp is trivial, we thus get
that Lie(Zg) C z(H). We will see later that this inclusion is not always an
equality.

Let K be a closed subgroup of H with Lie algebra K. For X € H and
x € H, we define
Cre(X) == {Y € KI[Y, X] = 0},
Ci(z) :={Y € K|Ad(2)Y =Y}.
Consider the orbit maps 7 : K — O¥, h — Ad(h)X and p : K — CK,
h + hxh~!. Then by [Bor, III 9.1], we have Ker(dr) = Cx(X) and Ker(dp) =

Ci(z). Hence, by 2.1.2 the orbit map 7 (resp. p ) is separable if and only if
Lie(Ck (X)) = Cx(X) (resp. Lie(Ck(x)) = Cx(x)).
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2.1.4 Reductive Groups

The letter G will always denote a connected reductive algebraic group
over k and we will denote by G its Lie algebra. By a semi-simple algebraic
group, we shall mean a connected reductive algebraic group whose radical
is trivial, i.e. a connected reductive group whose center is finite.

Notation 2.1.5. We denote by G’ the derived subgroup of G, i.e. the closed
subgroup of G which is generated by the elements of the form zyz~'y~! with
z,y € G, and by G’ the Lie algebra of G’. We also denote by G the quotient
G/Zg and by G the Lie algebra of G.

Recall that G’ and G are both semi-simple algebraic groups. Recall also
that G = G/Lie(Z2). We will see that G’ is not always the Lie subalgebra of
G generated the elements of the form [X,Y] with X,Y € G (see 2.4.4).

Definition 2.1.6. Let H be an algebraic group and let Hy, ..., H,, be closed
subgroups of H such that any two of them commute and each of them has a
finite intersection with the product of the others. If H = Hy...H,, then we say
that H 1is the almost-direct product of the H;.

Theorem 2.1.7. [DM91, 0.38] If G is a semi-simple algebraic group, then G
has finitely many minimal non-trivial normal connected closed subgroups and
G is the almost-direct product of them.

Definition 2.1.8. The minimal non-trivial normal connected closed sub-
groups of a semi-simple algebraic group G will be called the simple components
of G. We shall say that G is simple if it has a unique simple component.

The letter B will usually denote a Borel subgroup of G, the letter T a
maximal torus of B and U the unipotent radical of B. Their respective Lie
algebras will be denoted by B,7 and U. The dimension of 7' is called the
rank of G and is denoted by 7k(G). The rank of G is called the semi-simple
rank of G and is denoted by rkss(G). If P is an arbitrary parabolic subgroup
of G, then we denote by Up the unipotent radical of P and by Up the Lie
algebra of Up. If P = LUp is a Levi decomposition of P with corresponding
Lie algebra decomposition P = £ @ Up, then we denote by mp : P — L and
by mp : P — L the canonical projections. Throughout the book we will make
the following abuse of language: by a “Levi subgroup of G, we shall mean
a Levi subgroup of a parabolic subgroup of G.
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We denote by X (T') the group of algebraic group homomorphisms 7" —
Gy, For any v € X(T), put G, = {v € G|Vt € T, Ad(t)v = y(t)v} and ¢ =
{7 € X(T) - {0}/, # {0}}. We have

6= P 6,=ToPG

yePU{0} acd

For any a € @, we denote by U, the unique closed connected one-dimensional
unipotent subgroup of G normalized by T such that Lie(U,) = G,.

It is known that @ forms a (reduced) root system in the subspace V of
X(T) ® R it generates. The set @ is then called the root system of G with
respect to T' and the elements of @ are called the roots of G with respect to T'.
If there is any ambiguity, we will write @(T') instead of . We denote by &V the
set of coroots and by XV (T) the group of homomorphisms of algebraic groups
Gy — T the set @V forms a root system in the subspace VV of XV(T) @ R
it generates. We denote by Q(®P) the Z-sublattice of X (T') generated by &
and by Q(@Y) the Z-sublattice of XV (T) generated by ®V. Recall that we
have an exact pairing (,) : X(T') x XY(T) — Z such that for any a € X(T),
B e XV(T) and t € Gy, we have (oo 8Y)(t) = t{>#"). By abuse of notation,
we still denote by (,) the induced pairing between V and V. The Z-lattice of
weights P(®) is defined to be {z € V|(z,#") C Z}. The lattice Q(®) is then
a Z-sublattice of P(®) of finite index.

If G is semi-simple, we have the following inclusions of Z-lattices Q(®) C
X(T) € P(®) and Q(?Y) C XV(T) C P(PY); conversely if one these in-
clusions hold, then G is semi-simple. Moreover we have |P(®)/X(T)| =
[ XY(T)/Q(@)| and so

(X(T)/Q@)IXY(T)/Q(®Y)| = |P(2)/Q(®)|.
Definition 2.1.9. We say that G is
(i) adjoint if X(T) = Q(®);
(1) simply connected if XV (T) = Q(®").

It follows from Chevalley’s classification theorem that each Z-lattice between
Q(P) and P(P) determines a unique (up to isomorphism) semi-simple alge-
braic group over k with root system @. We denote by G4 the adjoint group
corresponding to G and by G4 the simply connected algebraic group cor-
responding to G. Their respective Lie algebras are denoted by G,q and Gs..
When G is semi-simple, the inclusions Q(®) C X(T) C P(P) give rise to
canonical isogenies (i.e surjective morphisms whose kernel is finite and so lies
in the center) ms. : G5 — G and m4q : G — Gq; the kernel of the later map is
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equal to Zg (see [Ste68, page 45]). Moreover, the canonical isogenies ms. and
Tad are central, that is Ker(dms.) C 2(Gsc) and Ker(dmaq) C 2(G). In fact, for
the later map we have Ker(dm,q) = 2(G).

The choice of the Borel subgroup B containing T' defines an order on $U{0}
such that any root is positive or negative by setting &% := {y € 9| G, C B}.
The set IT of positive roots that are indecomposable into a sum of other
positive roots is called the basis of @ with respect to B. The elements of IT are
linearly independent and any root of @ is a Z-linear combination of elements
of IT with coefficients all positive or all negative. If 3 =" . noa € @, then
we define the height of 3 (with respect to IT) to be the integer ) ;7 1a. The
highest root of @ with respect to II is defined to be the root of highest height.
For any Levi subgroup L of G, we denote by Wg(L) the group Ng(L)/L.
The Weyl group of G relative to T is Wg(T'). We denote by h, the Coxeter
number of W¢(T). It depends only on G, and so if there is any ambiguity, we
will denote it hS instead of h,.

2.1.10 About Intersections of Lie Algebras of Closed Subgroups of
G

Let M and N be two closed subgroups of G, then we have
2.1.11. Lie(M N N) C Lie(M) N Lie(N).

In general this inclusion is not an equality; it becomes an equality exactly
when the quotient morphism 7 : G — G/N induces a separable morphism
M — (M) (see [Bor, Proposition 6.12]).

2.1.12. When M NN contains a mazimal torus of G, the inclusion 2.1.11 is
an equality.

The above assertion follows from [Bor, Proposition 13.20]; note that [Bor,
Corollary 13.21], which asserts that 2.1.11 is an equality whenever M and
N are normalized by a maximal torus of G, is not correct since in positive
characteristic, the intersection of two subtori of a maximal torus of G may
have finite intersection while their Lie algebras have an intersection of strictly
positive dimension. For instance, let G = SL3(k) and let T be the maximal
torus of G consisting of diagonal matrices, then the set Zg is finite and is
the intersection of the two subtori T, = Ker(a) and T = Ker(8) of T where
T — kX, (ty,to, 7 5 ) = tity and BT — kX, (t1,to, ] 'ty ') v t3t.
The intersection of the Lie algebras of T, and T3 is of dimension 0 unless
p = 3 in which case the intersection is of dimension 1.
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2.1.13. We will need to deal with the question of whether the inclusion 2.1.11
is an equality or not only in the cases where the closed subgroups M and
N involved in 2.1.11 are parabolic subgroups, Levi subgroups or unipotent
radicals of parabolic subgroups.

Let P and @ be two parabolic subgroups G. Let L and M be two Levi
subgroups of P and @ respectively such that L N M contains a maximal torus
T of G (given P and @, such Levi subgroups L and M always exists). We
denote by P, Q, £ and M the corresponding Lie algebras of P,Q, L and M.

Proposition 2.1.14. With the above notation, we have:
(1) Lie(PNQ)=PNQ,
(2) Lie(LNM)=LNM,
(3) Lie(LN UQ) =LNUg,
(4) Lie(Up N UQ) =UpNUgy.

Proof: The assertions (1) and (2) are clear from 2.1.12. Let us see (3). From
2.1.11, it is enough to prove that dim (L NUg) = dim (£ NUg). Since LN Ug
is a closed unipotent subgroup of G normalized by T, by [DM91, 0.34], it is
of dimension equal to the number of the U,, with a € &, it contains. On the
other hand the torus 7' normalizes £LNUq, therefore by full reducibility of the
adjoint representation of 7" in G, the space £ N Ug is the direct sum of the
Go , @ € D, it contains. Hence the equality dim (L N Ug) = dim (L NUg) is a
consequence of the fact that G, C £ NUg if and only if U, C LN Ug. The
proof of (4) is completely similar. O

The above proposition together with [DM91, Proposition 2.1] has the fol-
lowing straightforward consequence.

Proposition 2.1.15. With the above notation, we have

PNQ=(LNM)d(LNUg) d MNUp)® UpNUg).

2.1.16 [Fg-Structures

Notation 2.1.17. Let r be a prime and let X be an algebraic variety on F,.
defined over Fn. If F': X — X denotes the corresponding Frobenius endo-
morphism, we say that x € X is rational if F(z) = x and we denote by X¥
the set of rational elements of X.
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2.1.18. Let k = F,, and let ¢ be a power of p such that the group G is
defined over F,. We then denote by F': G — G the corresponding Frobenius
endomorphism. The Lie algebra G and the adjoint action of G on G are also
defined over IF; and we still denote by F' : G — G the Frobenius endomorphism
on G. Assume that the maximal torus T of G is F-stable, and denote by
7 the unique automorphism on @ such that for any root @ € @, we have
F(Us) = Uy (qy; it satisfies (7a)(F(t)) = (a(t))? for any a« € X(T) and t € T
If B is also F-stable, then 7 permutes the elements of the basis IT of ¢. Recall
that an F-stable torus H C G of rank n is said to be split if there exists
an isomorphism H = (G,,)" defined over F,. The F -rank of an F-stable
maximal torus T of G is defined to be the rank of its maximum split subtori.
An F-stable maximal torus T of G is said to be G-split if it is maximally split
in G} recall that the G-split maximal torus of G are exactly those contained
in some F-stable Borel subgroup of G. The F,-rank of G is defined to be the
F,-rank of its G-split maximal tori. The semi-simple F,-rank of G is defined
to be the F,-rank of G. We say that an F-stable Levi subgroup L of G is G-
split if it contains a G-split maximal torus; this is equivalent to say that there
exists an F-stable parabolic subgroup P of G having L as a Levi subgroup.

Notation 2.1.19. Let H be a group with a morphism 6 : H — H. We say
that =,y € H are 0-conjugate if and only if there exists h € H such that
x = hy(6(h))~t. We denote by H*(0, H) the set of §-conjugacy classes of H.

2.1.20. Let k = Fq with g a power of p. Let H be a connected linear algebraic
group acting morphically on a variety X. Assume that H, X and the action
of H on X are all defined over Fy. Let F' : X — X and F : H — H be
the corresponding Frobenius endomorphisms. Let z € X and let O be the
H-orbit of z. The orbit O is thus F-stable and OF is a disjoint union of
HF-orbits. By [SS70, I, 2.7] (see also [DM91, 3.21]) we have a well-defined
parametrization of the H -orbits of O by H!(F, Ay (z)). This parametrization
is given as follows. Let y € OF and let h € H be such that y = h.z. Then to
the H¥ -orbit of y, we associate the F-conjugacy class of the image of h=1 F(h)
in Ag(x).

2.2 Chevalley Formulas

For any a € @, the symbol e, denotes a non-zero element of G, and h,, denotes
[ease—q]. When p = 0, we assume that the e, are chosen such that the set
{ha,ey|la € I,y € §} is a Chevalley basis of G’ (see [Car72, 4.2] or [Ste68]).
When p > 0 and G’ = G, then G’ is obtained by reduction modulo p from the
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Z-span of a Chevalley basis in the corresponding Lie algebra over C. Hence in
that case, we assume that the e, are chosen such that {hq,e | € I,y € @}
is obtained from a Chevalley basis in the corresponding Lie algebra over C;
the set {ha,ey|a € II,y € } is then called a Chevalley basis of G'. In the
general case, let m denote the canonical central isogeny G. — G’; the choice
of the e, is made such that Bg := {ha,ey|a € I,y € $} is the image by dr
of a Chevalley basis of Gs.. When it is a basis of G’, the set Bg is called a
Chevalley basis of G’. We will see in 2.4, that the existence of Chevalley basis
on G’ # G, is subject to some restriction on p. With such a choice of the e,
for any r € @, we have dr(h,) = 2 and the vector h, is a linear combination of
the h, with « € II. The last fact can be deduced from the simply connected
case by making the use of the canonical Lie algebra homomorphism G,. — G'.

2.2.1. We then have the following well-known relations:
(i) t,h] =0, t,he T,
(i) [t,e] = dr(t)e,, t € T,r € D,
(i1) ler,es) =0, 7€ s € d,r+s ¢ ®U{0},
() ler,es] € Grys, T €D, s €D, r+5s€ .

Using the decomposition G = 7 @ EBQ G.. and the above formulas, we see
that the subspace of G’ generated by {ha, e |,y € $} is [G, G]. But since the
vectors h, with r € @ are linear combinations of the h, with o € I, the Lie
algebra [G, §] is actually generated by Bg. As a consequence, since G’ is of
dimension |IT| + |®| = |Bg|, we see that G’ = [G, G] if and only if Bg is a basis
of ', i.e. the elements of {h,|a € IT} are linearly independent.

2.2.2. Forr € @, we fix an isomorphism of algebraic groups x, : G, — U,
such that dx.(1) = e,. The following formulas give the action of U,, with
red®, ongG:

(i) Ad(x,(t))e, = e,

(ii) Ad(x,(t))e—, = e_, + th, — t?e,,

(1ii) Ad(z,(t))h = h —dr(h)te,, he T,
(

(i) Ad(z,(t
ifr# —s.

)
Ves = es + Z{i>0|i7‘+56‘15} Crs,it'€irts for some crs; € k
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2.3 The Lie Algebra of Zg

Recall that by 2.1.3, we have an inclusion (*) Lie(Zg) C 2(G). In this sub-
section, we give among other things a necessary and sufficient condition on p
for (*) to be an equality. We denote by T the maximal torus T//Z& of G and
by T’ the maximal torus of G’ which contains T.

We consider on Lie(Zg) @G the Lie product given by [t @ v, h@u] := [v,u].

2.3.1. There is an isomorphism of Lie algebras G ~ Lie(Zg) ©G.

Proof: It is enough to prove the existence of a k-subspace V of G such that
G =Lie(Zg)®V and [V, V] C V, so that V ~ G. For a € II, denote by h, €
Lie(T') the image of h,, under the canonical projection 7 — Lie(T'). We choose
a subset I of IT such that E = {h,|a € I} is a basis of the subspace of Lie(T)
generated by {h|a € IT}, and we complete E into a basis E U {Z1, ..., T} of
Lie(T). We choose z; € T such that its image in Lie(T') is T;. Now let V be the
subspace of G generated by X := {z1,...,Zn, ha,ey|a € I,y € $}. Since the
image of X in G is a basis of G, we have dim V = dim G and VNLie(Zg) = {0}.
It follows that G = Lie(Zg) @ V. From 2.2.1, we get that [V, V] C V. O

2.3.2. It follows from 2.2.1 that

2(G) = ﬂ Ker(da), (1)

aell
and from [DM91, Proposition 0.35] that

Zg = () Ker(a). (2)

a€cll

2.3.3. The canonical morphism p : T — T induces an injective group homo-
morphism p* : X(T) — X(T), v — 7 o p mapping bijectively the roots of G
with respect to T onto @. Hence we may identify the roots of G with respect
to T with @. Under this identification, the lattice Q(®) is a Z-sublattice of
X (T). We have the following proposition.

Proposition 2.3.4. We have |(X(T)/Q(®))tor| = |X(T)/Q(®)|. The follow-
ing assertions are equivalent:

(i) p does not divide |(X(T)/Q(P))tor],

(i1) Lie(Zg) = 2(G).
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Proof: For the sake of clarity, in this proof we prefer to differentiate the
root system @ of G with respect to T from ®. Let r be the rank of G and
s be the semi-simple rank of G. Let {v1,...,7-} be a basis of X(T') such
that for some integer s with s < r and some non-zero integers mq, ..., ms,
the set {miv1,...,msys} is a basis of Q(P). We have X (T)/Q(P) = Z" % x
Z)miZ x ... x Z/msZ and so |(X(T)/Q(D))ior] = [1;—, mi. Now for i €
{1, .., s}, we have m;y; € Q(®) and so, by 2.3.2(2), we have 7,;(z)™ = 1 for
any z € Z&. Hence, if yi,,, denotes the group of m!" roots of unity, we get that
Yi(Z&) C pm,. Since Z2 is connected, we deduce that 7;(Z&) = {1}. Thus,
for i € {1,..,s}, the morphism ~; factors through a morphism 7, : T — G,,.
We see that {¥;}icq1,...,s3 and {m;7,;}; are respectively bases of the groups
X(T) and Q(®) (from which we see that [(X(T)/Q(P))ior| = | X(T)/Q(P)));
this can be verified by using the fact that dim X (7) = s and the fact that p*
maps 7; onto «y; for i € {1,...,s}. From the fact that {¥,}; is a basis of X(T),
it results that the morphism T — G2, given by t — (F,(t),...,7,(t)) is an
isomorphism of algebraic groups. As a consequence, its differential Lie(T) —
k® given by t — (d¥,(t),...,d7,(t)) is an isomorphism, i.e. the intersection of
the s hyperplanes Ker(d¥;) of Lie(T) is {0}.

We deduce that the intersection of the s hyperplanes Ker(m;d7¥;) of Lie(T)
is zero if and only if the m; are invertible in k (i.e if p does not divide
(X (T)/Q(®))tor|). On the other hand, since {m;¥,}; is a basis of Q(®), by
2.3.2 (1) we have .= Ker(m;d7;) = 2(G). We thus proved that the m; are

i=

invertible in k if and only if 2(G) is trivial.

We are now in position to see that the proposition is a consequence of the
fact that any isomorphism of Lie algebras G ~ Lie(Zg) © G as in 2.3.1 induces

an isomorphism from z(G) onto Lie(Z¢g) & 2(G). O

Remark 2.3.5. If the assertion (i) (and so the assertion (ii)) of 2.3.4 holds for
G, it does for any Levi subgroup of G.

Remark 2.3.6. Let m : G — G44 be the composition morphism of the canonical
projection G — G with the canonical central isogeny G — G4, then we have
Ker(m) = Zg and Ker(dr) = z(G), so by 2.1.2, the morphism = is separable
if and only if Lie(Zg) = 2(G).

Using 2.3.6, we see that 2.3.4 has the following consequence.

Corollary 2.3.7. The canonical morphism G — G4 is separable if and only
if p does not divide |(X(T)/Q(P))tor]-
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Corollary 2.3.8. Assume that G is semi-simple and write G = G1...G,. where
G1,...,G, are the simple components of G. Assume moreover that p does not

divide |(X (T)/Q(®))or] = |X(T)/Q(®)], then G = @, Lie(G).

Proof: For any i, we denote by G; the Lie algebra of G;. We fix ¢ and let
I be a subset of {1,..,r} which does not contain i. Let = € (3_,.;G;) N Gs.
Since for i # j the group G; commutes with G;, we have [G;,G;] = {0}.
Hence x € 37, ; G; centralizes G; and so x € 2(g;). Since each element of G;
centralizes G; for any ¢ # j, we deduce that z € G. By 2.3.4 we have z = 0.
We deduce that the sum F = ZZ G; is direct. Hence FE is a subspace of G
of dimension ), dim@G; and so since algebraic groups are smooth, we have
dim E = Y, dim G; = dim G. We deduce that G = @'=" G;. 0

Using the canonical map 7" — T, we identify X (T) with a subgroup
of X(T") and the root system of G’ with respect to 77 with &. Then
[(X(T)/Q(@))1or| = [X(T)/Q(P)] divides |X(T")/Q(P)|-

Corollary 2.3.9. Assume that p does not divide | X(T")/Q(®P)|, we have G =
2(G) @ g

Proof: Since Lie(Zg) C 2(G), we have Lie(Zg) NG’ C 2(G’) and so by 2.3.4
applied to G', we have Lie(Z)NG' = {0}. Hence the sum Lie(Z¢g)+G’ is direct
and so it is a subspace of G of dimension dim Zg + dim G’ = dim G; thus we
get that Lie(Zg) @G’ = G. Now, since p does not divide | X (T7)/Q(®P)|, it does
not divide |(X(T)/Q(®))tor|, hence by 2.3.4, we get that G =2(G) @ G'. O

Remark 2.3.10. The assumption “ p does not divide |(X(T")/Q(®P))tor|” is not
sufficient for G = 2(G) & G’ to hold. Indeed, consider G = G L, (k); the group
(X(T)/Q(P))tor is trivial while the group X (T")/Q(P) is isomorphic to Z/nZ.
Assume that p divides | X (T”)/Q(®)| = n. Then diagonal matrices (a, ..., a)
with a € k belong to the Lie algebra of Zg but also to sl,, = G’ since na = 0.
Hence Lie(Zg) NG’ # {0} .

2.4 Existence of Chevalley Bases on G’

We will need the following lemma.
Lemma 2.4.1. [Bor, 8.5]

(i) Let T; : (G)" — Gy, be the i-th projection; the maps T; form a basis of
the abelian group X (G,) of algebraic group homomorphisms (Gp,)" — Gy,
that is for any f € X(G!)) there exists a unique tuple (ni,...,n,) € Z" such
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that f =T"*... T . Let f =T{"*.. T € X(G],), then df : k™ — k is given by
df (z1, ..., xr) = >, nix;.

(ii) Let T : Gy, — (Gy,)" be given by T)Y(t) = (1,..,1,t,1,..,1) (t be-
ing located at the i — th rank); the maps T,' form a basis of the abelian
group XY (GL)) of algebraic group homomorphisms G,, — (Gy,)", that is
for any f € XV(GI,) there exists a unique uple (nq,...,n,.) € Z" such that
f= @) (o). If f = (TY)™..(TY)" € XV(G"), then df : k — k" is
given by df (t) = (nit, ..., n.t).

Recall that 7" denotes the maximal torus of G’ contained in T" and that
X(T") is a Z-sublattice of P(P).

Definition 2.4.2. The quotient P(P)/ X (T") is called the fundamental group
of G and is denoted by m(G).

Note that 71 (Gse) = 1 and m1(Goq) = P(P)/Q(P).

We assume that G is semi-simple.

By Chevalley’s classification theorem, there exists a unique (up to iso-
morphism) connected reductive algebraic group G* over k with a maxi-
mal torus T* of G* such that its root datum (@*, X (T*), ($*)V, XV (T™)) is
(@Y, XV(T),®, X(T)); we refer to [DM91] or [Car85| for the definition of root
datum. We denote by G* the Lie algebra of G*. Since G is assumed to be
semi-simple, the group G* is also semi-simple. We denote by a* the element
of X(T*) = Hom(T*,G,,) corresponding to «¥V € ®¥ and by d(x) the ele-
ment of XY(T*) = Hom(G,,, T*) corresponding to x € X (7T'). Then for any
X € X(T') and o € @, we have

2.4.3.

(x;a") = (@, 8(x))-

Proposition 2.4.4. The following assertions are equivalent:
(i) G=19,9].
(i1) Bg = {ha,ey| a € II,y € P} is a basis of G.
(i) 2(G*) = {0}.
(iv) p does not divide |71 (G)].

(v) The canonical central isogeny Gs. — G 1is separable.
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Proof: The equivalence between (i) and (ii) follows from the fact that [G, g]
is generated by Bg. Let m : G5 — G be the canonical central isogeny. The
equivalence between the assertions (v) and (ii) follows from the fact that Bg
is the image by drm of a Chevalley basis of Gs. and that 7 is separable if and
only if dr is an isomorphism. Since we have |P(®)/X (T)| = | XV(T)/Q(®Y)|,
the equivalence between (iii) and (iv) is a consequence of 2.3.4 applied to G*.
We propose to prove the equivalence between the assertions (ii) and (iii).

We first prove that for any root a we have daV (k) = [Gq, G—o] (this makes
sense since [Go,G—o] C 7). It is known that for any root o € &, the group
a(G,,) is contained in the subgroup H, of G generated by U, and U_,.
But the group H, is a semi-simple algebraic group of rank one with maximal
torus T N Hy; hence it is isomorphic to SLs(k) or PGLy(k). Now a simple
computation in SLy(k) or in PG Ly (k) shows that we have da¥ (k) = [Ga, G-
Hence daV (1) = Ah, for some A € k. Let us see that A = 1. Since (o, a¥) = 2,
we have da o daV¥ (1) = 2, and by 2.2, we also have da(hy) = 2. Hence

do¥ (1) = hq. ()

Let r be the rank of G. Let (x1,...,2,) be a basis of X(T') and consider the
isomorphisms of algebraic groups ¢ : T — GI, given by t — (z1(t), ..., z,(t))
and ¢ : G, — T* given by (t1,...,t,) — [, 6(z:)(t;).

Using ¢ and v to identify respectively T* and T with G’ , we identify (as
suggested by 2.4.1) the abelian groups X (T*) and X (T') with Z". Under these
identifications, for o € @, both " and o* correspond to the same element
(ng,...,n%) of Z". Indeed, for i € {1, ...,7},let TV : G, — GI, and T} : G, —
G, be the morphisms of 2.4.1; then we have 6(z;) = ¢ o T, and x; = T; 0 .
Thus we get that (a* 0 ¢, T)Y) = (a*,d(x;)) and (T}, o) = (x;, ") for any
a € . We deduce from 2.4.3 that (a* 0 ¢, T.Y) = (T}, ¢ o V) = ng.

Let {o1, ..., } = II, then it is clear from (*) that {hy,« € II'} is a basis
n{t ..onf"

of 7 if and only if the matrix M = : : € M, (k) is invertible. On
net LLongr

the other hand, since 2(G*) = (|, Ker(da*), we have 2(G*) = {0} if and

only if the linear map f : Lie(T*) — k" given by f(t) = (daj(¢), ..., da(t)) is

injective, that is if and only if *M (and so M) is invertible. O
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2.5 Existence of Non-degenerate G-Invariant Bilinear
Forms on G

By a G-invariant bilinear form B(,) on G we shall mean a symmetric bi-
linear form B(,) on G such that for any ¢ € G, z,y € G, we have
B(Ad(g)z,Ad(g9)y) = B(z,y). A well known example of such a form is the
Killing form defined on G x G by (z,y) — Trace(ad(z) o ad(y)). In this sec-
tion, we want to discuss for which primes p there exists an G-invariant non-
degenerate bilinear form on G. The case of simple groups has been discussed
among other things in [SS70] where it has been proved that the condition “p
is good for G” (see 2.5.2) is enough to have non-degenerate invariant bilinear
forms on G if G is not of type A,. On the other hand, it is known that the
condition “p is very good for G” (see 2.5.5) is sufficient if G is simple of type
A,,. By making the use of 2.3.9 and 2.3.8, we will extend the above results to
the case of connected reductive groups, that is, we will see that the condition
“p is very good for G” is sufficient to have non-degenerate G-invariant bilinear
forms on G. However this is not completely satisfactory since if G = GL,,(k),
the “very good characteristics” for G are the characteristics which do not di-
vide n, while the trace form (X,Y’) — Tr(XY) is always non-degenerate on

gly.

As far as I know, no necessary and sufficient condition on p for the exis-
tence of non-degenerate G-invariant bilinear forms on G has been given in the
literature. While the above problem is not so important for reductive groups
without component of type A, (indeed the “very good characteristics for G”
are then the “good ones for G”, and there are only few “bad characteristics”,
see further), it becomes more important for the others. For this reason, we
will give a necessary and sufficient condition on p in the case of simple groups
of type A,. We will also treat the cases of simply connected groups of type
B, C,, or D, since no extra work is required for these cases (see 2.5.11).

2.5.1. We start with some general properties of G-invariant bilinear forms on
G. Assume that B(,) is a G-invariant bilinear form on G. Then:
(1) For any x,y,z € G we have

B(l‘, [y7 Z]) = B([:E, y]’ Z)

(2) Let o € . For any x in T @ (EBWEQS_{_Q} G.), we have B(z,eq) = 0.

Let us prove (2). Let « € T; since B(,) is G-invariant, for any ¢t € T we
have
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B(Ad(t)z,Ad(t)es) = B(x, eq),

that is a(t)B(z,eq) = B(x,eq). But o # 0, thus we get that B(z,es) = 0.
Now let 5 € & — {—a}; we have «(t)5(t)B(es, ea) = Bleg, eq) for any t € T'.
Since 8 # —a, we have B(eg, eq) = 0. O

Definition 2.5.2 (good characteristics). We say that p is good for G if
p does not divide the coefficient of the highest root of @, otherwise p is said to
be bad for G.

Bad characteristics are p = 2 if the root system is of type B, C, or D,,
p = 2,3 in type Ga, Fy, Fg, E7 and p = 2,3,5 in type Es (see [Bou, Ch. VI,
4)).

Definition 2.5.3. [Ste75, Definition 1.3] We say that p is a torsion prime of
& when there exists a closed root subsystem @ of & (i.e a root subsystem P’
of @ such that any element of ® which is a Z-linear combination of elements
of @' is already in ®') such that Q(PY)/Q(P") has torsion of order p.

Definition 2.5.4 (torsion primes of G). We say that p is a torsion prime
of G, when it is a torsion prime of ® or when p divides |71 (G)].

This definition is in fact [Ste75, Lemma 2.5]. For the original definition of
torsion primes of G, see [Ste75, Definition 2.1].

Torsion primes of @ are p = 2 when @ is of type B,,, D, or G2, p = 2,3
in type Eg, E7, F4, p = 2,3,5 in type Es. The fundamental group m (G) is a
quotient of the biggest possible fundamental group P(®)/Q(P) whose cardinal
is 7+ 1 in types A, 2 in types B,, C,, Er, 4 in types D,,, 3 in types Fg and
1 in types Fg, Fy or G2 (see [Slo80, page 24]).

Definition 2.5.5 (very good characteristics). We say that p is very good
for G when p is good for G and p does not divide |P(®)/Q(®P)| = |71(Gad)l-

Remark 2.5.6. (a) If & does not have any component of type A,,, then p is
very good for G if and only if p is good for G.

(b) If p is very good for G then it is not a torsion prime of G.

(c) If p is very good for G and G has a component of type A, then it is
not necessarily very good for Levi subgroups of G,

(d) If G is of type A, By, Cy or D, then p is very good if and only if p
does not divide |P(®)/Q(P)|.
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Proposition 2.5.7. [SS70, I, 5.3] Let G be either an adjoint simple group
not of type A, or G = GL, (k). We assume that p is good for G. Then there
exists a faithful rational representation (p, V) of G or a group isogenous to G
(i.e a simple group with same Dynkin diagram as G ) such that the symmetric
bilinear form B(,) on G defined by B(xz,y) = Trace(dp(z) o dp(y)) is non-
degenerate. Moreover B(,) is G-invariant.

Corollary 2.5.8. Let G be simple not of type A, and assume that p is good
for G. Then there exists a non-degenerate G-invariant bilinear form on G.

Proof: Let H be a group isogenous to G (with Lie algebra H) and let (H,, =
Gse, ™) be the simply connected cover of H. Since p is very good for G (and
so for H), it is not a torsion prime of H (see 2.5.6 (b)), and so by 2.4.4, the
differential dm : Hse — H of m : Hye — H is an isomorphism. Moreover it
satisfies dm o Ad(h) = Ad(w(h)) o dr for any h € H,.. Hence we deduce that
any Hg.-invariant non-degenerate bilinear form on H,,. induces an H-invariant
non-degenerate bilinear form on H and conversely. Hence, the corollary follows
from 2.5.7. a

In order to do a more accurate study of the type A,, we need the following
well known result.

Proposition 2.5.9. Let G be simple of type Ap,—1 (n > 1). Then recall that
Gsec = Sl and Guq = pgly,. Then we have the following assertions:

(1) We always have sl, = [sl,, sl,]. Moreover dimz(sl,) # 0 if and only
if p is not very good, in which case dimz(sl,) = 1.

(2) We always have z(pgl,) = {0}, moreover pgl, = [pgln,pgly] if and
only if p is very good. When p is not very good, the Lie algebra pgl, is of the
form k.o @ [pgl,, pgl,] where o is a semi-simple element.

(8) The three following situations occur:

(8.1) p does not divide |P(®)/ X (T)|, then G ~ s,
(3.2) p does not divide | X (T)/Q(®P)|, then G ~ pgl,,
(3.3) p divides both | X (T)/Q(P)| and |P(®)/ X (T)|, then G is neither iso-

morphic to pgl, nor to sl,, and has a one-dimensional center. In fact G is of

the form z(G) ® |G, G] =~ 2(G) & (sl /2(sly)).

Proof: The assertions (1) and the first sentence of (2) follow from 2.4.4 and
2.3.4; the fact that dim z(sl,) < 1 is easy.
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Now we prove the second assertion of (2). Assume that p is not very
good. Recall that for any semi-simple algebraic group G, the Lie alge-
bra [G,§] is generated by {ha,ey|a € I,y € }, moreover by (1), we have
sl, = I[slp,sl,]. Hence if p : SL, — PGL, denotes the canonical cen-
tral isogeny then dp(sl,) = [pgln,pgln]. On the other hand since we al-
ways have Ker(dp) = z(sl,), we have dp(sl,) ~ sl,/z(sl,). We deduce that
[pgln, pgln] =~ sl,/z(sly). Now since p is not very good, by (1), we have
dim z(sl,) = 1 and so [pgl,,pgl,] is of codimension one in pgl,; the fact
that o in (2) can be chosen semi-simple follows from the fact that for any
connected reductive group G, the Lie algebra [G, G] contains all the nilpotent
elements of G.

Now we describe the situation (3.3). First note that the situations (3.1)
and (3.2) have been already studied, see equivalence between (iv) and (v) in
2.4.4 for (3.1) and in 2.3.7 for (3.2). Let 7 : SL,, — G be the canonical central
isogeny.

Assume that p divides both | X (T)/Q(®)| and |P(®)/ X (T)|.

(i) Since p divides |P(®)/X(T)|, the map dr is not injective. Moreover by
(1), the Lie algebra z(sl,,) is one-dimensional, thus we deduce from Ker(dr) C
z(sly,) that Ker(dr) = z(sl,,). As a consequence we have dr(sl,,) ~ sl,,/z(sly)
and so [G, G], which is equal to dm([sl,, sl,]) = drn(sl,), is of codimension one
in G and has a trivial center.

(ii) Now since p divides | X (T')/Q(®)|, the Lie algebra G has a non-trivial
center (see 2.3.4). Hence by (i), the Lie algebra z(G) must be one-dimensional.
O

We are now in position to discuss the existence of non-degenerate invariant
bilinear forms on the Lie algebras of simple algebraic groups of type A,,. We
have the following proposition.

Proposition 2.5.10. Assume that G is simple of type A,,. Then G is endowed
with a non-degenerate G-invariant bilinear form if and only if p is very good

for G or p divides both | X (T)/Q(®P)| and |P(P)/X(T)|.

Proof: Assume that G is of type A,,_1 with n > 1 and that p is very good for
G. Then p does not divide n and so the SL,-invariant bilinear form (X,Y) —
Tr(XY) on sl, is non-degenerate. Moreover the canonical morphism s, — G
is an isomorphism, hence we can proceed as in the proof of 2.5.8 to show the
existence of a non-degenerate G-invariant bilinear form on G.
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Assume now that p divides both | X (T')/Q(®)| and |P(®)/X (T)|. Then by
2.5.9 (3.3), we have G = z(G) @ [G,§]. Since G acts trivially on z(G), any
G-invariant non-degenerate bilinear form on [G, G] can be extended to a non-
degenerate G-invariant bilinear form on G. Hence, it is enough to show the
existence of a non-degenerate G-invariant bilinear form on [G, G| ~ sl,,/z(sl,,).
Define (,) on sl,/z(sl,) by (x + z(sln),y + 2(sln)) = Tr(zy). This is well
defined since z(sl,) ~ k and for any X € sl,,, a € k, Tr(aX) = aTr(X) = 0.
Let 7 : SL,, — G be the canonical central isogeny, then for any g € SL,,
we have dr o Ad(g) = Ad(n(g)) o dm so it is not difficult to check that (,) is
G-invariant. It remains to check that it is non-degenerate. Let = € sl,, and
assume that for any y € sl,, we have Tr(zy) = 0. Then an easy calculation
shows that = € z(sl,,), that is, its image in sl,, /z(sl,,) is zero. We thus proved
the non-degeneracy of (,) on [G, G].

Now assume that there exists a non-degenerate G-invariant bilinear form
(,) on G and that p does not divide | X (T)/Q(®P)| or |P(®)/ X (T)|. We want
to prove that p is very good for G. Two situations occur,

(1) p does not divide |P(®)/X(T)|, then we may assume that G = SL,,.
Let z € 2(G), then by 2.5.1(2), for any a € &, we have (z,e,) = 0, and
since z is central, by 2.5.1(1) we have (z,hs) = 0. But by 2.4.4, the set
{ha,ey|a € I,y € P} is a basis of G, hence the non-degeneracy of (,) implies
that z = 0. We thus proved that z(G) = {0}. By 2.3.4, we deduce that p does
not divide |(X(T)/Q(®P))tor| = |P(®)/Q(P)| and so that p is very good for G.

(2) p does not divide | X (T)/Q(®P)|, then we may assume that G = PGL,,.
Assume that p is not very good (i.e p divides |P(®)/X (T)|).

Let T C G be the set of diagonal matrices modulo Zgr, and let B be
the set of upper triangular matrices modulo Zgy,. For i € {1,...,n — 1}, let
a; : T — k* be defined by a;(t1, ..., tn) = titi__fl; note that do;(t1, ..., tn—1) =
t; —ti+1. The basis IT of @ is equal to {aq, ..., an—1}. Since p is not very good,
by 2.5.9 (2), the Lie algebra [G, G] is of codimension one in G. As a consequence,
the vectors h,, with ¢ € {1,...,n — 1} are linearly dependent i.e. there exists
A1, .., Ap—1 not all equal to zero such that h := Ajhq, + ... + Ap—1hq, , =0.
Let 7 be the smallest integer such that A, # 0 and let o be the n X n matrix
(@ij)s,; (modulo z(gl,)) with a,, =1 and a;; = 0 for ¢, j # r. Since h =0, we
have

(o) = 0. ()
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On the other hand, since (,) is G-invariant, we have (0, hy) = (0, [ea,€—a]) =
([o,ea)se—a) = (da(o)eq,e—a) = da(o){eq,e_q) for any o € P. Since
day(0) = 1 and da;(0) = 0 for any ¢ > r, we deduce that (o,h)
Ar{€a,,€_q,). But the bilinear form (,) is non-degenerate, hence by 2.5.1(2
we have (e, ,e_q,.) # 0 which contradicts (*).

~

)

O

Remark 2.5.11. Assume that G is simply connected. Then we can proceed as
in (1) of the proof of 2.5.10 to show that the existence of a non-degenerate
G-invariant bilinear form on G implies that p does not divide |P(®)/Q(®P)|.
Hence, when G is of type By, C, or D,, by 2.5.6 (a), (d) and by 2.5.8, the
Lie algebra G admits a non-degenerate G-invariant bilinear form if and only
if p is good for G.

Proposition 2.5.12. Let G be a connected reductive group. Assume that p is
very good for G, then there exists a non-degenerate G-invariant bilinear form

on G.

Proof: By assumption, the prime p does not divide |(X(T")/Q(®P))tor|- Thus,
by 2.3.4 and 2.3.1, we may identify G with 2(G) @ G. Since G acts trivially on
2(G), any non-degenerate G-invariant bilinear form on G can be extended to
a non-degenerate G-invariant bilinear form on 2(G) ® G ~ G. So it is enough
to show the existence of a non-degenerate G-invariant bilinear form on G. Let
G = G1...G, be a decomposition of G as the almost-direct product of its
simple components. By 2.5.8 and 2.5.10, for any simple component G; of G,
there exists an G;-invariant non-degenerate bilinear form B; on G; := Lie(G;).
Since p is very good for G, by 2.3.8, we have a decomposition G = @, G; and
so the form B = @, B; provides a non-degenerate G-invariant bilinear form
onG. O

Remark 2.5.13. We saw in the proof of 2.5.12 that a non-degenerate G-
invariant bilinear form on G can be extended to a non-degenerate G-invariant
bilinear form on G. However it is not true that all non-degenerate G-invariant
bilinear forms on G are obtained in this way. Indeed, the trace form (X,Y) —
Tr(XY) is always non-degenerate on gl, while (see 2.5.10) there is no non-
degenerate PG L,-invariant bilinear form on pgl,, unless p is very good.

We have the following lemma.

Lemma 2.5.14. [Leh96, proof of 4.3] If G admits an G-invariant non-
degenerate bilinear form B(,), then the restriction of B(,) to any Levi subal-
gebra of G is still non-degenerate.
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2.5.15. Now we assume that p is very good for G. By 2.5.12, the Lie algebra G
is endowed with a G-invariant non-degenerate bilinear form B(,) and in view
of 2.3.1 and 2.3.4, we may write G = 2(G) @ G. We have the following lemma.

Lemma 2.5.16. The vector space G is the orthogonal complement of z(G) in
G with respect to B(,). In particular, the restrictions of B(,) to z(G) and to
G remain non-degenerate.

Proof: Since p is very good for G (and so for G), by 2.4.4, we have [G,G] = G.
Thus, by 2.5.1(1), the vector space G is orthogonal to z(G). Hence the lemma
follows from the non-degeneracy of B(, ). O

Remark 2.5.17. Note that if G = GL,(k), the restriction of B(,) to z(G) is
non-degenerate if and only if the condition “p is very good for G” is satisfied.
However, it is not a necessary condition in the general case. For instance, if
G is simple of type A, and p divides both |X(T)/Q(®)| and |P(®)/X(T)|.
Then z(G) is a one-dimensional vector space and we have G = z(G) @ [G, G],
see 2.5.9 (3.3). By 2.5.10, there exists a non-degenerate G-invariant bilinear
form B(,) on G. The G-invariance of B(,) implies that z(G) is orthogonal to
[G, G] with respect to B(, ). Thus the non-degeneracy of B(,) implies that its
restriction to z(G) is still non-degenerate.

2.6 Centralizers

Let H be a closed subgroup of G with Lie algebra H. For any X € G, recall
(see 2.1.2(iii) and 2.1.3) that we have

2.6.1. Lie(Cg(x)) C Cx(x).

When H = G, this inclusion is known to be an equality when z is semi-simple
[Bor, 9.1]. Due to Richardson-Springer-Steinberg, it is also known to be an
equality for any x € G when H = G = GL,, or when H = (G is simple and p is
very good for G [SS70, I, 5.6] [Slo80, 3.13]. In the following lemma, we extend
the above result of R-S-S to the case where G is an arbitrary reductive group
and p is very good for G.

Lemma 2.6.2. Let x € G, then the inclusion 2.6.1 with H = G is an equality
(i.e the morphism G — O, g — Ad(g)z is separable) in the following cases:
(i) = is semi-simple,

(i) p is very good for G or G = GL,,.
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Proof: As noticed above, the lemma is already established in the case where
X is semi-simple and the cases where G = GL,, or G is simple and p is very
good for G.

To show that Lie(Cq(z)) C Cg(z) is an equality, it is enough to prove
that dim (Cg(z)) = dim (Cg(z)).

(a) Assume first that G is semi-simple and write G = G;...G,, where
G1, ..., Gy, are the simple components of GG. Since p is very good for G, by 2.3.8
we have the following corresponding Lie algebras decomposition G = €, G;
where G; is the Lie algebra of G;. Let x = ), x; € @, G;, then Cg(x) is the
almost-direct product of the Cg, (x;). We thus have

dim(Cgq (x Zdlm (Ca, (x3)). (1)

7

On the other hand, let y = y1 +...+y» be the decomposition of y € G in €, G;.
Since [G;,G;] = 0 for ¢ # j, we have [y,z] = >,[y;,2;]. Hence y € Cg(z) if
and only if y; € Cg, (z;) for any ¢. Thus we have Cg(z) = @, Cg, (z;) and so

dim(Cg (x Zdlm Cg,(x:)) (2)

Since for any ¢, the group G; is simple and p is very good for G;, we have
Lie(Cg, (x;)) = Cg, (z;) and so dim(Cg, (x;)) = dim(Cyg, (x;)). Then we deduce
from (1) and (2) that dim(Cg(x)) = dim(Cg(z)).

(b) Assume now that G is reductive. Since p is very good for G, by 2.3.9
we have a decomposition

G=z209) @g. (1)

Write = z4y with z € 2(G) and y € G’. Since Z¢ acts trivially on G we have
Cqo(x) = Z2.Cq:(z). But G acts trivially on z(G), hence Cq/(z) = Cear (y).
We deduce that Cq(x) = Z&.Ce (y). Since Z2 N Cgar(y) is finite we have

dim (Ca(x)) = dim 2% + dim (Cor (1)). 2)
On the other hand, from (1) we see that Cg(z) = 2(G) @ Cg (y) and so that
dim(Cg(x)) = dim 2(G) + dim(Cg (y). 3)
The group G’ is semi-simple, so using (a) we have dim(Cyg (y)) = dim(Cq (y)).

) =
Hence the equality dim(Cg(x)) = dim(Cg(z)) follows from (2), (3) and 2.3.4.
O
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Remark 2.6.3. Note that 2.6.1 with H = G may not be an equality if p is not

very good for G. Indeed, consider G = PGLy with p =2 and e = (8 (1)) A

simple calculation shows that (? 8) commutes with e. Hence dim (Cg(e)) = 2

while C¢(e) is of dimension one.

Now we give some various results on centralizers of elements of G which will
be used later. We first start with the following well-known characterization of
the centralizers of semi-simple elements of G (see [SS70, II, 4.1]).

Proposition 2.6.4. For each element w € Wg(T), we choose a representative
w of win Ng(T). Let x € T.

(i) The group Cg(x) is generated by T, the U, such that da(z) = 0 and
the w such that Ad(w)x = x.

(it) The group C&(x) is generated by T, and the U, such that do(x) = 0.

(ii1) The algebraic group C&(x) is reductive.

Lemma 2.6.5. [HS85, Proposition 3] Let P = LUp be a Levi decomposition
in G and let P = L ® Up be the corresponding Lie algebra decomposition.
Then the centralizer Cy,. () is connected for any element x of L.

We have the following standard result.

Lemma 2.6.6. Let L be a Levi subgroup of a parabolic subgroup P of G and
let £ be the Lie algebra of L. For any element z of L, we have OYP C z+Up.
If C&(zs) C L, then the map Up — z + Up given by u — Ad(u)z is an
isomorphism.

Proof: Let z € L, we assume that L O T and that z; € 7 so that we can
use the notation of 2.2.2. Let a, 5 € & be such that o # —f and let uy € Uy,
then by 2.2.2 we have

(2) Ad(uqa)zs € 25 + k.€q,

(3) Ad(un)eg =€ + Z{i>o|ﬁ+iae¢} Ci€Btia, fOr some ¢; € k.

Note also that

2.6.7. if B is a root of L with respect to T (this makes sense since we assumed
that T C L) and if « € @ is a root of Up (i.e Go C Up), then for any i > 0
such that ia + B € @, the root ia+ 3 is a root of Up.

From (2), (3) and 2.6.7, we observe that OY? — Z is a subvariety of Up.
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Assume now that C&(zs) C L, then since Cy,(z) is connected by 2.6.5 and
Cup(2) C Cg(zs), we have Cpr,(z) = {1} and so OY? — 2 is of dimension
dimUp. On the other hand, by [Bor, Proposition 4.10], the variety OY? is
closed in G. We deduce that OZUP = z + Up. We thus have proved that the
map Up — z + Up given by u — Ad(u)z is a bijective morphism. To verify
that it is an isomorphism, it is sufficient to verify that it is separable, that is,
we have to show that Lie(Cy, (2)) = Cup,(2). Since Cy,(z) = {1}, we have
to show that Cy,(2) = {0}. Let v € Up be such that [v,z] = 0. We have
[v,zs] = —[v, zn]. Let By, be a Borel subgroup of L such that z € Lie(Br); we
may assume without loss of generality that By contains 7. Then B = B Up
is a Borel subgroup of G containing T' and we denote by & the positive roots
of @ with respect to B. We also denote by @z the positive roots (with respect
to Br) of the root system @y, of L (with respect to T'). Then we may write
v o= Zaeﬁ_% Aata and z, = Zaequr Bata- Assume that v # 0 and let
a, € T — &, be such that \,, # 0 and the height of «, (with respect to B)
is minimal among the heights of the roots a € &+ — &, such that A\, # 0.
Since C&(zs) C L, from 2.6.4(ii), we have dao(zs) # 0, and so, from 2.2.1(ii),
the vector [v, z5] has a non-zero coeflicient in e, while from the Chevalley
relations 2.2.1(iii)(iv), we see that the vector [v, z,] does not have non-zero
coefficients in e, if « is of same height as «,. Hence we have v = 0. O

Notation 2.6.8. For any set J contained in a basis of @, we denote by & ; the
subroot system of @ generated by J, by L; the Levi subgroup of G corre-
sponding to @ (i.e the subgroup of G generated by T and the U, such that
«a € @5) and by L; the Lie algebra of L. If T is a subset of a basis of @, we
denote by B(I) the subset of & — @; consisting of the elements v such that
the set I U {~v} is contained in a basis of &.

Proposition 2.6.9. Let I be a subset of a basis of ®. The minimal Levi
subgroups of G strictly containing Ly are the Le, ., with o € B(I).

Proof: Let M be a Levi subgroup of G containing L; and let &, be the root
system of M with respect to T. Let P be a parabolic subgroup of M such
that P = L;Up is a Levi decomposition of P. Let B be a Borel subgroup of P
containing 7', then it defines a basis 6 of @5, and since L is the unique Levi
subgroup of P containing T, the group L; must be of the form L ; for some
subset J of 6 (cf. [DM91, Propositions 1.6, 1.15]). Now, if v € &, is a Q-linear
combination of elements of @;, it is a Z-linear combination of elements of 6.
We deduce that v is a Z-linear combination of elements of J. We thus have
v € @;. We proved that @; is Q-closed root subsystem of @), (i.e any element
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of @); which is a Q-linear combination of elements of @ is already in @). By
[Bou, VI, 1, 7, Proposition 24], we deduce that we can extend I to a basis I’
of @)s. Using the same argument, we can also prove that I’ can be extended
to a basis of . Hence, we proved that any Levi subgroup of G containing
strictly L; contains a Levi subgroup of the form Ly with o € B(I). It is
then clear that minimal Levi subgroups containing strictly L; are of the form
Liygay for some a € B(I). The fact that the Levi subgroups Lyq} with
« € B(I) are minimal is clear. O

Definition 2.6.10. Let L be a Levi subgroup of G, then we say that x € G is
L-regular in G if L = Cg(z).

Lemma 2.6.11. Let L be a Levi subgroup of G and let L be its Lie algebra,
then the L-regular elements in G belong to z(L).

Proof: Let = be L-regular in G, then Cg(x) contains a maximal torus 7" of
L Writez =t+) Aea€G=Ta @aeqﬁ(T) Go. Since T centralizes x, we
must have A\, = 0 for all a € &(T'), i.e. x € 7. Since C&(x) = L we deduce
from 2.6.4(ii) and 2.3.2(1) that x € z(L). O

Definition 2.6.12. Let L be a Levi subgroup of G and let L be its Lie algebra.
If x € 2(L) is not L-regular in G, then x is said to be L-irregular.

Lemma 2.6.13. (i) Assume that p is good for G and that p does not divide
(X (T)/Q(P))tor|, then if L is a Levi subgroup of G, the Lie algebra G contains
L-regular elements in G.

(i) If p is good for G, then for any semi-simple element € G, the group
C&(z) is a Levi subgroup of G.

Proof: We first prove (ii). We may assume that = € 7. Since p is good for G,
it follows that the set @, := {a € ®|da(x) = 0} is a Q-closed root subsystem
of @. Hence by [Bou, VI, 1, 7, Proposition 24], the set @, is of the form @
for some subset J of some basis of . Thus by 2.6.4(ii), we have C&(x) = L.

We now prove (i).

We may assume without loss of generality that L is a Levi subgroup of the
form Lj for some subset I of some basis of ®. We want to prove that L;
contains Lj-regular elements in G. Recall first that if J is a set contained in
a basis of @, then we have
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z2(Ly) = m Ker(da). (1)

acJ

From (ii), 2.6.11, 2.6.9 and 2.6.4 (ii), we see that x is Lj-regular in G if
and only if

2.6.14.
zez(lr)— |J (2(Lr)nKer(dy)).

YEB(I)

Since B([) is finite, the assertion (i) will follow from the fact that the subspaces
z(Lr) N Ker(dy), where v runs over B(I), are of dimension strictly less than
dim z(Ly). Hence from (1), it is enough to prove that for any basis II’ of ¢
and any inclusions IT"' 2 J 2 I we have z(L;) € z(L).

Consider the following inclusions II' O J D I with IT" a basis of @, then it
follows from [DM91, Proposition 1.21] that Z7 = C Z7 and so (because tori are
smooth) we get that Lie(Zg ) C Lie(Z2 ). From 2.3.5, we get that p satisfies
2.3.4(i) applied to Ly and L;; thus Lie(Z2 ) = 2(Lr) and Lie(Z7 ) = 2(L;).
We deduce that z(Ly) € z(Lr). O

Remark 2.6.15. Let L be a Levi subgroup of G and let £ be the Lie algebra
of L. Assume that the set of L-regular elements in G is non-empty, then from
2.6.14 we see that it is an open dense subset of z(L).

Lemma 2.6.16. Let L be a Levi subgroup of G (with Lie algebra L) and let
x € G be L-regular in G. Let g € G be such that Ad(g)x € z(L), then Ad(g)x
is also L-regular in G and we have g € Ng(L).

Proof: It is enough to show that ¢ € Ng(L). We have C&(2(L))
C2(Ad(g)x), that is C&(2(L)) C gC&(x)g~ = gLg~'. Since C&(z(L)) 2
we deduce that L C gLg~!, ie. L =gLg™ .

oS n

Lemma 2.6.17. We assume that k =, that p is good for G and that p does
not divide |(X (T)/Q(P))tor|- We also assume that T and B are both F-stable.
Let I be a subset of II such that the Levi subgroup Ly of G is F'-stable, i.e.
the set I is T-stable where T is as in 2.1.18. If ¢ > |B(I)|, then LY contains
Li-regular elements in G.

Proof: Recall that the subset of z(Ly) consisting of the L-irregular elements
of G is
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U (z(L5) NKer(dy)).
~yeB(I)
Let V = z(Lr) N Ker(dy) for some v € B(I), then for ¢ large enough, the set
VNFEWV)N..NFY(V) is F-stable and contains all the rational elements of
V. On the other hand, from the proof of 2.6.13, we have dimV < dim z(L;).
Thus by [DM91, 3.7], the number of rational L-irregular elements of G is <
|B(I)|q4™(=(£1))=1 Hence, if ¢ > |B(I)]|, the number of L;-irregular elements
is less than |2(L£;)f| and so rational L;-regular elements must exist. O

Proposition 2.6.18. [Ste75, Theorem 8.14] The centralizers in G of the
semi-simple elements of G are connected if and only if p is not a torsion
prime for G.

2.7 The Varieties G,; and G,.;;

Let Gypi be the subvariety of G consisting of unipotent elements and let G,,;
be the subvariety of G formed by nilpotent elements. For any X C G and
Y c G, put Xyni = X NGuni and Y, = Y NG,y Recall that the subvarieties
Guni C G and G,;; C G are closed, irreducible of codimension rk(G). It has
been proved [Lus76] that the number of unipotent classes of G is finite for
any p. By 2.7.5, this implies that the number of nilpotent orbits of G is also
finite if p is good for G. In the case of bad characteristics, the finiteness of
nilpotent orbits results from a case by case argument (see [Car72, 5.11] for
the classification of nilpotent orbits in bad characteristics).

The following propositions are well-known.

Proposition 2.7.1. [Leh79] Let P = LUp be a Levi decomposition of a
parabolic subgroup P of G and let P = L @ Up be the corresponding Lie
algebra decomposition.

(i) Let | € L, then the semi-simple part of any element of [Up is Up-
conjugate to the semi-simple part of .

(i) Let x € L, then the semi-simple part of any element of x + Up is
Up-conjugate to the semi-simple part of x. That is, for any v € Up, we have
(x +v)s = Ad(u)(zs) for some u € Up.

The following result is a straightforward consequence of the above propo-
sition.
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Corollary 2.7.2. If P = LUp is a Levi decomposition in G with correspond-
ing Lie algebra decomposition P = L @ Up, then for any unipotent element
l € L and any nilpotent element x € L, we have IUp C Gypi and x+Up C G-

Proposition 2.7.3. [Spr69] If the canonical morphism © : G — Gaq is
separable (which by 2.3.7 is equivalent to p does not divide the torsion of
X(T)/Q(P)), then the bijective morphism Tuni : Guni — (Gad)uni given by
restricting m to Gyn; 1S an isomorphism.

Remark 2.7.4. Consider G = SLo(k) and assume that the morphism 7 : G —
G o4 is not separable (i.e. p = 2). Then the morphism 7,5,; : Guni — (Gad)uni 18
not an isomorphism. To see that, it is enough to see that its differential d(7y;)
at 1 = 1¢ is not an isomorphism. Note that d(myn;i) : T1(Guni) — T1 ((Gad)uni)
is the restriction morphism of dr to the tangent space T1(Gyni) of Gyun; at 1.
On the other hand, dim T} (Gyn;) > 2; indeed dim G,,;; = 2 and the inclusion
T1(Guni) D Gni is strict since G, is not a vector space. Hence T1(Guni) = G
since dim G = 3, and so we deduce that d(m,;) = dr. Since 7 is not separable,
the morphism dr = d(myy;) is not an isomorphism.

2.7.5. By a G-equivariant morphism 7 : Gypn; — Gni, we shall mean a mor-
phism 7 : Guni — Gna such that w(grg™') = Ad(g)n(z) for all g € G and
T € Gyuni- The existence of G-equivariant isomorphisms Gy,; — Gn is dis-
cussed in [Spr69] and in [BR85]. It is proved that if p is good for G, resp.
very good for GG, then G-equivariant homeomorphisms, resp. isomorphisms,
Guni — gm-l exist.

We have the following lemma.

Lemma 2.7.6. [Bon04, Proposition 6.1] Let f : Guni — Gni be a G-
equivariant homeomorphism, then for any Levi decomposition P = LUp in
G with £ = Lie(L), we have

(i) f(Luni) = Lna,

(i) for any © € Lyn;, f(zUp) = f(x) + Up.
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