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                                     Abstract
In the simplest sequential decision problem for an ergodic stochastic process X, at each time n a decision u
                        
                  n
                 is made as a function of past observations \(X_{0},\ldots,X_{n-1}\), and a loss l(u
                        
                  n
                , X
                        
                  n
                ) is incurred. In this setting, it is known that one may choose (under a mild integrability assumption) a decision strategy whose pathwise time-average loss is asymptotically smaller than that of any other strategy. The corresponding problem in the case of partial information proves to be much more delicate, however: if the process X is not observable, but decisions must be based on the observation of a different process Y, the existence of pathwise optimal strategies is not guaranteed. The aim of this paper is to exhibit connections between pathwise optimal strategies and notions from ergodic theory. The sequential decision problem is developed in the general setting of an ergodic dynamical system \((\varOmega,\mathcal{B},\mathbf{P},T)\) with partial information \(\mathcal{Y}\subseteq \mathcal{B}\). The existence of pathwise optimal strategies grounded in two basic properties: the conditional ergodic theory of the dynamical system, and the complexity of the loss function. When the loss function is not too complex, a general sufficient condition for the existence of pathwise optimal strategies is that the dynamical system is a conditional K-automorphism relative to the past observations \(\bigvee _{n\geq 0}T^{n}\mathcal{Y}\). If the conditional ergodicity assumption is strengthened, the complexity assumption can be weakened. Several examples demonstrate the interplay between complexity and ergodicity, which does not arise in the case of full information. Our results also yield a decision-theoretic characterization of weak mixing in ergodic theory, and establish pathwise optimality of ergodic nonlinear filters.
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                             Notes
	1.To be precise, our definitions are time-reversed with respect to the textbook definitions; however, T is a K-automorphism if and only if T
                                 −1 is a K-automorphism [31, p. 110], and the corresponding statement for weak mixing is trivial. Therefore, our definitions are equivalent to those in [31].


	2.Non-dominated loss functions may also be of significant interest, see [24] for example. We will restrict attention to dominated loss functions, however, which suffice in many cases of interest.


	3.In [1, Appendix II.B] it is shown that under a continuity assumption on the loss function l, the optimal asymptotic loss in the full information setting is given by E[inf
                        u
                      
                                 E[l(u, X
                                 1) | X
                                 0, X
                                 −1, …]]. However, a counterexample is given of a discontinuous loss function for which this expression does not yield the optimal asymptotic loss. The key difference with the expression for L
                                 ⋆ given in Theorem 2.6 is that in the latter the essential infimum runs over \(u \in \mathbb{U}_{0}\), while it is implicit in [1] that the infimum in the above expression is an essential infimum over \(u \in \mathbb{U}_{-\infty,0}\). As the counterexample in [1] shows, these quantities need not coincide in the absence of continuity assumptions.


	4.The pointwise separability assumption in [17, Corollary 1.4(2\(\Rightarrow \) 7)] is not needed here, as the essential supremum can be reduced to a countable supremum as in the proof of Lemma 2.5.


	5.Some of the statements in [27] are time-reversed as compared to their counterparts stated here. However, as both the absolute regularity and the nondegeneracy assumptions are invariant under time reversal (cf. [30] for the former; the latter is trivial), the present statements follow immediately.


	6.As particle filters employ a random sampling mechanism, the strategy \(\mathbf{\tilde{u}}^{N}\) is technically speaking not admissible in the sense of this paper: Π
                                    
                          k
                        
                                    N (and therefore \(\tilde{u}_{k}^{N}\)) depends also on auxiliary sampling variables ξ
                                    0, …, ξ
                                    
                          k
                         that are independent of Y
                                    0, …, Y
                                    
                          k
                        . However, it is easily seen that all our results still hold when such randomized strategies are considered. Indeed, it suffices to condition on (ξ
                                    
                          k
                        )
                                       k ≥ 0, so that all our results apply immediately under the conditional distribution.
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