Chapter 2
Foundations

The first section of this chapter introduces the complex plane, fixes notation, and
discusses some useful concepts from real analysis. Some readers may initially
choose to skim this section. The second section contains the definition and
elementary properties of the class of holomorphic functions—the basic object of
our study.

2.1 Introduction and Preliminaries

This section is a summary of basic notation, a description of some of the basic
algebraic and geometric properties of the complex number system, and a disjoint
collection of needed facts from real analysis (advanced calculus). We remind the
reader of some of the formalities behind the standard notation which we usually
approach quite informally. Not all concepts used as prerequisites are defined
(among these are neighborhood, connected, path-connected, arc-wise connected,
and compact sets); we assume that the reader has been exposed to them.!
We start with some standard notation:

ZooCZCQCRcCcC.
Here Z represents the integers, Z-( the positive integers,” Q the rationals (the integer

n is included in the rationals as the equivalence class of the quotient 7), and R the
reals. Whether one views the reals as the completion of the rationals or identifies

'The reader may want to consult J. R. Munkres Topology (Second Edition), Dover, 2000, or J. L.
Kelley, General Topology, Springer-Verlag, 1975 as well as definitions in Chap. 4.

2In general Xcongion and {x € X;condition} will describe the set of all x in X that satisfy the
indicated condition.
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16 2 Foundations

them with Dedekind cuts (we will not use these concepts explicitly), their most
important property from the perspective of complex variables is the least upper
bound property; that is, that every nonempty set of real numbers that has an upper
bound has a least upper bound.

The inclusion of R into the complex numbers C needs a bit more explanation. It
is specified as follows: for zin C, we write z = x +1 y with x and y in R, where the
symbol 1 represents a square root of —1; that is, 1> = —1. With these conventions
we can define addition and multiplication of complex numbers using the usual rules
for these operations on the reals®: for all x, v, E,n€eR,

x+y)+E+m =+ +1(y+n)

and
(x +1y)(E +1n) = (x§ —yn) +1(xn + y§).

The real numbers, R, are identified with the subset of C consisting of those
numbers z = x + 1y with y = 0; the imaginary numbers, 1R, are those with
x = 0.Forz = x + 1y in C with x and y in R we write x = Nz, the real part
of z, and y = 3z, the imaginary part of z. Geometrically, R and 1R represent the
real and imaginary axes of C, viewed as the complex plane and identified with the
cartesian product R> = R x R (see Fig.2.1).

The complex plane may be viewed as a subset of the complex sphere C, which is
C compactified by adjoining a point, known as the point at infinity, so that C=cu
{o0}. The space C is also called the extended complex plane or the Riemann sphere.
This last name comes from identifying the points on the unit sphere in R3, with the
exception of the south pole, the point (0, 0, 1), with the points in the complex plane
under what is known as stereographic projection; the point (0, 0, 1) is identified with
oo. See Exercise 3.20 for the details.

We now describe some basic algebraic and geometric properties of the complex
numbers.

For z = x + 1 y, with x and y real numbers, the complex number

Z=x-1)y
is called the complex conjugate of z. Note that then

_z+z Z2—Z

Nz and Jz = —.
21

One easily verifies the following basic

3With these operations (C, +, -) is a field.
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Fig. 2.1 The complex plane; rectangular and polar representations, conjugation

2.1.1 Properties of Conjugation

Forzand w € C,

@ z+w=z+Ww

b)yzw=zw
(c) gzzifandonlyifzeR
dz=z

There is a simple and useful geometric interpretation of conjugation: it is
represented by mirror reflection in the real axis; see Fig. 2.1.

From a slightly different point of view, conjugation may be seen as a self-map of
C, denoted by .

—:C—>_C.
Then its properties (a) through (d) may be restated as follows:

(a) ~ preserves the sum of complex numbers.

(b) ~ preserves the product of complex numbers.

(c) ~ fixes precisely the real numbers.

(d) ~is an involution of C; that is, when composed with itself, it gives the identity

map on C.

It is not hard to show that any self-map of C satisfying these properties coincides
with complex conjugation; see Exercise 2.19.
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Another important map, z + |z| or
||:C— Rxo

is defined by r = |z] = (zZ)% = (x? + yz)%, where z = x + 1 y. Note that
77 = x>+ y? is always a real nonnegative number; we use the usual convention that
unless otherwise specified the square root of a real nonnegative number is chosen to
be nonnegative. The nonnegative real number r is called the absolute value or norm
or modulus of the complex number z.

The following properties follow directly from the definition.

2.1.2 Properties of Absolute Value

Forzandw € C,

(a) |zl > 0,and |z] =0ifand onlyifz =0

(b) [zw| = [z] |w]

(© [z =[]

(d) |9z] < |z[, and Nz = |z| if and only if z = x € Rxo

(e) |9z] < |z], and Iz = |z] if and only if z = 1y with y € R5¢

2.1.3 Linear Representation of C

As a vector space over R, we can identify C with R?. Vector addition agrees with
complex addition, and scalar multiplication by real numbers (R x C — C) is the
restriction of complex multiplication (C x C — C).

This identification provides a powerful geometric interpretation for many results
on complex numbers. One example is provided by conjugation, which can be viewed
as the R-linear map of R? (with basis 1 = (1,0) and : = (0, 1)) that sends 1 to 1
and 1 to —z. Another instance is provided by the next geometric interpretation of the
following:

2.1.4 Additional Properties of Absolute Value

From the Pythagorean equality, r = |z] is the (Euclidean) distance in the plane from
z to the origin; see Fig. 2.1.
Furthermore, for z and w € C, the following properties hold.

® 2+ w + |z = w* = 2(2 + w]).

(g) |z+ w| < |z| + |w|. Equality holds whenever either z or w is equal to 0. If z # 0
and w # 0, then equality holds if and only if w = az with a € R..

M) [lz] = wl| < |z —wl.
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Fig. 2.2 Vector sums

Equality (f) is sometimes called the parallelogram law: the sum of the squares
of the lengths of the diagonals in a parallelogram is equal to the sum of the squares
of the lengths of its sides, see Fig.2.2. This equality can be proven directly from
the definition of absolute value and properties of the complex conjugation we have
already stated:

lztwf = GEwWEEW) = 2> £2REw) + |w]?. 2.1)

Inequality (g) is called the triangle inequality: the length of a side of a triangle is
at most equal to the sum of the lengths of the other two sides, with equality if and
only if the triangle is degenerate (z and w lie on the same ray); see Fig. 2.2.

The triangle inequality (or rather its squared version) follows from (2.1) and the
previous properties of the absolute value, by observing that R(zw) < [zw| = |z] |w|
and using the conditions for equality given in property (d) for the absolute value.

Through the identification of R? with C given above, we can use real or complex
notation to describe geometric shapes in the plane. As we show next, sometimes the
use of complex notation simplifies the description of the objects under study.

2.1.5 Lines, Circles, and Half Planes

Any line in the plane R? with orthogonal coordinates xand y is given by an equation
of the form
ax+by+c=0, (2.2)

with a, b, and ¢ real numbers, and @ and b not both equal to zero.
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Similarly, any circle in the plane is given by an equation of the form
(x—d+ (- f)P-R =0, (23)

with d, f, and R real numbers and R > 0. In this case, we can read off from the
equation that the center of the circle is at the point (d, f'), and its radius is R.

We will now see an advantage of using complex notation: both of the above
types of geometric figures may be described algebraically by a single equation, thus
implying that there is a certain relation between lines and circles on the plane (this

relation will be explained later: see Exercise 3.21).
z2+z

and y by Zz;z first in (2.2) and then in (2.3), we obtain
1

the following two equations:

Replacing x by

_ —1b
Bz+Bz+c=0, with B=2""" %0, (2.4)
and
22+ (—d+1 f)z+(—d—1 f)z+d>+ f2— R* =0, 2.5)
or, equivalently,
lz—E|=R withE=d +1 f. (2.6)

We claim that both equations (2.4) and (2.5) are special cases of

Az 4+Bz+B74+C =0, 2.7)

with 4 and C real numbers, B complex, A > 0, and |B|2 > AC.
Indeed, if A = 0 then (2.7) becomes (2.4), which is equivalent to (2.2), whereis

B
if A > 0 then (2.7) becomes (2.5), which is equivalent to (2.3) with center £ = 7

,HBF—AC.

We have thus shown that any circle or line in the plane is given by Equation (2.7),
depending on whether 4 > O or 4 = 0.
Similarly, half planes in C are given by equations of the form

and radius R =

N(Bz) > C or,equivalently, J(B z) > C,

with B in C( and C real.
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Fig. 2.3 Vector multiplication. (a) Sum of arguments smaller than 27. (b) Sum of arguments
larger than 27

2.1.6 Polar Coordinates

A nonzero vector in C can be described by polar coordinates (7, ) as well as by the
rectangular coordinates (x, y) we have been using. If z € C and z # 0, then we can
write

z=x+4+1y =r(cosf 41 sinf),

.Y X
where r = |z| and 6 = argz (an argument of z) = arcsin = = arccos —.

Note that the last two identities are needed to define thre argument gnd that arg z
is defined up to addition of an integral multiple of 27z. This is why we labeled 6 an
argument of z as opposed to the argument.*

If w = p[cos¢ + 1 sin ] is another nonzero complex number, then, using the
usual addition formulas for the sine and cosine functions, we have

zw = (rp)[cos(6 + ¢) + 1 sin(6 + ¢)].

This polar form of the multiplication formula shows that the complex multiplication
of two (nonzero) complex numbers is equivalent to the real multiplication of their
moduli and the addition of their arguments, giving a geometric interpretation of how
the operation of multiplication acts on vectors represented in polar coordinates; see
Fig.2.3. It also shows (again) that |zw| = |z| |w|. Polar coordinates also provide
another way to view Fig.2.2.

In particular, it follows that if n € Z and z = r (cosf + 1 sin ) is a nonzero
complex number, then

7" = r"[cosnf + 1 sinnb;

“The number 7 will be defined rigorously in Definition 3.34. Trigonometric functions will be
introduced in the next chapter where some of their properties, including addition formulae, will be
developed. For the moment, polar coordinates should not be used in proofs.
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it also proves the famous de Moivre’s formula:
(cos O +1 sinB)" = cos(n 0) + 1 sin(n 6)

forn € Zand 0 € R.

Therefore, for each nonzero complex number z = r (cos 6 + 1 sin #) and each n
in Z-, there exist precisely n complex numbers w such that w" = z; they are the n
n-th roots of z, and are given by

1[ (9+2nk) . (9+2nk):|
ro|jcos{ —— ) +1sm| ——— s
n n

withk =0,1,...,n—1.
Note that these n complex numbers are the vertices of a regular n-gon in the
plane.

2.1.7 Coordinates on C

We have already seen that we can use three sets of coordinates on C, as follows.

1. Rectangular (x, y): Each equation x = constant (respectively y = constant)
yields a line parallel to the imaginary axis (respectively real axis), while the
equation x = y yields the line through the origin with slope equal to 1.

2. Complex (z,7): Only one of these coordinates is needed to describe a point by
the equation z = constant (or 7 = constant), while the equation z = 7 yields the
real axis.

3. Polar (7, 0): The equation r = a with @ > 0 is a circle of radius a centered at
the origin, whereas the equation # = constant is a ray emanating from (but not
including) the origin. The equation r = 6 denotes a type of spiral ending at (but
not passing through) the origin.

The choice of the appropriate one among the various possible coordinates on C
may simplify a problem. As an example we solve the following one.
Let n be a positive integer, and suppose we want to find the set of points z in C
that satisfy the equation
=7 (2.8)

Using rectangular coordinates would lead us to solve
(x+1y)' =@x—1p)"

which is doable but far from pleasant.
Instead, we first note that certainly z = 0 satisfies (2.8). For z # 0, we may use
the polar coordinates: the equation we are trying to solve is then equivalent to
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r"[cosn@ + 1 sinnf] = r"[cosnd — 1 sinnb)],

which implies that n 8§ = k & for some integer k. Thus we immediately see that the
complete solution to (2.8) is the set of 2n rays 8 = 6, from the origin (including
the origin) with

T 27 2n—-1)nm

0,40, —,—.,..
non n

2.2 More Preliminaries that Rely on Topology, Metrics,
and Sequences

We collect some facts on sets of complex numbers and functions defined on them,
that mostly follow from translating to the complex system the analogous results
from real analysis.

The formula d(z,w) = |z —w], for z and w € C, defines a metric on C. Thus
(C,d) is a metric space, with a metric that agrees with the Euclidean metric on R?
(under the linear representation of the complex plane described earlier).

Definition 2.1. We say that a sequence (indexed by n € Z-¢) {z,} of complex
numbers converges to « € C if given € > 0, there exists an N € Z. such that
|z — | < € forall n > N in this case we write

lim z, = o.
n—o00

A sequence {z,} of complex numbers is called Cauchy if given € > 0, there exists
an N € Z- such that |z, — z,,| < € foralln,m > N.
Theorem 2.2. If{z,} and {w,} are Cauchy sequences of complex numbers, then

(@) {zx + awy,} is Cauchy for all o« € C.
(b) {z,,} is Cauchy.
(©) {|za|} C Rxg is Cauchy.

Proof. (a) It suffices to assume that &« # 0. Given € > 0, choose N; such that
|zn — zm| < 5 forall n,m > Ny and choose N such that [w, — w;,| < 5 for

2|
all n,m > N,. Choose N = max{Nj, N,}. Then, for all n and m > N, we
have
[(zn +awy) — (@m +awn)| < lzn — z2m| + || |Wn — wi| < €.
(b) It follows directly from |Z, — Zm| = |20 — Zm| = |20 — Zm]|.

(¢) We know that for all z and w in C we have
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Izl = wll < lz = wl.
Applying this inequality to z, and z,, in the sequence, we obtain

Nzal = |zmll < |zn — Zm]

and the result follows.
O

Remark 2.3. The above arguments mimic arguments in real analysis needed to
establish the corresponding results for real sequences. We will, in the sequel, leave
such routine arguments as exercises for the reader.

Corollary 2.4. {z,} is a Cauchy sequence of complex numbers if and only if {Rz,}
and {3z, } are Cauchy sequences of real numbers.

Corollary 2.5. (C,d) is a complete metric space; that is, every Cauchy sequence
of complex numbers converges to a complex number.

Proof. Observe that the metric on C restricts to the Euclidean metric on R, which
is complete, and applies the previous corollary. O

Definition 2.6. Let A C C. We say that A is bounded if the set of nonnegative real
numbers { |z|; z € A} is; that is, if there exists a positive real number M such that
|z| < M for all zin A.

Definition 2.7. Let ¢ € C and € > 0. The e-ball about c, or the open disc with
center ¢ and radius e, is the set

U.(¢) = Ulc,e) ={z€C;|z—c| < €},

that is, the interior of the circle with center ¢ and radius €.

Proposition 2.8. A subset A of C is bounded if and only if there exist a complex
number ¢ and a positive number R such that

A C U, R).

Remark 2.9. A proof is omitted for one of three reasons (in addition to the reason
described in Remark 2.3): either it is trivial or it follows directly from results in real
analysis or it appears as an exercise at the end of the corresponding chapter.” The
third possibility is always labeled as such; when standard results in real analysis are
needed, there is some indication of what they are or where to find them. For example,
the next two theorems are translations to C of standard metric results for R2. It

SExercises can be found at the end of each chapter and are numbered by chapter, so that
Exercise 2.7 is to be found at the end of Chap. 2.
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should be clear from the context when the first possibility occurs. It is recommended
that the reader ensures that he/she is able to supply an appropriate proof when none
is given.

Theorem 2.10 (Bolzano—Weierstrass). Every bounded infinite set S in C has at
least one limit point; that is, there exists at least one ¢ € C such that, for each € > 0,
the ball U(c, €) contains a point z € S with 7 # c.

Theorem 2.11. A set K C C is compact if and only if it is closed and bounded.

We will certainly be using a number of consequences of compactness not
discussed in this chapter (e.g., in a compact metric space, every sequence has a
convergent subsequence) and also of connectedness, which we will not define here.

Definition 2.12. Let f be a function defined on a set S in C. We assume that f
is complex-valued, unless otherwise stated. Thus f may be viewed as either a map
from S into R? or into C and also as two real-valued functions defined on the set S.

Let ¢ be a limit point of S and let « be a complex number. We say that the limit
of f atcisa, and we write

lim f(z) =«
7—>C
if for each € > O there exists a § > 0 such that

| f(z) —a| <€ wheneverz € S and0 < |z—c| < §.

Remark 2.13. The condition that ¢ is a limit point of S ensures that there are points
zin § arbitrarily close to (but different from) ¢ so that f(z) is defined there. Note
that it is not required that f(c) be defined.

The above definition is again a translation of language from R? to C. Thus we
will be able to adopt many results (the next three theorems, in particular) from real
analysis. In addition to the usual algebraic operations on pairs of functions f : S —

Cand g : S — C familiar from real analysis, such as f 4+cg withc € C, fg,and i
g

(provided g does not vanish on S; that is, if g(z) # 0 for any z € S or, equivalently,
ifnoz € § is a zero of g), we will consider other functions constructed from a single
function f, that are usually not emphasized in real analysis. Among them are the
following:

MR =Rf@). RHR) =3f@). f@) = f@. |1 =1fC].

also defined on S.

For instance, if f(z) = 7?2 =x2—y*421x y forz € C,wehave (N f)(z) = x>—
YLRNE =2xy. f() =2 =x* =y’ =2ixy, and | f| @) = 2 = x> + 5
forz € C.

Theorem 2.14. Let S be a subset of C and let f and g be functions defined on S.
If ¢ is a limit point of S, then:
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(a) 1i_r>n(f +ag)(z) = lim f@+a lim g(z) foralla e C
() m(f0)() = lim O limg @)

(©) lim | f](z) = |lim f(z)
(d) lim £ (z) = lim /(2)
Remark 2.15. The usual interpretation of the above formulae is used here and in the

rest of the book: the LHS® exists whenever the RHS exists, and then we have the
stated equality.

Corollary 2.16. Let S be a subset of C, let [ be a function defined on S, and
ae€C Setu=Nfandv =S f (sothat f(z) = u(z) +1v(2)). If ¢ is a limit point
of S, then

lim f(z) =«
7—>C
if and only if

limu(z) = N and limv(z) = Ja.
—>C —>C

Definition 2.17. Let S be a subset of C, f : § — C be a function defined on S,
and ¢ € S be a pointin S. We say that:
(a) f is continuous at c if lim f(z) = f(c).

7—>C

(b) f is continuous on S if it is continuous at each ¢ in S.
(¢c) f is uniformly continuous on S if for all € > 0, there is a § > 0 such that

| f(z) — f(w)] < e forall zand win S with |z —w| < 4.

Remark 2.18. A function f is (uniformly) continuous on S if and only if both i f
and J f are.
Uniform continuity implies continuity, but the converse is not true in general.

Theorem 2.19. Let f and g be functions defined in appropriate sets, that is, sets
where the composition g o f of these functions makes sense. Then the following
properties hold:

1
(a) If f is continuous at ¢ and f(c) # 0, then — is defined in a neighborhood of

f
¢ and is continuous at c.
(b) If f is continuous at ¢ and g is continuous at f(c), then g o f is continuous
at c.

Theorem 2.20. Let K C C be a compact set and [ : K — C be a continuous
function on K. Then f is uniformly continuous on K.

SLHS (RHS) are standard abbreviations for left (right) hand side and will be used throughout this
book.
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Proof. A continuous mapping from a compact metric space to a metric space is
uniformly continuous. O

Definition 2.21. Given a sequence of functions { f, }, all defined on the same set S
in C, we say that { f,,} converges uniformly to a function f on S if for all ¢ > 0
there exists an N € Z- such that

| f(z) — fu(z)| <€ forallz € S andalln > N.

Remark 2.22. { f,} converges uniformly on S (to some function f) if and only if
for all € > O there exists an N € Z- such that

| fn(@) — f(2)| <€ forallz € S and all n and m > N.

Note that in this case the limit function f is uniquely determined; it is the
pointwise limit f(z) = lim f,(z), forallz € S.
n—oQ

Theorem 2.23. Let { f,,} be a sequence of functions defined on S C C. If:

(1) {fu} converges uniformly on S.
(2) Each f, is continuous on S.

Then the function f defined by
f@ = lim f,(z), z€S

is continuous on S.

Proof. Start with two points z and ¢ in S. Then for each natural number n we have

1@ = fO = /@) = /@] + /2@ = Sa(O)] + [fale) = f(O)].

Now fix € > 0. By (1), the first and third term on the right-hand side are less than
g for n large. If we now fix ¢ and n, it follows from (2) that the second term is less

€ . . .
than 3 as soon as z is close enough to c¢. Thus f is continuous at c. O

Definition 2.24. A domain or region in C is a subset of C which is open and
connected.

Remark 2.25. Note that a domain in C could also be defined as an open arcwise
connected subset of C. (See also Exercise 2.20.) Also note that each point in a
domain D is a limit point of D, and therefore it makes sense to ask, at each point in
D, about the limit of any function defined on D.
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2.3 Differentiability and Holomorphic Mappings

Up to now, the complex numbers were used mainly to supply us with a convenient
alternative notation. This is about to change. The definition of the derivative of a
complex-valued function of a complex variable mimics that for the derivative of
a real-valued function of a real variable. However, we shall see shortly that the
properties of the two classes of functions are quite different.

Definition 2.26. Let f be a function defined in some disc about ¢ € C. We say that
f is (complex) differentiable at ¢ provided

- fle+h)— f(e)
m —_—

li

h—0 h (2.9)

exists. In this case the limit is denoted by

£(). %(c), 1 o ().

dZ =c
and is called the derivative of f at c.

Remark 2.27. (1) It is important that & be an arbitrary complex number (of small
nonzero modulus) in the above definition.
(2) Note that

I fle+hn)—fl) . f@)— flo)
im = lim .
h—0 h z—>C z—2¢C

(3) If f is differentiable at ¢, then f is continuous at ¢. The converse is not true in
general; see Example 2.32.4.

(4) We consider two identities for a function f defined in a neighborhood of
ceC:

f(c+h) =ap+ e(h) with %in})e(h) =0,
and

f(c+h) =ao+ ah+ he(h) with llin%)e(h) =0.

As in real analysis, the first of these says that f is continuous at ¢ if and only if
f(c) = ap; the second says that f is differentiable at ¢ if and only if f(c) = ao
and f’(c) = a;. Whereas in the real case the second statement is sharp with
regard to smoothness, we shall see that in the complex case, under appropriate
conditions, it can be improved significantly.

Notation 2.28. 1f the function f is differentiable on a domain D (i.e., at each point
of D), then it defines a function f’: D — C.

Thus for every n € Zsq we can define inductively f ", the n-th derivative of f,
as follows:
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O = £ andif ™ is defined for n > 0, then we set "+ = (f(”))/ whenever
the appropriate limits exist.

It is customary to abbreviate f® and f® by f” and f””, respectively. Of
course, [V = f.

Definition 2.29. Let f be a function defined in a neighborhood of ¢ € C. Then
f is holomorphic or analytic at c if it is differentiable in a neighborhood (perhaps
smaller) of ¢. A function defined on an open set U is holomorphic or analytic on
U if it is holomorphic (equivalently, differentiable) at each point of U. It should be
emphasized that holomorphicity is always defined on open sets.

A function f is called anti-holomorphic if f is holomorphic.

The usual rules of differentiation hold. Let f and g be functions defined in a
neighborhood of ¢ € C, let F be a function defined in a neighborhood of f(c), and
let a € C. Then (recall Remark 2.15):

@ (f +ag)(c) = f'(c) +ag'(c)
(b) (f8)'(c) = fle)g'(c) + f'(c)g(c)
() (Fo f) () =F'(f()f'(c) (the chain rule)

S
(d) (f) (c) = f( B provided f(c) # 0

(e) if f(z) = 2" withn € Z (and z € C if n < 0), then
f'@=nz""
Remark 2.30. About the chain rule (c): If f(z) = w is a differentiable function of

zand if F(w) = ¢ is a differentiable function of w, then we often write the chain
rule as

¢ dg dw
dz T dw dz

A “proof” follows. Let 7o be arbitrary in the domain of f, and set wo = f(z0) and
to = F(wop). Note that w = f(z) — wo as z = z0. Now

(Fo f)(z) = d—z(zO) = lim 225
=20 7 — 20
i 0w —wo) Dl W W
= |m -— = hm hm

720 (W — Wo)(Z — Z()) w—=wo W— Wy 2720 T — 20

X ) —(Zo) = F'(wo) £ (z0).

This “proof” has an error in it, what is it?

Definition 2.31. A function defined on the complex plane is called entire if it is
holomorphic on C, that is, if its derivative exists at each point of C.
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Example 2.32. We illustrate some of the concepts introduced with more or less
familiar examples.

1. Every polynomial (in one complex variable) is entire. These (apparently) simple
objects have fairly complicated behavior, that is studied, for example, as part of
complex dynamics.

P
2. A rational function is a function of the form R = —, where P and Q are

polynomials (in one complex variable), with Q not the zero polynomial. Note
that the polynomial Q has only finitely many zeros (the number of zeros,
properly counted, equals the degree of Q; see Exercise 3.19). The rational

function R is holomorphic on C — {zeros of Q}.

3. A special case of Example 2.32.2 is R(z) = le +2 with a, b, ¢, and d fixed
complex numbers satisfying ad — bc # 0. These rational functions are called
fractional linear transformations or Mobius transformations and will be studied
in detail in Sect. 8.1. They are the building blocks for much that will follow in
this book—automorphisms of domains in the Riemann sphere, and Blaschke
products, and as important ingredients for much current research in areas of
complex analysis: Riemann surfaces, Fuchsian, and (the more general case of)
Kleinian groups.

4. In real analysis it takes work to construct a continuous function on R that is
nowhere differentiable. The situation with respect to complex differentiability is
much simpler. The functions z — Z and z > |z| are both continuous on C, but
they are nowhere (complex) differentiable, since the corresponding limits (2.9)
do not exist at any ¢ in C.

2.3.1 Convention

Whenever we write z = x 4 1 y for variables and f = u + 1 v for functions, then
we automatically mean that x = RNz, y = Iz, u = N f,and v = J f. We also write
u = u(x,y)and v = v(x,y), as well as u = u(z) and v = v(z). We naturally use
subscripts to denote partial derivatives with respect a given variable, so that notation
such as uy, uy, vy, or v, has the obvious meaning.

2.3.2 The Cauchy-Riemann (CR) Equations

Theorem 2.33. If f = u + 1 v is differentiable at c = a + 1 b, then u and v
have partial derivatives with respect to x and y at ¢, and they satisfy the Cauchy—
Riemann equations:

uc(a,b) =v,(a,b), uy(a,b)=—vc(a,b). (CR)
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Furthermore,
f/(c) = MX(avb) + i VX(as b) =1 My(as b) + Vy(as b)

Proof. First take h = o, with « real, in the limit (2.9) appearing in the definition of
differentiability and compute

f'(c) = ux(a,b) +1ve(a,b).

Then take i = 18, with B real, and compute

£1(6) = —tuy(a,b) + vy(a.b).

Comparing the two expressions we obtain the desired result. O

Remark 2.34. Let f = u + 1 v be a function defined in a neighborhood of ¢, such
that the partial derivatives uy, vy, u,, and v, exist at c. Then we will use the obvious
notation:

Se=ur+1vy and f), = uy, +1v).

In this language the CR equations (CR) for the function f are written as follows:

Jfx(e) = =1 fy(c), (2.10)

and Theorem 2.33 may be stated as follows.
If f is differentiable at c, then f has partial derivatives with respect to x and y at
¢, and they satisfy the Cauchy—Riemann equation (2.10). Furthermore,

fe) = fule) = =1 fy (o). (2.11)

Remark 2.35. The CR equations are not sufficient for differentiability. To see this,
define

Slz|™ forz #0,

f&)= 0 forz = 0.

It is easy to verify that the function f is continuous on C. Furthermore, for « real

f(@) feh _
B

= 1, and for B real and nonzero we have
o

1
Therefore f(0) = 1 and f,(0) = 1, and f satisfies the Cauchy—Riemann
equation (2.10) at z = 0. However, f is not differentiable at z = 0. Indeed, if it
were, we would conclude from (2.11) that f’(0) = 1. Now take h = (1 + 1)y

h
J ; ) = —1 so that f’(0) would be equal

and nonzero we have

with y real and nonzero and observe that
to —1.
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Remark 2.36. 'We may use the CR equations to try to manufacture an entire function
with a given real (or imaginary) part. Let us start with the real-valued function
u(x,y) = x>+y?.If this were to be the real part of some entire function f = u+1 v,
then the CR equations would help us to determine v. Since u, = 2x = v, and

uy, = 2y = —v, must be satisfied, by integrating 2x = v, with respect to y we
obtain that v(x, y) = 2x y + h(x), for some function % of x alone; by integrating
2y = —v, with respect to x we obtain that v(x,y) = =2y x + g(y), for some

function g of y. Itis quite obvious that these two expressions for v are incompatible,
and hence there is no such function f.

The situation changes dramatically for u(x,y) = x> — y2, where similar
calculations lead to v(x,y) = 2xy + h(x) = 2y x + g(y), and we may choose
h(x) = g(y) = a, for any real value of a. We have thus obtained a family of entire
functions f with prescribed real part u; these are given by

f@ =ux,y)+1v(x,y) =x>—y>+1Q2xy+a)=2"+1a,

with a any real number.
We will determine later the class of real-valued functions u for which the
construction outlined above leads us to an entire function f.

Definition 2.37. For a complex-valued function f defined on a region in the
complex plane, such that both f, and f, exist in this region, set

(fx _’fy)

=

f‘z p—
and

fo=5 (h+1f).

Remark 2.38. The partial derivatives just defined are computed as if z and 7 were
independent variables. For instance, if f(z) = 7>+ 527", then it is easy to verify that
f.=2z+ 57 and f; = 1572

These partials not only simplify the notation: for example, the two Cauchy—
Riemann equations (CR) are written as the single equation

=0, (CR complex)
or, if f is differentiable at ¢, then

f'(e) = f(o),
but they also allow us to produce more concise arguments (and, as we shall see later,
prettier formulae), as illustrated in the proof of the lemma below.
0
We use the notation a—]: (respectively a—f) interchangeably with f; (respec-
Z Z
tively f).
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Lemma 2.39. If f is a C'-complex-valued function defined in a neighborhood of
¢ € C, then

f@) = fle) = (@—c) file) + (z—¢) fele) + [z —c| &z, 0), (2.12)

for all z € C with |z — c| small, where €(z, ¢) is a complex-valued function of 7 and
¢ such that

lime(z,c) = 0.
7—>C

Proof. Asusual wewritez =x+1y,c =a+1b,and f = u+1v and abbreviate
Au=u(z)—u(c), Ax=x—a,Ay=y—b,and Az=z—c = Ax +1Ay.By
hypothesis, the real-valued function u has continuous first partial derivatives defined
in a neighborhood of ¢, and we can define ¢; by

Au—u(c)Ax —uy(c)Ay
| Az

ei(z,c) =

for z # ¢, and ¢ (c, ¢) = 0. Then it is clear that
u(z) —u(c) = (x —a)uy(a,b) + (y —b)u,(a,b) + |z—c|ei(z, c).
We now show that
gl_rg e1(z,c) = 0. (2.13)
If we rewrite Au as
Au=[u(x,y) —u(x,b)] + [u(x,b) —u(a,b)].

it follows from the (real) mean value theorem applied to the two summands on the
RHS that

Au=uy(x, y0) Ay + uy(xo,b)Ax,
where y is between y and b and x, is between x and a. Thus

[ty (x, yo) — uy(a,b)|Ay + [ux(xo,b) —uy(a, b)]Ax
|Az] ’

ei1(z,c) =

for z # ¢. Hence we see that

ler(z, )| = Juy (x. yo) — uy(a, b)| + Jux(xo,b) — ux(a. b)|,

and the claim (2.13) follows.
Similarly,

v(z) —v(c) = (x —a)ve(a,b) + (y = D)v,(a,b) + |z—c|eax(z, ¢),
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with
lim ey (z,¢) = 0. (2.14)
—>C
With obvious notational conventions, we compute that
Af =Au+1Av
= [ux(a.b) + 1ve(a,b)] Ax + [uy(a,b) + 1vy(a.b)] Ay + | Az]e(z. )

_ Azt Azfx( SRR _Azfy(c) + [Az]e(z,0)

Azfz(c) + Azf(c) + | Azl e(z ©),

with e(z, ¢) = €1(z, ¢) + 1 €2(z, ¢). Now equalities (2.13) and (2.14) imply that
lime(z,¢) = 0. O
—>C

Theorem 2.40. [f the function f has continuous first partial derivatives in a
neighborhood of ¢ that satisfy the CR equations at c, then f is (complex)
differentiable at c.

Proof. The theorem is an immediate consequence of (2.12), since in this case
fz(c) = 0 and hence f’(c) = f;(c). |

Corollary 2.41. Ifthe function f has continuous first partial derivatives in an open
neighborhood U of ¢ € C and the CR equations hold at each point of U, then f is
holomorphic at ¢ (in fact on U).

Remark 2.42. The converse to this corollary is also true. It will take us some time
to prove it.

Theorem 2.43. If f is holomorphic and real-valued on a domain D, then f is
constant.

Proof. As usual we write f = u + 1 v; in this case v = 0. The CR equations say
uy =v, = 0and u, = —v, = 0. Thus u is constant, since D is connected. o

Theorem 2.44. If f is holomorphic and f' = 0 on a domain D, then f is constant.
Proof. As above f = u+1vand f' = u, +1v, = 0. The last equation together

with the CR equations say 0 = u, = v, and ; 0 = vy = —u,. Thus both u and v are
constant, since D is connected. O
Exercises

2.1. (a) Let {z,} be a sequence of complex numbers and assume

— < —+——, forall n and m.
[z =2l 1+ |n—m)|
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Show that the sequence converges.
Do you have enough information to evaluate lim z,?
n—>o0

What else can you say about this sequence?
(b) Let {z,} be a sequence with le z» = 0 and let {w, } be a bounded sequence.
n o0
Show that

lim wy,z, = 0.
n—oQ

2.2.(a) Let z and ¢ denote two complex numbers. Show that

ez=1P = lg—cl” = (1= ) (1 = |e]).

(b) Use (a) to conclude that if ¢ is any fixed complex number with |c¢| < 1, then

{zeCilz—c|<|cz—1]} ={z€C;|7] < 1},
{zeC;lz—c|=|cz—1]} ={z€C:|z] =1} and

{zeC;lz—c|>|cz—1]|} ={z€ C;|z] > 1}.

2.3. Leta, b, and c be three distinct points on a straight line with b between a and
c. Show that

a—>b

c—>b

2.4. (a) Given two points zj, z» such that |z;| < 1 and |z2]| < 1, show that for every
point z # 1 in the closed triangle with vertices z1, z2, and 1,

(S R<0.

IL—z _

<K,
1—1z|

where K is a constant that depends only on z; and z;.
. 1+ 1—1
(b) Determine the smallest value of K forz; = > and zp = 5

2.5. Verify the Cauchy—Riemann equations for the function f(z) = z? by splitting
f into its real and imaginary parts.

2.6. Suppose z = x + 1 y. Define

2
Xy (x+1y)
JQ=—G " I
for z # 0 and f(0) = 0. Show that

fQ=fO) _,

li
z
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as z — 0 along any straight line. Show that as z — 0 along the curve x = y?, the
limit of the difference quotient is %, thus showing that f’(0) does not exist.

2.7. Letx = rcosf and y = rsin §. Show that the Cauchy—Riemann equations in
polar coordinates for F = U +1 V, where U = U(r,0) and V = V(r,0), are

au - v 1% ou
= nd r—=-—

"o T o0 ° ar 90"
or, in alternate notation,
rU, = Vg and I‘Vr = —Ug.

2.8. Let f be a complex-valued function defined on a region in the complex plane,
and assume that both f and f exist in this region. Using the definitions of f; and
f+, show that for C!-functions f,

f is holomorphic if and only if fz = 0

and that in this case f, = f’.

2.9. Let R and @ be two real-valued C!-functions of a complex variable z. Show
that £ = Re'? is holomorphic if and only if

R;‘f‘le);:O

2.10. Show that if f and g are C'-functions, then the (complex) chain rule is
expressed as follows (here w = f(z) and g is viewed as a function of w).

(gof).=gvfitew/f,

and

(gof)z=gwfitgwf=

2.11. Let p be a complex-valued polynomial of two real variables:
p@@) = Zaijxiyj-

Write A
p(z) = Z P;(2)7/,

Jj=0

where each P; is of the form P;(z) = Y b;;z (a polynomial in z). Prove that p is
an entire function if and only if

OEplEPZ
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What can you conclude in this case for the matrix [a;;]?

2.12. Deduce the analogues of the CR equations for anti-holomorphic functions, in
rectangular, polar, and complex coordinates.

2.13. Let f : C — C be a holomorphic function, and set g(z) = f(z) and
h(z) = f(2), for z in C. Show that g is holomorphic and /4 is anti-holomorphic
on C. Furthermore, /1 is holomorphic on C if and only if f is a constant function.

2.14. Let D be an arbitrary (nonempty) open connected set in C. Describe the class
of complex-valued functions on D that are both holomorphic and anti-holomorphic.

2.15. Does there exist a holomorphic function f on C whose real part is:

(@) u(x,y) =e?0r
®) u(x,y) =e“(xcosy — ysiny)?

Justify your answer; that is, if yes, exhibit the holomorphic function(s) and if not,
prove it.

2.16. Prove the fundamental theorem of algebra: If ay,... ,a,—; are complex
numbers (n > 1) and p(z) = 2" + a,—12"~" + -+ + ao, then there exists a number
70 € C such that p(z9) = 0.

Hint: A standard method of attack:

(a) Show that there are an M > 0 and an R > 0 such that for all |z| > R, |p(2)| >
M holds.
(b) Show next that there is a zo € C such that

|p(z0)| = min{|p(2)];z € C}.

(c) By the change of variable p(z + z9) = g(z), it suffices to show that g(0) = 0.
(d) Write g(z) = a+7"(B+ci1z+- -+ cr—m?" ™) with B # 0. Choose y such that

If o # 0, obtain the contradiction |g(yz)| < || for some z.

Note. We will later have several simpler proofs of this theorem using results from
complex analysis, for instance, in Theorem 5.16 and Exercise 6.1. See also the
April 2006 issue of The American Mathematical Monthly for yet other proofs of
this fundamental result.

2.17. Conclude from the fundamental theorem of algebra that a nonconstant
complex polynomial of degree n has n complex roots, counted with multiplicities.

Use this result to show that a nonconstant real polynomial that cannot be factored
as a product of two nonconstant real polynomials of lower degree (i.e., a real
irreducible nonconstant polynomial) has degree one or two.



38 2 Foundations

2.18. Using the fundamental theorem of algebra stated in Exercise 2.16, prove the
Frobenius theorem: If F is a field containing the reals whose dimension as a real
vector space is finite, then either F is the reals or F is (isomorphic to) C.

Hint: An outline of possible steps follows.

(a) Assume dimg F = n > 1. Show that for # in F — R there exists a nonzero real
polynomial p with leading coefficient 1 and such that p(0) = 0.
(b) Show that there exist real numbers 8 and y such that

6% — 2860 +y = 0.

(c) Show that there exists a positive real number § such that (6 — 8)> = —§2, and
therefore
b—p
TS
is an element of F satisfying 0% = —1.

(d) The field
G=R0o)={x+yo:x,yeR}CF

is isomorphic to C, so without loss of generality assume 0 =1 and G = C.
Conclude by showing that any element of F is the root of a complex
polynomial with leading coefficient 1 and is therefore a complex number.

2.19. Prove the following statements, where automorphism is a bijection preserving
sums and products.

(a) Every automorphism of the real field is the identity.
(b) Every automorphism of the complex field fixing the reals is either the identity
or conjugation.

(c) Every continuous automorphism of the complex field is either the identity or
conjugation.

2.20. A domain is defined to be an open connected set. It was remarked that it could
also be defined to be an open arcwise connected set. Can it be defined as an open
path connected set? Justify your answer.
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