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Preface

In mathematics, there are many methods for translating a difficult problem into
an easier problem in a completely different setting. For example:

¢ alogarithm function translates the difficult problem of multiplying two pos-
itive numbers into the easy problem of adding two different numbers;

+ a Galois connection translates the problem of solving an equation over an
infinite field into the problem of finding all the subgroups of a finite group.

A natural duality provides another method for translating difficult problems into
easier ones. A natural duality can take a difficult, hard-to-visualise problem in
a class of algebras and translate it into an easier, pictorial problem in a different
class of mathematical structures. For example, Priestley’s duality [58] can
be used to translate problems about distributive lattices into problems about
ordered topological spaces. Over the past two decades, the theory of natural
dualities has developed into a practical tool for studying algebras.

There are ‘classical’ examples of dualities dating from the 1930s and be-
yond: Pontryagin’s duality for abelian groups [55], Stone’s duality for Boolean
algebras [63] and Priestley’s duality for distributive lattices [56, 57]. The num-
ber of known dualities began to escalate in the early 1980s, when Davey and
Werner [29] set out the general theory of natural dualities. This general theory
encompassed nearly all previously known dualities and introduced methods for
finding new dualities.

While natural dualities have found varied applications in both algebra [8]
and logic [1], the theory of natural dualities is a beautiful area of mathematics
in its own right. Accordingly, there has been ongoing interest in understanding
natural dualities at the theoretical level.
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Primary theme. dualisability

A finite algebra is said to be dualisable if it can be used to create a natural
duality. The most fundamental problem in the theory of natural dualities is the
Dualisability Problem, which asks: ‘Which finite algebras are dualisable?” At
present, the Dualisability Problem seems to be unsolvable. Indeed, it may be
formally undecidable. The holy grail for natural-duality theoreticians is the
Decidability Problem for Dualisability, which asks: ‘Is there an algorithm for
deciding whether or not any given finite algebra is dualisable?’

There are algorithms for deciding dualisability within certain special classes
of algebras. For example, the dualisable two-element algebras have been char-
acterised by the second author [16, 8]. The dualisable commutative rings with
identity have been completely described by Clark, Idziak, Sabourin, Szabd and
Willard [14]. Davey, Idziak, Lampe and McNulty [23] have characterised dual-
isability within the class of graph algebras. The considerable effort and the
different methods required to obtain these partial characterisations lead to the
expectation that there is no general algorithm for deciding dualisability.

There is a large class of algebras for which there is a simple description of the
dualisable algebras, but for which there is no known algorithm for identifying
them. Amongst the finite algebras that generate congruence-distributive vari-
eties, the dualisable algebras are precisely those with a near-unanimity term.
(One half of this result was proved by Davey and Werner [29], and the other
by Davey, Heindorf and McKenzie [22].) At present, it is not known whether
there is an algorithm that can identify algebras with a near-unanimity term.

In this text, we illustrate further the complexity of dualisability. We do this
by studying dualisability amongst the simplest algebras of all: unary algebras.
A unary algebra is an algebra all of whose operations are unary. The simplicity
of unary algebras, and their pictorial nature, makes them easy to work with.
Nevertheless, from a duality-theory viewpoint, unary algebras are not particu-
larly well behaved. Perhaps surprisingly, we shall find that the class of unary
algebras appears to reflect much of the complexity of dualisability.

Secondary theme: strong dualisability

A finite algebra is said to be strongly dualisable if it can be used to create a
natural duality that is a special sort of dual category equivalence. The Strong
Dualisability Problem— ‘Which finite algebras are strongly dualisable?” —and
the corresponding Decidability Problem for Strong Dualisability are unsolved,
even within the class of dualisable algebras. However, much is known about
strong dualisability, and a vast array of algebras have been shown to be strongly
dualisable.
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The richness of dualisability and strong dualisability for unary algebras is
strikingly illustrated by a discovery of Hyndman and Willard {41]. They an-
swered an important question in duality theory by exhibiting an algebra that
is dualisable but not strongly dualisable. Their algebra has just three elements
and two unary operations! We shall see that the class of unary algebras is, in
fact, an ideal place to search for pathological examples in duality theory.

Relevant background

This research-level text is a sequel to the foundational duality-theory text by
Clark and Davey [8]. Nevertheless, this text can be used as a stand-alone
introduction to the theory of natural dualities, with an emphasis on develop-
ments that have occurred since their text was published. A specially focused
overview of the basic universal algebra, topology and category theory needed
here can be found in the first chapter and appendices of the Clark—Davey text [8].
Comprehensive treatments of these background topics, well beyond what we
require, may be found in the texts on universal algebra by G. Gratzer {34],
Burris and Sankappanavar [5] and McKenzie, McNulty and Taylor [48], on
topology by J. Dugundji [31] and J. L. Kelley [44], and on category theory
by S. Mac Lane [46]. The notation we use largely follows that of Clark and
Davey [8]. All specialised notation is listed in the notation index.

Chapter by chapter

In Chapter 1, we briefly introduce finitely generated quasi-varieties and the
theory of natural dualities. We also provide motivation for our study of the
dualisability of unary algebras, by showing that the quasi-variety generated by
a small unary algebra can be complicated.

In this text, we will find that unary algebras are a rich source of examples
and counterexamples for the study of some longstanding questions in duality
theory. We shall develop techniques for creating dualisable and non-dualisable
unary algebras, and then use these techniques to build examples to answer such
questions as: ‘Can a product of two dualisable algebras be non-dualisable?’

Most of the tools that we will use to create examples are developed in Chap-
ters 2 and 3. In Chapter 2, we investigate ways in which certain binary homo-
morphisms of a finite algebra can guarantee its dualisability. In particular, we
study binary homomorphisms that are lattice, flat-semilattice or group opera-
tions. We develop some general tools that we use to prove the dualisability of a
large number of unary algebras. For example, we show that the endomorphisms
of a finite cyclic group are the operations of a dualisable unary algebra.

In Chapter 3, we completely solve the Dualisability Problem within the
class of three-element unary algebras. The dualisable and non-dualisable three-
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element unary algebras are tightly entangled. Indeed, on the three-element set,
there is a chain of six unary clones such that the corresponding unary algebras are
alternately dualisable and non-dualisable. The intricacy of the characterisation
of dualisability for three-element unary algebras suggests that the Dualisability
Problem for unary algebras is difficult. The chapter also includes a proof that
every finite unar (unary algebra with a single operation) is dualisable.

Chapter 4 builds on the results in Chapter 3 by characterising strong dual-
isability within the class of three-element unary algebras. Amongst the dual-
isable three-element unary algebras, the strongly dualisable algebras can be
characterised in two alternative ways: as those satisfying a weak injectivity
condition, or as those avoiding three particular obstacles. This chapter also
makes a contribution to the Full versus Strong Problem. A finite algebra is said
to be fully dualisable if it can be used to create a natural duality that is a dual
category equivalence. While full dualisability is formally weaker than strong
dualisability, we presently have no example that can differentiate them. The
Full versus Strong Problem concerns the existence of such examples. We shall
prove that full dualisability and strong dualisability are equivalent for three-
element unary algebras. We will also extend the example of Hyndman and
Willard [41], by showing that there are many dualisable three-element unary
algebras that are not strongly dualisable. Chapter 4 is our most technical chap-
ter. We return to the consideration of strong dualisability for unary algebras in
Chapter 7.

In the remainder of the text, we use the experience gained in the earlier chap-
ters to solve some general problems in duality theory. In Chapter 5, we show
that there are many natural algebraic constructions under which dualisability
is not always preserved. In particular, we find two dualisable unary algebras
whose product is not dualisable. We also show that dualisability is not always
preserved by taking homomorphic images or coproducts. In addition, this chap-
ter includes a characterisation of dualisability for p-semilattices. This allows
us to give examples of dualisable algebras that are retracts of non-dualisable
algebras.

In Chapter 6, we solve several clone-theoretic problems in duality theory.
We build on our example, from Chapter 3, of a chain of six unary clones that
determine alternately dualisable and non-dualisable algebras. We show that,
for any natural number n, there is a chain of n unary clones for which the
corresponding algebras are alternately dualisable and non-dualisable, We also
give an example of a non-dualisable algebra that can be obtained by adding a
nullary operation to a dualisable algebra, and we find a non-dualisable entropic
algebra.
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Chapter 7 contains another alternating-chains result. Beginning from any fi-
nite unary algebra with at least two fundamental operations, there is an infinite
ascending chain of finite algebras (under the subalgebra order) that are alter-
nately dualisable and non-dualisable. We obtain this result while characterising
the finite algebras (of arbitrary type) that can be embedded into a non-dualisable
algebra. The chapter concludes with a proof that every finite linear unary alge-
bra is strongly dualisable. Linear unary algebras form an important class that
includes all unars. Consequently, this result generalises J. Hyndman’s result
that all finite unars are strongly dualisable [38].

In the appendix, we prove several important general theorems related to
strong dualisability, including two results used extensively in Chapters 4 and 7.
The appendix also gives a new approach to R. Willard’s technical concept of
rank [65], which is a finitary sufficient condition for strong dualisability.
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Unary algebras and dualisability

Dualisability for unary algebras is surprisingly complicated. Even though indi-
vidual unary algebras are relatively simple and easy to work with, we shall see
that as a class they have a rich and complex entanglement with dualisability.
This combination of local simplicity and global complexity ensures that, for
the study of natural duality theory, unary algebras are an excellent source of
examples and counterexamples.

The dualisability of an algebra depends on the structure of the quasi-variety it
generates. We begin this preliminary chapter by briefly introducing the concept
of a quasi-variety. Then, to illustrate the complexity that can be hidden inside a
small unary algebra, we present two three-element unary algebras and explore
the structure of the very different quasi-varieties they generate. It will be helpful
to look back on these two concrete examples throughout the rest of this text,
when we are working more generally.

In the last three sections of this chapter, we introduce the notions of dualis-
ability, full dualisability and strong dualisability. These sections provide a brief
overview of the areas of duality theory that we use in this text.

1.1 Quasi-varieties generated by finite algebras

Many familiar classes of algebras can be formed as the quasi-variety generated
by a finite algebra: for instance, Boolean algebras, bounded distributive lattices,
semilattices and abelian groups of a given finite exponent. The theory of natural
dualities provides a method for studying such classes.

In this section, we give a quick introduction to quasi-varieties generated
by finite algebras. (See the text by Clark and Davey [8] for a more detailed
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introduction, and the text by V. A, Gorbunov [33] for an in-depth study of
quasi-varieties in general.) We shall start from the more familiar notion of a
variety. The variety Var(M) generated by a finite algebra M can be described
in various ways. The variety Var(M) is simultaneously:

+ the class of all algebras (of the same type as M) that satisfy all the equations
satisfied by M,;

¢ the smallest class of algebras that contains M and is closed under forming
homomorphic images, subalgebras and products;

¢ the class HSP(M) consisting of all homomorphic images of subalgebras of
powers of M.

The quasi-variety generated by M has analogous descriptions.

To give a syntactic description of the quasi-variety generated by M, we
replace the notion of an equation with the notion of a quasi-equation. The
Cancellative Law for semigroups,

Tz R Yz = T =Y,

is an example of a quasi-equation. In general, a quasi-equation is an implica-
tion of the form

(or=m)& - &(oprm) = o,

forsomen € wandtermsoy,...,0p,,71,...,7Th, 0, 7 Of a given type. Since we
can take n = 0 in this definition, an equation is a special sort of quasi-equation.
An algebra satisfies a quasi-equation (of the same type as the algebra) if the
implication holds in the algebra for all possible assignments of the variables in
the terms.

We can now define the quasi-variety generated by M to be the class of all
algebras (of the same type as M) that satisfy all the quasi-equations satisfied
by M. To give semantic descriptions of the quasi-variety generated by M, we
require more definitions,

The standard operators I, S and P are defined as follows. For each class X
of algebras of the same type:

¢ [(X) is the class of all isomorphic copies of algebras in X;
¢ S(X) is the class of all subalgebras of algebras in K;
¢ P(X) is the class of all products of algebras in X.

For each class X of algebras, the class P(X) contains the empty-indexed prod-
uct, which is a one-element algebra of the same type as K.

Consider a set X of maps from a set A to a set B, and let C be a subset of A.
We say that X separates (the elements of) C if, for all ¢, d € C with ¢ # d,
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thereisamap z : A — Bin X suchthat z(c) # z(d). In particular, an algebra
A is separated by homomorphisms into M if the set of all homomorphisms
from A to M separates the elements of A. Note that a one-element algebra of
the same type as M is vacuously separated by homomorphisms into M.

We are now able to give several descriptions of the quasi-variety generated
by a finite algebra.

1.1.1 ISP Theorem Letr M be a finite algebra. For every algebra A of the
same type as M, the following are equivalent:

(1) A satisfies all the quasi-equations satisfied by M,

(ii) A can be obtained from M by repeated applications of 1, S and P
(iii) A belongs to ISP(M);
(iv) A is separated by homomorphisms into M.
In particular, the quasi-variety generated by M is the class ISP(M).

Proof The equivalence of (i), (ii) and (iii) is a special case of a theorem due to
A. 1 Mal’cev [47]. The equivalence of (iii) and (iv) is an easy exercise. We have
restricted ourselves to the case in which M is finite, as that is what is needed
here. For an infinite algebra M, we need to add the ultraproduct operator P, to
the description. A direct proof of the theorem as stated here may be found in
the Clark-Davey text [8, 1.3.1 and 1.3.4]. n

Each of the quasi-varieties mentioned at the start of this section has many
possible generators. The smallest generators are as follows.

¢ Define B = ({0,1};V,A,’,0,1) to be the two-element Boolean algebra.
Then the variety of Boolean algebras is equal to ISP(B).

¢ LetD = ({0,1};V, A, 0,1) denote the two-element bounded lattice. Then
the variety of bounded distributive lattices is equal to ISP(D).

¢ Define S = ({0,1};A, 1) to be the two-element meet semilattice with 1.
The variety of meet semilattices with 1 is equal to ISP(S).

¢ Letm > Oanddefine Z,, = (Zm; +, ~, 0) to be the cyclic group of order m.
Then the variety of abelian groups of exponent m is equal to ISP(Z,,,).

Next, we begin our study of quasi-varieties of unary algebras.

1.2 Two examples

In this section, we consider the two three-element unary algebras R and Q,
shown in Figure 1.1. The algebras R and Q may seem equally benign, but
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2 2
. .
¥ \ ¥ \
R e — o o] e —— oy
0 1 04) 1
u =121 u = 001
............... v =010 v ) = 010

Figure 1.1 Two unary algebras

they are quite different. The algebra R generates a very simple quasi-variety.
The non-trivial members of ISP(R) can all be built from two basic types of
components. In contrast, the quasi-variety generated by Q is complicated. We
shall show that ISP(Q) is equivalent to a category of directed graphs.

Throughout this text, we write unary operations as strings. For eachn € w,
we denote a unary operation

u:{0,...,n} = {0,...,n}
by the string u(0) - - - u(n).
1.2.1 Definition Define the unary algebra
R = ({0,1,2};121,010)

as in Figure 1.1. Take the type of R to be {u,v}, where u® := 121 and
vR := 010. To help with our description of the quasi-variety ISP(R.), we will
introduce two classes of unary algebras. For all (possibly empty) sets I and J,
define the ‘triangular’ unary algebra Tr; and the ‘square’ unary algebra Sq; ,
both of type {u, v}, as in Figure 1.2.

The overall structure of a unary algebra can be captured by a directed graph.
Consider any unary algebra A = (A; F'). The algebra A determines a directed
graph

G(A) = (A;Ea), where Ep = {(a,u(a)) |a€ Aandu € F }.

The algebra A is said to be connected if the graph G(A) is connected. A
connected component of A is a maximal connected subalgebra of A.

We can completely describe the quasi-variety ISP(R) by first exhibiting all
the algebras that can occur as connected components of algebras in ISP(R),
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Figure 1.2 The ‘triangular’ and ‘square’ algebras

and then saying exactly which combinations of these connected components
form an algebra in ISP(R)).

1.2.2 Lemma [nvoke the definitions in 1.2.1 and let A = (A;u, v) be a non-

trivial unary algebra. Then A belongs to ISP(R) if and only if

(i) each connected component of A is isomorphic to Try, for some set I, or
to Sq; j, for some sets I and J, and

(ii) there is at most one connected component of A that, for some set 1, is
isomorphic to Tr;.

Proof First assume that A € ISP(R). As A is non-trivial, there is a non-
empty set S such that A is isomorphic to a subalgebra of R®. We will show
that conditions (i) and (ii) hold with A replaced by RS. It will then follow
that (i) and (ii) hold for A.

For all r € {0, 1,2}, let 7 denote the constant function in R with value 7.
Define the subset Ca of R by

Ca :={0,2}° U {1}.

Using Figure 1.3, it is easy to check that C'a forms a connected subalgebra Ca
of ES. In BS, we have

12174Ca) = 1217 (D U 12171 (2) = {0,2}° U {1} = Ca
nd
) 01071(Ca) = 01071 (0) U 0107Y(T) = {0,2}° U {1} = Ca.
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Figure 1.3 Connected components of R

So Ca is a connected component of R°. The component Cy is isomorphic
to Tr;, where I := {0,2}%\{0,2}.

Now choose some a € R¥\Ca. We want to show that there are sets I and .J
such that the connected component of R containing a is isomorphic to Sq 17
Since Cj is a connected component of R®, we must have 010(a) ¢ Ca. So
010(a) € {0,1}5\{0, 1}, which implies that the subsets

Soz :=a"'({0,2}) and Sy :=a"'(1)

of S are non-empty. Therefore {Spe, S1} is a partition of S. Define the subset
C, of RS by

Cq = {be R%|b(Se) € {0,2} and b(Sy) = {1} }
U{be R%|b(Sp2) = {1} and b(S1) € {0,2} }.
Then, by Figure 1.3, the set C,, forms a connected subalgebra of R®. Since
1217YC,) = C, and 0107Y(C,) = C,,

the algebra C, is a connected component of R®. The component C, is iso-
morphic to Sq; 7, where I is the set of non-empty proper subsets of Sp2 and J
is the set of non-empty proper subsets of S7.
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We have established that conditions (i) and (ii) hold with B_S in place of A.
For each set I, every subalgebra of Tr; is of the form Try, for some K C I.
Similarly, for all sets I and J, every subalgebra of Sq ; is of the form Sq;,
for some K C I and some L C J. Since A is isomorphic to a subalgebra
of ES , it follows that (i) and (ii) hold.

Now assume that (i) and (ii) are satisfied. By the ISP Theorem, 1.1.1,
we can prove that A belongs to ISP(R) by showing that A is separated by
homomorphisms into R. We begin by proving that, for all sets / and J,

(a) both Tr; and Sq, ; are separated by homomorphisms into R,

(b) foreach a € Sq;;, there exist homomorphisms z,y : Sq;; — R with
z(a) # y(a).

To do this, let I and J be sets. For each subset K of I, we can define the

homomorphism z : Tr; — R by

zg(r)=r, forallr e {0,1,2},
and

2 ifie K,
Trla;) = Hee _ forall: € I.
0 otherwise,

The homomorphisms in { zj | K C I} separate the elements of Tr;. Now,
for each subset K of I, define the homomorphism y : Sq;; — R by

yg((r,s)) =r, forall(r,s) € {(0,1),(1,2),(2,1),(1,0)},

y(bj) =1, forallj € J,
and
2 ifie K,

a;) = foralli: € I.
Yxe(ai) {0 otherwise,

By symmetry, for each subset L of J, we can define z : Sq;; — R by

zi((r,s)) =s, forall (r,s) € {(0,1),(1,2),(2,1),(1,0)},

zr(a;) =1, forallie I,
and

2 ifjel,
2;(by) :{ HIE5 orallje .
0 otherwise,

It is easy to check that the elements of Sq ; are separated by the maps in

{yg| KCI}u{z, |LCJ}.
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Furthermore, for every a € Sq;;, we have y,(a) # z4(a). Hence (a) and (b)
hold for all sets I and J.

To check that A € ISP(R), let a,b € A with a # b. We can define homo-
morphisms from A to R independently on each of the connected components
of A. So, since (i) holds for A, we can use (a) to find at least one homomorph-
ismx : A — R. First assume that a and b belong to the same connected
component C of A. By (a), there is a homomorphism y : C — R such that

y(a) # y(b). Thus
rIpacVy: A—R

is a homomorphism separating a and b. Now assume that a and b belong to
different connected components of A. Since (ii) holds, we can assume that
the connected component D of A that contains a is isomorphic to Sq;;, for
some sets I and J. By (b), there is a homomorphism z : D — R such that
z(a) # x(b). So the homomorphism

tfapUz: A—R
separates a and b. By the ISP Theorem, 1.1.1, it follows that A € ISP(R). N

Later, we will show that the algebra R is dualisable. The way that we
prove this exploits the “finiteness’ and simplicity of the quasi-variety ISP(R).
In fact, the dualisability of R, will follow from two separate general results:
Theorem 3.2.10 and Theorem 7.2.12. Each of these general results applies to
finite unary algebras that generate a quasi-variety that is in some way similar
in its simplicity to ISP(R)).

Now we will show that the quasi-variety generated by a small unary algebra
can be complicated.

1.2.3 Definition Define the unary algebra
Q= ({0,1,2};001,010)

as in Figure 1.1. Take the type of Q to be {u,v}, where uS := 001 and
v := 010. We will represent algebras in ISP(Q) as graphs. Define a Q-graph
to be a directed graph G = (V; E) with a vertex 0 € V such that (0,v) € F,
forall v € V, and (0, 0) is the only loop in E.

The ISP Theorem, 1.1.1, tells us that the class ISP(Q) is determined by
some set of quasi-equations. The following lemma gives a finite list of quasi-
equations that suffice.
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1.2.4 Lemma Define the unary algebra Q as in 1.2.3, and define the unary
term O0(z) = w(u(x)). Then the quasi-variety ISP(Q) is determined by the

quasi-equations

M 0(z) ~ 0(y),

(i) u(v(z)) = 0(z),
(i) v(u(z)) = u(zx),
(iv) v(v(z)) ~ v(z),
W) u(z) =v(z) = u(z)~0(x),

vi) u(z) =u(y) & v(@)=uly) = z~y.

Proof Itiseasy to check that g satisfies quasi-equations (i) to (vi). So assume
that the unary algebra A = (A; u, v) satisfies (i) to (vi). We want to show that
A € ISP(Q). First we shall show that the elements of v(A) are separated by

the homomorphisms from A into Q.

Let ¢,d € v(A) with ¢ # d. By equation (i), the term function 0# of A is
constant. Let 0”4 denote the value of 0” in A. We can assume that ¢ # 04,
For all & € A such that u(a) = v(a), we have u(a) = 04 # ¢, by (v). So we
can define the map = : A — {0, 1,2} by

2 ifufa)=c,
z(a) =< 1 ifv(a) =c,
0 otherwise.

To see that z : A — Q is a homomorphism, leta € A. Asuou(a) = 04 # ¢,

we must have z(u(a)) # 2. So

u(z(a)) € {0,1} and z(u(a)) € {0, 1}.
By (iii), we have

u(z(a)) =1 <= z(a)=2 <= ula)=c
<= v(ufa)) =c <= z(u(a)) = 1.

So it follows that u(z(a)) = x(u(a)). Using (i), we must have

v(z(a)) € {0,1} and z(v(a)) € {0,1},
and, using (iv), we must have

v(z(a)) =1 < z(a)=1 <= v(a)=c
<— v(v(a)) =c <= z(v(a)) =1
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Therefore v(z(a)) = z(v(a)). Thus z : A — Q is a homomorphism. Since
¢,d € v(A), we have v(c) = cand v(d) = d, by (iv). So z(c) = 1 # z(d),
and v(A) is separated by the homomorphisms from A into Q.

By the ISIP Theorem, 1.1.1, to show that A € ISP(Q), it is enough to prove
that A is separated by homomorphisms into Q. Let a,b € A such that a # b.
Then u(a) # u(b) or v(a) # v(b), by (vi). We have u(a), u(b) € v(A),
by (iii). The elements of v(A) are separated by the homomorphisms from A
to Q. So there is a homomorphism y : A — Q such that

y(u(a)) # y(u(b)) or y(v(a)) # y(v(b)).
In either case, we have y(a) # y(b). |

1.2.5 Lemma Invoking the definitions in 1.2.3, there is a category equivalence
between the quasi-variety ISP(Q) and the category of all Q-graphs.

Proof LetG denote the category of all Q-graphs. Each directed graph G in §
has a unique looped vertex 0%, and there is an edge from 0% to every other
vertex of G. Now define the quasi-variety A := ISP(Q). We will be using
the quasi-equational basis for A established in the previous lemma. For each
A € A, there is a distinguished element 0 of A corresponding to the constant
term function 0A.

We shall set up a pair of functors

' A—9G and A:G— A.

First let A = (A;u,v) be an algebra in A. Since u(A) C v(A), by quasi-
equation (iii), we can define the directed graph

I'(A) = (v(A); Za), where Za = {(u(a),v(a)) |a€ A}.

(See Figure 1.4 for an example with A < 94.) The only looped vertex of I'(A)
is 04, by (v). For all a € A, we have

(0%,v(a)) = (uowv(a),vouv(a)) € Za,

by (ii) and (iv). So there is an edge from 0 to every other vertex of I'(A).
Thus the directed graph I'(A) belongs to G.

Let ¢ : A — B be a homomorphism in A. We want to define the graph
homomorphism

I(p): T(A) = T(B) by T(p):= @lya):
The map I'(¢) is well defined, as
p(v(a)) = v(p(a)) € v(B),
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(2,1,0,2) (1,2,0,1) (2,1,2,0) (0,1,0,2) (2,0,2,1) (0,0,0,2)
* ° .
(1,0,0,1) o (0,1,0,0) e (1,0,1,0) o (0,0.04)
uw = 001
(1,00,1) & 3 ' ©0.0.0,1)
ra)

(0,0,0,0) ‘

Figure 1.4 Representing an algebra in ISP(Q) as a graph

forall a € A. The map I'(¢) is a graph homomorphism, since, for all a € A,
we have

(C(p)(ula)), T(e)(v(a))) = (p(u(a)), ¢(v(a)))
= (u(p(a)), v(¢(a))) € =B.
It is easy to see thatI" : A — G is a functor.
Now let G = (V; E) be a directed graph in G. There is an edge from 0% to
every vertex of G. So we can define the unary algebra
A(G) = (E;u,v), where u((p,v)) = (0€, 1) and v((p,v)) = (09, v),

for all (i, v) € E. Using Lemma 1.2.4, it is easy to verify that the algebra
A(G) belongs to A. Consider a graph homomorphism ¢ : G — Hin G. We
wish to define

A): A(G) — AH) by A(Y)((1,v)) = (), ¥ (),
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for each edge (i, v) € E. The map A(v)) is well defined, since % is a graph
homomorphism. For each edge (i, v) € E, we have

wo A(Y) (1)) = w((W(w), v(v))) = (07,9 (w))
= (¥(0%), 9 (1) = A®) o u((,v))

vo AW)((,v)) = v((W(n), v() = (%, 4(v))
= ($(0%),%(v)) = A@®) o v((1;v)).

So A(%)) is a homomorphism. Thus A : § — A is a functor.

We now want to show that I" and A give us a category equivalence between A
and G. We do this by setting up a pair of natural isomorphisms 7 : id 4 — AD
and ¢ : idg — T'A.

First let A € A. The universe of the algebra AT'(A) is the edge set of the
graph I'(A), which is Za := { (u(a),v(a)) | a € A }. Define

A A — AT(A) by nu(a) = (u(a),v(a)).

and

Then 7, is a homomorphism since, for all a € A, we have

u(na(a)) = u((u(a),v(a))) = (0"™, u(a)) = (0%, u(a)) = na (u(a)),
by (iii), and

v(1a(a)) = v((u(a), v(a))) = (0", v(a)) = (0, v(a)) = na(v(a)),

by (ii) and (iv). The homomorphism 7, is clearly surjective, and 7, is injective
by (vi). Son, : A — AT'(A) is an isomorphism.

Now let ¢ : A — B be a homomorphism in .A. To see that 7 is a natural
transformation, we need to show that the square below commutes.

@ AT'(p)
B —— AI'(B)
B
For each a € A, we have
AT (p) 0 na(a) = AT (p)((u(a),v(a))) = Alplya)) ((u(a), v(a)))
( (u(a)), p(v(a))) = (ule(a)),v(p(a)))



1.2 Two examples 13

Thus 7 : id g4 — AT is a natural isomorphism.
Let G = (V; E) beadirected graph in G. We want to define the isomorphism

(q:G—=TA(G) by (glv)=(0% ),

for each v € V. The vertex set of the graph 'A(G) is v(E). For each edge
(u,v) € E,wehavev((i,v)) = (0%, v) in the algebra A(G). For each vertex
v € V, we know that (0%, v) € E, and therefore

(0%, v) = v((OG,V)) e v(E).
So the vertex set of 'A(G) is
v(E)={(0%v)|veV}
and it follows that ( is a well-defined bijection. The edge set of the graph
FA(G) is
En) = { (W), v((1, ) | (m,v) € B }
= { (0%, ), (0%, 1)) | (m,v) € B }.

The map ( is a graph homomorphism since, for each (i1, v) € E, the pair

(Calm),Cav)) = ((0%, 1), (0%, v))

is an edge of 'A(G). To finish proving that ¢ g is an isomorphism, assume that
(Ca(p),{g(v)) is an edge of I'A(G), for some p,v € V. Then there exists
(u',v") € E such that

(0%, 1), (09, 0)) = ((0%, 1), (0%, ).

Thus (p,v) = (/,¢/), and (u,v) is an edge of G. We have shown that the
map (¢ is an isomorphism.

It remains to show that { : idg — I'A is a natural transformation. Let
¥ : G — H be a graph homomorphism in G, where G = (V; E). For each
veV,weget

TA®$) 0 (g(v) = TA®)((0%, 1)) = A(W) Ty (0%, 1))
= (¥(09),9()) = (0%, ¥(v))
=Cuov(v).
So ( is a natural isomorphism. Hence A and G are equivalent as categories. Nl

As we shall later see, it seems as though a finite unary algebra that gener-
ates a very simple quasi-variety is likely to be dualisable. On the other hand,
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a finite unary algebra that generates a complicated quasi-variety is not neces-
sarily non-dualisable. It turns out that the algebra Q = ({0, 1,2};001,010)
is non-dualisable (Theorem 3.0.1). But the quasi-variety generated by a dual-
isable unary algebra can be just as complicated as ISP(Q). For instance, the
unary algebra ({0,1,2,3};0011,0101) is dualisable, even though it has Q as
a subalgebra (Example 5.3.2). The algebra ({0, 1,2};001,010,002) is also

dualisable, and yet it has g as a reduct (Theorem 3.0.1).

1.3 An introduction to dualisability

The remainder of this chapter is meant to serve as a brief introduction to the
theory of natural dualities for the uninitiated, and as a quick refresher for the
enlightened. We shall concentrate on the aspects of duality theory that will be
required in this text. The text by Clark and Davey [8] gives a more thorough
treatment of the theory of natural dualities, and fills in all details missing here.

Roughly speaking, a finite algebra is said to be dualisable if it is possible
to set up a representation for the quasi-variety it generates in a special, natural
way. To make this more precise, let M be a finite algebra and define A to be
the quasi-variety ISP(M) generated by M. We want to represent each algebra
in A as an algebra of continuous structure-preserving maps. Our construction
is split into four main steps.

Step 1: An alter ego for the generator First we will give names to the different
types of structure on the set M that are compatible with the algebra M:

+ an algebraic operation on M is a homomorphism g : M"™ — M, for some
necw,

+ an algebraic partial operation on M is a homomorphism ~ : D — M,
where D is a subalgebra of M", for some n € w;

¢ an algebraic relation on M is a subset 7 of M ™, for some n € w\{0}, such
that r forms a subalgebra of M".

We shall say that an operation, partial operation or relation on M is algebraic
over M if it is an algebraic operation, partial operation or relation on M,
respectively.

We now choose a topological structure VI, with the same underlying set
as M, of the form

M= (M;G,H,R,T),

where
+ (G is a set of algebraic operations on M,

+ I is a set of algebraic partial operations on M,
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+ R is aset of algebraic relations on M, and
¢ 7 is the discrete topology on M.

We call M an alter ego of M. The algebra M and the alter ego M will form
the basis of our construction.

Note that we distinguish fotal operations from partial operations in the type
of M, even though a total operation is just special sort of partial operation.
We do this because structures without partial operations are more familiar and
easier to handle. Moreover, some of the fundamental theorems of the theory
depend upon there being no proper partial operations in the type of V.

Step 2: The dual category We shall use M to define a class X of structures
that we hope will mirror the class A of algebras. Define X to be the topological
quasi-variety IS.[P*(IVI) consisting of all isomorphic copies of (topologically)
closed substructures of non-zero powers of M. Note that, if the type of M
includes no nullary operations, then the empty structure is a closed substructure
of M, and so belongs to X.

We shall show explicitly how non-zero powers of IM are constructed. Let S
be a non-empty set. Then the operations, partial operations and relations in the
type of M are lifted pointwise to 1}45 , as follows.

¢ Letg: M™ — M be an operation in G, for some n € w. Then we define
the operation gMS: (MS)™ — M5 of M by
S
g (ag,. .., an1)(s) = g(aQ(s), ooy an—1(8)),

forall ag,...,an—1 € MSands e S.

¢ Leth : dom(h) — M be a partial operation in H, with its domain, dom(h),
a subset of M™, for some n € w. Then the domain dom(hMS) of the partial
operation KM® is defined to be the following subset of (M )™

{(ao,...,an-1) € (M | (Vs € S) (ag(s),...,an-1(s)) € dom(h) }.
The partial operation RME dom(hl\w/ls) — M? is given by
W% (ag, ... an-1)(s) = hlag(s), . .., an-1(s)),

forall (ag,...,an_1) € dom(h¥") and s € S.
+ Now let 7 be an n-ary relation in R, for some n € w\{0}. The relation r™°
is defined to be the subset

{(ag,...,an-1) € (M | (Vs € ) (ao(s),...,an-1(s)) €7}
of (MS)™.
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The usual definition of the product topology is used to lift the topology on M
up to M, as follows.

¢ The topology on MS is determined by the clopen subbasis consisting of all
sets of the form
Usm 1= {aGMS f a(s) =m},

forsome s € Sandm € M.

If S is a finite set, then the topology on Ms will be discrete. However, if .S is
infinite, then the topology on MS will be compact and Hausdorff. Indeed, all
the structures in X := IS.P*(M) have an underlying boolean topology—they
are compact spaces whose elements are separated by clopen subsets.

A substructure of M must be closed under each operation in G and also
closed under each partial operation in /, where it is defined.

The morphisms between the structures in X are the continuous maps that
preserve the operations, partial operations and relations in the natural sense. In
particular, for a map to preserve a partial operation, it must preserve the domain
of the partial operation, and preserve the partial operation where it is defined.

Step 3: The contravariant functors Because the operations, partial operations
and relations in the type of IM are algebraic over the algebra M, we are able to
define a natural pair of contravariant hom-functors

D:A—-X and E: X — A
between the category of algebras A := ISIP(M) and the category of topological

structures X := ISP*(M).

¢ For each algebra A € A, the dual of A is the closed substructure D(A) of
M“ formed by the set A(A, M) of all homomorphisms from A to M.

o For each structure X € X, the dual of X is the subalgebra E(X) of M*
formed by the set X(X, M) of all morphisms from X to M.

¢ For each homomorphism ¢ : A — B, where A,B ¢ A, the morphism
D(y) : D(B) — D(A) is given by D(¢)(x) := z 0 ¢, forz € A(B,M).

+ For each morphism ¢ : X — Y, where X,Y € X, the homomorphism
E(¢) : E(Y) — E(X) is given by E(¢)(e) 1= a0 9, for a € X(Y, M).

Step 4: The natural evaluations Consider an algebra A € A. Then there is
a natural evaluation homomorphism

eA P A — ED(A),

given by e, (a)(z) := z(a), foralla € Aand all z € A(A,M). The map e,
is automatically an embedding, since A must be separated by homomorphisms
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A = ISP(M) X = ISP

S

)

Figure 1.5 A natural duality

into M; see the ISP Theorem, 1.1.1. If the map e is an isomorphism, then we
say that M yields a duality on A or, alternatively, that G U H U R yields a
duality on A.

The previous step finishes our construction. We now say that the alter ego
M yields a duality on A (based on M) if M yields a duality on each algebra
in A. In this case, we have a representation for A: each algebra A in A is
isomorphic to the algebra ED(A) of all continuous structure-preserving maps
from D(A) to M. (See Figure 1.5.)

If the structure M yields a duality on A and we want to emphasise the role
of the generating algebra M, then we can say that M is a dualising structure
for M or, more briefly, that M dualises M. The algebra M is called dualisable
if it is dualised by some alter ego M.

A duality that arises from the construction described above is referred to as
a natural duality. Particularly from the standpoint of an algebraist, natural
dualities are indeed natural:

¢ the structure on the alter ego IM—the operations, partial operations and
relations—is compatible with the original algebra M;

¢ the duality between the quasi-variety A and the topological quasi-variety X
is given by the naturally defined hom-functors D and E;

+ products in the dual category X are just the natural cartesian products with
the structure extended pointwise;

¢ for each non-empty set S, the dual of the S-generated free algebra in A is
the power M of the alter ego M.
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1.3.1 Examples There are many well-known natural dualities. Below we list
four of the most familiar, and refer to Clark and Davey’s text [8] for a host of
other examples.

¢ M. H. Stone’s [63] duality for Boolean algebras can be built from the two-
element Boolean algebra B = ({0,1};V, A,’,0, 1) and the discretely topol-
ogised set B = ({0,1}; 7).

¢ H. A. Priestley’s [56, 57] duality for bounded distributive lattices is deter-
mined by the two-element lattice D = ({0,1};V, A, 0, 1) and the ordered
discrete space D = ({0,1}; <, 7), where 0 < 1.

¢ The Hofmann—Mislove—Stralka [37] duality for semilattices is determined by
the two-element semilattice S = ({0, 1}; A, 1) and the discrete topological
semilattice S = ({0,1};A,1,7).

+ Davey and Werner [29] showed that L. S. Pontryagin’s [S5] duality restricted
to abelian groups of exponent m, for any finite m > 0, can be obtained from
the cyclic group Z,, = (Z,;+, 7, 0) and the discrete topological cyclic
group Z,, = (Zm; +,7,0,7).

Throughout this text, we shall meet many examples of dualisable unary algebras.

For instance, every finite unary algebra with just one fundamental operation is

dualisable, 3.5.1.

1.3.2 Examples There are many seemingly simple algebras that are not dual-
isable. The two-element implication algebra I = ({0, 1}; —) has one binary
operation, given by the table below.

-1 0 1
0] 1 1
110 1

The algebra I was the first known example of a non-dualisable algebra (Davey
and Werner [29]). We shall see that I satisfies a condition even stronger than
non-dualisability, in Lemma 7.1.4.

The first family of non-dualisable unary algebras was discovered by L. Hein-
dorf [35]: a finite unary algebra (M; F'), with {0, 1,2} C M, must be non-
dualisable if F' contains every operation in {0,1}*, We will generalise this
result later, in Theorem 3.4.5.

1.3.3 Remark Natural duality theory can be extended to encompass quasi-
varieties generated by infinite algebras that have a compatible compact topology.
The best known example is certainly the circle group T = (T';-, 7%, 1), where
T :={z € C||z] =1}. The class ISP(T) is the variety of abelian groups.
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Now choose T = (T -, ~11,7), where T is the relative topology from C. As
shown by Davey and Werner [29], an extended version of natural duality theory
can be used to establish Pontryagin’s duality between the variety of abelian
groups and the class IS;P"(T) of compact topological abelian groups [55].
The paucity of other infinitely based examples, and the richness and scope of
the finitely based theory, has led researchers to concentrate on the latter. (The
general Pontryagin duality for locally compact groups seems to be a beautiful
but isolated example, and is outside the theory of natural dualities. Indeed, the
locally compact case is definitely a theorem of topological algebra; whereas
the finitely based dualities, even though they involve topology, can be obtained
via methods that are purely algebraic.)

Duality theory has many applications within algebra. For examples, see the
text by Clark and Davey [8]. Throughout this text, our main aim is not to use
duality theory to study algebras, but to use algebras to study duality theory.

1.4 A dualisability toolkit

Having introduced the idea behind dualisability, we now present a tightly fo-
cused set of results that will be our basic tools of trade. The rest of the text will
be built using just the few tools described in this and the next section.

While dualisability is defined as a property of an algebra, it is really more
a property of a quasi-variety. The following theorem, proved independently
by M. J. Saramago [61, 2.5] and Davey and Willard [30], shows that different
finite algebras that generate the same quasi-variety must share dualisability or
non-dualisability.

1.4.1 Independence Theorem [61,30] Let M and N be finite algebras such
that ISP(M) = ISP(N). If M is dualisable, then N is dualisable.

There are several fundamental theorems that provide conditions under which
a given alter ego dualises a finite algebra. For example, both the Second Duality
Theorem [8, 2.2.7] and the Two-for-One Strong Duality Theorem [8, 3.3.2] give
purely finitary sufficient conditions for dualisability. These two theorems are
often used to establish natural dualities.

Throughout this text, we will establish dualities using the following deep
result, proved independently by L. Zadori [66, 3.5] and R. Willard [14, 4.3].
Fix a finite algebra M and an alter ego M = (M; G, H, R, T). We say that VI
is of finite type if the set G U H U R is finite.
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1.4.2 Duality Compactness Theorem [66, 14, 8] Let M be a finite algebra
and let M be an alter ego of M that is of finite type. If M yields a duality on
each finite algebra in ISP(M), then M yields a duality on ISP(M).

The Duality Compactness Theorem allows us to give purely combinatorial
proofs of dualisability. To show that M yields a duality on an algebra A from
A :=ISP(M), we need to show that e, : A — ED(A) is surjective. So we
need to prove that every morphism o : D(A) — M is of the form e, (a), for
some a € A. Foreach a € A, the map ex(a) : A(A,M) — M is called an
evaluation. If the algebra A is finite, then the topology on the dual D(A) is
discrete. Thus M yields a duality on a finite algebra A if and only if every
map « : A(A, M) — M that preserves (the structure in) G U H U R is an
evaluation.

1.4.3 Much Ado About Nothing Let M be a finite algebra and let A belong
to the quasi-variety A := ISP(M). The algebra A is separated by homomorph-
isms into M, by the ISP Theorem, 1.1.1. So A(A, M) must be non-empty,
unless A is a one-clement algebra and M has no one-element subalgebras.
But, in this case, every map « : A(A, M) — M is vacuously an evaluation,
Henceforth, we will skip the case where A(A, M) = &.

Since we are not attempting to produce useful dualities, we will be happy to
include a lot of structure in the type of an alter ego. Indeed, we shall often be
including all the algebraic relations of a particular arity. Let n € w\{0} and
define R, to be the set of all n-ary algebraic relations on M. (When we need
to be explicit, we shall write R,,(M) instead of R,.) The following helpful
lemma is implicit in the text by Clark and Davey [8, Chapter 10].

1.4.4 Preservation Lemma Let M be a finite algebra and let A := ISP(M).
Letn € w\{0}, let A € Aandlet o : A(A, M) — M. Then o preserves Ry,
if and only if « agrees with an evaluation on each subset of A(A, M) with at
most n elements.

Proof Assume that « preserves R, and let g, ..., z,—1 € A(A,M). Then
the n-ary relation r := { (z¢(a),...,zn-1(a)) | @ € A} is algebraic over M.
Therefore « preserves r. As (zg, ..., Zn—1) € 7in A(A, M), this implies that
(a(zo),...,a(xp-1)) € r. Thus there is some a € A with a(x;) = z;(a), for
alli € {0,...,n — 1}. So v agrees with e (a) on the set {xq, ..., Tn—1}.
Now assume that « agrees with an evaluation on each subset of A(A, M)
with at most n elements. Let 7 be a relation in R,. To see that « preserves r,
choose some zg,...,2,—1 € A(A,M) with (zo,...,2p,—1) € r. There is
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some ¢ € A such that « agrees with e,(a) on the subset {xo,..., 21} Of
A(A,M). So (a@0), ., a(@a1)) = (20(a),. .., n-1(a)) € 7. Thus @
preserves 2. | |

Even though we use complicated alter egos to create dualities, the alter egos
we use are at least of finite type. An algebra is finitely dualisable if it is dualised
by an alter ego of finite type. At present, it is not known if there is a dualisable
algebra that is not finitely dualisable. This is the Finite Type Problem [8].

To obtain our general results on dualisability, we will use the most ‘powerful’
type of alter ego. Define R, to be the set of all finitary algebraic relations on M.
Then the algebra M is dualisable if and only if M, = (M; R,,T) yields a
duality on A. (To see this, note that a map « : A(A, M) — M preserves an
algebraic partial operation i on M provided « preserves the algebraic relation
graph(h).) We call M, the brute-force alter ego of M. Foreach A € A, we
say that « : A(A, M) — M is a brute-force morphism if o : D(A) — M,
is a morphism.

The next lemma gives a simple characterisation of brute-force morphisms.
Before stating the lemma, we present some more definitions. Consider an
algebra A € A and amap o : A(A,M) — M. For each a € A, we say that
a is given by evaluation at ¢ if & = e, (a). For Y C A(A,M) and a € A,
we say that o is given by evaluation at a on Y if o[y = ej(a)[y. The map
« is said to be locally an evaluation if it agrees with an evaluation on every
finite subset of A(A, M). Finally, a subset S of A is called a support for the
map o : A(A, M) — M if, forall z,y € A(A,M) withz|g = y[g, we have
a(z) = a(y).

The following result can be proved using the Preservation Lemma, 1.4.4, and
a straightforward topological argument [8, B.6].

1.4.5 Brute Force Lemma Let M be a finite algebra. Define A .= ISP(M)
and let A € A. Then a map o : A(A, M) — M is a brute-force morphism if
and only if o has a finite support and is locally an evaluation.

The easiest way to prove that an algebra is non-dualisable is to use the
ghost-element method. This method, which was first used implicity by Davey
and Werner [29], has been applied extensively [8, 23, 14, 59]. The following
theorem provides a basic description of the ghost-element method.

Let A be a subalgebra of MS , for some set S. For each s € S, define
ps + A — M to be the natural projection homomorphism given by ps := 7s| 4.
Now consider a map o : A(A, M) — M, and define the element g, of M*°
by ga(s) := a(ps). Itis easy to check that, if «v is an evaluation, then « must
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be given by evaluation at g4. So, if g, ¢ A, then « is not an evaluation. In the
case that « is a brute-force morphism and g, ¢ A, we say that g, is a ghost
element of A.

1.4.6 Ghost Element Theorem (8, 10.5.1] Let M be a finite algebra and
define A .= ISP(M). Assume that there is a subalgebra A of M?, for some
set S, and a brute-force morphism o : A(A,M) — M such that g, ¢ A.
Then M is not dualisable.

1.5 Full and strong dualisability

The definition of a duality is (intentionally) biased towards algebras. The more
symmetric notion is that of a full duality. Most of the time, we will simply be
studying dualities. But we shall consider full dualities in Chapters 4 and 7.

Again, let M be a finite algebra and define A := ISP(M). Choose an alter
ego M of M and define X := IS.P*(IM). We have seen that, for each A € A,
there is a natural embedding e, : A — ED(A) given by ex(a)(z) := z(a),
foralla € Aand z € A(A,M). Similarly, for each X € X, there is a natural
embedding

ex : X — DE(X),

given by evaluation: ex(z)(a) := a(z), forallz € X and oo € X(X, M). We
say that M yields a full duality on A (based on M) if the maps e, and ex
are isomorphisms, for all A € A and X € X. In this case, the categories A
and X are dually equivalent. The algebra M is called fully dualisable if there
is an alter ego M of M that yields a full duality on A.

As we shall see in Chapter 4, full dualisability can be rather complicated.
There is a simpler, stronger notion that is often used instead. Before we intro-
duce this notion, we need to give a few definitions.

For a pair of maps =,y : A — B, we use eq(z,y) to denote the equaliser
of = and y, which is given by

eq(z,y) :={ac A|x(a) =y(a)}.

Now let S be a non-empty set and let Fj;(S) denote the set of all S-ary term
functions of M. A subset X of M? is term closed if, for cach y € M5\ X,
there are term functions i1,t2 € v (S) that agree on X but differ at y. It
follows that X is a term-closed subset of M* if and only if

X = ﬂ{ eq(tl,tg) | t1,t0 € FM(S) andtlrx = tng }

This definition is related to full dualities by the following theorem.
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1.5.1 Full Duality Theorem [6, 8] Let M be a finite algebra and let VI be
an alter ego of M. Then M yields a full duality on ISP(M) if and only if

(i) M yields a duality on ISP(M), and

(ii) each closed substructure of each non-zero power of M is isomorphic to
a term-closed substructure of a non-zero power of VL.

We now say that M yields a strong duality on A (based on M) if M yields
a duality on \A and each closed substructure of each non-zero power of M is
term closed. So each strong duality is also a full duality. At present, it is not
known whether every full duality is also strong. This is called the Full versus
Strong Problem [8]. If there is an alter ego of M that yields a strong duality
on A, then the algebra M is called strongly dualisable. J. Hyndman [39]
has shown that, as with dualisability, the property of strong dualisability really
applies to a quasi-variety rather than to the algebra chosen to generate it. It is
not known if the corresponding result is true for full dualisability.

1.5.2 Strong Independence Theorem [39] Let M and N be finite algebras
such that ISP(M) = ISP(N). If M is strongly dualisable, then N is strongly
dualisable.

The structure M is injective in X if, for each non-empty set S and each
closed substructure X of MY, every morphism a : X — M extends to a
morphism G : MS — M. By the First Strong Duality Theorem [6, 8], the alter
ego M yields a strong duality on A if and only if M yields a full duality on A
and M is injective in X.

There are close connections between the injectivity of IM in X and the in-
jectivity of M in A [8, 3.2.10]. The strong dualisability of an algebra seems
to be related to how close the algebra is to being injective. We shall pursue
this further in the appendix where we show, amongst many other things, that
every dualisable algebra that is injective in the quasi-variety it generates is also
strongly dualisable.

In Chapters 4 and 7, we shall use two general methods for showing that
a dualisable algebra is strongly dualisable. The first method is due to Clark,
Idziak, Sabourin, Szabdé and Willard.

1.5.3 Theorem [14,4.8] Let M be a finite algebra and let M1 be an alter ego
of M. Then M yields a strong duality on ISP(M) if and only if

(i) M yields a duality on ISP(M), and

(il) for every algebra A in ISP(M) and every proper closed substructure X
of D(A), the maps in X do not separate the elements of A.
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The second method was introduced by Lampe, McNulty and Willard [45]. It
is based on work of R. Willard [65]. For each subset Y of A(M", M), where
n € w, define the natural product homomorphism

Yy :M"—M" by NY(a)(y) :i=y(a).
We say that M has enough algebraic operations if there isamap f: w — w
for which the following condition holds:

for all n € w\{0}, all algebras B < A < M" and all homomorphisms
h: A — M, there exists a subset Y of A(M", M), with |Y| < f(|B]), and
a homomorphism 2’ : MY (A) — M suchthat A’ o MY [z = hlpg.

B« A« M"
hlp MY T4
M «-—-- 1Y (A)
h/

Although the definition of enough algebraic operations appears technical, it
often provides arelatively easy way to lift dualisability up to strong dualisability.

1.5.4 EAO Theorem [45,4.3] Let M be a finite algebra. If M is dualisable
and has enough algebraic operations, then M is strongly dualisable.

We shall prove Theorems 1.5.3 and 1.5.4 in the appendix, where we present
a new necessary and sufficient condition for a finite algebra to be strongly
dualisable. This provides us with an alternative approach to R. Willard’s [65]
important but complex concept of the rank of a finite algebra.



Binary homomorphisms and natural dualities

Certain binary homomorphisms of a finite algebra can guarantee its dualis-
ability. Here, we study binary homomorphisms that are lattice, flat-semilattice
or group operations. We develop some general tools that we use to prove the
dualisability of a large number of unary algebras. For example, we show that
any set of endomorphisms of a finite lattice forms the operations of a dualisable
unary algebra.

One major focus of natural duality theory has been to produce general dual-
isability theorems—theorems that can be used to help find a duality based on
a given finite algebra. One such theorem, the NU Duality Theorem [8, 2.3.4],
stands out as being not only very powerful but also very easy to apply. The NU
Duality Theorem was proved, by Davey and Werner [29], while natural duality
theory was first being developed. It states that a finite algebra is dualisable
if it has a near-unanimity term, and has been used to produce a multitude of
useful dualities. For example, every finite lattice-based algebra has a ternary
near-unanimity term and is therefore dualisable.

There are many other powerful general theorems within duality theory. How-
ever, most of these theorems require the user to do a bit of work. One of the
virtues of the NU Duality Theorem is that the theorem supplies its own dualis-
ing alter ego. Most other general results in duality theory require users first to
guess a potential dualising alter ego for their algebra. For example, the Second
Duality Theorem, the Two-for-One Strong Duality Theorem and the Duality
Compactness Theorem are all of this type [8]. Using these theorems, and others
like them, can involve a fair amount of ingenuity.

The challenge inherent in proving dualisability is illustrated by the relative
scarcity of known examples of dualisable algebras that do not have a near-
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unanimity term. It has long been known that the two-element semilattice is
dualisable [37], as is every finite cyclic group [55, 29] and every finite one-
dimensional vector space [29]. Applying results of the second author [17], it
follows that all finite semilattices, abelian groups and vector spaces are dual-
isable. The dualisable commutative rings with identity have been characterised
by Clark, Idziak, Sabourin, Szabd and Willard [14]. Major progress has been
made on the Dualisability Problem for non-abelian groups [27, 59, 60], though
it remains unsolved. Beyond these results, knowledge of dualisability remains
somewhat scattered, and there is still much to be done.

In this chapter, we develop some results that can be used to establish dual-
isability quickly and easily. Given a finite algebra M, we shall be interested
in the homomorphisms from M? to M, which we will be calling the binary
homomorphisms of M. We will find conditions on the binary homomorph-
isms of M that guarantee that M is dualisable. Our results will be particularly
suited to proving that various unary algebras are dualisable. For example, we
shall prove that the endomorphisms of a finite cyclic group are the operations
of a dualisable unary algebra.

We begin this chapter with a result that exemplifies our approach: a finite
algebra is dualisable provided it has a pair of binary homomorphisms that are
lattice operations. It follows from this result that every finite unary algebra can
be embedded into a dualisable unary algebra.

In this chapter, we use well-behaved binary homomorphisms to show that
various algebras are dualisable. Some of the limits of this approach will be
exposed in the next chapter. There, we shall find a three-element unary algebra
that is non-dualisable even though it has both a binary homomorphism that is a
semilattice operation and a ternary homomorphism that is a majority operation.
Within this area of investigation, there are many natural questions that are
currently unanswered. For instance: ‘Is there a non-dualisable algebra with a
binary homomorphism that is a group operation?’

This chapter is based on a paper written by the authors and D. M. Clark [12],
which contains a number of results and examples not included here.

2.1 Lattice operations

Consider a finite algebra M, and assume there is a set G of binary homomorph-
isms of M such that the algebra My := (M; G) is very well behaved. Every
binary homomorphism in G is an algebraic operation on M. So we may regard
M as the zeroth approximation to a dualising structure for M. Our aim will be
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to try to find a finite family R of algebraic relations on M such that the structure
M = (M;G, R, T) yields a duality on ISP(M).

In this section, we give a beautiful illustration of this approach. We show
that a finite algebra must be dualisable if it has a pair of binary homomorphisms
that are lattice operations.

2.1.1 Theorem Let M be a finite algebra that has binary homomorphisms \/
and A such that (M;V, \) is a lattice. Then NI := (M;V, A, Rojpy), T) yields
a duality on ISP(M).

Proof We shall use the Duality Compactness Theorem, 1.4.2. Let A be a finite
algebra in A := ISP(M) and let & : D(A) — M be a morphism. We want

to show that « is an evaluation. Let {m1,...,my} be the image of o, where
< |M]. The dual D(A) is a substructure of MA. Therefore D(A) is finite
and has a lattice reduct. So, foreach ¢ € {1,...,k}, we can define

:vl.——/\a (m;) and yz.—\/a (m;)

in D(A). By the Preservation Lemma, 1.4.4, we know that « is given by

evaluation at some a € A onthe set {1, y1,..., Tk, Yk }-
Now consider any z € .A(A M). There exists some j € {1,...,k} with
a(z) = mj. We have z; < z < y; in D(A). As a preserves V and A, we also

have o(z;) = m; = a(y;). ThIS gives us
m; = a(z;) = zj(a) < 2(a) < y;(a) = aly;) = m;

in M. So a(z) = m; = z(a), and therefore « is an evaluation. Thus M yields
a duality on ISPP(M), by the Duality Compactness Theorem. ]

The next result follows immediately from the previous theorem. Note that
a pair of lattice operations V, A : M? — M are binary homomorphisms of a
unary algebra Ml = (M; F') if and only if F' is a set of endomorphisms of the
lattice Mg = (M;V, A).

We use End(A) to denote the set of all endomorphisms of an algebra A.

2.1.2 Lattice Endomorphism Theorem Lattice endomorphisms yield dual-
isable unary algebras. More precisely, if M = (M; F) is a finite unary alge-
bra with F C End(My), for some lattice Mg = (M;V, \), then the structure
M := (M;V, A, Ry, T) yields a duality on ISP(M).

By using the Second Duality Theorem [8, 2.2.7], rather than the Duality
Compactness Theorem, it is possible to prove that the alter ego of the previous
theorem is injective in the topological quasi-variety that it generates [12].
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The previous theorem is quite powerful when applied to three-element unary
algebras. It turns out that there are exactly 699 unary clones on the set {0, 1, 2}.
Of them, precisely 221 consist of order-preserving maps for some total order on
{0, 1, 2} and therefore determine dualisable unary algebras. In the next chapter,
we shall completely characterise the dualisable three-element unary algebras.

The Lattice Endomorphism Theorem above can also be used to solve the
Inherent Non-dualisability Problem. We shall say that a finite algebra M
is inherently non-dualisable if every finite algebra that has M as a subal-
gebra is non-dualisable. While this is not the original definition of inherent
non-dualisability [23], the following lemma shows that the two definitions are
equivalent.

2.1.3 Lemma Let M be a finite algebra. Then M is inherently non-dualisable
if and only if every finite algebra N with M € ISP(IN) is non-dualisable.

Proof For the ‘only if’ direction, assume that M is inherently non-dualisable
and let N be a finite algebra such that M € ISP(IN). We need to show that N
is non-dualisable. There is an embedding ¢ : M — N¥, for some k € w\{0}.
The algebra N* must be non-dualisable, as the algebra »(M) is inherently
non-dualisable. But ISP(N*) = ISP(N), and therefore N is non-dualisable,
by the Independence Theorem, 1.4.1. The ‘if” direction is trivial. |

There are many inherently non-dualisable algebras. For example, all non-
dualisable two-element algebras and all non-dualisable graph algebras are inher-
ently non-dualisable [23]. The Inherent Non-dualisability Problem [8] asks: ‘Is
there is a finite algebra that is non-dualisable but not inherently non-dualisable?’
A simple application of the Lattice Endomorphism Theorem tells us that the
answeris ‘Yes’. In fact, we can show that there are no inherently non-dualisable
unary algebras at all.

2.1.4 Theorem There are no inherently non-dualisable unary algebras. In
other words, every finite unary algebra can be embedded into a dualisable
algebra.

Proof Let M = (M; FM) be a finite unary algebra and let Ng = (N;V, A)
be the free distributive lattice generated by the set M. The quasi-variety of
distributive lattices is locally finite, as it is generated by the two-element lattice.
So Ny is finite. For each operation symbol v € F', the operationu™ : M — M
has a unique extension to an endomorphism u™ : N — N of Ny. Thus M
is a subalgebra of N := (N; FN). The unary algebra N is dualisable, by the
Lattice Endomorphism Theorem, 2.1.2. |
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We have already met examples of non-dualisable unary algebras: a finite
unary algebra M, with {0,1,2} C M, is non-dualisable if it has each map
in {0, 1}™ as a term function [35]. We shall find more non-dualisable unary
algebras in the next chapter.

2.2 Operations with strong idempotents

Fix a finite unary algebra M and an algebra A in A := ISP(M). An alter ego
M of M yields a duality on A provided every morphism o : D(A) — M is an
evaluation. Throughout the remainder of this chapter, we investigate methods
for ensuring that a map « : A(A,M) — M agrees with an evaluation on
particular subsets of A (A, M) that are of the form a~1(S), for some § C M.

First let s € M. We shall consider what it means for « to agree with an
evaluation on the set a~!(s). For any a € A, the map « agrees with e, (a) on
a~!(s) if and only if, for all z € a~!(s), we have z(a) = a(z) = s. So a
agrees with an evaluation on a~!(s) if and only if the set

Ags = ﬂ{ e (s) |z eal(s)}

is non-empty. We are aiming to find a dualising structure for M that is of finite

type. So, by the Duality Compactness Theorem, 1.4.2, we can assume that the

algebra A is finite. Now the set A, s is non-empty provided that

(a) the set z7!(s) is non-empty, for each z € a~!(s), and

(b) the set Xy s := {x71(s) | z € a~!(s)} is closed under pairwise inter-
section.

The second condition is equivalent to a condition on binary homomorphisms.

2.2.1 Lemma Let M be a finite algebra and define A = ISP(M). Let

s € M. Then the following are equivalent:

(i) there is an alter ego M of M such that, for every A € A and every
morphism o : D(A) — M, the set Xos = {x7!(s) |z € a7 !(s) } is
closed under pairwise intersection;

(ii) there is a binary homomorphism g of M such that g71(s) = {(s,8)}.

Moreover, if there is a binary homomorphism g of M with g71(s) = {(s,s)},

then, for every A € A and every map o : A(A, M) — M that preserves g,

the set Xp s := {27 1(s) | = € a™1(s) } is closed under pairwise intersection.

Proof Assume that (i) holds. Define A := M? and consider the morphism

o : D(A) — M given by a := e5((s, ). The projections 7 and 71 belong

to A(A,M). For each i € {0,1}, we have a(m;) = mi(s,s) = s and so
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-1
)

(8) € Xy,s. By (i), there is some g € a™!(s) such that

g7 H(s) = mgt(s) N H(s) = {(s,9)}-

As a~1(s) C A(M? M), it follows that g is a binary homomorphism of M.
Therefore (ii) holds.

Before we show that (ii) implies (i), we will prove the ‘Moreover’ part of
the lemma. Assume that there is a binary homomorphism ¢ of M such that
g ' (s) = {(s,5)}. Let A € Aandleta : A(A,M) — M preserve g. For
all z,y € a~!(s), we have g(z,y) € A(A, M) with

s

a(g(z,y)) = gla(z), aly)) = g(s,s) = s,

and so z71(s) Ny~ 1(s) = g(x,y) "1 (s) € Xps. Thus X, s is closed under
intersection.

Now assume that (ii) holds and define the alter ego M = (M; g, 7) of M.
Then (i) holds, by the ‘Moreover’ claim. [ |

We say that an element s of M is a strong idempotent of a binary operation
g: M? — Mif g71(s) = {(s,s)}. We were led, via Lemma 2.2.1, to the
notion of a strong idempotent because we were trying to find a condition under
which « agrees with an evaluation on sets of the form o~ *(s), where s € M.
The following lemma shows that strong idempotents can be used to ensure that
o agrees with an evaluation on even larger subsets of A(A, M).

2.2.2 Strong Idempotents Lemma Ler M be a finite algebra and define the
quasi-variety A := ISP(M). Let S be a non-empty subset of M, and assume
that each s € S is a strong idempotent of some binary homomorphism g of ML
Now let A be a finite algebra in A and assume that o : A(A, M) — M
preserves { gs | s € S} and R)g|. Then o agrees with an evaluation on the set
a~1(9).

Proof Assume that S N a(A(A,M)) = {s,..., s}, where k < |5, and
leti € {1,...,k}. By Lemma 2.2.1, the set

Ko ={a7H(s) |[z€a(s:) }

is closed under pairwise intersection. Since the algebra A is finite, there is some
z; € o~ (s;) such that z; *(s;) = [) AXa,s;. By the Preservation Lemma, 1.4.4,
the map « is given by evaluation at some a € A on the set {z1, ...,z }. Now
choose any y € «~1(S). Then a(y) = s;, for some j € {1,...,k}. We
have s; = a(z;) = z;(a),andso a € ;Uj“l(sj) = (VXays; S vy~ '(s;). Thus
a(y) = s; = y(a), whence « is given by evaluation at a on = 1(5). |
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Using the previous lemma and the Duality Compactness Theorem, 1.4.2, we
can now prove that some algebras are dualisable just by looking at their binary
homomorphisms.

2.2.3 Strong Idempotents Theorem Let M be a finite algebra and assume
that each element s € M is a strong idempotent of some binary homomorphism
gs of M. Then M is dualised by the structure Ml := (M; G, Rjp, T'), where
G:={gs|seM}

At the end of this section, we will use the Strong Idempotents Theorem to
construct several dualisable unary algebras. Our nextresultis a generalisation of
this theorem. Assume that A is finite and consider a map o : A(A, M) — M.
Define the set

Xo = {27 a(z) |z € A(A,M) }.

Assume that every element of M is a strong idempotent of a binary homo-
morphism of M and that « preserves all these binary homomorphisms. For
each s € M, the set

Xos = {m_l(s) EXS a_l(s)}

is closed under pairwise intersection, by Lemma2.2.1. So the minimal elements
of X, belong to {(Xa,s | s € M }. This implies that X, has at most | M|
minimal elements. In fact, any choice of IM that imposes a uniform finite upper
bound on the number of minimal elements in the set X, for each finite algebra
A € A and each morphism o : D(A) — M, will lead to a duality.

2.2.4 Theorem Let M be a finite algebra and let Ml = (M;G, H, R, T) be
an alter ego of M with finite type. Assume there is some n € w\{0} such
that, for every finite algebra A in the quasi-variety A := ISP(M) and every
morphism o : D(A) — M, the set X, = {27 (a(z)) | z € A(A, M)}
has at most n minimal elements. Then M' := (M;G,H,RU Ry, T) yields a
duality on A.

Proof Let A be a finite algebrain A and let o : A(A, M) — M preserve the
structure induced by M. Then « preserves the structure induced by M, and so
X, has at most n minimal elements. Choose z1, ..., z, € A(A, M) such that

{z7 a(z)) | i€ {1,...,n}}

includes all the minimal elements of X,. Then « is given by evaluation at
some a € A on {z,...,z,}, by the Preservation Lemma, 1.4.4. Now let
y € A(A,M). There is some i € {1,...,n} with z; *(a(z;)) €y~ {a(y)).
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Since a € 27 (a(x;)), we must have a(y) = y(a). So « is an evaluation.
Thus M’ dualises M, by the Duality Compactness Theorem, 1.4.2. |

An interesting problem is that of finding an application of Theorem 2.2.4
that does not already follow from the Strong Idempotents Theorem, 2.2.3.

We now turn to the case that M has elements that are not strong idempotents.
Our strategy for dealing with this case is based on the following observation.

2.2.5 Lemma Let M be a finite algebra and let A belong to A := ISP(M).
Assume that o : A(A, M) — M preserves the binary homomorphism g of M.
Let s,s' € a(A(A,M)) and assume that « is given by evaluation at a on
a~1({s,s'}). Then

~

9(s,a(y)) =" implies g(s,y(a)) =,

Sforally € A(A,M).
Proof Lety € A(A,M) and assume that g(s,a(y)) = s’. Choose some
z € A(A,M) such that a(z) = s. Then g(z,y) € A(A, M) and

/

a(g(z,y)) = gla(z), aly)) = g(s,a(y)) = 5.

Since « is given by evaluation at @ on a~!({s, s'}), we have z(a) = s and
g(z,y)(a) = 5. So

9(s,y(a)) = g(x(a), y(a)) = g(z,y)(a) = 5,
as required. |

Using the previous result as a jumping-off point, we introduce a new sepa-
ration condition on the algebra M. Let GG be a set of binary operations on M,
let S be a subset of M and let ¢t € M. We say that G and S distinguish ¢
within M if thereis {g; |t € I} C Gand {s;,8, | ¢ € I } C S such that

& gi(si,m) =38, = m=t,
el

forallm € M.

Without placing any restrictions on the sets G and S, it is very easy to
distinguish ¢ within M. Let g, 3 : M2 — M be the two projection functions.
Then, for example, the sets {7 } and {¢} distinguish ¢ within A/. However, we
wish to distinguish ¢ within M using a set GG of binary homomorphisms of M
and a subset S of M such that ¢t ¢ S. We will then be able to give conditions
under which a map « : A(A, M) — M that agrees with an evaluation on the
set o~ 1(S) also agrees with an evaluation on the set o~ 1(S U {t}).
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The names of the following three results stem from the symbols used in the
separation condition,

2.2.6 First GST Lemma Let M be a finite algebra and define A := ISP(M).
Let S C Mandlett € M. Let A € A and let o : A(A, M) — M.
Assume there is a set G of binary homomorphisms of M such that G and
SN a(A(A,M)) distinguish t within M. If a preserves G and is given by
evaluation at a € A on a~1(S), then « is also given by evaluation at a on
a~ i),

Proof Assume that o preserves G and that « is given by evaluation at ¢ on
o~ 1(S). Since G and SN« (A(A,M)) distinguish ¢ within M, there are sets
{gilieI}CGand{s;s;|iel}CSNalA(A,M)) such that

ézj gi(si,m) =58, &= m=t, %

forallm € M. Now lety € a~!(t). By ($), we have g;(s;, a(y)) = s, for
all ¢ € I. Using Lemma 2.2.5, we obtain g;(s;,y(a)) = s}, foreach ¢ € I. So,
by (8$), we can conclude that a(y) = t = y(a). Thus «a is given by evaluation
ata on a”!(t). |

The following weaker version of the First GST Lemma can sometimes be
easier to apply. We use End(M)(¢) to denote the set of images of ¢ under the
collection of endomorphisms of M.

2.2.7 Second GST Lemma Let M be a finite algebra and define the quasi-
variety A = ISP(M). Let S C M and let t € M. Assume there is a set G of
binary homomorphisms of M such that G and S N End(M)(¢t) distinguish t
within M. Now let A € A and assume that o : A(A,M) — M preserves G
and End(M). If « is given by evaluation at a € A on a~'(S), then o is also
given by evaluation at a on o™ (t).

Proof The result will follow from the First GST Lemma once we have shown
that End(M)(¢) C a(A(A,M)). To do this, let s € End(M)(t). There
exists e € End(M) such that e(t) = s. We can assume that o~ !(¢) is not
empty. So there is x € A(A, M) with a(x) = ¢t. Now

s = e(t) = e(a(z)) = aleoz) € a(A(A,M)).
Thus, End(M)(t) C a(A(A, M)). |

Our next theorem localises all assumptions to the algebra M, giving a suf-
ficient condition for dualisability that avoids mention of maps of the form
a: A(AM) — M.
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2.2.8 GST Theorem Let M be a finite algebra, let S be a non-empty subset
of M and let G be a set of binary homomorphisms of M. Assume that each
s € S is a strong idempotent of a map in G. Assume further that, for each
t € M\S, the sets G and S N End(M)(¢t) distinguish t within M. Then
M := (M;End(M) UG, Rjg|, T) yields a duality on ISP(M).

Proof Let A be a finite algebra in ISP(M), and let o : D(A) — M be a
morphism. By the Strong Idempotents Lemma, 2.2.2, there is some a € A such
that v is given by evaluation at a on o~} (S). By the Second GST Lemma, 2.2.7,
the map « is given by evaluation at a on o™ *(t), for each t € M\S. So «
is an evaluation. The Duality Compactness Theorem, 1.4.2, tells us that M
dualises M. |

We will be using the following theorem in Chapter 5.

2.2.9 Theorem Let M be a finite algebra and let 0 € M. Assume that O is
the value of a constant term function of M. Let S be a non-empty subset of M
and let G be a set of binary homomorphisms of M., Assume that each s € S
is a strong idempotent of a map in G. Assume further that, for all k € M\{0}
and t € M\S, the sets G and S N End(M)(k) distinguish t within M. Then
M := (M;End(M) UG, Rs, T) yields a duality on ISP(M).

Proof Let A be a finite algebra in A := ISP(IM), and let & : D(A) — M be
amorphism. First assume that the map « is constant with value 0. Since O is the
value of a constant term function of M, there is an element 04 of A that is the
value of the corresponding constant term function of A. So a(x) = 0 = z(04),
for all z € A(A,M). Therefore o is given by evaluation at 04,

Now assume that there is some k € o A(A,M)) with & # 0. By the
Strong Idempotents Lemma, 2.2.2, there exists a € A such that « is given by
evaluation at a on o™ !(S). Since k € o(A(A,M)) and « preserves End (M),
we have End(M)(k) C a(A(A,M)). So, by the First GST Lemma, 2.2.6,
the map « is given by evaluation at a on o~ 1(¢t), for each t € M\S. Thus « is
an evaluation. It follows, by the Duality Compactness Theorem, 1.4.2, that M
dualises M. |

We end this section by presenting some applications of our results. We want
to show, using small examples, that the results in this section can be very easy
to apply. The dualisability of some of the algebras we consider will also follow
from more general results in the next chapter.

In order to apply the Strong Idempotents Theorem, 2.2.3, to an algebra M, it
is helpful if M has a binary homomorphism that is a flat-semilattice operation.
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To see this, let 0 € M and define the operation Ag : M2 > M by

-
MOZ::{k if k=,

0 otherwise.

Then Ag is the meet operation of a flat semilattice on M with bottom element 0.
More importantly, every element of M\ {0} is a strong idempotent of Ag. If M
is a unary algebra, then it is very easy to check whether or not Ag is a binary
homomorphism of M. We say that a map v : M — M is one-to-one away
from 0 if, for all k, £ € M with k # £ and u(k) = u(¢), we have u(k) = 0.

2.2,10 Lemma Let M be a unary algebra such that 0 € M. Then the flat-
semilattice operation Ng : M* — M is a binary homomorphism of M if and
only if every non-constant operation of M preserves 0 and is one-to-one away
from Q.

Proof The map Ag : M2 — M is a binary homomorphism of M if and only if
every operation of M is an endomorphism of (M; Ag). Itis easy to check thata
non-constant operation v : M — M is an endomorphism of the flat semilattice
(M; Ao) if and only if u preserves 0 and is one-to-one away from 0. n

In fact, for a small unary algebra M, it is easy to check whether or not any
given map g : M? — M is a binary homomorphism of M. Assume that
M = {0,...,n}, for some n € w. Recall that we denote a unary operation
u: M — M by the string ©(0) - - -u(n). A binary operation g : M? — M
will be denoted by the matrix

g(O,’I’L) g(”?”)

4(0,0) - g(n0)

In the following examples, we make claims that binary operations on a set
M are binary homomorphisms of some unary algebra M. To show that a flat-
semilattice operation on M is algebraic over M, we can invoke the previous
lemma. We show that other binary operations are algebraic by checking them
against diagrams of M? and M, as in Figures 2.1 and 2.2.

2.2.11 Diagram Checking Using the diagram of M, it is a simple matter to
verify that the given diagram of M? is correct. First, check that the diagonal of
M? is a copy of ML. It then remains to check that each operation on the diagram
of M? preserves rows and columns. A row of M2 isaset { (k,£) | k€ M},
forsome £ € M. A columnof M?isaset{(k,£)| ¢ € M}, forsomek € M.
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L] L J
0 1 2
M
[ ]

The binary operation

- (11D)
9= \612

is algebraic over M., M . *o «— > o

@ (0,0 (1,0) (2,0)

Figure 2.1 M = ({0,1,2};021)

For each operation u and each row R of M?, the elements of u(R) should all
belong to the same row of A2, Similarly, for each operation v and each column
C of M?, the elements of u(C) should all belong to the same column of M2,

2.2.12 Example The unary algebras ({0, 1,2};021) and ({0, 1, 2}; 021, 000)
are dualisable.

Proof Let M = ({0, 1,2};021) and define the binary operations
poi= (§33) and 9= (113)
0= \000 9= \012

on M. The flat-semilattice operation A is algebraic over M, by Lemma 2.2.10.
Using Figure 2.1, it is easy to check that ¢ is a binary homomorphism of M.
The elements 1 and 2 are strong idempotents of Ag, and 0 is a strong idempotent
of g. By the Strong Idempotents Theorem, 2.2.3, the algebra M is dualised by
the structure ({0,1,2}; Ao, 9, Rs, 7). (So it follows that M is also dualised
by the structure ({0,1,2}; R3,7).) Since both the binary operations Ag and
g preserve 0, the Strong Idempotents Theorem also tells us that the algebra
({0, 1,2};021,000) is dualisable. [

Example 2.2.12 illustrates an easy way to extend results obtained using the
Strong Idempotents Theorem, 2.2.3. Assume that every element of M is a
strong idempotent of a binary homomorphism of M. Then we can add extra
fundamental operations to the algebra M, provided they preserve these binary
homomorphisms, and it will remain dualisable.
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3
The binary operation
9= (1 12 3)
0123 Yy
is algebraic over M. .

2
M e = .

A
.

i

Y

Figure 2.2 M = ({0,1,2, 3}; 0010, 0321)

2.2.13 Example The unary algebra ({0,1,2,3};0010,0321) is dualisable.
Proof Define the binary operations

0028 3533
MNo:=1|g100) and g:={171353
0000 0123

on {0,1,2,3}. Using Lemma 2.2.10 and Figure 2.2, it is easy to check that Ag
and g are algebraic over M = ({0, 1, 2, 3}; 0010, 0321). Every element of M
is a strong idempotent of one of these two maps. So M is dualisable, by the
Strong Idempotents Theorem, 2.2.3. |

Our next example illustrates the GST Theorem, 2.2.8, at work.

2.2.14 Example The unary algebra ({0,1,2,3};0010,0011) is dualisable.
Proof The binary operations gg, g12 and g3, given in Figure 2.3, are algebraic
over M = ({0, 1,2,3};0010,0011). We will apply the GST Theorem, 2.2.8,
with S := {0,1,2} and G := {go, 912, 93}
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® [ J [} [}
‘ Wt v ............
M .
The binary operations
go=11123 ) .
0123
0033
g1z = 0100 and
0000
3498
g3 = 10000 .
0000
are algebraic over M.

Figure 2.3 M = ({0, 1, 2,3}; 0010, 0011}

The element O € M is a strong idempotent of gy, and both 1 and 2 are strong
idempotents of gjo. (It is possible to show that 3 is not a strong idempotent of
any binary homomorphism of M.) The only element of M\ S is 3. We have

93(1am) =1 << m= 3,
forall m € M. So {g3} and {1} distinguish 3 within M. Since
0010 0 0011 = 0000 = 0011 0 0010,

the operation 0011 is an endomorphism of M. As 1 = 0011(3), this implies
that 1 € S N End(M)(3). It follows, by the GST Theorem, that M is dualised
by the structure

<{01 13 23 B}a End(M) U {90,912593}) R3>T>a

and therefore also by ({0, 1,2,3}; R3, 7). n
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A more complicated dualising structure for the algebra of the previous ex-
ample can be obtained using the Lattice Endomorphisms Theorem, 2.1.2, by
regarding the operations as endomorphisms of the lattice on {0, 1,2, 3} with
0<l<3<

Just as a flat-semilattice operation is helpful when applying the Strong Idem-
potents Theorem, there is an operation that can be helpful when using the GST
results. Let 0 € M and define the near-projection operation g : M? — M by

0 ifk=2¢,
koxg €= { nEEs
k otherwise.

Then we have

& s¥xgm=s <— m=0,
seM\{0}

for all m € M. So the sets {*¢} and M\ {0} distinguish 0 within M.

2.2.15 Lemma Let M be a unary algebra such that 0 € M. Then the near-
projection operation g : M? — M is a binary homomorphism of M if and
only if every operation of M preserves 0 and is one-to-one away from Q.
Proof Letw: M — M be a unary operation. We must show that u preserves
xq if-and only if u preserves 0 and is one-to-one away from 0. First assume that
u preserves *g. Then

u(0) = u(0 % 0) = u(0) %0 u(0) =0,

and therefore u preserves 0. Let k,¢ € M with k # ¢ and u(k) = u({). We
have
u(k) = u(k %0 £) = u(k) *o u(¢) = 0.

So u is one-to-one away from 0.
Now assume that w preserves O and is one-to-one away from 0. For all
k,¢ € M with k # /£, we have

u(k %0 k) = ©(0) = 0 = u(k) *o u(k)
and
u(k *o £) = u(k) = u(k) o u(¥).

So u preserves xg. |

The following example uses both g and Ag to show that endomorphisms of
a prime-order cyclic group form the operations of a dualisable unary algebra.
In Section 2.4, we will show that the endomorphisms of a finite cyclic group
yield a dualisable unary algebra.
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2.2.16 Example Let p be prime and let F' be a set of endomorphisms of the
cyclic group Zy, of order p. Assume that I contains the constant endomorphism
of Zp. Then the unary algebra M = (Zy; F) is dualised by the structure
M := (Zp; End(M), Ao, %0, Rp—1,T).

Proof Every endomorphism of Z, preserves 0, and every non-constant endo-
morphism of Z, is a permutation. So both A and *q are binary homomorph-
isms of M, by Lemmas 2.2.10 and 2.2.15. We will use Theorem 2.2.9 with
S = Zp\{0} and G = {Ag, *¢}. Each s € § = Z,\{0} is a strong idempotent
of Ag. Every endomorphism of the cyclic group Z,, is also an endomorphism
of the unary algebra M. So, for all k € Z,\{0}, we have End(M)(k) = Z,.
The sets {*o} and Z,\ {0} distinguish O within Z,. It follows by Theorem 2.2.9
that IV dualises M. N

A much stronger result is proved in the next chapter: a finite unary algebra
must be dualisable if each of its operations is constant or a permutation, 3.1.8.

In the next two sections, we develop some extra tools that help us to find
more applications of the GST Lemmas.

2.3 Dualisable term retracts

Let D and M be algebras of the same type. If there exists a pair of homo-
morphisms v : M — Dand § : D — M with vy o 8 = idp, then we say
that «y is a retraction, that 3 is a coretraction and that D is a retract of IM.
Note that a retraction is necessarily surjective and a coretraction is necessarily
an embedding.

Now assume that D is a subalgebra of M and that there is a retraction
v : M — D that is also a unary term function of M. We say that v is a term
retraction and that D is a term retract of M. The corresponding coretraction
8 : D — M need not be the inclusion map.

We will see in Chapter 5 that a term retract of a dualisable algebra is also
dualisable. But, in general, a finite algebra with a dualisable term retract does
not have to be dualisable; see Example 5.2.5. Here, we shall show that knowing
that the algebra M has a dualisable term retract can sometimes help us to prove
that M is dualisable. We shall see that, if the algebra D is dualisable, then we
can guarantee that a map o : A(A, M) — M agrees with an evaluation on
a~ (D) provided it preserves the right structure. We begin by showing that we
can assume that a term retraction v : M — D fixes the elements of D.

2.3.1 Lemma Let M be a finite algebra and let v : M — D be a term
retraction. Then there is a term retraction vy : Ml — D such that +'[ p = idp.
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Proof As-~y:M — D isaretraction, there is a coretraction § : D «— M with
vo [ =idp. As~isaterm function of M and 5(D) is a subalgebra of M, we
have v(6(D)) C B(D). Since y o § = idp, the map y[gp) : B(D) — Disa
bijection. As 8(D) is finite, it follows that D = v(3(D)) = §(D). We have
shown that y[ 5 : D — D is a permutation. So there must be some n € w\{0}
such that /", = idp. Since y*(M) = y"*~1(D) = D, the homomorphism
~+™ : M — D is a term retraction. |

We want to be able to transform algebraic structure on D into algebraic
structure on M. Every algebraic relation on D is also an algebraic relation
on M, and every algebraic partial operation on D is also an algebraic partial
operation on M. There is a straightforward method for transforming algebraic
operations on D into algebraic operations on M. Foreachn € w, let 4" denote
the natural product homomorphism v x -+ x v : M"™ — D"™. Now, for each
algebraic operation g : D" — D, where n € w, define the algebraic operation
gy :M" - Mbyg,:=go ~1M. For any set G of algebraic operations on D,
define Gy :={g, | g€ G}.

2.3.2 Term Retract Lemma Ler M be a finite algebra and let v : M - D
be a term retraction such that v|p = idp. Assume that D is dualised by the
structure D = (D; G, H, R, T) and define M := (M;{~v} UGy, H,R,T).
Let A € ISP(M) and let o : D(A) — M be a morphism. Then o agrees with
an evaluation on o~ (D).
Proof We can assume that A < _1\_/[_5 , for some set S. The pointwise extension
7[5] : MS — QS of v is both a homomorphism and a term function of MS .
So 4151} 4+ A — A is a homomorphism and also a term function of A. We
shall simply write this map as v : A — A.

The algebra v(A) is a subalgebra of D, and so y(A) belongs to the quasi-
variety A := ISP(D). We want to define the map

B:A(v(A),D) — D by B(y):=a(yor).

To see that this is allowed, lety € A(y(A),D). Thenyovy: A — Misa
homomorphism in D(A), with

alyoy) =alyoyoy) =y(alyor)),

since v[p = idp and « preserves 7. So a(y o) € D, whence g is well
defined,

We now want to show that the map 3 : A(y(A),D) — D preserves the
structure induced by D. We will prove that 3 preserves each operation in G,
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Let n € w and choose an n-ary operation g € GG. Then, for all yg, ..., yp—1 in
A(~v(A),D), we have

B(9(o, - -+ ¥n-1)) = a(g(Yo, . .-, Yn-1) ©7)
=a(goy™(yoor,... . ¥n-107)) asylp=idp

= a(g4(Yo Vs - Yn-107))

=gy(a(yoo),...,a(yn—107))  asa preserves g,

=goy [](ﬂ(yO)’aﬁ(yn—l))
g(IB(yO) "’/B(yn—l» aS'YrD:idD'

Therefore § preserves G. It is also easy to show that 3 preserves H and R, and
that 3 is continuous. So 5 : A(v(A),D) — D preserves the structure induced
by D. Since D dualises D, the map 3 must be given by evaluation at some
b€ v(A) C A. We will show that « is given by evaluation at b on o™ *(D).

Letz € o~ }(D). Forall a € A, we have z(y(a)) = v(z(a)) € D, as v is
a term function. So z [, (4 € A(y(A), D). This gives us

a(z) = vy(a(z)) as a(z) € Dandy[p =1idp
= a(yoz) as o preserves vy
= a(z o) as v is a term function
= B(z1a)) as x4y € A(7(A), D)
= z(b) as (3 is given by evaluation at b.
Thus « is given by evaluation at b on o~ !(D). ]

We can use the Term Retract Lemma to obtain new dualities when we team
it with the First GST Lemma, 2.2.6.

2.3.3 Term Retract Theorem Ler M be a finite algebra and let v : M — D
be a term retraction such that y[ p = idp. Assume that D = (D; G, H, R, T)
is a dualising structure for D of finite type. Let S be a non-empty subset of M,
let G’ be a set of binary homomorphisms of M and define

—<M End )UG/UGV,H RURlS[(M) T>

Assume that each s € S is a strong idempotent of a map in G'. Assume further
that, for all k € M\D and t € M\S, the sets G' and S N End(M)(k)
distinguish t within M. Then M yields a duality on ISP(M).

Proof Let A be a finite algebra in A := ISP(M) and let o : D(A) — M be
a morphism. By the Term Retract Lemma, if a(A(A, M)) C D, then «v is an
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evaluation. So we can assume that there exists k£ € o(A(A, M))\D. By the
Strong Idempotents Lemma, 2.2.2, the map « is given by evaluation at some
a € Aon the set a'(S). Since k € a(A(A,M)) and « preserves End(M),
we have End(M)(k) € a(A(A,M)). Thus, by the First GST Lemma, 2.2.6,
the map « is also given by evaluation at a on o~ (t), foreach t € M\ S. Hence
« is an evaluation. It follows that M yields a duality on A, by the Duality
Compactness Theorem, 1.4.2. [ |

This result is easily modified to cover the case where there is a finite number
of term retractions onto dualisable subalgebras.

2.3.4 Multi Term Retract Theorem Ler n € w\{0} and let M be a finite
algebra. Assume that, for each i € {1,...,n}, the map v; : M — D, is a
term retraction with ;| p. = idp, and that D; = (Dy; GO, HO RO T) is
a dualising structure for D; of finite type. Let S be a non-empty subset of M,
let G’ be a set of binary homomorphisms of M and define

M = (M;EndM)UG'U UGY, UHY, JRD UR5 (M), T).
=1 i=1 i=1
Assume that each element s € S is a strong idempotent of a map in G'. Assume
further that, for every transversal T of { M\D; | i € {1,...,n} } and every
t € M\S, the sets G' and S N End(M)(T") distinguish t within M. Then M
yields a duality on ISP(M).

The following example illustrates the Term Retract Theorem.

2.3.5 Example The algebras ({0,1,2};121) and ({0,1,2};121,111,222)
are dualisable.

Proof Let M be either ({0,1,2};121) or ({0,1,2}; 121,111, 222), and let D
be the subalgebra of M on the set D := {1,2}. Then 212 : M — D is a term
retraction, as 212 = 121 o0 121. The algebra D is either a two-element set with
involution or a two-element doubly pointed set with involution. In either case,
there is a finite set G of algebraic operations on D such that D = ({1,2}; G, T)
yields a duality on ISP(D). This can be shown using the general results in the
text by Clark and Davey [8, Table 10.2].

The diagrams in Figure 2.4 make it straightforward to check that
go = (%%%), g1 = (% i %) and go 1= (?%%)
022 210 202

are all algebraic over M. We will use the Term Retract Theorem, 2.3.3, with
S := {0} and G’ := {go, g1, 92}. The element O is a strong idempotent of gg.
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XX
/X

The binary operations

222 212 022
111 012)and ({111
022 210 202

are algebraic over M. Mm?

Figure 2.4 M = ({0,1,2};121)

The only element of M\ D is 0. We have

¢1(0,m)=0 < m=1 and ¢0,m)=0 < m=2,
forall m € M. So {g1, g2} and {0} distinguish both 1 and 2 within M. Thus
M is dualised by M = <{O, 1, 2}; End(M) UG’y Go1o, Ry (M), T> | |

We can build on the previous example to find another dualisable algebra.

2.3.6 Example The unary algebra ({0,1,2,3};1212,0121) is dualisable.
Proof Define the algebras

= ({0,1,2,3};1212,0121) and D := ({0,1,2};121,012).

As 012101212 = 1212 = 1212 0 0121, the map 0121 is term retraction from
M onto D. By the previous example, the algebra D is dualised by an alter ego
of finite type. Using Figure 2.5, it is easy to see that the binary operations

3335 3332 1113
go3 = \|{1111} 91:= 1113> and 923:(2222
0222 2222 1111
are algebraic over M. Both the elements 0 and 3 are strong idempotents of ggs.

We have
g1(3,m)=3 <= m=1 and @@B,m)=3 <= m=2,

forallm € M. So {g1, g2} and {3} distinguish both 1 and 2 within M. Thus
M is dualisable, by the Term Retract Theorem, 2.3.3. [ |

As an illustration of the Multi Term Retract Theorem, 2.3.4, we give an
alternative dualisability proof for the algebra ({0,1,2};010,002) of lattice
endomorphisms.
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=<

The binary operations

1113 1111
2222
11 1113
02 2222
2
1
2
1

are algebraic over M.

no

—romny NN

and

=D =D BN
eI

342

Figure 2.5 M = ({0,1,2,3};1212,0121)

2.3.7 Example The unary algebra ({0,1,2};010,002) is dualisable.

Proof Define M = ({0,1,2};010,002). Then 010 is a term retraction from
M onto the subalgebra D; of M with D; := {0, 1}, and 002 is a term retraction
from M onto the subalgebra D, of M with Dy := {0, 2}. Since D; and D, are
both pointed sets, they are finitely dualisable [8, Table 10.2]. (In fact, their dual-
isability also follows from either the Lattice Endomorphism Theorem, 2.1.2, or
the Strong Idempotents Theorem, 2.2.3.)

Now consider the binary operations

002 010
No = (010) and *g := (002)
000 012

on M. These operations are binary homomorphisms of M, by Lemmas 2.2.10
and 2.2.15. The elements in S := {1, 2} are strong idempotents of Ag. The
only transversal of the set {M\Dy, M\ Dy} is T := {1, 2}. The only element
of M\S is 0. For each m € M, we have

lxsgm=1 & 2%gm=2 < m=0.
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So {*o} and {1, 2} distinguish 0 within M. It now follows by the Multi Term
Retract Theorem, 2.3.4, that M is dualisable. |

2.4 Group operations

A binary homomorphism that is also a group operation can play a central role
in producing a duality.

2.4.1 Group Lemma Let M be a finite algebra that has a binary homomorph-
ism * such that (M %) is a group. Let A be an algebra in A .= ISP(M) and
assume that o : A(A, M) — M preserves . Let S be a non-empty subset of
o(A(A,M)) and assume that o is given by evaluation at a € A on o™ 1(S).
Then « is given by evaluation at a on oY (T'), where (T'; ) is the subgroup of
(M; ) generated by S.

Proof Let M denote the group (M;x). As x is algebraic over M, the set
A(A, M) forms a subgroup of (Mg)#. So, since  : A(A, M) — M pre-
serves *, the set (A (A, M)) forms a subgroup of M.

Now define the subset S, of M by

Sa:={s € aA(A,M)) | ais given by evaluation at a on a™'(s) }.

We want to prove that S, also forms a subgroup of Mj. Since S C S, the set
S,, 18 non-empty.

Let’ : M — M be the inverse operation of the group My. Since My is
finite, the operation ’ can be derived from the group operation *. We begin by
showing that S, is closed under the operation’. Letr € S, C a(A(A,M_)).
Then we must have r’ € a(A(A,M)). To see that ’ € S, letz € a™*(r').
Then z’ € A(A, M) with a(z') = a(z) =" =r. Asr € S, this implies
that a(z') = 2/(a) and therefore a(z) = a(z’) = 2/(a)’ = z(a). Therefore
r’ € S,, whence S, is closed under’.

Now we can show that S, is closed under the operation *, by using the First
GST Lemma, 2.2.6. Letr,s € S,. Thenr,s € a(A(A,M)), and therefore
rxs € a(A(A,M)). Forallm € M, we have

rream=3s <> m=r=x*s.

So {+} and S, distinguish 7 % s within M, since 7', s € S,. As « is given by
evaluation at a on o~ *(S,), the First GST Lemma tells us that o is given by
evaluation at a on o~ *(r * s). Thus 7 x5 € S,.

We have shown that S, forms a subgroup of Mg. Since S C 5, and 7' is the
underlying set of the subgroup of Mg generated by .5, it follows that 7' C 5.
Hence « is given by evaluation at a on the set a1 (T'). |
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We will now use the Group Lemma and the Term Retract Lemma to find
a large class of dualisable unary algebras. If we begin with a finite group
My = (M;*), we can ask whether the unary algebra M = (M; End(My))
is dualisable. In particular, we want to know whether or not we can augment
the structure M = (M;*,T) so that it will yield a duality on ISP(M). The
general problem of determining for which finite groups Mg the unary algebra
M = (M;End(My)) is dualisable remains open. We shall show that M is
dualisable when the group M is cyclic.

2.4.2 Lemma Let p be prime, let r € w\{0} and consider the cyclic group
Z,r of order p". Thereisamap g : (Zpr)2 — Ly such that

(i) g preserves every endomorphism of Zyr, and
(ii) the element p"~! of Zyr is a strong idempotent of g.
Proof For each integer n, define the endomorphism

At Ly — Zyr by Ap(k) = nk (modp").

Then End(Z,») = {\, | n € Zy }. So the endomorphisms of Z,- are
generated, as a monoid, by the set {A,} U { An ‘ n € Ly withp 4 n } Now
define g : (Zyr)? — Zpr by

E if M(k) = M\ (0) = p" L 1 it ,

g(k,é) = { ! ”( ) n( ) p or some 1nteger n
0 otherwise,

for all k, ¢ € Z,r. We will prove that g satisfies conditions (i) and (ii).

Claim I The map g preserves every endomorphism of Zyr.

Letm € {p} U{n € Zy | ptn}. Tosee that g preserves the endomorphism
Am Of Zpr, let k, £ € Zyr. First assume that g(An(k), A (£)) # 0. There is
some integer a with

NaAn(k)) = AaAm(0) = 5L
S0 Aam (k) = Aam(£) = p"~ 1, and therefore
Am(9(k, €)) = Am(k) = g(Am(k), Am(£)).

Since A\, (0) = 0, we can now assume that g( A, (k), A (€)) = 0 and that
g(k, £) # 0. So there is some integer a such that

Aa(k) = Aall) = Prhla
but there is no integer b such that

M(Am(k)) = Xp(Am()) = p"~
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Suppose that p t m. Then ged(m, p™) = 1, and so there are integers c and d for
which ¢m + dp” = 1. But this gives us

Aca(Am(k)) = Aa(k) = pr—l and Aca(Am(f)) = Aa(f) = pr_la

which is a contradiction.

We have shown that m = p. We have )\a(k) Ao(£) = p"~1, but there is
no integer b such that App(k) = App(¢) = p™~!. This implies that p { a, and
therefore p"~! | k. So

Ap(g(k, £)) = Ap(k) = 0 = g(Ap(k), Ap(£)),
whence g preserves A,,. Thus g preserves all the endomorphisms of Z,

Claim 2 The element p"~* of Zyr is a strong idempotent of g.

Clearly, we have g(p"~1,p"™1) = p"~!. Now assume that k,¢ € Z,- with
g(k,£) = p"™=!. Then k = p"~! and there is some integer n such that

M) = Malk) = M) = p" 7T

We must have p { n, and therefore \,, is a permutation. So £ = k = p"~!. Thus
r—1

p" " is a strong idempotent of g. |
2.4.3 Theorem The endomorphisms of a finite cyclic group are the operations
of a dualisable unary algebra. More precisely, for each n € w\{0}, the unary
algebra M .= (Z,; End(Z,,)), of endomorphisms of the cyclic group Z,, is
dualised by Ml := (Zn; +, g, R1,T), for some binary homomorphism g of M.
Proof We will argue by induction on the number of prime factors of the order
of the cyclic group. The induction commences by observing that the endo-
morphisms of Z; yield a dualisable unary algebra.

Let n € w, let po,...,pn be distinct primes and let ro,...,m, € w\{0}.
Define the group My := Zpgo X+ X Z,m and define the unary algebra

= (M; End(My)), where M := Zigro X« -+ X Lugrn.

By Lemma 2.4.2, forall ¢ € {0,...,n}, there is a map g; : (me) — Zpu
that preserves each of the endomorphlsms of the group Z pli and has the element
P Yasa strong idempotent. Define the map

g:M? — M by g(k,€)(i) = gi(k(i), £(0)).

As the group My is cyclic, every endomorphism e of My is a product, of the
forme = eg X - - - X e, of endomorphisms of the factor groups Zpgo, ooy D
It follows that g preserves all the endomorphisms of Mg. So g is a binary homo-
morphism of M. We will show that M is dualised by M := (M; +,g, R1,7).
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Let A be a finite algebra in A := ISP(M) and let « : D(A) — Mbe a
morphism. We will prove that « is an evaluation. It will then follow, by the
Duality Compactness Theorem, 1.4.2, that M dualises M.

Since the group My is cyclic, every endomorphism of My is also an endo-
morphism of M. (In fact, End(M) = End(Mj).) Since o preserves the
group operation +, the map « also preserves every endomorphism of the cyclic
group M.

As My is cyclic, there is some m € M such that m generates a(A(A, M))
as a subgroup of My. We split our proof that « is an evaluation into two cases.

Case 1: m(j) = 0, for some j € {0,...,n}. Define the endomorphism  of
Mo by
0 ifi =7,
k)(i) =
V(k)(3) {k(z) otherwise,

forevery k € M and i € {0,...,n}. Then~ : M — M is an operation of
M and o(A(A,M)) C v(M). Itis easy to check that v : M — (M) is
a term retraction of M with [, 57y = idy(ar). The operations of the unary
algebra (M) are the endomorphisms of the cyclic group v(Mjp). The order
of the group v(Mj) has one less prime factor than the order of Mj. So, by the
inductive assumption, the unary algebra (M) is dualised by

(VM5 + 1y nys Oy Bilyany, T)-

The map « : A(A,M) — M preserves the endomorphism « of My, and so it
follows that o preserves the structure induced by

<M;7)+’}’)g’yaR1 r'y(M)vT>

As a(A(A,M)) C v(M), the Term Retract Lemma, 2.3.2, tells us that « is
an evaluation.

Case 2: m(i) # 0, for all i € {0,...,n}. By the Group Lemma, 2.4.1,
it suffices to show that o agrees with an evaluation on o~ !(m). Define the

element s of M by s(i) = pl*~'. Since pzi_l is a strong idempotent of g;,
for each ¢ € {0,...,n}, it follows that s is a strong idempotent of g. Since «

preserves g and Ry, we can use the Strong Idempotents Lemma, 2.2.2, to find
some a € A such that « is given by evaluation at @ on ™! ().

Asm € a(A(A,M)), there is some 2z € A(A, M) such that a(z) = m.
Let i € {0,...,n}. Then m(i) # 0, and therefore ged(m(i), pj’) | P
So there are integers k and £ such that km(4) + £p* = p[*~'. It follows that
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there is an endomorphism v; of Zr; with vi(m(i)) = p}*~!. Now define the
endomorphism v := vg X - -+ X v, of Mg. Then v(m) = s, and so

a(v 0 2) = v(a(z)) = v(m) = 5.

As « is given by evaluation at a on a1 (), this gives s = a(voz) = vo 2(a).
Again, leti € {0,...,n}. Since v o z(a) = s = v(m), we have

vi(2(a) (@) = P~ = vi(m(7).

So ged(z(a)(4), p;") = ged(m(i), p;*), and therefore ged(2(a) (4
Hence there is an endomorphism w; of Z,: for which w;(z(a
Now define w := wg X + -+ X wy,. This givés us

z(w(a))(i) = w(z(a))(i) = wi(z(a)(i)) = m(i),

so that z(w(a)) = m.
The map « is given by evaluation at a on a~!(s). This implies that, for all
T € o (s), we have

S
o
3

o
SN
—

=

~

N
~~
.
S—
N
Il
3
o>

2(w(a)) = w(z(a)) = w(s) = w(vo 2(a)) = v(z(w(a))) = v(m) = s.

Thus « is also given by evaluation at w(a) on o~ (s). We will finish the proof
by showing that « is given by evaluation at w(a) on a1 (m).
Lety € a~}(m). Then

afvoz—z+y) =v(a(z) —alz) +aly) =v(m) —m+m=s.
Since a is given by evaluation at w(a) on o~ !(s), we have

s = (voz—z+y)(wa)) =vozw)) - z(w(a)) + y(wla))
=v(m) —m+y(w(a)) = s —m +y(w(a)),

which implies that y(w(a)) = m. Thus « is given by evaluation at w(a) on
a~!(m). By the Group Lemma, it follows that « is an evaluation, ]



The complexity of dualisability:
three-element unary algebras

We solve the Dualisability Problem restricted to the class of three-element unary
algebras. The intricacy of the solution demonstrates the difficulty of the general
Dualisability Problem. Our solution also provides a source of examples and
counterexamples for us to use later in the text.

The most fundamental problem in the theory of natural dualities is the Dual-
isability Problem: deciding exactly which finite algebras are dualisable. In this
chapter, we demonstrate the difficulty of this problem. We do this by solving the
Dualisability Problem restricted to a class of apparently very simple algebras:
three-element unary algebras. We will find that the complexity of dualisability
is evident even within this humble class.

A complete solution to the Dualisability Problem for two-element algebras is
given in the last chapter of the text by Clark and Davey [8]. The characterisation
follows comparatively easily from the general results developed throughout
that text, Unfortunately, these general results do not apply so readily to three-
clement unary algebras, and we will be establishing dualities from scratch,
using knowledge of the structure of the algebras in the quasi-varieties.

Unary algebras are actually rather complicated from the point of view of
duality theory. Amongst the two-element algebras, it is the highly structured
algebras that have simple dualising structures, and the simpler algebras that have
complicated dualising structures. For example, the two-element implicative lat-
tice ({0,1}; V, A, —) is dualised by the discrete pointed set ({0,1};1,7), and
the two-element pointed set ({0, 1}; 1) is dualised by the discrete implicative lat-
tice ({0,1}; V, A, —, T). The dualising structures we obtain for three-element
unary algebras will be quite unwieldy. But, rather than aiming to create useful
dualities, we are aiming to shed light on the general Dualisability Problem.
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The dualisability of an algebra seems to be related to finiteness properties of
the quasi-variety and, perhaps unexpectedly, of the variety that it generates. The
exact nature of this relationship remains mysterious. In the positive direction,
every known dualisable algebra has a finitely based equational theory. However,
a dualisable algebra need not have a finitely based quasi-equational theory. The
three-element unary algebras My, and M , defined in Figure 4.1, are dualisable,
by the Lattice Endomorphism Theorem, 2.1.2. But neither has a finite basis for
its quasi-equational theory [4].

In the other direction, it seems as though finite algebras that generate badly
‘non-finite’ varieties must be non-dualisable. A variety is said to be residually
large if, up to isomorphism, it contains a proper class of subdirectly irreducible
algebras. We conjecture that a finite algebra that generates a residually large
variety is non-dualisable.

In this chapter, some of our proofs of dualisability make direct use of very
strong finiteness conditions on the generated quasi-varieties. However, we shall
also find dualisable and non-dualisable algebras where the difference between
the quasi-varieties they generate appears to be slight.

The dualisability of a three-element unary algebra is strongly related to the
number of different patterns that its unary term functions have. To make this
more precise, consider a unary algebra M. A kernel of M is an equivalence
relation on M of the form ker(u), for some unary term function u of M that is
neither a constant map nor a permutation. We shall say that M is an n-kernel
unary algebra if 7 is the number of different kernels of M.

There are only three non-trivial partitions of a three-element set. So the class
of three-element unary algebras divides into zero-, one-, two- and three-kernel
algebras. The main result of this chapter is the following characterisation of
dualisability for three-element unary algebras.

3.0.1 Theorem Ler M be a three-element unary algebra.
(1) If M is a zero-kernel or one-kernel algebra, then M is dualisable.

(i) Assume that Ml is a two-kernel algebra, on the set {0, 1, 2}, with kernels
{0112} and {02|1}. Then M is dualisable if and only if all the following
conditions hold.:

(a) if ppq and pqp are term functions of M, for some p,q € {0,1,2}
with p # q, then 010 and 002 are also term functions of M,

(b) if 010, 001 and 110 are term functions of M, then so is 222;

(¢) if 002, 020 and 202 are term functions of M, then so is 111.

(iii) If M is a three-kernel algebra, then M is not dualisable.
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operations kernels dualisable?

Fy = {012,000, 001} 1 yes

F; = {012,000,001,010} 2 no

F, = {012,000,001,010, 002} 2 yes

F3 = {012,000,001, 010,002,110, 111} 2 no

Fy = {012,000,001, 010,002, 110, 111, 222} y yes
3

F5 = {012,000,001,010,002,110, 111,222,011} no

Table 3.1 Six three-element unary algebras

Given any two-kernel three-element unary algebra M, there is a straightfor-
ward method for constructing an isomorphic copy of M, on the set {0, 1, 2},
that has kernels {01]2} and {02|1}. (See Lemma 3.3.1 and the discussion on
conjugation that precedes it.) So the previous result really does completely
characterise dualisability for three-element unary algebras.

Broadly speaking, our characterisation says that three-element unary alge-
bras with few unary term functions are dualisable, while those with many
unary term functions are non-dualisable. However, the dualisable and non-
dualisable two-kernel algebras are tightly entangled. Indeed, there is a chain
Fy € Fy C -+ C Fj5 of sets of unary operations on {0, 1,2} such that the
corresponding algebras

<{07172};F0>7 <{07172}§F1>a e <{0?172}3F5>

are alternately dualisable and non-dualisable. The definitions of the operation
sets Fp, ..., F5 are given in Table 3.1. For each ¢ € {0,...,5}, it is easy
to check that every unary term function of the algebra ({0, 1,2}; F;) belongs
to F;, and then to use Theorem 3.0.1 to determine whether or not this algebra
is dualisable.

A three-element unary algebra with universe {0, 1,2} is determined, up to
term equivalence, by its monoid of unary term functions. It turns out that there
are exactly 699 such monoids on {0, 1, 2}. These 699 monoids determine 160
non-isomorphic unary algebras. In Tables 3.2 and 3.3, we indicate how the
699 monoids on {0, 1,2} and the 160 non-isomorphic unary algebras that they
determine are distributed amongst the different kernel types.

A surprising number of very different arguments seems to be required to solve
the Dualisability Problem for three-element unary algebras. We shall examine
the four kernel types section by section. We use both general and particular
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kernels 0 1 2 3 total
dualisable 24 198 210 432
non-dualisable 126 141 267

Table 3.2 The 699 monoids on {0, 1,2}

kernels 0 1 2 3 total
dualisable 12 44 43 99
non-dualisable 24 37 61

Table 3.3 The 160 non-isomorphic three-element unary algebras

results to complete our characterisation. As a bonus, we end by using some
general results from this and the previous chapter to prove that every finite unary
algebra with only one fundamental operation is dualisable,

The first four sections of this chapter are based on a paper written by the
authors and D, M. Clark [13]. The result in the final section was found by the
first author [51].

3.1 Dividing unary algebras into petals

The zero-kernel unary algebras are exactly those whose fundamental operations
are all constants or permutations. In this section, we prove that every finite
zero-kernel unary algebra (of any size) is dualisable. To do this, we show that
finite zero-kernel algebras generate extremely simple quasi-varieties. Each of
these quasi-varieties can be created, via coproducts, from a finite number of
building-block algebras. The following example gives an easy illustration of
this phenomenon.

3.1.1 Example Consider the three-element unary algebra
M := ({0, 1,2}; 021, 000),

shown in Figure 3.1. The quasi-variety A := ISP(M) is determined by the
quasi-equations

021(021(x)) ~ =z, 000(z) ~ 000(y) and 021(z) =~z <= z ~ 000(x).

Figure 3.1 gives an example of a typical algebra A from A. It is easy to check
that every algebra in A is a coproduct of copies of M.
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Figure 3.1 A zero-kernel unary algebra

Let M = (M; F) be an arbitrary unary algebra and let A belong to the
quasi-variety A := ISP(M). Recall that we associate a directed graph G(A)
with the algebra A, where

G(A) = (A4;Ex) and Ea = {(a,u(a)) |a€ Aandu € F}.
Now define the centre of A to be the subuniverse of A given by
Ca =1 m? [ m is the value of a constant term function of M }.

Let G*(A) denote the induced subgraph of G(A) with vertex set A\C'a. Then
a subalgebra P of A is called a petal of A if P\Cp is non-empty and is the
vertex set of a connected component of the graph G*(A)). An algebra P is a
petal of A if P is a petal of some A € A.

Note that the centre and the petals of a unary algebra A depend on which
quasi-variety ISP(M) we choose as its home. Whenever we are talking about
centres and petals, we shall make sure that the chosen quasi-variety is clear.

The following example demonstrates the origin of the names ‘petal’ and
‘centre’.

3.1.2 Example Again, consider the algebra M := ({0, 1,2};021,000). The
only element of M that is the value of a constant term function is 0. In Figure 3.1,
the algebra A, from ISP(M), has been drawn to resemble a flower. This algebra
has centre Ca = {0”} and three petals.

3.1.3 Remark Let M be a unary algebra and choose some A in ISP(M).
Then we can define a partition of A by

{P\Ca | Pisapetalof A} U ({Ca}\{2}).

This partition reflects the structure of A, since Cp is a subuniverse of A and,
for each petal P of A, the set P = (P\Ca) U Ca is a subuniverse of A. The
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Figure 3.2 Petals

diagram in Figure 3.2 gives a general picture of how a unary algebra is divided
into petals.

The next lemma reveals the importance of petals.

3.1.4 Lemma Let M be a unary algebra and let A belong to A := ISP(M).
Then A is the coproduct (in A) of its petals, unless A is trivial and M has at
least two constant unary term functions.

Proof Assume that A is non-trivial or that M has at most one constant unary
term function.

Case 1: A = Ca. The algebra A has no petals. Choose an algebra B from A.
Then there is a unique homomorphism z : A — B, given by z(m?) = mB,
for each m € M that is the value of a constant term function of M, To check
that z is well defined, assume that m1, my € M, with m; # mg, such that
both my and ms are values of constant term functions of M. By our initial
assumption, the algebra A must be non-trivial. Since A € ISP(M), there is a
homomorphism from A into M, which implies that m#* # m#*. Therefore

is well defined, whence A is the empty-indexed coproduct in A.

Case2: A # Ca. Let {P; | i€ I} be thesetof petals of A. Then Cp C P,
forall i € I, and { P\Ca | i € I} is a partition of A\Cax. Let B € A
and, for each 7 € I, let z; : P; — B be a homomorphism. We must have
z;(m®) = mB, forall i € I and m® € Ca. So the homomorphism

z: A — M, givenby m::U{xz-HEI},

is the unique extension of the family {x; | ¢ € I'}. It follows that A is the
coproductof { P; |i € [ }in A. |
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Within classes of non-unary algebras, most algebras cannot be written as
a coproduct of simpler algebras. Similarly, in many quasi-varieties of unary
algebras, the petals are just as complicated as the algebras in general. This
is the case in the quasi-variety generated by the three-element unary algebra
Q defined in 1.2.3. The petals of ISP(Q) are those algebras A for which the
graph that is obtained from I'(A) by removing the vertex 04 is connected; see
Figure 1.4 and the proof of Lemma 1.2.5. Connected graphs are really just as
complicated as graphs in general. So focusing on the petals of ISP(Q) is not
very helpful. B

Nevertheless, there are quasi-varieties of unary algebras whose petals are par-
ticularly well behaved: for example, the quasi-variety ISP(R,) defined in 1.2.1.
The algebra R has no constant term functions. So the petals of an algebra in
ISP(R,) are simply its connected components. In Lemma 1.2.2, we showed
that ISP(R)) has only two kinds of non-trivial petals. So the petals of ISP(R)
are less complicated than the general algebras in ISP(R)).

If the petals of a quasi-variety A are simple, it makes sense to establish a
duality for A in two steps. First find a structure that yields a duality on the
petals of A, and then enrich this structure so that it yields a duality on all of A.
The following two lemmas show how the second step can be done.

3.1.5 Lemma Let M be a finite unary algebra and define A := ISP(M). Let
A be afinite algebrain A, with A # Ca, and assume that o : A(A, M) — M
preserves Ry. Then there is a petal P of A such that P is a support for c.
Proof LetPy,..., P, be the petals of A, where n € w\{0}. (Since A # Ca,
the algebra A has at least one petal.) If the map « is constant, then every subset
of A is a support for o. So we can assume that there are

w,z € A(A,M) with «o(w) # a(z).

We shall construct a sequence w = wo,...,w, = = of homomorphisms in
A(A, M) such that w; and w;4+ agree on A\ P11, forallz € {0,...,n —1}.
First define wg := w. Foreach¢ € {0,...,n — 1}, we can define

UCUrp.

Wi+1 :A — M by Wil = Wy rA\ 1417

Pia
since P;11 is a cofactorof A. As A= P, U---U P,, we have w, = z.

Since a(wg) = a(w) # alz) = alw,), there is some j € {0,...,n — 1}
with a(w;) # a(w;41). To see that Pj. is a support for c, let

y,z € A(A,M) with ylp., = 2lp,, -

The map « preserves Ry. So, by the Preservation Lemma, 1.4.4, there is some
a € Asuch that o is given by evaluation at a on {w;, w;11,v, z}. The maps w;
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and w; 41 can only differ on Pj1. Asw;(a) = ( wj) # a(wjt1) = wiri(a),
it follows that a € Pj.1. Thus a(y) = y(a) = z(a) = a(z), whence Pj;1 is
a support for a. |

3.1.6 Petal Duality Lemma Let M be a finite unary algebra and let n € w
with n > 2. Assume that Ry, yields a duality on every finite petal of ISP(M).
Then M := (M; Rp12,T) yields a duality on ISP(M).
Proof Let A be a finite algebra in A := ISP(M) and let o : D(A) — M be
a morphism. We shall prove that « is an evaluation. It will then follow, by the
Duality Compactness Theorem, 1.4.2, that M yields a duality on A.

We can assume that A(A, M) is not empty. So choose some z € A(A, M).
For each petal P of A and each w € A(P, M), we can define w € A(A, M)
by W := w U z[ 4\ p, as P is a cofactor of A.. For each petal P of A, define

ap  AP,M) - M by op(w) = a(®@).
We split our proof that « is an evaluation into three cases.

Case 1: A = Cp. There is only one homomorphism from A to M, and there-
fore |[A(A,M)| = 1. Since « preserves R, 2, it follows by the Preservation
Lemma, 1.4.4, that « is an evaluation.

Case 2: A # Cp and « is not constant, There exist z1,z9 € A(A, M) with
a(zy) # axg). Since n + 2 > 4, we know from Lemma 3.1.5 that there is a
petal P of A such that P is a support for . We have

y1:=zlpUzlap and y2:=z2[pUzlap

in A(A, M) with a(y1) = a(z1) # a(z2) = a(y2).

We want to show that ap : A(P, M) — M preserves R,,. By the Preserva-
tion Lemma, it is enough to show that ap agrees with an evaluation on every
subset of A(P, M) with at most n elements. Let wy,...,w, € A(P,M).
Since « preserves R+, the map « is given by evaluation at some a € A on
{y1,y2, W1, ..., Wy}, by the Preservation Lemma. We must have a € P, since

yi(a) = a(y1) # a(y2) = y2(a) and yila\p = y2la\p-

Now, forall i € {1,...,n}, we have ap(w;) = a(w;) = wi(a) = w;(a). So
ap is given by evaluation at a on {wy, ..., w,}, whence ap preserves R,.

As R, yields a duality on the finite petal P, there exists b € P such that op
is given by evaluation at b. Since P is a support for o, it follows that

a(z) = a(@Tp) = ap(aip) = 21p(5) = 2(b),
forall z € A(A,M). So « is an evaluation.
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Case 3: A # Cp and « is constant. Suppose, by way of contradiction, that
the map ap is not an evaluation, for every petal P of A. Now let P be any
petal of A. Since R, yields a duality on P and oy is not an evaluation, the
map op does not preserve R,. So, by the Preservation Lemma, there must be
homomorphisms wp,, . .., wp, € A(P, M) such that ap does not agree with
an evaluation on the set {wpy,...,wp,}. By Lemma 3.1.4, the algebra A is
the coproduct of its petals. This implies that, for each ¢ € {1,...,n}, we can
define the homomorphism w; € A(A, M) by

w; 1= U{wpi ‘ P is a petal of A }.

Since « preserves R4, the map « is given by evaluation at some a € A on
{wy,...,wy}. Let Q be a petal of A containing a. We are assuming that « is
constant. So, foreachi € {1,...,n}, we have

ag(wg;) = a(wg,) = a(wi) = wi(a) = wg,la).

Therefore o is given by evaluation at @ on the set {wgqy, . .., Wq,}, which is
a contradiction.

We have shown that there is a petal P of A for which ap is an evaluation.
Let b € P such that ap is given by evaluation at b. Then, since « is constant,
we have

a(z) = a(zlp) = ap(zlp) = 2p(b) = z(b),
for every € A(A, M). Thus « is an evaluation. |

The previous lemma can be used to show very easily that every finite zero-
kernel unary algebra is dualisable. In order to apply the lemma, we will first
show that the quasi-variety generated by a finite zero-kernel algebra is extremely
simple.

3.1.7 Lemma Let M be a finite unary algebra and define A := ISP(M).

(i) If M is a zero-kernel algebra, then, up to isomorphism, the quasi-variety
A has finitely many petals, all of which are finite.

(i) If M is not a zero-kernel algebra, then A has both arbitrarily large finite
petals and infinite petals.

Proof Assume that M is a zero-kernel algebra, Let F}, be the set of all unary
term functions of M that are permutations, and let F; be the set of all constant
unary term functions of M. Then every unary term function of M belongs to
F, U F¢. Foreachu € F},, the map uwt 1 M — M is a term function of M, as
M is finite. Now let P be a petal of A. Since the graph G*(P) is connected,
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it follows that P\Cp is an orbit of F},. Therefore
|P| = |Cp|+ |P\Cp| < [Fe| + [ Fp|.

The quasi-variety A is locally finite. So, up to isomorphism, there are only
finitely many petals of \A, all of which are finite.

Now assume that M is not a zero-kernel algebra. There is a unary term
function v of M that is neither a constant map nor a permutation. So there are
three distinct elements a, b and ¢ of M such that u(a) = u(b) # u(c). Let S be
a non-empty set and define the algebra A := M?® x M in .A. Now define the
subset X := {a,b}* x {c} of A. Then u(z) = u(y) ¢ Ca, forall z,y € X.
It follows that X is a subset of the vertices of a connected component of the
graph G*(A). So X is contained in a petal of A. Thus A has both arbitrarily
large finite petals and infinite petals. |

3.1.8 Theorem Every finite zero-kernel unary algebra is dualisable.

Proof Let M be a finite zero-kernel unary algebra and define A := [SP(M).
Using Lemma 3.1.7, we know that, up to isomorphism, there are only finitely
many petals of A, all of which are finite. So there is some n € w\{0, 1} such
that | A(P,M)| < n, for each petal P of A. By the Preservation Lemma, 1.4.4,
it follows that R,, yields a duality on every petal of .A. Thus M is dualised by
M = (M; Rp42,T), by the Petal Duality Lemma, 3.1.6. n

We can use the previous theorem to conclude that all the two-element unary
algebras are dualisable, since every unary operation on a two-element set is
ecither a constant map or a permutation.

3.2 One-Kkernel unary algebras

One-kernel algebras are almost as simple as zero-kernel algebras. In this sec-
tion, we show that the quasi-variety generated by a finite one-kernel unary
algebra M satisfies a very strong finiteness condition. There is a finite set B of
petals of ISP(M) such that every finite petal of ISP(IM) is ‘nearly isomorphic’
to a petal from B. We will then use this finiteness condition to help prove that
every finite one-kernel algebra is dualisable.

3.2.1 Example We have already carefully studied the quasi-variety generated
by a particular one-kernel algebra. Define R := ({0, 1,2};121,010), as in
Definition 1.2.1. The set of unary term functions of R is

{012,121,010,212, 101}.
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Figure 3.3 Outer and inner elements of a unary algebra

So R is a one-kernel unary algebra, with kernel {1/02}. The algebra R does
not have any constant term functions, and therefore the petals of an algebra in
ISP(R) are simply its connected components. In Lemma 1.2.2, we exhibited
all the petals of ISP(R). We showed that every non-trivial petal of ISP(R) is
isomorphic to Tr;, for some set I, or to Sq; ;, for some sets I and J. So the
non-trivial petals of ISP(R ) come in two different kinds. We shall now develop
a way to describe the similarity between the petals of the same kind.

Let A be an algebra. For each subset B of A, we define sga(B5) to be the
subuniverse of A generated by B. Foreach a € A, we shall write sg s (a) rather
than sga({a}).

Now assume that A is a finite unary algebra. We say that a € A is an outer
element of A if sg(a) is a maximal one-generated subuniverse of A. The
members of A that are not outer elements of A are called inner elements of A.
Define Ayt to be the set of all outer elements of A, and A;, to be the set of
all inner elements of A. Then Aoy is a generating set for A, and A;, is a
subuniverse of A.

3.2.2 Remark The previous two definitions give us a new way to partition
unary algebras. Let A be a finite unary algebra. There is a natural equivalence
relation & on Aoy, givenby a & b <= sga(a) = sga(b). So

{a/~]a€ Ao } U ({An}\{2})

is a partition of A. In Figure 3.3, this partition is shown for some particular
algebra A. The figure also shows how this partition interacts with the structure
of A: we know that A;, is a subuniverse of A and, for each a € Aoyt, we have

sgala) C (a/~) U Ain.
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Figure 3.4 A gentle basis for ISP(R)

A surjection ¢ : A — B is called gentle if © is one-to-one on A;,, Usg(a),
foralla € Aoys. Now let M be a finite unary algebra and let B be a set of finite
petals of A := ISP(M). We say that B is a gentle basis for A if, for every
finite petal P of A, there is a gentle surjection ¢ : P — B, for some B € B.

3.2.3 Example Again, consider the unary algebra R = ({0, 1, 2}; 121, 010)
first defined in 1.2.1. We know that every non-trivial petal of ISP(R) is iso-
morphic to Tr;, for some set I, or to Sq;;, for some sets [ and J. It is now
easy to check that every finite petal of ISP(R) has a gentle surjection onto one
of the six algebras shown in Figure 3.4. For example, for each non-empty set /,
there is a gentle surjection from the petal Tr; onto the petal Tryq,, which is
shown in the top-right of the figure. So the petals in Figure 3.4 form a gentle
basis for ISP(R).

Gentle surjections are so called because they do not destroy too much of the
structure of the algebra they act on. Loosely speaking, gentle surjections can
only collapse repeated structure on the outside of the algebra. This is the case,
for example, for the gentle surjection from Tr; onto Tr op for each non-empty
set I.

3.2.4 Lemma Let A be a finite unary algebra and let p : A — B be a gentle
surjection. Then o is a retraction and, for each subalgebra C of A such that
o is one-to-one, there is a coretraction v : B — A for o with C C (B).
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Proof Let C be asubalgebra of A such that ¢ [ is one-to-one. (For example,
we could choose sga(a), for any a € A.) Define the equivalence relation =
on Aoyt by

a=pb = p(sgala)) = ¢(sga(b))
We seek a transversal T of the blocks of =, for which C'N Agyy € sga(7).
To see that such transversals exist, let a,b € C' N Aoy with a =, b. Then
p(a) € p(sgala)) = p(sgalb)) and o (b) € v(sgalb)) = w(sgala)).

Since ¢ is one-to-one, this implies that a € sg(b) and b € sgp(a), whence
sgala) = sga(b). It follows that there is a transversal T of Aoyi/=, such that
C N Aout T sga(T). This gives us C C Ay Usga(T).

As the homomorphism ¢ is gentle, it is one-to-one on A;, U sg 4 (a), for each
a € J. We wish to show that ¢ : B — A, given by

v = J{ (Pl auumam) ¢ €T}

is a well-defined coretraction for ¢ with C' C ¢(B).

Claim 1 The relation 9 is a well-defined homomorphism.

The range of v is certainly contained in A. The domain of ¢ is B, since
B = p(A) = o(Ain Usga(T)) = U{ ©(Ain Usga(a)) |a€ T}
Now let a,b € T with a # b. It remains to check that the homomorphisms

(Pranusga@) and (Pla,0sgam)

agree on
p(Ain Usga(a)) No(Am Usga(d)).

So let e, € Ajy Usga(a) and ¢ € Aiy Usga(b) such that p(cq) = (c). We
shall prove that ¢, = ¢;. Then we will have

(la,usgat@) (@(ca)) = ca=cy = (9lausenp)  (@(c))s

and it will follow that ¢ is a well-defined homomorphism.
Suppose, by way of contradiction, that both c, and ¢, are outer elements
of A. Then sgy(cq) = sga(a) and sga(cy) = sga(b). But this gives us

p(sgala)) = w(sgalca)) = sg(p(ca))
= sgp(p(cs)) = w(sgalcr)) = w(sgalb)),

and therefore a =, b. Since a, b € T with a # b, this is a contradiction.
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We can now assume that ¢, € Aj,, whence cq, ¢p € Ain Usga(b). As ¢ is
one-to-one on Aj, Usga(b) and p(c,) = p(cp), we get ¢, = ¢, as required.
Claim 2 The homomorphism 1 is a coretraction for ¢ with C' C ¢(B).

Let b € B. Then there is some a € T with b € ¢ (Ajn Usga(a)). We have
o p(b) =90 (Pla,usga@) (B) =,
So v is a coretraction for ¢, with C C Ajp Usga(T) = ¥(B). n

We can now clarify the statements in the introduction to this section. Consider
a gentle surjection ¢ : A — B. For each a € A, the map y is one-to-one on
sgala). So, for every a € A, there is a coretraction 9, : B — A for ¢ with
a € Yo (B), by Lemma 3.2.4. Therefore A can be covered with the images of
coretractions for . This tells us that B retains most of the structure of A. So
gentle surjections really are ‘nearly isomorphisms’, and having a finite gentle
basis is a very strong finiteness condition on a quasi-variety. We will prove
that the quasi-variety generated by a finite one-kernel algebra must have a finite
gentle basis.

3.2.5 Lemma Let M be a one-kernel unary algebra with kernel 8. Then every
unary term function of M preserves 0.

Proof There must be a unary term function w of M with ker(u) = 6. The
map v is neither constant nor a permutation. Now let v be any unary term
function of M. If v is constant or ker(v) = 6, then v preserves 6. So we can
assume that v is a permutation, Let (a,b) € 6. The term function u o v of M
is neither constant nor a permutation. Therefore ker(u o v) = 6. This implies
that w o v(a) = w o v(b), and so (v(a),v(b)) € 6. Thus v preserves 6. ]

3.2.6 Lemma Ler M be a finite one-kernel unary algebra and let n. .= |M]|.
Then each finite petal of ISP(M) has at most n! + n inner elements.
Proof Let 6 be the kernel of M and let P be a finite petal of ISP(M). Every
subalgebra of P contains the centre Cp. Since P\Cp must be non-empty, we
have Cp C P,

We can assume that P < M°, for some non-empty set S. Each element
a € P determines two partitions of S:

P(a) = {a " (m) | me M }\{o}
and
Py(a) == {a ' (m/0) | m e M }\{@}.

We shall prove that there is a partition Q of .S, with at most n blocks, such that
P(a) = Q, forall a € P,,\Cp. This will tell us that, for each a € P,,\Cp, the
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element a takes a different value from M on each block of Q. As |M| =n, it
will follow that | P, \Cp| < n!, and therefore

|Pin| = |Cp| + [Pn\Cp| < n +nl,
as required.
Now choose some b € P,y and define the partition Q := Py(b) of S. The
number of blocks of Q is at most |M /60| < |M]| = n. Next define the subset

PQZ:{GE.Pin\CPl?(a):Q}U{aepout‘:PQ(CL)ZQ}

of P\Cp. We wish to show that Po = P\Cp. Since P is a petal, the graph
G*(P) is connected. So it is enough to show that Pg forms a connected com-
ponent of G*(P). Let a € P\Cp and let u be a unary term function of M
such that u(a) ¢ Cp. We will show that a € Pq if and only if u(a) € Pg. As
b € Pq, it will then follow that Pq = P\Cp.

Case 1: u(a) € Poyt. Since sgp(u(a)) € sgp(a) and u(a) is an outer element
of P, we must have sgp(u(a)) = sgp(a) and a € FPoy. There is a unary term
function v of M with v o u(a) = a. Both uw and v preserve ¢, by Lemma 3.2.5.
So Py(a) = Py(u(a)). Thus a € Pq if and only if u(a) € Pq.

Case 2: a € Pyt and u(a) € Py. We must have a ¢ sgp(u(a)). Therefore
the term function uw of M is not a permutation. (Otherwise, the finiteness of
M implies that v~ is a term function of M.) Since u(a) ¢ Cp, the term
function w of M cannot be constant. Therefore ker(u) = 6, and it follows that
P(u(a)) = Py(a). So a € Py if and only if u(a) € Pq.

Case 3: a € Py,. This implies that u(a) € Py,. The algebra P is generated by
its outer elements. So there is ¢ € P, and a unary term function v of M such
that v(c) = a. By the previous case, we have ¢ € Pq if and only if v(c) € Pq.
The previous case also tells us that ¢ € Pg if and only if w o v(c) € Pqg. So
a € Py if and only if u(a) € Pq.

We have now shown that P(a) = Q, for all « € P,,\Cp. So, as explained
earlier, it follows that | P,| < n + nl. [ |

3.2.7 Lemma Let M be a finite one-kernel unary algebra. Then ISP(M) has
a finite gentle basis.

Proof Define n := |M|. Then the one-generated free algebra in the quasi-
variety A := ISP(M) has at most n" elements. So there is some & € w such
that, up to isomorphism, there are only k one-generated algebras in A. Now
let P be a finite petal of A. We will show that there is a gentle surjection from
P onto a petal B of A with |B| < n"k(n! + n)!. Since A is locally finite, it
will then follow that A has a finite gentle basis.
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Define 8 to be the set of all maximal one-generated subuniverses of P. Then
8 = {sgp(a) | a € Poy }. Define the equivalence relation =on S by S =T
if and only if there is an isomorphism from S to T that fixes each element of
S N Py,. Choose a transversal T of the blocks of = and define the subalgebra
BofPby B:=J7.

Claim 1 There is a gentle surjection from P onto B.

For each pair (5, T") € =, choose an isomorphism 7 : S < T that fixes each
element of S N F;,. We want to define a gentle surjection ¢ : P — B by

@ = U{nST |TeTandSeT/=}.
First note that
P={Js=J{S|TeTandScT/=}.

Now consider ng, , and g, 7, suchthat S # So,whereT; € Tand S; € T;/=,
fort € {1, 2}. Since S is a maximal one-generated subuniverse of P, the
subuniverse S; N .Sy of P is properly contained in 5. So 51 N Sy € Py, and
therefore g -, and ng, 5, agree on S1 M Sy, 1t follows that ¢ is a well-defined
surjection, with p[p = idp, .

To check that ¢ is gentle, let a € Pyy. Then S := sgp(a) belongs to §,
and so S € T'/=, for some T' € J. We want to show that o is one-to-one on
Py Usgp(a). We have

Plp,usep(@) = Plpus = idr, U ngp.
Since g is one-to-one, it is enough to show that n¢(S\Pn) C T\ Py. The

maximality of S and 7" guarantees that Souy = S N Poyy and Ty = TN FPoys.
As 1 g7 1s an isomorphism, we get

nST(S\Pin) - nST(Sout> = Tout = T\Pin'
Thus ¢ is one-to-one on P, U sgp(a), whence ¢ is a gentle surjection.

Claim 2 The algebra B is a petal of A.

By Claim 1, we know there is a gentle surjection ¢ : P —» B. We begin by
showing that ¢! (Cg) = Cp. Clearly, Cp C ¢~ }(Cg). Soleta € ¢ 1(Cg).
By Lemma 3.2.4, there is a coretraction ¢ : B — P for ¢ with a € ¥(B).

This implies that
a=1opa) € Pp(Cy) C Cp.

Thus ¢~} (Cg) = Cp. Since P is a petal of A, the graph G*(P) is connected.
As ¢ : P — B is a surjective homomorphism such that ¢~ *(Cg) = Cp, it
follows that the graph G*(B) is also connected. So B is a petal of A.
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Claim 3 We have |B| < n"k(n! + n)!.

Each one-generated algebra in A has at most n" elements. Therefore we have
|B| = ’U‘J’] < n"|T]. Each T' € T determines a one-generated algebra T
from A. We know that, up to isomorphism, there are only £ one-generated
algebras in A. So we want to bound the number of members of T that can
determine isomorphic algebras.

Let A be any one-generated algebra in A and assume that 77,75 € T, with
11 # T5, such that there are isomorphisms 1 : A < Ty and o : A —» T,
Then @9 © (pl_l : Ty <» Tq is an isomorphism. Since T} # T», we must have
g 0 <p1_1(a) # a, forsome a € 71 N Py,. As

01(Ain) = (T1)in = T1 N Py,

this gives us b := @7 '(a) € Ain with ©1(b) # @2(b). So the embeddings
0114, @ Ain = Pinand ol 4 1 Ay < Py, are different. By the previous
lemma, we have |Pp| < n! + n. So the number of different embeddings from
A, into Py, is at most | Py|! < (n! + n)!. This implies that there are at most
(n!'4+ n)! subuniverses T" of P belonging to T such that T is isomorphic to A.
Finally, as there are exactly k£ non-isomorphic one-generated algebras in A, we
get |B] < n™T| < n"k(n! 4+ n)l. ]

The next lemma shows that a finite unary algebra must be a zero- or one-
kernel algebra in order to generate a quasi-variety with a finite gentle basis.

3.2.8 Lemma Let M be a finite unary algebra with at least two kernels. Then
ISP(M) does not have a finite gentle basis.

Proof There are unary term functions u and v of M, neither of which is
a constant map or a permutation, such that ker(u) ¢ ker(v). So there are
elements a,b € M with u(a) = u(b) and v(a) # v(b). As u is not constant
and v is not a permutation, there exist ¢,d,e € M, with d # e, such that
u(b) # u(c) and v(d) = v(e).

Now let n € w\{0}. We will construct a finite petal P of ISP(M) with
|Piy| = 2™. Each gentle surjection from P must be one-to-one on Py,. So it
will then follow that ISP(IM) does not have a finite gentle basis.

Define the subset X of M™*3 by

X = {a,b}" x {c} x {d} x {e}.

Since u(a) = u(b) # u(c), we must have u(z) = u(y) & Cyyn+s, for all
z,y € X. So X is asubset of the vertices of a connected component of the graph
G*(M™+3). Consequently, the set X is contained in a petal P of M™3, For
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every z € X, we have z ¢ sgp(v(z)), as v(d) = v(e). Therefore v(z) € P,
for each z € X. Since v(a) # v(b), this implies that

|Pn| = [{v(z) |z e X} =2
Thus ISPP(M) does not have a finite gentle basis. ]

Lemmas 3.1.7, 3.2.7 and 3.2.8 tell us exactly which finite unary algebras
generate a quasi-variety with a finite gentle basis.

3.2.9 Theorem Let M be a finite unary algebra. Then ISP(M) has a finite
gentle basis if and only if M is a zero-kernel or one-kernel algebra.

We can now finish this section by establishing the dualisability of finite one-
kernel unary algebras.

3.2.10 Theorem Every finite one-kernel unary algebra is dualisable.

Proof Let M be a finite one-kernel unary algebra. By Theorem 3.2.9, there
is a finite gentle basis B for A := ISP(M). As B consists of a finite number
of finite algebras, we can choose n € w such that n > [A(B, M)| + 3, for all
B < B. We shall prove that R,, yields a duality on every finite petal of A. By
the Petal Duality Lemma, 3.1.6, it will then follow that M := (M; R, 12, 7T)
dualises M.

Let P be a finite petal of A. There is a gentle surjection g : P — By,
for some By € B. Since ¢plp, is one-to-one, we can use Lemma 3.2.4 to
find a coretraction ¢y : By < P for g such that Py, C 19(By). Define the
subalgebra B := 1y(Bg) of P. Then B is isomorphic to By, and there is a
gentle surjection ¢ : P — B, given by ¢ := g 0 o, with o[ p = idp,,.

Now let v : A(P,M) — M preserve R,. We will be finished once we have
shown that « is an evaluation.

Case 1: a(z) = a(z o ¢), forall z € A(P,M). Since B is isomorphic to an
algebra in B, we have |[A(B,M)| < n - 3. As the map « preserves R,,, we
can use the Preservation Lemma, 1.4.4, to find some a € P such that « is given
by evaluation at a on the subset {w o ¢ | w € A(B,M) } of A(P,M). For
all z € A(P,M), we must have

a(z) = alz o) =z o p(a).

So « is given by evaluation at p(a).

Case 2: a(y) # a(y o ¢), for some y € A(P,M). Since P is finite, there
is some k € w\{0} with Poy; = {a1,...,ar}. We shall construct a sequence
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Y = Y0, .-, Yk =Yy o @ of homomorphisms in A(P, M) such that

P Ceq(yi,yow) and P\sgp(air1) C eq(ys, yit1),

foralli € {0,...,k —1}. As@lp = idp,, we can define yo := y. Now
let: € {0,...,k — 1} and assume that y; has been defined. As sgp(a;+1)isa
maximal one-generated subuniverse of P, we have

sgp(a) Nsgp(ai+1) C P,
forall @ € P\ sgp(a;+1). Since y; and y o ¢ agree on Py, this means that we
can define the homomorphism y;1; in A(P, M) by
Vit = YilP\sgp(ais1) Y Y © Plsgp(airr):

As Py is a generating set for P, we get y, = y o .

Since a(yo) = aly) # a(y o) = alyg), there is some j € {0,...,k—1}
such that a(y;) # a(yj+1). By the Preservation Lemma, there is some b € P
for which « is given by evaluation at b on

{vj v+t U{wop|we AB,M)}.
The maps y; and y;41 agree on P\ sgp(a;+1). Since
yi(b) = aly;) # alyj+1) = yj+1(b),

it follows that b € sgp(a;j.+1), We will finish the proof for this case by showing
that « is given evaluation at b.

Let z € A(P,M). Then there is some ¢ € sgp(a;+1) such that « is given
by evaluation at c on

{z, 95,501} U{wop|we AB,M)}.

As ¢ is gentle, the map ¢ is one-to-one on sgp(a;+1). So, by Lemma 3.2.4,
there is a coretraction ¢ : B < P for ¢ with sgp(a;j4+1) C ¥(B). We have
Yo plyp) = idyp) and b, ¢ € sgp(aj+1) € ¥(B). Therefore

afz) =z(c)=zopop(c) =alzopoyp)=x09op(b) =xz(b),

whence « is an evaluation. n

3.3 Dualisable two-kernel three-element unary algebras

Were it not for the two-kernel algebras, the characterisation of dualisability
for three-element unary algebras would be very simple. All of the zero- and
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one-kernel algebras are dualisable, and none of the three-kernel algebras is
dualisable. It is only amongst the two-kernel algebras that the dualisable and
non-dualisable algebras are hard to differentiate. We shall split the class of
two-kernel three-element unary algebras into four further types. Two of these
types will be exclusively dualisable, and the other two will be exclusively non-
dualisable. First, we will show that it is enough to consider the two-kernel
algebras with kernels {01|2} and {02|1}.

Isomorphic copies of a unary algebra can be created via conjugation. Con-
sider a unary algebra M = ({0,1,2}; F) and letv : {0,1,2} — {0,1,2} be a
permutation. For each u € F, we define the unary operation Y« on {0, 1,2} by
Yy :=vouov i Noww: {0,1,2} — {0,1,2} is an isomorphism from M
onto the algebra

‘M = ({0,1,2};"F), where "F:={"u|ueF}.

Furthermore, every isomorphic copy of M on the set {0, 1,2} can be obtained
via conjugation in this way.

3.3.1 Lemma Let M be a two-kernel three-element unary algebra. Then
there is an isomorphic copy of M, on the set {0, 1,2}, that has kernels {01|2}
and {02|1}.

Proof Let M = ({0,1,2}; F) be a two-kernel unary algebra with kernels
61 and 0. There is some m € M for which |m/6| = 2 = |m/0|. Let
v: M — M be a permutation sending m to 0. Then "M = ({0,1,2};YF) is
isomorphic to M and has kernels {01|2} and {02|1}. n

We will often be using symmetry to reduce our work load. Given any unary
algebra M on the set {0, 1,2} with kernels {01|2} and {02|1}, the algebra
021 M is isomorphic to M and also has kernels {01|2} and {02]1}.

3.3.2 Lemma Let M be a two-kernel unary algebra, on the set {0, 1,2}, with
kernels {01|2} and {02|1}. Then the unary term functions of M all belong to
the set {012,021} U { ppq, pgp | p,q € {0,1,2} }.

Proof We just need to show that 012 and 021 are the only permutations that
can be term functions of M., There exist unary term functions u; and ug of M
such that ker(u;) = {02|1} and ker(uz) = {01|2}. Now let v be a unary term
function of M that is a permutation. Then u; o v is neither a constant map nor
a permutation. So ker(u; o v) = {01]|2} or ker(u; o v) = {02|1}. In either
case, we have u; o v(1) # ug o v(2), which implies that v(1) = 1 or v(2) = 1.
Symmetrically, we have ug o v(1) # ug o v(2), which tells us that v(1) = 2 or
v(2) = 2. Tt follows that v = 012 or v = 021. |
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The following theorem introduces four types of unary algebras with kernels
{01]2} and {02|1}. Each of these types is preserved under conjugation by 021.
The two unary operations f; := 010 and f» := 002 on {0, 1,2} play a very
important role in our characterisation.

3.3.3 Theorem Let M be a two-kernel unary algebra, on the set {0,1,2},

with kernels {01|2} and {02|1}. Let F be the set of unary term functions of M.

Then at least one of the following is true:

(2)o each map in F preserves the order < with2 <0 < 1,

(2)p  {ppq,pgp} C F, for some distinct p,q € {0,1,2}, and {f1, f2} € F;

(2)m  either {010,001, 110} C Fand 222 ¢ F, or {002,020, 202} C F and

111 ¢ F;

(2)r  {f1, fo} C F, and condition (2)w fails.

Proof Assume that M is not of type (2)o, type (2)p nor type (2)m. To prove

that M is of type (2)g, it suffices to show that { f1, fo} € F. As M is not of

type (2)p. we can assume that {ppg, pgp} ¢ F, forall p,q € M withp # q.
Since M is not of type (2)0, there is a map in £ that does not preserve the

order <. Using Lemma 3.3.2, the only maps that can belong to F’ and that do

not preserve < are

021, 220, 221, 001, 121, 101 and 020.

Since {01]2} and {02|1} are kernels of M, there exist p,q,7, s € M, with
p # gand r # s, for which ppg € F and rsr € F. Since {ppq,pgp} ¢ F
and {rrs,rsr} ¢ F, we must have pgp ¢ F and rrs ¢ F. This implies that
021,121,020 ¢ F, as

ppgq 0 021 = ppg o 121 = ppg 0 020 = pgp ¢ F.
Similarly, we have 221,001 ¢ F, as
rsr o221 =rsro001l =rrs ¢ F.

Since F' contains a map that does not preserve <, it follows that 101 € F' or
220 € F.

First assume that 101 € F. Then f; = 010 = 101 0 101 € F. This implies
that 110 ¢ F and 001 ¢ F. We have 112 ¢ F and 221 ¢ F, since

1010112 =0100221 =001 ¢ F.

We know there is a map in F' with kernel {01]2}. So 002 € F or 220 € F. As
f2 = 002 = 220 o0 220, we have { f1, fo} C F.
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Now assume that 220 € F'. This case is symmetric, under conjugation
by 021, to the case 101 € F. We have 101 = 921220 € 02! F', By the previous
case, it follows that {f1, fo} C Y F. So {f1, fo} = {1 fo,"2 A} CF. W

The names of the types in the previous theorem are meant to serve as aide-
mémoires. Type-(2)o algebras have order-preserving operations; type-(2)p
algebras have operations with the patterns ppg and pqp, for some p,q € M;
type-(2)n algebras are Missing a constant operation; and the Rest are type-(2)g
algebras.

It follows straight from the Lattice Endomorphism Theorem, 2.1.2, that every
algebra of type (2)0 is dualisable. In the next section, we shall show that every
algebra of type (2)p or type (2)m is non-dualisable. The remainder of this
section is devoted to proving that the rest, all the algebras of type (2)g, are
dualisable.

Let M be a three-element unary algebra of type (2)g. Within the quasi-
variety A := ISP(M), we can restrict our attention to subalgebras of powers
of M. Let S be a non-empty set. For each a € M, we say that

Pa) = {a™(0), a7 (1), a7 () }\{2}

is the partition of S determined by a.

Now let A be a subalgebra of M¥, The structure of A may be quite com-
plicated. However, we shall show that the homomorphisms in A(A, M) are
all determined by their restrictions to a very simple subalgebra A |5 of A. The
underlying set of A, is given by

Ap:={ac A |a(9)]<2}.

Since M is of type (2)r, we know that both f; = 010 and fo = 002 are
term functions of M. This implies that A} is not empty. Indeed, we have
fi(A)U f2(4) € Ap.

We will be making constant use of the well-behaved term functions f; and
fo of M. The maps f; and fo separate the elements of M. Moreover, for
each m € {1,2}, the map f,, on M is idempotent, with image {0, m} and
frt(m) = {m}.

3.3.4 Lemma Assume M is of type (2)r. Let A be a subalgebra of M?,
for some non-empty set S, and let P be a petal of A 5. Then all non-centre
elements of P determine the same partition of S.

Proof Leta € P\Ca andletwbe aunary term function of Mwithu(a) ¢ Ca.
Once we have shown that P(a) = P(u(a)), the result will follow since the
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graph G*(P) is connected. Since a € Ajp, we must have |a(S5)| < 2. First
assume that a € {0,m}, for some m € {1,2}. Since f,, fixes 0 and m, we
have u(fm(a)) = u(a) ¢ Ca. This implies that the term function w o f,, of
M is not constant. So u(0) # u(m), and therefore P(a) = P(u(a)). Now
assume that a € {1,2}°. As u(a) ¢ Ca, the term function u of M is not
constant. Since M does not have any term functions with kernel {0|12}, we
have u(1) # u(2). Thus P(a) = P(u(a)). n

The previous lemma tells us that every petal of A |5 is isomorphic to a sub-
algebra of M. So, by Lemma 3.1.4, the subalgebra A5 of A is simply a
coproduct of subalgebras of M2,

We will now show that homomorphisms from A to M are determined by
their restrictions to A . We shall obtain this as a corollary of the following
more general result, which will also be used in Chapter 4.

3.3.5 Lemma Let M be a two-kernel unary algebra, on the set {0,1,2},
such that fi and fo are term functions of M. Let B < A in ISP(M) with
filA) U fo(A) C B, and let x : B — M be a homomorphism. Then x
extends to A if and only if z(f1(a)) = 0 or z(f2(a)) = 0, forall a € A\B.
Furthermore, if x extends to A, then © extends to A uniquely.

Proof Firstleta € A\B and letm € {1,2}. Then f,(a) € B and, since f,
is idempotent, we have

2(fm(@)) = z(fm © fm(a)) = fm(z(fm(a))) € {0,m}.
We have shown that
z(fm(a)) € {0,m}, foreach m € {1,2} and a € A\B. (%)

Now assume that z extends to a homomorphism = : A — M. For all
a € A\B and m € {1,2}, we have

Z(a) =m <= fm(T(a)) =m <= z(fmla)) =m.

Thus 7 is the unique extension of = to A. It also follows that z(fi(a)) # 1
or z(fa(a)) # 2, for every a € A\B. So, by (x), we have z(f1(a)) = 0 or
z(f2(a)) = 0, forevery a € A\B.

Conversely, assume that z(f1(a)) = 0 or z(f2(a)) = 0, for all a € A\B.
Using (), we can define the extension T : A — M of the map x so that, for
each a € A\ B, we have

0 ifz(fi(a)) = z(fa(a)) =0,
Z(a) =< 1 ifz(fi(a)) =1,
2 ifz(fola)) =2
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z(fi(a)) xz(f2a))  Z(a) z(fi(@) =x(fo(@))  z(a)
0 0 0 0 0 0
1 0 1 0 2 2
0 2 2 1 0 1
Table 3.4

We wish to show that 7 : A — M is a homomorphism,

Let a € A\B. We will use the description of the unary term functions of
M given in Lemma 3.3.2. First let p,¢ € M and assume that ppq is a term
function of M. Using Table 3.4, we see that

ppq(Z(a)) = ppq(z(f2(a))) = z(ppq 0 002(a)) = z(ppg(a))
= T(ppq(a)).
Assume that pgp is a term function of M. Then
pap(Z(a)) = pap(z(f1(a))) = z(pgp o 010(a)) = z(pgp(a))
= Z(pgp(a)).

Lastly, assume that 021 is a term function of M, and define @ := 021(a) in A.
Then
z(f1(a)) = z(010 0 021(a)) = 2(001(a)) = z(021 0 002(a))

= 021(z(f2(a)))
and
z(f2(@)) = 2(002 0 021(a)) = z(020(a)) = z(021 0 010(a))
= 021(z(f1(a)))-
It now follows from Table 3.4 that 021(Z(a)) = Z(a) = £(021(a)). Thus T is
a homomorphism. |

The next result follows at once from the previous lemma.

3.3.6 Lemma Assume M is of type (2)r. Let A be a subalgebra of M?, for
some non-empty set S, and let x : Ao — M be a homomorphism. Then x
extends to A if and only if z(f1(a)) = 0or z(f2(a)) =0, forall a € A\Aj,.
Furthermore, if © extends to A, then x extends to A uniquely.

The subalgebra A of MS is hom-minimal (relative to M) if every homo-
morphism from A to M is the restriction of a projection. It is easy to check
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that every algebra in A is isomorphic to a hom-minimal algebra. (For instance,
every algebra A in A is isomorphic to the hom-minimal subalgebra e, (A) of
MX, where X := A(A,M).) Therefore we can further restrict our attention
to those algebras in A that are hom-minimal.

So far in this chapter, we have twice used a particular trick for helping to
establish dualisability. Given a pair of homomorphisms in the dual of an algebra,
we constructed a sequence of homomorphisms, from one to the other, so that
homomorphisms that were adjacent in the sequence were nearly equal. (We did
this in the proofs of both Lemma 3.1.5 and Theorem 3.2.10.) We will be using
the same trick to help prove that type-(2)r algebras are dualisable,

Let z,y € A(A, M) with z # y. We say that the homomorphisms z and y
are almost equal if there is a petal P of A |5 such that z and y agree on A9\ P.

3.3.7 Lemma Assume M is of type (2)r and define A := ISP(M). Let A
be a hom-minimal subalgebra of M?, for some finite non-empty set S, and let
z,y € A(A, M) withx # y. Then there is a sequence * = g, T1,...,Tn =Y
in A(A, M), for some n € w\{0}, such that z; is almost equal to ;41 and
ApNeqlz,y) € A Neq(z,y), foreveryi € {0,...,n — 1}

Proof We want to show that, starting from x, we can define a sequence of
homomorphisms in A(A, M) that are each one step closer to agreeing with y
on A 5. We begin by proving the following claim.

Claim Assume w € A(A, M) such that A5 Neq(w,y) # Aj2. Then there
exists w’ € A(A, M) such that w’ is almost equal to w and A5 Neq(w, y) is
a proper subset of 4|5 Neq(w’,y).

To each petal of A |5, we shall associate a subset of S. Let P be a petal of A |5
and, for some a € P\Ca C M?, define the subset Sp := a~!(w(a)) of S. As
A is hom-minimal, the homomorphism w is the restriction of a projection. By
Lemma 3.3.4, all non-centre elements of P determine the same partition of S.
This implies that the subset Sp of S is independent of our choice of a.

We are assuming that Ajp Neq(w,y) # Aj2. So w and y disagree on at
least one petal of A 5. From amongst all the petals of A 2 on which w and y
disagree, choose a petal P such that |Sp| is minimal. We can do this because
S is finite.

The algebra A |5 is the coproduct of its petals, by Lemma 3.1.4. (We are
allowed to apply this lemma as A |5 < M?, with S non-empty.) Therefore

wlg \pUylp:Ap—->M

is a homomorphism. We now want to show that erlz\P Uyl p extends to a
homomorphism w’ in A(A, M).
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Suppose, by way of contradiction, that w| 4 2\P YUY [ p does not extend to A.
It follows by Lemma 3.3.6 that there exists a € A\ A2 and {k,¢} = {1,2},
with fx(a) € Aj2\P and f;(a) € P, such that

w(fe(a)) #0 and y(fe(a)) # 0.
Since w,y € A(A, M), applying Lemma 3.3.6 again tells us that

w(fe(a)) =0 and y(fr(a)) = 0.

As |a(S)| = 3, we know that fi(a), fe(a) ¢ Ca.
Now define Q to be the petal of A |5 containing fi(a). We have

w(fr(a)) # 0= y(fr(a)),

and therefore w and y disagree on Q. Since w(fx(a)) # 0 and w is the
restriction of a projection, we must have w( fx(a)) = k. It follows that

Sq = fula) 7 (k) = a" (k) CaTH0)UaT (k) = fe(a)TH(0) = Sp.

Note that Sq is a proper subset of Sp, as |a(S)| = 3 and therefore a1 (0) # .
This contradicts the minimality of |Sp|.

We have established that, for our chosen petal P of A |5 with w[p # y/p,
the homomorphism w4 ,\p U y[p : A2 — M extends to a homomorphism
w’ in A(A, M). The maps w and w' are almost equal, and A > Neq(w,y) is a
proper subset of Ajo Neqg(w’,y).

We can now prove the lemma. First, define zp := z. As xg # v, it follows
from Lemma 3.3.6 that A2 N eq(zo,y) # Aj. Using the claim, there exists
z1 in A(A, M), with g and z; almost equal, such that Ajs Neq(zo,y) is a
proper subset of Ajp Neq(zy,y). If Ajp Neq(z1,y) # Ao, then we can use
the claim again to find zo € A(A, M), with z; and x5 almost equal, such that
AjpNeq(xy,y) is a proper subset of Ay Neq(z2,y). Iterate this construction.
As Ay is finite, there will be some n € w\{0} with A Neq(z,,y) = A.
By Lemma 3.3.6, it follows that z,, = y. |

The next lemma completes the preparation for our proof that type-(2)g alge-
bras are dualisable. This lemma is the only place we use the fact that algebras
of type (2)g are not of type (2)pm.

3.3.8 Lemma Assume that M is of type (2)r. Let A be a subalgebra of M?,
for some non-empty set S, and let m € M. If A does not contain the constant
map in M*° with value m, then there is a homomorphism z : A — M such
that m ¢ x(A).
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Proof Let I be the set of unary term functions of M. For each m € M, let
7 denote the constant map in M S with value m. We must have 0 € A, since
000 = fa0 f1 € F. So, by symmetry, we can assume that 2 ¢ A. We want to
find a homomorphism z : A — M such that 2 ¢ z(A).

Since 2 ¢ A, we must have 222 ¢ F. First assume that 111 ¢ F. For all
u € F, we have u 0 000 € F, and therefore u(0) = 0. So the constant map
0: A — M is a homomorphism, and 2 ¢ 0(A).

Now assume that 111 € F'. For every u € F, we have ©v 0 000 € F and
uo 111 € F. Since 222 ¢ F, we must have u(0) € {0,1} and u(1) € {0, 1},
for all v € F'. Using Lemma 3.3.2, it follows that

F C {012,010,101} U {00g,11q | g € M }.

As 010 = f; € F and M is not of type (2)n, we know that {001,110} € F.
There are three cases to consider.

Case 1: 001 € F and 110 ¢ F. We must have 101 ¢ F and 112 ¢ F, since
1010001 = 0100112 =110 ¢ F. So

F C{012,010,111} U {00q | g € M }.

Since 2 ¢ A, the homomorphism z : A — M, given by z := Q[A\{T} U lf{f},
satisfies 2 ¢ z(A).

Case 2: 110 € F and 001 ¢ F. This implies that 101 ¢ F, since 101 0 110 =
001 ¢ F. Therefore

F C {012,010,000,002} U {11lq| g€ M}.

Since fa fixes 0 and 2, we have fo(A) = AN {0,2}5. As2 ¢ A, the homo-
morphismz : A — M, given by  := 1] 4\ 1,04y U Ql 5, 4), satisfies 2 ¢ z(A).

Case 3: 001 ¢ F and 110 ¢ F. Wehave 112 ¢ F,as 0100112 =110 ¢ F.
So
F € {012,010,101, 000,002,111}

Choose any s € S. Then we can define the homomorphism = : A — M by
T = flOstA\fQ(A)UQ[fz(A),andQ§éx(A). |

3.3.9 Theorem All three-element unary algebras of type (2)gr are dualisable.
Proof Assume that M is of type (2)r and define A := ISP(M). Define the
alterego M := ({0, 1,2}; Rg, 7) of M.. (By doing a little extra work at one of
the steps in this proof, we can actually get by with Rg instead of Rg.) Let A
be a hom-minimal subalgebra of M, for some finite non-empty set .S, and let
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a : D(A) — M be a morphism. We will show that « is an evaluation. It will
then follow by the Duality Compactness Theorem, 1.4.2, that IV dualises M.

Firstassume that cv is constant. Letm be the value of cin M, and suppose that
A does not contain the constant map 77 in M with value m. By Lemma 3.3.8,
there exists z € A(A, M) with m ¢ x(A). The set z(A) is a unary algebraic
relation on M. Since a preserves z(A), we have a(z) € z(A). So a(z) # m,
which is a contradiction. We have shown that m € A. The map « is given by
evaluation at 7, as each element of A(A, M) is the restriction of a projection.

Now assume that the map « is not constant. There are vy, v € A(A, M)
such that a(v1) # a(vy). By Lemma 3.3.7, there is a sequence

UL = V10, Vi1, ..., Vip = U2 in A(A, M),

for some n € w\{0}, with vy; almost equal to vy;41, foralls € {0,...,n—1}.
As a(vy) # a(vg), there exists j € {0,...,n — 1} with a(vi;) # a(vijt1).
Define y1 := v1; and yo := vi;41. Since y; and yo are almost equal, there is
a petal Py of A 5 such that Aj\P, C eq(y1,%2). Asy1 # ya2, we must have
y1la, # y2la,. by Lemma3.3.6. Soyilp, 7# y2!p,.

Case 1: Py is a support for . We begin by showing that there is some a € Py
such that « is given by evaluation at a on {y1,y2}. Since « preserves Rg, we
can use the Preservation Lemma, 1.4.4, to find some b € A such that « is given
by evaluation at b on {y1,y2}. Assume that b ¢ P,. We have

y1(b) = a(y1) # a(yz) = y2(b).

As Ao\ Py C eq(y1,92), this implies that b ¢ A9 and therefore |b(S)| = 3.
Since fi and fo separate the elements of M, we have

Fr(y1(0)) # fr(y2(b)), forsome k € {1,2}.

Since y1(fr(b)) # v2(fr(b)) and App\P, € eq(y1,y2), it now follows that
fr(b) € P,. We shall show that « is given by evaluation at f;(b) on {y1, y2}.

As [b(S)| = 3, the elements f;(b) and f2(b) of A determine two different
two-block partitions of S. So f1(b) and f(b) belong to different petals of A |9,
by Lemma 3.3.4. Choose ¢ € {1,2} with £ # k. Then f,(b) ¢ P, and so, as
Ap\Py C eq(y1,y2), we have

fe(y1(0)) = y1(fe(b)) = ya(fe(b)) = Fe(y2(b)).
Since y1(b) # y2(b), this gives us {y1(b), y2(b)} = {0, k}. Consequently,
a(yi) = yi(b) = fr(yi(b)) = vi(f (b)),
foreachi € {1,2}.
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We have shown that « is given by evaluation at some a € P, on {y1,y2}.
By Lemma 3.3.4, all non-centre elements of P, determine the same partition
of S. Since P, C A, this partition has at most two blocks. So there are at
most two functions from P, to M that are the restriction of a projection. Now
letz € A(A,M). As A is hom-minimal, the homomorphisms z, y; and y» are
restrictions of projections. Since 31 rpy # 1o [ p,» there must be some ¢ € {1,2}
such that z{p = y;{p,. Therefore

a(z) = aly:) = yila) = z(a),

as P, is a support for a. Thus « is an evaluation.

Case 2: P, is not a support for . By Lemma 3.3.7, there exist almost equal
homomorphisms zy, zo € A(A, M) such that

z1lp, = z2lp, and ofz1) # a(22).

There is a petal P, of A |, with A5\ P, C eq(z1, z2). Using Lemma 3.3.6, we
must have z1[p # 22[p,. So Py and P, are different petals of A .

The petals P, and P, of A |5 determine two partitions of .S, each with at
most two blocks. So there are at most four functions from P, U P, to M that
are the restriction of a projection. Since A is hom-minimal, there is a subset
W of A(A, M), with |W| < 7, such that {y1,y2, 21,22} € W and

z e A(AM) }.

{wrPyuPz |l weW} = {aﬁPyuPZ
(We can actually choose W so that W] < 5.) Define
Aw = { a€A ‘ o is given by evaluation at ¢ on W }

Then Ay is non-empty, by the Preservation Lemma, as « preserves Rg.

We want to show that Ay, has only one element. To do this, let a1, a9 € Aw
andz € A(A, M). Since A is separated by homomorphisms into M, it suffices
to prove that z(a;) = z(as). Leti € {1,2}. As a; € Ay, the map a is given
by evaluation at a; on the set W. Therefore

yi(a:) = a(y1) # a(y2) = ya(ai)
and
z1(a;) = az1) # az2) = z2(ai).

The maps f1 and fo separate the elements of M. So there is some k € {1,2}
with

y1(fr(ai)) = fr(yi(a:)) # fr(y2(ai)) = y2(fr(ai)).
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Thus, as A;p\ Py, C eq(y1,y2), we have fi(a;) € Py\Ca or fa(a;) € P,\Ca.
Similarly, we find that fi(a;) € P,\Ca or fa(a;) € P,\Ca. Consequently,
fi(ai), f2(a;) € Py U P, as P, and P, are distinct petals of A |o.

By the construction of W, there exists w € W with z[p yp, = wlp, up,-
Since f1(as), fo(as) € Py U P, this gives us

fi(z(ai)) = fi(w(as)) and fo(z(a:)) = fa(w(ai)).
As f1 and f; separate the elements of M, we have
z(a1) = w(ar) = a(w) = w(az) = z(az).

Since A is separated by homomorphisms into M, it follows that a; = as.
Now let a be the unique element of Ayy. To see that « is given by evaluation
ata, letz € A(A,M). Since « preserves Rg, there is some b € A such that «
is given by evaluation at b on W U {z}. As a is the only element of Ay, we
must have b = q, and therefore a(z) = z(a). Thus « is an evaluation. ]

3.4 Non-dualisable three-element unary algebras

Proofs of non-dualisability are often easier than proofs of dualisability. The
ghost-element method provides an extremely elegant way to show that a finite
algebra is not dualisable. Constructing a ghost-element proof can require a fair
amount of inspiration. However, verifying that the construction is correct often
involves only routine calculations.

For all our ghost-element proofs in this section, we will use the follow-
ing refinement of the Ghost Element Theorem, 1.4.6. (The result below is
the unpublished precursor to the Inherent Non-dualisability Theorem [23, 8];
see 5.2.2. We cannot use the Inherent Non-dualisability Theorem itself, since
there are no inherently non-dualisable unary algebras, by Theorem 2.1.4.)

3.4.1 Non-dualisability Lemma Ler M be a finite algebra and n € w\{0}.
Assume that there is a subalgebra A of M°, for some set S, and an infinite
subset Ag of A such that

(i) foreach homomorphism x : A — M, the equivalence relation ker(z ] 4,)
has a unique block of size greater than n,

(ii) the algebra A does not contain the element g of M* that is defined by
g(8) := ps(as), where a is any element of the unique block of ker(ps| 4,)
of size greater than n.

Then M is non-dualisable.
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Proof We shall use the Ghost Element Theorem, 1.4.6, to prove that M is
non-dualisable. Define A := [SPP(M) and define the map

a: A(AM) - M by ao(z) = z(ag),

where a, is any element of the unique block of ker(z[ 4, ) of size greater than n.
Then, for all s € S, we have

9a(8) = alps) = ps(as) = g(s).

Therefore g, = g ¢ A. By the Ghost Element Theorem and the Brute Force
Lemma, 1.4.5, it is now enough to prove that « has a finite support and that «
is locally an evaluation.

Choose any finite subset B of Ag with |B| > n|M| + 1. To see that B is a
support for o, let z, y € A(A, M) with z[ 5 = y[g. The equivalence relation
ker(z|g) on B has at most | M| blocks. As B C Ag and |B| > n|M|, there is a
unique block of ker(z | g) of size greater than n. Choose some b € B that lies in
this largest block of ker(z [ z) = ker(y[ ). Then b belongs to the unique block
of ker(z 4,) of size greater than n, and also to the unique block of ker(y[ 4,)
of size greater than n. So

a(z) = z(b) = y(b) = aly).

Thus B is a finite support for c.

Now let X be a finite subset of A(A, M). For each z € X, let A, denote
the unique block of ker(z[ 4,) of size greater than n. For each z € X, the set
Ay is cofinite in A, since ker(z [ 4,) has finitely many blocks. So there is some
a€{Az | z € X} Wehave a(z) = z(a), forall z € X. Thus « agrees
with an evaluation on X. |

We will be applying the Non-dualisability Lemma many times throughout
this text, always using the bound n = 1. When applying this lemma to an
algebra M, we shall want to specify sequences in M*“. For a € M, we use a
to denote the constant sequence in M* with value a. Now let k& € w\{0}, let

niy,...,Ng € wandleta,br,..., by € M. We define the sequence aﬁ‘ljjjﬁ’z in
M¥ by
by i g bj ifi=mn, forsomej e {1,...,k},
anl.,.nk(l) = :
a  otherwise,
for all ¢ € w.

The next theorem tells us that every three-element unary algebra of type (2)p
is non-dualisable.
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3.4.2 Theorem Letr M be a dualisable unary algebra on the set {0,1,2}. If
ppq and pqp are term functions of M, for some p,q € {0,1,2} with p # g,
then so are 010 and 002.
Proof We will prove that, if both ppg and pgp are term functions of M, for
some p,q € M with p # ¢, then 002 is as well. The rest of the result will then
follow using conjugation by 021.

Assume that ppqg and pgp are term functions of M, for some p, ¢ € M with
p # q. Define two subsets of M* by

Ag = {05, | new\{0}}
and
B:={02) | mnew\{0}andm #n}.

Let A denote the subalgebra of M“ generated by Ag U B. Now choose a
homomorphism z : A — M. We shall show that ker(z[4,) has a unique
non-trivial block.

Case I: 2 € z(Ag). There exists some . € w\{0} such that z(021) = 2. Let
m € w\{0}. Then

21

21 ppq PPq
Oon — P§ 00m

in A. Applying the homomorphism z gives us
PLog P a(0F)

in M. (The box around 2 indicates that z(03.) = 2 by assumption.) So
z(03L) = 2, as p # q. It follows that z(Ag) = {2}, and therefore ker(z]4,)
has only one block.

Case 2: z(Ag) C {0,1}. We can assume that z(Ag) # {0}. So there is some
n € w\{0} such that z(03;) = 1. Let m € w\{0,n}. Then

21 Pgp q pgp 21 P4 q pap 21
OOn Pn Omn Pm OOm

in A. Applying z, we have

] 28 ¢ 221 mL o, ey
in M. Since z(03}) # 2, this implies that z(02}) = 0. So Ag\{03}} is the
unique non-trivial block of ker(z 4, ).

We have proven that ker(zf,,) has a unique non-trivial block, for each
homomorphism =z : A — M. Now define g € M* by g(n) := pp(an),
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T
0

Figure 3.5 The non-dualisable algebra Q has an algebraic semilattice operation

where ay, is chosen from the non-trivial block of ker(p,[4,). The only block
of ker(pol4,) is Ao. So g(0) = po(03) = 2. For each n € w\{0}, the
unique non-trivial block of ker(p,!4,) is Ag\{03s}, and therefore we have
g(n) = pn(0%,11) = 0. So g = 03. We are assuming that M is dualisable and
thus, by the Non-dualisability Lemma, 3.4.1, we must have g € A. Therefore
03 e sgye (Ao U B), whence 002 must be a term function of M. n

Using the previous result, we can show that there are two natural general-
isations of Theorem 2.1.1 that do not hold. We know that a finite algebra is
dualisable if it has a pair of algebraic lattice operations. But an algebraic semi-
lattice operation or an algebraic majority operation is not enough to guarantee
the dualisability of an algebra.

3.4.3 Example Ler Q := ({0, 1,2};001,010) be the unary algebra first con-
sidered in 1.2.3. Then Q has both an algebraic semilattice operation and an
algebraic majority operation, but Q is not dualisable.

Proof The maps 001 and 010 are endomorphisms of the meet semilattice

shown in Figure 3.5. So there is an algebraic semilattice operation on Q. There
is an algebraic majority operation m : 93 — Q, given by

m(a,b,c) = maj(a,b,c) if [{a, Z'), c} <2
0 otherwise.
Nevertheless, the algebra Q is not dualisable, by Theorem 3.4.2. B

There are some semilattices and majority algebras whose endomorphisms
do form dualisable unary algebras, as the following general argument shows.
Consider a finite algebra My (of any type) such that |[Con(Mjp)| < 3, and let
F C End(My). Then (M; F) is a zero- or one-kernel algebra and is therefore
dualisable, by Theorems 3.1.8 and 3.2,10. This argument can also be applied,
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for example, to the dihedral group G of order 2p, for any prime p. Each set of
endomorphisms of G forms the operations of a dualisable unary algebra.
Now we will show that every algebra of type (2)y is non-dualisable.

3.4.4 Theorem Let M be a dualisable unary algebra on the set {0,1,2}.
(1) 1If 010, 001 and 110 are term functions of M, then so is 222.
(i) If 002, 020 and 202 are term functions of M, then so is 111.

Proof We will prove (i). Claim (ii) will then follow using conjugation by 021,
Assume that 010, 001 and 110 are term functions of M. Define two subsets of
M*® by
Ag:={204}1| k €wandkiseven}
and
B = {0422 | k,¢,m,n € w are distinct }.

Let A denote the subalgebra of M“ generated by Ay U B.

Letz : A — M be a homomorphism. We want to show that ker(z[ 4,) has
a unique non-trivial block. So we can assume that z(Ag) # {2}. There is an
even number k € w such that z(2) ;. 11) € {0,1}. Let £ € w\{k} such that £ is
even. Then k, k + 1, £ and £ + 1 are all distinct, and

110 010 11 2 2 001 110
Qe — Ohply & Ohphizeds — 0helr — 200h

in A. Applying the homomorphism x gives us

110

110, 0 — 2

010 001
— ——

0,1 1 1

in M. So z(29,}1) = 2, and Ag\{2) 11} is the unique non-trivial block of
ker(z]4,).

Define g € M* by g(n) := pn(ay), where a,, is any member of the unique
non-trivial block of ker(pn[ 4,). Then g is the constant sequence 2. Since M
is dualisable, the Non-dualisability Lemma, 3.4.1, tells us that ¢ € A. Thus
2¢ sgve (Ao U B), whence 222 is a term function of M. |

It remains to prove that every three-element unary algebra with three kernels
is non-dualisable. We shall obtain this as a corollary of the following stronger
result.

3.4.5 Theorem Let M be a finite unary algebra with at least three elements.
Assume that, for each m € M, the equivalence relation coming from the two-
block partition {{m}, M\{m}} is a kernel of M. Then M is not dualisable.

Proof We can assume that M = {0,...,n}, for some n € w withn > 2.
For each m € M, there is a unary term function u,, of M whose kernel is
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the equivalence relation coming from {{m}, M\{m}}. Define two subsets of
M* by
Ag = {0g | k € w\{0} }
and
B = {047 | k, 0 € w\{0} and k # ¢ }.

Let A be the subalgebra of M* generated by AgU B, andletz : A — Mbea
homomorphism. We will show that ker(zf 4, ) has a unique non-trivial block.

Case 1: m € z(B), for some m € M\{0,1,2}. There exist k,¢ € w\{0},
with k # £, such that z(0J47) = m. Let j € w\{0}. Then

0 T o« Amooll L mLs ool
(Here we are using * as a wild card.) This implies that :U(O(l)jl) = m. So
z(Ag) = {m}, and ker(xz[ 4,) has only one block.

Case 2: m € z(Ap), for some m € M\{0,1}. There is some £ € w\{0} such
that 2(03;) = m. Forall j € w\{0}, we have

03 M ox &moog L T S g(0gh),
and therefore x(Oé}) =m. Soz(Ag) = {m}.

Case 3: x(Ag) C {0,1} and z(B) C {0,1,2}. We can assume that z[ 4, is
not constant. So there exist k, £ € w\{0} such that z(031) = 0 and z(03}) = 1.
Let j € w\{0, £}. We shall prove that z(0g;) = 0. We have

0ot 0o 0g;
lul lul lul
* * *
Tw Tw Twr

112 U0 Ug 112 U2 U2 112
Oock — * «—— QOpkr — * «— Opji

in A. As z(0412) € {0, 1,2}, applying = gives us the following in M.
o (08
lul lul lul
* * *

Tul Tul Tul

U U U (7
1 2, . K o9 220, 22 9
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Since z(0g;) € {0, 1}, it follows that z(04}) = 0. Thus A\ {0g;} is the unique
non-trivial block of ker(z[ 4 ).

Define g € M* by g(n) := pn(an), where a, is any element of the non-
trivial block of ker(pnl4,). Then g = 0p. But 05 ¢ sgype (Ao U B), as
M is a unary algebra. So g ¢ A and therefore M is not dualisable, by the
Non-dualisability Lemma, 3.4.1. |

3.4.6 Corollary No three-kernel three-element unary algebra is dualisable.
Theorem 3.4.5 also has as a corollary the following result of L. Heindorf.

3.4.7 Corollary [35] Let M be a finite unary algebra with {0,1,2} C M,
and assume that each map in {0,1}M is a term function of M. Then M is
non-dualisable.

We have now proved the characterisation of dualisable three-element unary
algebras given in the introduction to this chapter. Claim (i) of the theorem
follows from Theorems 3.1.8 and 3.2.10. Claim (ii) of the theorem follows
from Theorems 3.3.3,2.1.2, 3.4.2, 3.4.4 and 3.3.9. Claim (iii) holds by Corol-
lary 3.4.6.

3.5 Finite unars are dualisable

A unar is a unary algebra with only one fundamental operation. We close
this chapter by proving that all finite unars are dualisable. This result will be
generalised in Chapter 7. There we will consider the broader class of ‘linear’
unary algebras, which includes all unars. We will show that all finite linear
unary algebras are strongly dualisable, but this will require much more effort.
Our proof here is a straightforward combination of the results of Section 3.1
and a theorem from Chapter 2.

Assume that M = (M; w) is a finite unar. The directed graph of © will be a
disjoint union of directed graphs such as that given in Figure 3.6. An element
a of M is cyclic if there is some n € w\{0} such that v"(a) = a. The set
C of all cyclic elements of M is the largest subuniverse of M on which u is a
permutation. Now let C denote the subalgebra of M with the underlying set C'.
Then C is a zero-kernel unary algebra, and so is dualisable by Theorem 3.1.8.
We will be able to use the Term Retract Theorem, 2.3.3, to lift the duality for
ISP(C) up to a duality for ISP(M).

3.5.1 Theorem FEvery finite unar is dualisable.
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Figure 3.6 An example of a connected unar

Proof Let M = (M;u) be a finite unar. Define C' to be the set of all cyclic
elements of M, and let C denote the subalgebra of M with underlying set C',
For each a € M, define the ‘distance’ of a from a cycle by

d(a) :=min{n € w|u"(a) € C'}.
For each cyclic element ¢ € C, define the ‘order’ of a by
o(a) :==min{n € w\{0} | «"(a) =a}.

Now set m := max{d(a) | a € M } and £ := lem{o(a) | a € C'}. Then
there is a term retraction y : M — C, given by v := u*™, with v[5 = id¢.

The operation u[s : C — C'is a permutation, and so C is a zero-kernel
algebra. Thus C is dualised by an alter ego of finite type, by Theorem 3.1.8.
We can now assume that M\ C' is non-empty.

We will apply the Term Retract Theorem, 2.3.3, to show that M is dualisable.
We define the subset .S of M to consist of all elements that are ‘just outside’
the cycles of M:

S:={seM|s¢Candu(s) eC}={seM|d(s)=1}.

The set .S must be non-empty, since we are assuming that M\ C' is non-empty.
We next need to construct a set G’ of binary homomorphisms of M. Let
s € Sandlett € M, and define the map g, : M2 — M by

_Ja if (s,t) € sgp2((a, b)),
garla,b) = {fy(a) otherwise.

To see that gs; preserves u, let a,b € M. First assume (s, t) & sgp2((a,b)).
Then (s,t) & sgpe ((u(a), u(b))), and therefore

u(gst(a, b)) = u(v(a)) = v(ula)) = gst(u(a), u(b)).



88 3 The complexity of dualisability: three-element unary algebras

We cannow assume that (s, t) € sgyy2((a, b)) and (s, t) ¢ sgppz((u(a), w(b))).
This implies that (s,t) = (a, b) and therefore, as u(s) € C, we have

u(gst(a, b)) = u(gsi(s, 1)) = u(s) = v(u(s))
= gst(u(s), u(t)) = gs:(u(a), u(b)).

Thus g : M? — M is a binary homomorphism of M.

Again, let s € Sand lett € M. Then s ¢ C and u(s) € C. So, for all
a,b € M with get(a,b) = s, we must have a = s and (s,t) € sgp2((s,0)),
which implies that b = ¢. Therefore B

gst(a,b) =§ <— (a, b) = (Szt)’ (og)st

foralla,b € M.
Now define the set G’ of binary homomorphisms of M by

G :={gq|s€Sandt e M}

For each s € S, the operation g, in G’ satisfies g2, (s) = {(s,5)}, by (£)ss.
So every element of S is a strong idempotent of a map in G’.

Finally, let k € M\C and let t € M\S. Define s;, := u®*)~1(k) in S.
Since u is an endomorphism of M, we have s, € SN End(M)(k). By (£)s,+,
we get

Gsit(Sk,m) =8 <= m=t,

forallm € M. Thus G’ and S N End(M)(k) distinguish ¢ within A. It now
follows from the Term Retract Theorem, 2.3.3, that M is dualisable. [ ]



Full and strong dualisability:
three-element unary algebras

We characterise the fully dualisable three-element unary algebras. Amongst
the dualisable three-element unary algebras, full dualisability is equivalent to
strong dualisability and to two other weak injectivity conditions.

Full dualities are more symmetric and more useful than dualities—they pro-
vide a dual equivalence, rather than just a dual representation. All the ‘classi-
cal’ examples of dualisable algebras are also fully dualisable: the finite cyclic
groups [55, 29]; and the two-element Boolean algebra [63], lattice [S6] and
semilattice [37]. Indeed, the first example of a dualisable algebra that is not
fully dualisable was found more than 20 years after the birth of duality theory,
by Hyndman and Willard [41]. Their example was the three-element unary
algebra ({0,1,2};001, 122). In this chapter, we shall completely characterise
full dualisability amongst the three-element unary algebras; thereby revealing
many more examples of dualisable algebras that are not fully dualisable.

The concept of ‘full duality’ is very natural from a categorical viewpoint.
But, from an algebraic viewpoint, the concept is not well understood and is
rather difficult to work with., The stronger concept of ‘strong duality’ is more
transparent and better behaved. For example, it is easy to prove that a duality or
a strong duality is preserved when the type of the alter ego is enriched. No such
result has been proven for full dualities; and it is conceivable that, by enriching
the type of the alter ego, a full duality could be destroyed.

Since strong dualities are much easier to work with, every known full duality
has actually been established by setting up a strong duality. The Full versus
Strong Problem [8] asks: ‘Is every full duality also strong?” While we don’t
know the answer to this question, progress has been made towards a solution
in a series of papers by Davey, Haviar, Niven, Perkal and Willard [18-21].
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Figure 4.1 The three ‘bad’ three-element unary algebras

Amongst other results, it is shown that a full duality must be strong if it is based
on a bounded distributive lattice, an abelian group or a semilattice. In contrast,
it is also shown that every finite non-boolean bounded distributive lattice is
the base for a duality that is not strong but that is full on the class of all finite
distributive lattices.

In the preceding chapter, we uncovered some evidence that dualisability for
unary algebras is complicated. The description of the dualisable three-element
unary algebras found there is quite intricate. In this chapter, we shall uncover
some evidence that suggests strong dualisability is not so complicated. Amongst
the dualisable three-element unary algebras, the strongly dualisable algebras
are easy to identify. There are three particular three-element unary algebras
that, between them, capture what it is that can stop a dualisable three-element
unary algebra from being strongly dualisable. These are the algebras M, M,
and Mp, drawn in Figure 4.1.

During this chapter, we prove the following theorem. We say that an algebra
A is an isoreduct of an algebra B if A is isomorphic to a term reduct of B.

4.0.1 Theorem Let M be a dualisable three-element unary algebra. Then
the following are equivalent:

(i) M has neither My, My, nor My as an isoreduct;
(iiy M is fully dualisable;
(iii)) M is strongly dualisable;
(iv) M has enough algebraic operations;

(v) M is quasi-injective.
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The properties ‘fully dualisable’, ‘strongly dualisable’ and ‘enough algebraic
operations’ in this theorem were defined in Chapter 1. The property ‘quasi-
injective’ is a weak form of injectivity that comes from setting up distance
functions on unary algebras. We shall define ‘quasi-injective’ in Section 4.1.

Our main theorem provides many examples of dualisable algebras that are
not fully dualisable. The algebras My, and M; are dualisable, by the Lat-
tice Endomorphism Theorem, 2.1.2. Nevertheless, the algebras My, and My
are not fully dualisable. The algebra M, is dualisable, by Theorem 3.0.1,
since 010, 002, 111 and 222 are term functions of Mp. So Mp is another
dualisable algebra that is not fully dualisable. More generally, any two-kernel
three-element unary algebra that has My as a reduct is dualisable but not fully
dualisable.

There are many questions related to our main theorem. Is every full duality
based on a three-element unary algebra necessarily strong? Is there a fully
dualisable algebra that is not strongly dualisable? Is there a strongly dualisable
algebra that does not have enough algebraic operations? It is known that there
is a non-quasi-injective algebra with enough algebraic operations, and a quasi-
injective algebra without enough algebraic operations [40]. Even though there is
no direct link between quasi-injectivity and having enough algebraic operations,
the concept of quasi-injectivity will arise naturally in some of our proofs that
particular algebras have enough algebraic operations.

Amongst the three-element unary algebras, the algebra M, is an obstacle
to strong dualisability. However, there is a seven-element strongly dualisable
algebra that has My, as a subalgebra [40]. In general, it is not known whether
every finite unary algebra can be embedded into a strongly dualisable algebra.
But every finite unary algebra can be embedded into an algebra with enough
algebraic operations. Within every locally finite variety of unary algebras, each
finite algebra can be embedded into a finite injective algebra (P. Berthiaume [3]).
So any finite unary algebra can be embedded into a finite algebra that is injective
in the quasi-variety it generates. It is easy to show that a finite injective algebra
must have enough algebraic operations; use Lemma 4.1.1. (See Theorem A.7.5
in the appendix for an alternative proof of the fact that an injective dualisable
algebra is strongly dualisable.)

Our main theorem has been extended by Hyndman and Pitkethly [40]. Con-
ditions (i), (iv) and (v) are also equivalent for non-dualisable three-clement
unary algebras. Furthermore, I. P. Bestsennyi [4] has shown that condition (i)
exactly describes the three-element unary algebras (of finite type) whose quasi-
equational theory is finitely based.
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Two of the implications in Theorem 4.0.1 hold in general. We know that
(iv) implies (iii), by the EAO Theorem, 1.5.4, and that (iii) implies (ii), by the
Full Duality Theorem, 1.5.1. The rest of the proof is spread throughout this
whole chapter. In Sections 4.1 and 4.2, we shall prove that (i) implies (iv) and
that (i) implies (v). In Sections 4.3 and 4.4, we will prove that —(i) implies —(ii)
and that —(i) implies —(v).

The content of this chapter comes from a paper written by the first author [50].
However, the presentation of the chapter has been influenced by a paper written
by the first author and J. Hyndman {40].

4.1 Zero-kernel and one-kernel unary algebras revisited

In Chapter 3, we showed that the quasi-variety generated by a finite zero-
or one-kernel unary algebra is especially simple. Each such quasi-variety is
encapsulated by a finite set of petals, called a finite gentle basis. We used this
finiteness property to prove that every finite zero- or one-kernel unary algebra
is dualisable. In this section, we use the same finiteness property to show that
every finite zero- or one-kernel unary algebra has enough algebraic operations
and is quasi-injective.
We require the following general lemma due to J. Hyndman.

4.1.1 Lemma [38, 2.2] Let M be a finite algebra and define A := ISP(M).
Let B be a subalgebra of M", for some n € w. There is a set of projections
Z C AM"™ M) such that |Z| < |B| — 1 and Z separates the elements of B.

Proof Since B is finite, we can write B = {b;, ..., by}, where k := |B|. We
will construct a sequence of sets of projections Z1, ..., Zx € A(M", M) such
that |Z;] < i — 1 and Z; separates {b1,...,b;}, foralli € {1,... k}.

Define Z; := @. Nowleti € {1,...,k— 1} and assume that Z; has already
been defined. We wish to construct Z; 1.

Define C to be the setof all ¢ € {b1, ..., b;} such that Z; does not separate ¢
from b;+1. To see that |C| < 1, assume that ¢,d € C'. For all z € Z;, we have
z(c) = z(bi+1) = z(d). So Z; does not separate ¢,d € {b1,...,b;}. Thus
¢ =d, whence |C] < 1.

If |C| = 0, then we can define Z;4, := Z;. Otherwise, let ¢ be the unique
element of C. We must have ¢ # b;+1 in B, and so there exists a projection
z : M"™ — M with z(c) # z(bi+1). Thus we can define Z; 1, := Z; U {z}.
The set Z,1; satisfies |Z;+1] < |Z;] + 1 < i and separates the elements of
{bl,...,b¢+1}. |
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4.1.2 Lemma Each finite zero-kernel or one-kernel unary algebra has enough
algebraic operations.

Proof Let M be a finite zero- or one-kernel unary algebra. We may assume
that M is non-trivial. By Theorem 3.2.9, there is a finite gentle basis B for
A = ISP(M). We can choose & € w\{0} such that & > [A(P, M)|, for all
P ¢ B. Now define f : w — wby f(m) := (1 +k%)m. Let B < A < M",
for some n € w\{0}, and let k : A — M be a homomorphism.

First assume that n = 1. Define the subset Y of A(M!, M) by Y := {mp},
where g : M} <» M is the natural isomorphism. Then MY’ 4 A —>NY(A)
is an isomorphism. Now define &' : MY (A) — M by b/ := ho (MY ]4)"%
This gives us b/ o MY [z = hl g, as required.

We can now assume that n > 1. This implies that Cy» # M™. So the set P
of all petals of M" is non-empty. We want to construct an appropriate subset
Y of AM™, M).

First, choose some P € P. There is a gentle surjection ¢p : P — P*, for
some P* € B. By Lemma 3.2.4, the petal P* embeds into P. Since P is a
subalgebra of M™ and n # 0, this implies that the set A(P*, M) is non-empty.
As k > |A(P*,M)|, we can write A(P*, M) = {zp,...,Zpy}-

Now, for each petal P of M™ and all ¢, € {1,...,k}, we can define the
homomorphism Ipij M" — M by

gpi;j = (@p; 0 pp) U |_|{ TQ;j°¥q ‘ Qe P\{P}},
as M" is the coproduct of its petals. By Lemma 4.1.1, there is a non-empty
subset Z of A(M"™, M) such that | Z| < |B| and Z separates the elements of B.
Let Pp denote the set of all petals P of M" such that P N B # Cwmr, and
define the subset Y of A(M", M) by

YVi=ZU{gp;|PePpandije{l,. .. k}}
Then |Y| < |B| + k%|B| = f(|B|). Define the homomorphism
g M > MY by p:=nY.

To prove that M has enough algebraic operations, we shall construct a homo-
morphism &’ : 4(A) — M such that b’ o g = hlp.

First we shall express p(A) as a coproduct of simpler algebras. Define the
subuniverse D of M" by

D:=(J{P|PeP\Ps}.

We shall prove that, if D N A # @, then p(A) is the coproduct in A of the
family
{n(PNA)IPePpiU{u(DNA)}
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and that, if D N A = &, then u(A) is the coproduct in A of the family
{pPNA) | PePpl

To prove both these claims, it suffices to show that

({ (P ANCya) | P € Pa} U {(DNANCuay} ) \(2)

isapartition of 2(A)\C,, a). The above setis certainly a cover for 1(A)\C, o
since u(A)\Cya) C M(A\C’ 'A) and every non-centre element of A belongs to
apetalinP. Leta € (PN A)\Ca and b € (QN A)\Ca, for some P € Pg
and Q € P\{P}. It is now enough to show that x(a) # u(b).

As a # bin M™, there is a homomorphism z : M"™ — M with z(a) # z(b).
By Lemma 3.2.4, there is a coretraction 1, : P* < P for pp : P — P*
such that sgp(a) C 9, (P*). It follows that ¢, 0 ¢wp(a) = a. The map z o 1,
belongs to A(P*, M) = {zp1,...,Tpy}. Sothereexistsi € {1,...,k} such
that z o 9, = zp,; and hence

Tp; © pp(a) = z 0 Pq 0 pp(a) = z(a).
Similarly, there is j € {1,...,k} with zq; 0 pq(b) = 2(b). Thus

gpij(a) = zp; 0 wp(a) = 2(a) # 2(b) = 2q; © vq(b) = gp;(b).

Since gp,; € Y and = MY, this givesus u(a) # p(b). So we have established
the desired expression of (A as a coproduct.

Now let P € Pg. To see that the surjection ] p : P — u(P) is gentle, let
a € Py and let b, c € Py Usgp(a) with b # ¢. Since ¢p is gentle, we have
op(b) # ¢p(c) in P*. As P* € ISP(M), there exists ¢ € {1,...,k} with
zp; 0 pp(b) # rp;0 vp(c). S0 gp, (D) # gp;1(c), and therefore pu(b) # u(c).
Thus ulp : P — p(P) is gentle, which implies u[prg : PNA — u(PNA)
is gentle. Since Y separates the elements of B, the map u[ pn g is one-to-one. It
follows, by Lemma 3.2.4, that there is a coretraction vp : u(PNA) — PNA
for | pna such that PN B C vpo u(PNA).

Since 1(A) < MY and the set Y is non-empty, there exists ahomomorphism
x : p(A) — M. Using our expression of ;(A) as a coproduct, we can now
define the homomorphism A’ : (A) — M by

W=l pna U {hovp | PP},

To see that b’ o ulg = hlg, let P € Ppandletb € PN B. Since vp is a
coretraction for i pr4 and
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we have vp o pu(b) = b. So

h'o u(b) = hovpou(b) = h(b).
Thus M has enough algebraic operations. |

In the previous chapter, we showed that every finite zero- or one-kernel
unary algebra is dualisable; see Theorems 3.1.8 and 3.2.10. So, using the EAO
Theorem, 1.5.4, we obtain the following corollary.

4.1.3 Theorem FEach finite zero-kernel or one-kernel unary algebra is strongly
dualisable.

We will now define quasi-injectivity. First let M be a finite unary algebra
and let A belong to ISP(M). Define the directed graph

Q(A) = (A; Ea), where Ea :={(a,b) € A>|besga(a)}.

The relation Eo on A is reflexive and transitive. So Q(A) is a quasi-ordered
set. In fact, the graph Q(A) is the quasi-ordered set determined by the directed
graph G(A) used in the previous chapter; see page 55.

Let Q*(A) denote the induced subgraph of Q(A) with vertex set A\CAa.
Forall a,b € A\Ca and n € w, we say that there is a fence from a to b in A
of length n if there are edges z1,y1, . . ., Zn, Yn of @*(A) such that

T Y1 X9 e /\%
a b

in Q*(A). Tt is easy to check that a, b € A\Ca belong to the same petal of A
if and only if there is a fence from a to b in A.

We can define a distance function da on A\Ca. For all a,b € A\Ca, let
da(a,b) be the length of the shortest fence from ato bin A. (If a,b € A\Ca
such that there is no fence from a to b in A, then da(a,b) = co.) The distance
between two elements of A\C'a is finite if and only if they belong to the same
petal of A.

Now let n € w\{0}. For each a € A\Ca, define the ball in A with centre
a and radius n by

nala) = { be A\Ca \ da(a,b) < n}UCA.

Foreacha € Ca,wesetny(a) := Ca. Itiseasy to check that, foreacha € A,
the set ny (a) forms a subalgebra of A. Therefore, for each non-empty subset
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B of A, the set
na(B) = J{na(b) | be B}

forms a subalgebra n,(B) of A. We say that M is n-quasi-injective if, for
all finite algebras A, B € ISP(M) such that B < A, every homomorphism
z : B — M that extends to n, (B) also extends to A. We say that the algebra
M is quasi-injective if M is n-quasi-injective, for some n € w\{0}.

4.1.4 Lemma Every finite zero-kernel or one-kernel unary algebra is quasi-
injective.

Proof Let M be a finite zero- or one-kernel unary algebra, Then there is a
finite gentle basis B for A := ISP(M), by Theorem 3.2.9. For every petal P
of A, the distance between any two elements of P\Cp is finite. So, for each
finite petal P of A, we can define

wp 1= max{dp(a,b) | a,b € P\Cp }.

Now define
n:=max({wg | B e B}U{2}).

We begin by proving that wp < n, for each finite petal P of A.

Let P be a finite petal of A. Then there is a gentle surjection ¢ : P — B,
for some B € B. Now let a,b € P\Cp and define the subuniverse P, of P
by Py := Pn Usgp({a,b}). We want to show that da (a,b) < n.

Case I: plp  is one-to-one. Lemma 3.2.4 yields a coretraction  : B — P
for p with a,b € ¥(B). Sodp(a,b) < dym)(a,b) < wyp) = wg < n.

Case 2: ¢[p,, isnot one-to-one. We will show that dp(a, b) < 2. As the gentle
surjection ¢ is not one-to-one on Py, U sgp({a, b}), we must have a,b € Poyt
and sgp(a) # sgp(b). There exist ¢, € sgp(a)\Pn and ¢, € sgp(b)\Pn
such that @(c,) = ¢(cp). Since ¢, and ¢, are outer elements of P, we have
sgp(a) = sgp(cy) and sgp(b) = sgp(cy). The elements ¢, and ¢, are con-
nected by a fence in the petal P. As sgp(cy) # sgp(cp), this fence must pass
through P,,\Cp; see Remark 3.2.2 and Figure 3.3. So there must be a unary
term function u of M such that u(c,) € Pin\Cp. Since

p(u(ca)) = ulp(ca)) = ulp(e)) = plulcs))

and ¢ is gentle, it follows that u(c,) = u(cp). Therefore dp(a,b) < 2 < n, as
a € sgp(cq) and b € sgp(cy).

We have shown that wp < n, for every finite petal P of A. To see that
the algebra M is n-quasi-injective, choose finite algebras A, B € A such that
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B <€ A. Letz : B — M be a homomorphism and assume that = extends
to na(B). We want to show that z extends to A, so we can assume that A
is non-trivial. Let P be a petal of A with PN B # Ca. Then P C n,(B),
since wp < n. So x[pnp extends to the petal P. Now let Q be a petal of A
such that ) N B = Ca. There is at least one homomorphism from Q to M,
as A € ISP(M) and A is non-trivial. Since A is the coproduct of its petals, it
follows that = extends to A. |

No zero- or one-kernel three-element unary algebra has My,, M or M, as
an isoreduct. So every zero- or one-kernel three-element unary algebra satisfies
condition (i) of Theorem 4.0.1. We have shown that these algebras all satisfy
conditions (iv) and (v) as well.

4.2 Nice two-kernel three-element unary algebras

The family of two-kernel three-element unary algebras is surprisingly com-
plicated. It contains strongly dualisable algebras, dualisable algebras that are
not fully dualisable, and non-dualisable algebras. In this section, we study the
dualisable two-kernel three-element unary algebras that have neither My, M,
nor Mp as an isoreduct. We shall prove that every such algebra has enough
algebraic operations and is quasi-injective.

We know that every two-kernel three-element unary algebra is isomorphic
to a unary algebra, on the set {0, 1,2}, with kernels {01|2} and {02|1}; see
Lemma 3.3.1. The following lemma teases out what it means for such an algebra
to have My, M, or M, as an isoreduct. For each unary algebra M and each
permutationv : M — M, we let VM denote the isomorphic copy of M formed
via conjugation by v; see page 70.

42,1 Lemma [40, 2.2] Let M be a two-kernel unary algebra, on the set

{0,1, 2}, with kernels {01|2} and {02|1}.

(i) The algebra M has My, or M as an isoreduct if and only if ppq and
qpq are term functions of M, for some distinct p,q € {0,1,2}.

(i) The algebra M has Mp as an isoreduct if and only if 101 and 220 are
term functions of M.

Proof Define F' to be the set of unary term functions of M. We first prove the
‘only if” parts of the two claims. Assume that M has M, as an isoreduct. Then
there is a permutation v of {0, 1, 2} such that M has "My, as a term reduct. The
algebra M has kernels {01|2} and {02|1}. So "My, also has kernels {01]2}
and {02]1}. Since the algebra My, has kernels {01|2} and {02|1}, this implies
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that v is either 012 or 021. Therefore M has
"My = ({0,1,2};112,212) or "'My = ({0,1,2};212,112)

as a term reduct. Thus {112,212} C F. Likewise, if M} is an isoreduct of M,
then {002,202} C F or {010,110} C F; and, if My, is an isoreduct of M,
then {101,220} C F.

It remains to prove the ‘if” parts of the claims. Clearly, if {101,220} C F,
then M has Mp, as an isoreduct. So assume that there are p,q¢ € M, with
p # g, such that {ppq, gpq} C F. We want to show that M has My, or M as
an isoreduct. Since

My = ({0,1,2};112,212) and M, = ({0,1,2};002,202),

we can assume that g # 2.
First consider the case in which p = 2. We have

ppq © ppq = 22q 0 22q = qq2 and ppq o qpg = 22q o q2q = 2q2.

Thus {¢q2,2¢2} C F, and so M has My, or M|, as an isoreduct.

Finally, consider the case p # 2. Then {110,010} C F or {001,101} C F.
As M; is isomorphic to 2! M; = ({0, 1,2};010,110) and as 1010101 = 010
and 101 o 001 = 110, it follows that M}, is an isoreduct of M. |

Our next result describes four types of two-kernel three-element unary alge-
bras. The idempotent operations f1 := 010 and f2 := 002 on {0, 1, 2}, which
were important in the previous chapter, will be important in this chapter as well.

4.2.2 Theorem Let M be a two-kernel unary algebra, on the set {0,1,2},
with kernels {01/2} and {02|1}. Let F be the set of unary term functions of M.
Then at least one of the following is true:

(2)p  {ppq,pap} C F, for some distinct p,q € {0,1,2}, and { f1, f2} € F;
(2)vr. {ppq,qpq} C F, for some distinct p,q € {0,1,2};

2)p {101,220} C F;

(2)n  {f1, fa} C F, and both conditions (2)y1, and (2)p fail.

Proof Assume that M is not of type (2)p, type (2)yr, nor type (2)p. We want
to show that { f1, fo} C F. As {01]2} and {02|1} are kernels of M, there are
p,q,7,8 € M, with p # q and r # s, such that ppg € F and rsr € F. Since

M is not of type (2)p, we know that {f1, fo} C F or {ppg,pgp} € F. So
we can assume that {ppg,pgp} € F. As M is not of type (2)vr,, we have

{ppq,qpq} € F. Thus ppqg o rsr % pgp and ppqg o rsr # gpq. This implies
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that s # 2 and r # 2. So rsr is either 010 or 101. Since 101 o 101 = 010, it
follows that f; = 010 € F. By symmetry, we have fo = 002 € F. |

All the algebras of type (2)p are non-dualisable, by Theorem 3.0.1. The
algebras of type (2)vr, and the algebras of type (2)p each have My, M, or M,
as an isoreduct, by Lemma 4.2.1. In this section, we will study the algebras of
type (2)n. The type-(2)n algebras are the Nice two-kernel three-element unary
algebras. These algebras are all dualisable, by Theorem 3.0.1. We shall show
that the algebras of type (2)n all have enough algebraic operations and are all
quasi-injective.

The algebras of type (2)n come in three different flavours. Assume that
M is of type (2)n and let F' be the set of unary term functions of M. Then
{101,220} ¢ F, since M is not of type (2)p. We shall consider the two
cases 101,220 ¢ F' and 101 € F separately. The third case, 220 € F, is
symmetric under conjugation by 021 to the case 101 € F'. To see this, assume
that 220 € F'. It is easy to check that the algebra %' M is of type (2)y and that
101 = 021220 € 021 F,

4.2.3 Lemma Let M be a unary algebra of type (2)n.

(i) If neither 101 nor 220 is a term function of M, then all the unary term
Sunctions of M belong to {012,021, 001, 002, 010, 020, 000, 111, 222}.

(ii) If 101 is a term function of M, then all the unary term functions of M
belong to {012,002,010, 101,000,111, 222}.

Proof Let F' denote the set of all unary term functions of M. Since {01]2}
and {02|1} are the two kernels of M, we know that

F C {012,021} U {ppq,pgp | p,q € M },

by Lemma 3.3.2. As M is of type (2)n, the maps f; = 010 and fo = 002 are
in F'. Since M is not of type (2)vr,, this implies that 110 ¢ F and 202 ¢ F'.
We have 010 0 112 = 110 ¢ F and 221 0 221 = 112, So 112,221 ¢ F'. As
0020212 = 202 ¢ F and 121 0 121 = 212, we also have 212,121 ¢ F.
Therefore

F C {012,021, 001, 002, 220, 010, 020, 101, 000, 111, 222}.

Claim (i) now follows immediately. To prove (ii), assume that 101 € F' and
220 ¢ F. Then 021,001 ¢ F, since 101 0 021 = 101 0 001 = 110 ¢ F, and
020 ¢ F, since 020 0 101 = 202 ¢ F'. Thus claim (ii) holds. |

We now study the type-(2)n algebras of the first flavour, those that have
neither 101 nor 220 as a term function. One example of such an algebra is
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given in Figure 4.2, which depicts the algebra M = ({0, 1,2};001, 010, 002)
and an algebra A that belongs to ISP(M).

Given a set S and some m € M, we use m to denote the constant map in
M7 with value m.

4.2.4 Lemma Let M be a unary algebra of type (2)n such that neither 101
nor 220 is a term function of M. Let B < A in ISP(M) and let z : B — M
be a homomorphism. Then the following are equivalent:

(i) xextendsto A,
(i) z extendsto 15 (B);
(iil) for every a € A\B and all unary term functions u; € {010,020} and
ug € {002,001} of M with uy(a), uz(a) € B, we have z(ui(a)) = 0
or z(uz(a)) = 0.
In particular, the algebra M is 1-quasi-injective.

Proof Define F' to be the set of all unary term functions of M. Since M is of
type (2)n, the maps f; = 010 and f; = 002 belong to . So 000 = f; o fois
a constant term function of M.

We can assume that A < _MS , for some set S. Clearly (i) implies (ii).
To see that (ii) implies (iii), assume that T : 15(B) — M is an extension
of z. Leta € A and let u; € F N {010,020} and ug € F N {002,001}.
Assume that u1(a), uz(a) € B and that z(u;(a)) # 0. We want to show that
z(ug(a)) = 0. First assume that ui(a) € Ca C {0,1,2}. Since 000 is a
constant term function of M and z(u, (a)) 5 0, we have u1(a) # 0. Soa = 1,
which implies that z(ug(a)) = 2(0) = 0. Now assume that u1(a) € B\Ca.
It follows that a € 1o (B) and u1(Z(a)) = z(ui(a)) # 0. So ZT(a) = 1, and
therefore z(uz(a)) = up(z(a)) = 0.

It remains to show that (iii) implies (i). So assume that condition (iii) holds.
By Lemma 4.2.3(i), each non-constant unary term function of M preserves 0.
So the set

A, = AN ({0,1}° U {0,2}%)

is a subuniverse of A. Define the extension z, : A, — M of the map z[gn 4,
so that, for all a € A,\ B, we have
2 if 001 € F and 001(a) € z71(1),
z«(a) = ¢ 1 if020 € F and 020(a) € z71(2),
0 otherwise.

The map z. is well defined, by (iii). We want to show that z. : A. — Misa
homomorphism.
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Figure 4.2 An algebra of type (2)n

Let a € A,\B. We shall show that u(z.(a)) = x«(u(a)), for each non-
constant term function » in F'. Since x is a homomorphism, it will then follow
that z, is a homomorphism. By Lemma 4.2.3(i), the only term functions that
we need to check are 010, 002, 001, 020 and 021.

Using the symmetry between 1 and 2, we can assume thata € {0, 1}°. Since
001(a) = 0 ¢ =~ *(1), we must have ,(a) € {0, 1}. This gives us

010(z4(a)) = z+(a) = 2.(010(a))
and
002(z4(a)) = 0 = 2(0) = 2.(002(a)).
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If 001 € F, then
001(z.(a)) = 0 = z(0) = 2, (001(a)).

Now assume 020 € F. We have 020(z.(a)) € {0,2}. As 020 0 020 = 000
and 002 o 020 = 020, it follows that z,(020(a)) € {0, 2}. Using the fact that

001 0 020(a) = 010(a) = a ¢ B,
we find that

020(z4(a)) =2 <= x.(a)=1
<= 020(a) € B & x(020(a)) =2
<= 2,(020(a)) = 2.

Therefore 020(x4(a)) = .(020(a)). Finally, assume that 021 € F'. Then we
have 020 = 002 0 021 € F. Since z.(a) € {0,1} and a € {0,1}%, we get

021(z(a)) = 020(z4(a)) = 2+(020(a)) = z.(021(a)).

Thus z. is a homomorphism.

We shall prove that z, extends to a homomorphism T : A — M using
Lemma 3.3.5. Choose some a € A\ A., and suppose that z.(f1(a)) # 0 and
z«(f2(a)) # 0. Since f; is idempotent, we must have z.(f1(a)) = 1. So there
isu; € F'N {010,020} such that ui(a) = uy o f1(a) € B and z(u1(a)) # 0.
Similarly, there is ug € F N {002,001} such that ug(a) = ug o fa(a) € B and
z(uz(a)) # 0. But this contradicts (iii). Thus there is an extensionZ : A — M
of z,. By Lemma 3.3.5, the extension z : B — M of z[pg~,4, is unique.
Therefore 7 is an extension of z, since T/ gn4, = T« [pna, = Zpna,- n

4.2.5 Theorem Let M be a unary algebra of type (2)n such that neither 101
nor 220 is a term function of M., Then M has enough algebraic operations.
Proof Define the map f : w — wby f(k) := k. Let B < A < M", for
some n € w\{0}, and let » : A — M be a homomorphism. We shall define
some algebraic operations on M.

By Lemma 4.2.3(1), the set

AM™)U fa(M™) = {0,1}" U{0,2}"

is a subuniverse of M™. Letmn € {1,2}andb € f,,(B)\{0}. We wish to define
a homomorphism g, : M™ — M such that, forall a € fi(M"™) U fo(M™), we
have
m ifa=bora=m,
gp(a) = ¢ 021(m) if a = 021(b) or a = 021(1n),

0 otherwise.
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To see that this is possible, first check that the specified map acts like a homo-
morphism on f1(M™) U fo(M™), using Lemma 4.2.3(i), and then check that
this homomorphism extends to M", using Lemma 3.3.5.

Now define the set Y of n-ary algebraic operations on M by

Y = {g|be (fi(B)U f(B)\{0} }.

Then Y| < |B| = f(|B|). Define the homomorphism p : M™ — MY by
= Y. We will first show that u 5 is an embedding, and then show that
ho(ulg)~t: u(B) — M extends to u(A). It will then follow that M has
enough algebraic operations.

To see that p[ 5 is an embedding, let b, ¢ € B with b # c. Since the maps
f1 and fs separate the elements of M, we must have f,,(b) # fm(c), for some
m € {1,2}. We can assume that f,,,(b) # 0 and f,,(c) # . So

Qfm(b)(fm(b)) =m# gfm(b)(fm(c))’

which implies that u(fm (b)) # pu(fm(c)). So u(b) # n(c), whence | g is an
embedding.

We shall use Lemma 4.2.4 to prove that h o (u]5)~! : u(B) — M extends
to 4(A). Chooseany a € A. Let u; and uy be unary term functions of M, with
uy € {010,020} and ug € {002,001}, such that u1 (u(a)), uz(u(a)) € u(B).
Set my := uy(1) and my := u2(2). Then fp,, o uy = u; and fi,, 0 uz = ug.
So there are by € fy,, (B) and by € fpy,(B) such that p(ui(a)) = u(by) and
p(uz(a)) = p(bs). '

We will show that h(by) = 0 or h(b2) = 0. Since 000 = f; o fy is a term
function of M, we can assume that by, bs # 0. As 1] g 1s one-to-one, we have
(b1), pw(ba) # w(0). Thus a ¢ {2,1}, and so u1(a), uz(a) ¢ {1,2}. For
each ¢ € {1,2}, we have m; = gp,(b;) = g», (us(a)) and therefore u;(a) = b;.
As hlpg extends to A, it follows by Lemma 4.2.4 that h(b1) = h(u1(a)) = 0
or h{bg) = h(uz(a)) = 0.

We have shown that there is some j € {1, 2} for which h(b;) = 0. So

ho(ulg) " (uj(u(a))) = ho (ulg) ™" (u(bs)) = h(b;) = 0.

Thus ko (u[5)~* extends to p(A), by Lemma 4.2.4. Hence M has enough
algebraic operations. |

We now turn our attention to the type-(2) algebras of the remaining flavours,
those with either 101 or 220 as a term function. By symmetry, we only need to
consider those with 101 as a term function. Figure 4.3 gives an example of such
an algebra, M = ({0,1,2};101,010,002). Both of the constant operations
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o — 101
X M f1 =010

' \ — = fo=002

Figure 4.3 Another algebra of type (2)n

000 = 0100002 and 111 = 101 0 002 are term functions of M.. So it follows
from Lemma 4.2.3(ii) that, up to term equivalence, there are only two different
type-(2)n algebras with 101 as a term function: the algebra M from Figure 4.3,
and the algebra obtained by adding the constant operation 222 to M.

To make the next two proofs easier to read, we introduce some notation,
Assume that M is of type (2)n and let A € ISP(M). There is a natural binary
relation —~4 on A that reflects part of the structure of A. For all a,b € A,
we write @ —~4 b if and only if there is some ¢ € A such that a = f1(c) and
b = fa(c). Using the notation of Figure 4.3, we have

a~ab  ifandonly if ’ \ in A,

foralla,b € A.
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In the algebra A of Figure 4.3 we have, for example, (0,1,0) —~4 (0,0,2)
and (1,0,1) —~a (0,0,0), but (1,0,1) Aa (0,0,2). In general, for every
set .S, each subalgebra A of M?, and all a,b € A, we have:

e ifa ~a b, thena € {0,1}° and b € {0,2}%;

e ifa ~4 b, thena™'(1) € 57(0) and b=1(2) C a~1(0);
¢ ifac{0,1}% thena ~4 0;

o ifb e {0,2}5, then0 ~4 b.

We will be using these four properties frequently during the next two proofs.

4.2.6 Lemma Let M be a unary algebra of type (2)n and assume that 101
is a term function of M. Let B < A in ISP(M) and let x : B — M be a
homomorphism. Then the following are equivalent:

(i) =z extendsto A;

(ii) « extends to 1o (B);

(iii)  both the following conditions hold.
(@) forallb,c € B suchthat b ~4 c, we have z(b) = 0 or z(c) = 0;
(b) forallb,c € Bandall a € Asuchthata ~p band 101(a) —~4 ¢,

we have x(b) = 0 or z(c) = 0.

In particular, the algebra M is 1-quasi-injective.

Proof Assume that A < M, for some set S. We must have G,T € Ca, since

both 000 = f; o fo and 111 = 101 o f5 are constant term functions of M.

To prove that (ii) implies (iii), assume that = extends to a homomorphism
T:1a(B) — M. We first prove two claims.

Claim1 Leta € Aandb € Cx suchthata ~a b. Thena = 0orb =

0
There is some ¢ € A with f1(c) = aand fa(c) = b. Since b € Ca c {0,1
we musthave b =0 orb= 2. Ifb =2, thenc = 2andsoa = fi(c) = 0.

Claim?2 Leta € Aandletb € B\Cp suchthata —a b. ThenZ(a) = 0 or
z(b) = 0.

There is some ¢ € Asuchthat f;(c) = aand fo(c) = b. Sinceb ¢ Ca, we have

a,c € 1ao(B). Assume that z(b) # 0. Then f2(Z(c)) = Z(f2(c)) = z(b) # 0,

and so Z(c) = 2. Therefore Z(a) = ZT(fi(c)) = f1(ZT(c)) = 0.

We can now show that (iii) holds. As 0 ¢ Ca, we have m(@) = 0. So
condition (a) follows straight from Claims 1 and 2. To see that condition (b)
holds, let b,c € B and a € A, with a —~a b and 101(a) —~a ¢, such that

z(b) # 0. We wish to show that z(c) = 0. First assume that b € C'a. Then
b+#0,and so a = 0, by Claim 1. As 101(a) = 1 and 101(a) ~4 ¢, it follows

/2\}7
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that ¢ = 0. Thus z(c) = 0. Now assume that b ¢ Ca. Then a € 14(B), and
s0 101(a) € 14(B). Since z(b) # 0, we must have Z(a) = 0, by Claim 2.
Therefore Z(101(a)) = 101(Z(a)) = 1, which implies that 101(a) # 0. So,
as 101(a) —~a ¢, either Claim 1 or Claim 2 tells us that z(c) = 0. Thus (iii) is
satisfied.

To prove that (iii) implies (i), assume that (iii) holds. Since the functions f;
and f, fix {0,1} and {0, 2}, respectively, we have f1(A) = AN {0,1}° and
f2(A) = An{0,2}5. By Lemma 4.2.3(ii), the two sets

Aq = fl(A)UCA and A = fQ(A)UCA

are subuniverses of A. Let T be a transversal of { {a, 101(a)} } a€ fi(4)}.
Then, by using Lemma 4.2.3(ii) and referring to Figure 4.3 for help, we can
define the homomorphism x; : A} — M such that, for all a € T, we have

z(a) ifa€ B,
zi(a) =< 0 ifa ¢ Banda —~a b, for some b € B with z(b) # 0,
1 otherwise.

We can also define a homomorphism x5 : As — M by

(@) z(a) ifa€ B,
zo(a) =
2 0 otherwise.

The set A, := A; U A, forms a subalgebra of A. So we can now define the
homomorphism z, : Ax — M by z, := 21 U z2. The homomorphisms z.
and x agree on B N A,.

We will use Lemma 3.3.5 to show that z, extends to A. Leta € A\ A, with
z«(f2(a)) # 0. Since fo(a) € Ag, we have fy(a) € B and z(f2(a)) # 0.
We want to show that z.(f1(a)) = 0. First assume that fi(a) € B. Then
z«(fi1(a)) = z(fi(a)) = 0, by (a). Now assume that f1(a) ¢ Band f(a) € T.
Then z.(f1(a)) = z1(fi(a)) = 0. Finally, assume that fi(a) ¢ B and
101(a) = 101(f1(a)) € 7. Since 1010 101(a) = f1(a), we have 101(a) ¢ B.
We must have z,(101(a)) = z;(101(a)) = 1, by (b), and therefore

z«(f1(a)) = 2.(101 0 101(a)) = 101(z.(101(a))) = 0.

So there is an extension T : A — M of z.. By Lemma 3.3.5, the extension
z:B — Mofzlg~s, =T[gna, is unique. Hence T is an extension of z. W

4.2.7 Theorem Let M be a unary algebra of type (2)N such that either 101
or 220 is a term function of M. Then M has enough algebraic operations.
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Proof By symmetry, we can assume that 101 is a term function of M. Define
A := ISP(M), and define the map f : w — w by f(k) := 3k. Assume that
B < A < M", forsomen € w\{0},andleth : A — M be ahomomorphism.
We will define two families of n-ary algebraic operations on M, each indexed
by the elements of f»(B)\{0}.

Let b € fo(B)\{0}. By Lemma 4.2.3(ii), the set fo(M™) U Cpyn forms a
subalgebra of M". We want to define a homomorphism g, : M™ — M such
that, for all a € fo(M™), we have

2 ifa=bora=2,
gp(a) =

0 otherwise.

To see that this is possible, first check that there is such a homomorphism on
the set fo(M™) U Cvr, using Lemma 4.2.3(ii) and maybe Figure 4.3. Then
check that this homomorphism extends to M", using Lemma 4.2.6. Similarly,
the set f1(M™) U Cwmn forms a subalgebra of M” and, using Lemmas 4.2.3(ii)
and 4.2.6 again, we can define g, : M™ — M such that, fora € fi(M™), we
have
/(a) _ gb(a) ifa A bor 101(@) A b,
I 101(gs(a)) otherwise.

By Lemma 4.1.1, there exists a non-empty subset Z of A(M", M) such that
|Z] < |B| and Z separates the elements of B. Now define

Y. .=2ZU {Qba gé ‘ be f2(B)\{6}}

Then |Y| < |B| 4+ 2|B| = f(|B|). Define the homomorphism y : M™ — MY
by p := Y. Then u[ g is an embedding, as Y separates the elements of B,

Claim Leta € Aandb € B with ju(a) ~,a) (). Then fi(a) ~a b.
Since fi(a) ~a 0, we can assume that b # 0. As u(a) ~(a) #(b), there
exists c € A with f1(u(c)) = pa) and fa(p(c)) = p(b). As fi is idempotent,
this implies that u(fi(c)) = p(fi(a)). Since f; is idempotent, we also have
() = u(fa(c)) = p(f2(b)). Therefore b € fo(B), as ulp is one-to-one.
Since g = MY and g, € Y, we now have gy(f2(c)) = gp(b) = 2, which
implies that f(c) = borc = 2. If fo(c) = b, then f1(c) ~a b, by definition.
If ¢ = 2, then f1(c) = 0, and therefore f1(c) ~a b. So, in either case, we have
fi(e) —a b. Since p(f1(c)) = p(fi(a)), it follows that

g5(f1(a)) = g5(f1(c)) = gu(f1(c)) = ge(f1(a))-
As 101 o f1 = 101, this tells us that f;(a) ~a bor 101(a) —~a b.
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To finish the proof of the claim, it suffices to check that 101(a) /Aa b. Since
u(b) = l f2(e)), we have

f2(g6(c)) = gp(fa(c)) = g (b) = 2.

Therefore gy(c) = 2. As u(f1(c)) = u(fi1(a)), this gives us

95(101(a)) = g»(101 o fi(a)) = 101(gs(f1(a))) = 101(gs(f1(c)))
= 1010 fi(gp(c)) = 101(gy(c)) = 101(2) = 1.

So g,(101(a)) = 1 and g,(b) = 2. Since g;[ 4 preserves fi and fo, it follows
that 101(a) /AAa b; see Lemma 3.3.5. Thus f1(a) ~a b, and the claim holds.

We will use Lemma 4.2.6 to prove that h o (u]5)~! : u(B) — M extends
to u(A). To see that condition (iii)(a) of the lemma holds, let b, ¢ € B such that
u(b) —~ay p(c). Then fi(b) ~a c, by the above claim. We have fi(b) = b,
as f1(u(b)) = p(b) and p| g is one-to-one, and so b —~a c. Therefore h(b) = 0
or h(c) = 0, by Lemma 4.2.6, since h[ g extends to A.

To check that condition (iii)(b) of the lemma holds, let b,c € Banda € A
such that p(a) —,ay p(b) and 101(u(a)) —~,(a) #(c). Since f10101 = 101,
we must have f(a) ~a band 101(a) ~a ¢, by the above claim. This implies
that h(b) = O or h(c) = 0, as 101 o f; = 101 and A[p extends to A. It now
follows that h o (u[5)~"! extends to u(A), whence M has enough algebraic
operations. 1

By Lemmas 3.3.1 and 4.2.1 and Theorems 4.2.2 and 3.0.1, every dualisable
two-kernel three-element unary algebra that has neither My,, M, nor M, as
an isoreduct must be isomorphic to an algebra of type (2)n. We have shown
that each algebra of type (2)N has enough algebraic operations and is 1-quasi-
injective. Theorem 3.0.1 tells us that there are no dualisable three-element unary
algebras with three kernels. So we have now finished proving that (i) implies (iv)
and that (i) implies (v) in Theorem 4.0.1.

4.3 Three-element unary algebras that are not strongly dualisable

In this section, we will show that every dualisable three-element unary algebra
that has My, M, or M, as a reduct is not strongly dualisable. Our proof is
based on the proof used by Hyndman and Willard [41] to show that the three-
element unary algebra ({0, 1,2}; 001, 122) is not strongly dualisable. Actually,
to finish the proof of our main theorem we need to show that every dualisable
three-element unary algebra with My, M, or My, as a reduct is not fully
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Figure 4.4 The bi-ordered set I'g = (I5; <, <)

dualisable. We will prove this in the next section, with the help of some of the
results from this section.
We use a special pair of ordered sets.

4.3.1 Lemma [41,4.1] There are ordered sets T = (I'; <) and TV = (I"; <)
such that '

(i) T is achain, and < is strictly contained in <,

(i) foralle,d € I'withe < dand ¢ 9 d, there are subsets { ¢, | n € w } and
{dn | n€w}of I'suchthat ¢ < ¢, and dy, < d and cn, < dp, < Cpt1,
for everyn € w.

Proof We shall sketch the proof. Let I'y = (I; <, <) be the bi-ordered set
illustrated in Figure 4.4: the underlying set is

Iy={ap|newlU{b, | necw}luidl

the dotted lines indicate the order <, and the solid lines indicate the order <.
The ordered set (I; <) is an (w-1)-chain, with a as bottom and b as top. By
construction, condition (ii) is satisfied in Ty for the pair (¢, d) = (a, b).

The failures of condition (ii) in 'y occur for pairs (¢, d) = (a4, bj), where
i,7 € wand i < j. Now fix k € w. We can insert a copy of I'g between ay,
and bg, where we identify the elements a and b of the inserted copy with ay,
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and by, respectively. This will correct all failures of condition (ii) in I'g for
pairs (¢, d) = (ag, b;j), where k < j.

We now define I'; to be the bi-ordered set obtained from I'g by inserting a
copy of I'y between a; and b;, for all ¢ € w. For each n € w\{0}, we obtain
I’y 41 from I';; by inserting a copy of I'g between a; and b;, for all ¢ € w, in
each of the copies of I'g inserted when obtaining I', from I',, ;. Thus we have

an w-chain of bi-ordered sets I'g C T’y C ---. Define I, = (I},; <, <) to be
the union of this chain. Then I" := (I',;; <) and I'' := (I,,; <) are the required
ordered sets. |

The following result gives a general method for proving that a finite algebra
is not strongly dualisable. We use G to denote the category of directed graphs.

4.3.2 Lemma Let I and T be ordered sets as in Lemma 4.3.1. Let M

be a finite algebra, and let B < A in A := ISP(M) such that I' C B.

Assume that there is a chain C = (C; <), with C C M, for which the maps

—Ir A(AM) — S(I,C) and — | : A(B,M) — G(I,C) are well-

defined bijections.

(i) Foreachalter ego M of M, the set X := {z[g | z € A(A, M)} forms
a closed substructure of MB .

(ii) The algebra M is not strongly dualisable.
Proof Let M = (M;G, H,R,T) be an alter ego of M. There are ¢,d € I’

with ¢ < dand ¢ € d. The chain C must be non-trivial, so there exist 0,1 € C
such that 0 # 1 and 0 < 1. Define the map w : I" — C' by

1 ifcda,
w(a):{ ifecda

0 otherwise.

Then w € G(I',C), and so there is a homomorphism w € A(B, M) with
w|pr = w. Since

c<d and w(c)=1%0=w(d),

we know that w ¢ G(I', C). So @ ¢ X, and therefore X # A(B,M). Since
A € ISP(M), the elements of B are separated by the homomorphisms in
A(A,M). So X separates B. We shall prove that X forms a closed substruc-
ture of D(B) < M2, Tt will then follow, by Theorem 1.5.3, that IV does not
yield a strong duality on A.

Let . : B <— A denote the inclusion homomorphism. Then X is the image
of the morphism D(¢) : D(A) — D(B). This implies that X is topologically
closed in D(B) and that X is closed under the operations in G. It remains to
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check that X is closed under the partial operations in H. So let & be a k-ary
partial operation in H, for some k € w\{0}, and let g, ..., 251 € X with
(20, ..., 25-1) € dom(h)PB), We want to show that z := h(zg,...,Tx_1)
belongs to X.

Homomorphisms in A(B, M) are uniquely determined by their restrictions
to I'. So, to show that z € X, it is enough to prove that z[ € G(I', C). To
do this, let ¢, d € I" with ¢ < d. We now wish to show that z(¢) < 2(d) in C.
Since z € A(B,M), we know that z[ € G(I'",C). So we can assume that
¢ € d. There exist subsets { ¢, | n € w}and {d, | n € w} of I" such that
cdepandd, <dand ¢, < dy < ¢ny1, forall n € w. The elements of the
set {¢p | n € w} must be pairwise distinct. Since M is finite, the elements
of {¢n | m € w} are not separated by the maps zg, ..., zx—1 in A(B, M).
So there exist m,n € w, with m < n, such that z;(¢y,) = x;(cp), for each
i€{0,...,k—1}. Forall: € {0,...,k — 1}, we have z; € X and therefore
zilp € G(T', C). As ¢y < diy < cp, it follows that z;(¢p,) = zi(dr,), for all
i € {0,...,k — 1}, and therefore

z(em) = h(zg, ..., 2p—1)(cm) = h(zo, . ., 2p—1)(dpm) = 2(dp,).

Since z[ € G(IV, C), and since ¢ < ¢, and d,,, < d, we can conclude that
z(c) € z(em) = 2(dm) < 2(d), as required. Thus h(zo,...,zx-1) =2z € X,
whence X forms a closed substructure of D(B). |

We want to show that the algebras of type (2)vyy, and type (2)p are not
strongly dualisable. Let M be a unary algebra on the set {0,1,2}. In order
to apply Lemma 4.3.2, we shall introduce a method for constructing algebras
in the quasi-variety A := ISP(M) from ordered sets. For the purposes of the
construction, we give {0, 1, 2} the non-standard order 2 < 0 < 1.

4.3.3 Definition Let M be a unary algebraon {0, 1,2}, let P = (P; <) be an
ordered set, and let < be a reflexive subset of <. (More precisely, the subset <
of < must contain the diagonal relation { (a,a) | @ € P }.) Define the set

Pt=PU{L,T},

where we are assuming that L, T ¢ P. Now, for all a,b € P such thata < b,
define ab € MP* by ab(L) =2, ab(T) =1 and, forall c € P,

2 ife<a,
ab(c) =3 0 ifc<bandc a,

1 otherwise.
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Figure 4.5 Turning a pair (a, b) in < into a map ab in M?"

This definition is illustrated in Figure 4.5. Define the algebra

Py i=sg,p+({ab|abe Panda<b}).
Since the relation < on P is reflexive, we are able to define the one-to-one map
tp i P — Pgbyip(a) :=ad.

The next lemma describes the structure of the algebra /li, under the assump-
tion that M is a two-kernel algebra. As in the previous chapter, for each set S
and a € M7, the partition of S determined by a is given by

P(a) = {a7}(0),a” (1), a2\ {2},

and, for every subalgebra A of M, we define the subuniverse A 12 of A by
Alg = {aGA | |(1,(S)| <2}

4.3.4 Lemma Let M be a two-kernel unary algebra, on the set {0,1,2}, with

kernels {01|2} and {02|1}. Let P = (P;<) be an ordered set, let < be a

reflexive subset of <, and define the algebra A = Pq.

(1) The set of petals of A s is {sga(ad) | a € P}, and distinct elements of

P determine distinct petals of A.|a.

(i) Forall a,b € P such that a 4 band a # b, we have &?7, 021(&3) ¢ Ap
and sga(ab) C {ab,021(ab)} Usga({aa, bb}).

(iil) Forall a,b,c,d € P, witha < band ¢ < d, such that (a,b) # (c,d),
we have sga(ab) Nsga(cd) C sga({aa, bb}).

Proof We begin by proving (ii). Let a,b € P such thata << b and a # b.

For each unary term function u; of M such that ker(u;) = {02|1}, we have



4.3 Three-element unary algebras that are not strongly dualisable 113

uy(ab) = u1(bb) € sga(bb). For each unary term function up of M with
ker(ug) = {01|2}, we have ug(ab) = uz(aa) € sga(aa). Using Lemma3.3.2,
it follows that

sga(ab) C {ab,021(ab)} Usga({aa, bb}).

Since a # b, the partitions P(ab) and P(021(ab)) of P+ each have three blocks,
and therefore ab, 021(ab) ¢ Ajs. So claim (ii) holds.

We shall now prove (i). For each a € P, the partition P(aa) has two blocks.
It follows from (ii) that Aj; = (J{sga(aa) | a € P}. Forevery a € P,
the non-constant map aa in M P* cannot belong to the centre C'a. So, for all
a € P, the set sga(aa)\Ca is non-empty and forms a connected subgraph of
G*(A). To prove (i), it is now enough to show sga(ad) Nsga(bb) = Ca,
for all a,b € P with a # b. Assume that u(aa) = v(bb), for some a,b € P
with a # b and some unary term functions v and v of M. Since the two-block
partitions P(@a) and P(bb) of P+ are different, we have u(aa) € {0,1,2}.
But aa € {1,2}7"\{1,2} and M does not have any unary term functions
with kernel {0]12}. So w is a constant term function of M, which implies that
u(&&) € Ca.

It remains to prove (iii). Let (a, b) and (c, d) be distinct pairs in <. Assume
that there are unary term functions v and v of M such that u(ab) = v(cd).
The partitions P(ab) and P(cd) of Pt each have at most three blocks. Since
(a,b) # (c,d) and P is an ordered set, the partitions P(ab) and P(cd) are
different. So the partition of P+ determined by u(ab) = v(cd) has at most two
blocks. But this implies that u(ab) € sg({aa, bb}), by (ii). |

To illustrate Lemma 4.3.4, we consider a particular example.

4.3.5 Example Let M be atwo-kernel unary algebraon {0, 1, 2}, with kernels
{01|2} and {02|1}. Define the chain P = ({a, b, c}; <), where a < b < ¢, and
the ordered set P’ = ({a,b, c}; <), where < = <\{(a,b)}. Now represent
each z € M by the 5-tuple (z(L), z(a), z(b), z(c),z(T)). We have

ac =(2,2,0,0,1),  be =(2,2,2,0,1),
aa =(2,2,1,1,1), @ =(2,2,2,2,1), bb=(2,2,2,1,1).
The structure of the algebra A := /lsg is shown in Figure 4.6. The three petals

of A5 are sga(ad), sga(bb) and sgu(c2).

Part (ii) of the following lemma shows that, if M is of type (2)v1,, then the
algebra Pg and the directed graph P’ = (P; <) are intimately connected. Let
2 = ({1, 2}; <) denote the two-element chain, where 1 < 2.
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Figure 4.6 Making a unary algebra using the three-element chain

4.3.6 Lemma Let M be a unary algebra of type (2)y1, and define the quasi-
variety A := ISP(M). Let P = (P; <) be an ordered set, let < be a reflexive
subset of <, and define P' = (P; Q).
(i) Forallz € A(Py,M)and a,b € P suchthat a < b, we have z(ab) =

if and only if x(aa) = 2, and x(ab) = 1 if and only if z(bb) = 1.
(i) The map — o 1p : A(Pg, M) — G(P’, 2) is a well-defined bijection.
Proof As M is of type (2)vr, there exist p,q € M, with p # g, such that
both ppq and gpq are term functions of M. Define A := Pg. To prove (i), let
z € A(A,M)andleta,b € Pwitha < b. Then

ppa(z(ab)) = x(ppq(ab)) = z(ppe(ad)) = ppe(z(aa)).

So z(ab) = 2 if and only if z(aa) = 2. Similarly, we have

~ ) =

apa(z(ab)) = z(qpa(ab)) = z(qpq(bb)) = qpa(=(bb)),

e

and therefore z(ab) = 1 if and only if 2(bb) = 1. Thus (i) holds.
We want to define the map

n: A(A,M) — G(P',2) by n(z):=zo0p.

To see that this will work, choose any z € A(A,M). Foreacha € P, we have
aa € {1,2}7" and therefore

ppg(z(aa)) = z(ppq(aa)) = x(gpq(aa)) = qpq(=(aa)),

which implies that z(aa) € {1,2}. So z o tp(P) C {1,2}. Using (i), for all
a,b € P suchthat a < b and z(aa) = 2, we have z(ab) = 2 and therefore
z(bb) = 2. Thus z o 1p € G(P’, 2), and 7 is well defined.
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To see that 7 is one-to-one, let 2,y € A(A, M) such that n(z) = n(y). Let
a,b e Pwitha < b. Then

z(aa) = n(z)(a) = n(y)(a) = y(aa).

So claim (i) gives us

N

z(ab) =2 < 2(ad) =2 <= ylaa)=2 < y(ab) =2.

e 2N

Similarly, we have z(bb) = y(bb) and

N N e

z(ab) =1 < z(bb)=1 < ybb)=1 < y(ab) =1.

Thus z(ab) = y(ab). It follows that z = y, and so 7 is one-to-one.
It remains to show that 7 is onto. Let z € G(P’,2). By Lemmas 4.3.4(i)
and 3.1.4, we can define the homomorphism z, : A — M by

z*:—U{WTSgA la€27( }UI_’{TF-LSgA laez7(2)}.

We have defined 2, so that z, o tp = 2. We now want to show that z, extends
to a homomorphism z : A — M. To do this, it is enough to define Z on the
generators of A that do not belong to A|p. Leta,b € P witha # banda < b.
We shall find some ¢ € P such that z, agrees with 7, on sg ({@a, bb}). We
will then assign Z(ab) := ab(c). We are allowed to do this by Lemma 4.3.4(iii).

If z(a) = z(b) = 1, then z, agrees with 7w+ on sgA ({aa, bb}). Similarly, if
z(a) = z(b) = 2, then z, agrees with 7, on sg ({ad, bb}). So we can assume
that z(a) # z(b). Therefore z(a) = 1 and z(b) = 2, as z(a) < z(b). We have

z(a0) = m(aa) = 1 = aa(b) and z,(bb) = 7, (bb) = 2 = bb (),
which implies that z, agrees with m, on sg  ({@a, bb}).
It now follows that z, extends to a homomorphism z : A — M. We have
n(Z) = Z o tp = 2« 0 Lp = 2. Thus 7 is onto, and so 7 is a bijection. |

4.3.7 Theorem No unary algebra of type (2)vyy1, is strongly dualisable.

Proof Let M be a unary algebra of type (2)yr, and define A = ISP(M).
Using Lemma 4.3.1 and Definition 4.3.3, we have algebras I‘q < F< in A and
aone-to-one map vp : [I" — ];1‘ By Lemma 4.3.6(ii), the maps

—OLF:A(F<, M) — G(I',2) and —OLF:A(I‘Q, M) — §(I',2)

are well-defined bijections. It follows by Lemma 4.3.2(ii) that M is not strongly
dualisable. |
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We now want to show that the algebras of type (2)p are not strongly dual-
isable. We will be using the most complicated algebra with kernels {01|2} and
{02|1}: the algebra M* = ({0, 1,2}; F*), where

F*:= {012,021} U { ppg,pap | p,q € {0,1,2} }.

(See Lemma 3.3.2.) The algebra _IYI_ri is of type (2)vr, and so we know that
M is not strongly dualisable. Certainly, every algebra of type (2)p is a reduct
of M. We shall show that there is a stronger connection between M and the
algebras of type (2)p.

4.3.8 Lemma Let M be a unary algebra of type (2)p. Let A be an algebra
in AY .= ISP(M"), and let A’ be the reduct of A in A := ISP(M). Then the
sets A(A", M) and A*(A, M*) are equal.
Proof The operations 101 and 220 are term functions of M. We begin by
proving that M? is hom-minimal, that is, that the only homomorphisms from
M2 to M are the two projections, mg and 7.

Let z : M? — M be a homomorphism. Then z(1,0) € {0,1}, since =
preserves 010 = 101 o 101. First assume that z(1,0) = 1. In M?, we have

101 220 220 220
— — —

(1,0) <25 (0,1) (1,2) (2,0) 0,2) &2 (2,1).

Applying the homomorphism x gives us

101 101 220 : 220 220
— 0 — 1 = 2 Piakuhaly 0 bl 2

in M. The constant operations 000, 111 and 222 are all term functions of M.
Hence it follows that z = 7. Now assume that z(1,0) = 0. Then we have
z(0,1) = 101(z(1,0)) = 1 and, by symmetry, we conclude that = 7. So
M? is hom-minimal.

All the constant operations on M are term functions of both M and M. So
the lemma holds if A is trivial. This means that we can assume that A < (M*)?,
for some non-empty set S.

Let a € A such that the partition P(a) of S has two blocks. Then

sgala) = {be MS | P(b) = P(a) } U {0,1,2},

as every map in F* is an operation of M¥. Let sga(a)’ denote the reduct of
sg(a)in A. Then M? is isomorphic to sg 5 (a)”, via repetition of coordinates.
Since M? is hom-minimal, it follows that sg 5 (a)” is hom-minimal.

Now let y € A(A”, M) and let a € A. To prove that y € AA, MY, it
suffices to show that y agrees with a projection on sgu (a). First assume that
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a € {6 1, 5} Each constant map on M is a term function of M. So y agrees
with a projection on sga(a) = {0,1,2}. Now assume that ¢ € Alg\{O 1,2}
The partition P(a) of S has two blocks. So y agrees with a projection onsga (a),
since sg 4 (a)’ is hom-minimal.

Finally, assume that a € A\Ajs. As P(a) has three blocks, we can choose
some s € S with a(s) = y(a). We will show that y agrees with 75 on sga(a).
The operations

fi=010=1010101 and fy =002 = 2200220

are term functions of M. For each m € {1, 2}, the partition P( f,,(a)) has two
blocks, and so

A = sga(fm(a)) = {b€ M5 | P(b) = P(fm(a)) } U {0,1,2}.

It follows that sg(a) = {a,021(a)} U A; U As.
Let m € {1,2}. Since the algebra A’, := sg(fm(a))® is hom-minimal,
we know that y agrees with a projection on A,,. We have

Y(fm(a)) = fm(y(a)) = fm(a(s)).

As each element of A,,,\{0, 1,2} determines the same partition of S as f,,(a),
it follows that y agrees with w5 on A,,,. So y agrees with 75 on A1 U As.
For each m € {1, 2}, we have f,, 0 021(a) € A; U Ay and therefore

fm(y(021(a))) = y(fm(021(a))) = fm(021(a(s))).

So y(021(a)) = 021(a(s)), as f1 and fo separate M. Thus y agrees with 7,
onsga(a) = {a,021(a)} U A; U Ay. Hence y € AY(A,MH). [

4.3.9 Theorem No unary algebra of type (2)p is strongly dualisable.

Proof Let M be an algebra of type (2)p. Then M is a reduct of the algebra
M of type (2)vL. Using Lemma4.3.1 and Definition 4.3.3, we have I'q < I'¢
in A" := ISP(M?), and there is a one-to-one map tp: " — a. The maps

— o AHTL, MY - G(T,2) and — oup: AF(To, MF) — G(I', 2)

are well- deﬁned bleC[lOﬂS by Lemma 4.3.6(ii). Let I‘" and I‘b denote the
reducts of I‘< and I‘<1 in A := ISP(M). Then, by Lemma 4.3. 8, the maps

—OLFIA(/fg,M> — G(T',2) and —oup: A(/I\‘g,M) — G(I',2)

are bijections. So Lemma 4.3.2(ii) tells us that M is not strongly dualisable. B
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Figure 4.7 Proving non-quasi-injectivity

We finish this section by considering quasi-injectivity.

4.3.10 Lemma No unary algebra of type (2)v1, or (2)p is quasi-injective.
Proof First assume that M is a unary algebra of type (2)yi,. Letn € w\{0}.
We will show that M is not n-quasi-injective. Define k := 2n + 1 and let

= ({0,...,k}; <) bea (k + 1)-element chain with 0 < - - - < k. Define the
relations

= {(,0)|ie P}U{(i,i+1)|ie P\{k}}

and ¢ := \\{(n n + 1)} on P. Using Definition 4.3.3, we can define the
algebras A := Pg and C := P, in ISP(M), and C is a subalgebra of A.
Define n/ := n+ 1. Then Lemma 4.3.4 tells us that the structure of the algebra
A is as shown in Figure 4.7.

The coproduct B := sg 4 (00) * sg (k) is a subalgebra of A. Define the
homomorphism

z:B—-M by z:=m] o Um

sga(@) = 7T sg k)"

We shall show that z extends to ny (B) but not to A.,
We have z(00) = 00(L) = 2 and z(kk) = kk(T) = 1. But, for each
homomorphism y : A — M, we must have

P

y(00) = y o tp(0) < yotp(k) = y(kk),

by Lemma 4.3.6(ii). So z : B — M does not extend to A.
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Now define the map z : P — {1,2} by

o) = 2 ifie{0,...,n},
1 ifie{n+1,...,k}

Then z is a morphism from (P; <) to 2. Using Lemma 4.3.6(ii) again, there
must be a homomorphism zZ : C — M such that Z o tp = 2. We have

z(00) = 2(0) = 2 = z(00) and Z(kk) = z(k) = 1 = z(kk).
So Z is an extension of z.

We have shown that z extends to C but not to A. Thus it remains to prove
that n(B) C C. By Lemma 4.3.4(ii), we have A\C' C {nn/,021(nn/)}. It
follows from Figure 4.7 that da(a, b) > n+1,foralla € A\C andb € B\Ca.
Thus n, (B) C C, whence M is not n-quasi-injective.

Now assume M is of type (2)p and let n. € w\{0}. As MF is of type (2)yL,
we know that M* is not n-quasi-injective. So there are finite algebras B < A
in ISP(MF) for which there is a homomorphism = : B — MF that extends to
n,(B)butnotto A. Let A’ and B’ be the reducts of A and B in ISP(M). The
algebras M and _lyl_ﬁ have the same constant term functions. So Cp, = Ca. It
follows that nas(B) C nu(B). Thus z : B — M extends to m(B) but not
to A", using Lemma 4.3.8. |

We know that there are no three-kernel three-element unary algebras that
are dualisable, by Theorem 3.0.1. So the previous lemma tells us that every
dualisable three-element unary algebra that has My,, M| or M as a reduct
is not quasi-injective, Therefore we have shown that —(i) implies —(v) in our
main theorem.

4.4 Three-element unary algebras that are not fully dualisable

In this section, we finish the proof of the main theorem by showing that each
three-element unary algebra of type (2)v1, or (2)p is not fully dualisable. This
section is by far the most technical of the text, and is not called upon in any
later chapters.

Our proof is an extension of that given by Hyndman and Willard [41] to
show that the unary algebra ({0, 1,2}; 001, 122) is not fully dualisable. Their
proof used the fact that the operations 001 and 122 preserve the total order with
0 € 1 < 2. Our proof is more complicated since it must work, in particular,
for the algebra M¥; and there is no total order on {0, 1,2} that is preserved by
every operation in F¥,
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A full duality for a quasi-variety A := ISPP(M) is more subtle than either a
duality or a strong duality. At the moment, we have no reason to believe that,
if M is a structure that yields a full duality on A, then every enrichment of IM,
via algebraic relations, also yields a full duality on A. However, there are some
relations that can always be added to a structure M without destroying a full
duality.

The next lemma is a slightly stronger version of a result proved by Hyndman
and Willard [41, 4.7]. The lemma is derived in a more general setting by Davey,
Haviar and Willard [21]. Let » be an n-ary algebraic relation on M, for some
n € w\{0}, and let r denote the subalgebra of M" on the set . We say that
the relation 7 is hom-minimal (relative to M) if the algebra r is hom-minimal,
that is, if each homomorphism in A(r, M) is the restriction of a projection.

4.4.1 Lemma [41, 21] Let M be a finite algebra and assume that the alter
ego M = (M;G,H, R, T) yields a full duality on ISP(M). Let r be a hom-
minimal algebraic relation on M. Then M' := (M; G, H,RU {r}, T) also
yields a full duality on ISP(M).

Now assume that M is a unary algebra of type (2)yy, or type (2)p. Let <
denote the order on {0, 1,2} with 2 < 0 < 1. We will define some algebraic
relations on M. The definitions of these relations will depend on the type of M.
If M is of type (2)vr,, then we define the algebraic relations on M by

<n = ngn<{a€M" |2=a(0) 5 <a(n-1) =1}),
forall n € w\{0, 1}, and
D= ngs({a€M6 |2=0a(0) g <a(5)=1}\
{(2.2,0,0,1,1)}).

If M is of type (2)p but not type (2)vr, then, since M is a reduct of MF, we
can define the algebraic relations on M by

=n = sg(M_g)n<{a€M“i2=a(0)<»~;<a(n—1)=1}),
forall n € w\{0, 1}, and
2 1= sge({a € M®[2=a(0) 5+ < a(5) = 1 }\
{(2,2,0,0,1,1)}).
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The relations <4, <6 and < will play an important role in our proof that M is
not fully dualisable.

4.4.2 Lemma Let M be a unary algebra of type (2)yL or type (2)p. The
relations <4 and <1 on M are hom-minimal.

Proof First assume that M is of type (2)vy, and define A := ISP(M). Define
the three-element chain C = ({0, 1,2}; <) such that 0 < 1 < 2. Then, using
Definition 4.3.3, it is straightforward to check that @\g is the subalgebra of
M_C+ generated by the set

{ae M |2=a(Ll)=0a(0) < a(l) < a(2) <a(T)=1}.

Therefore 6< is isomorphic to the subalgebra <4 of _M4. By Lemma 4.3.6(ii),
we have
A(f4,M)| = |A(C, M)| = [G(C, 2)| = 4.

As the relation <4 does not have any repeated coordinates, the four projections
in A(<4, M) are distinct. Thus =4 is hom-minimal.
Define the five-element chain D and directed graph D’ as follows:

D = ({0,1,2,3,4}; <), where 0<--- <4,

and
D' = ({0,1,2,3,4}; <), where <:=<\{(1,3)}.

Write each element a of MP" as the 7-tuple (a(L),a(0),...,a(4),a(T)).
Then Dy is the subalgebra of MP " generated by the set

{CLGMD+ ’ 2=qa(l)=a(0)xa(l) < <xa(4) %a(T):l}\
{(2,2,2,0,0,1,1)},

and ﬁg is isomorphic to the subalgebra bd of M®. Using Lemma 4.3.6(ii), this
implies that

A, M)| = |A(Dg,M)| = |G(DV, 2)| = 6.

Thus < is hom-minimal.

Now assume that M is of type (2)p but not type (2)yr. The relations <4
and i, defined on M, are algebraic over Mﬁ. We have just shown that <4 and
> are hom-minimal relative to M_”. So <4 and < are hom-minimal relative
to M, by Lemma 4.3.8. n

We shall work with the relations =<4, <(g and >d using the properties given in
the following lemma.
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4.4.3 Lemma Let M be a unary algebra of type (2)yL or type (2)p. Let
m,n € w\{0,1} and let ay,...,an—1 € {0,1,2}.

(i) Leto:{0,...,m—1} — {0,...,n — 1} preserve the natural order,
witho(0) = 0and o(m — 1) =n — 1 If (ag,...,an-1) € <n, then
(a0(0)7 s 7aa(m—1)) € <m-

(i) Leri,j,k € {0,...,n—1}withi < j < k. If (ag,...,an-1) € <n
and a; = ag, then a; = a; = aj,.

(iii) Define C := {(1,1,0,0,2,2),(2,2,0,0,1,1)} € M®. Then< C <
and <6\ € C C M5\,

Proof The first claim follows straight from the definitions. For the other

claims, we also need to know that the unary term functions of the algebras M

and M all belong to the set F# = {012,021} U { ppq, pap | p,q € {0,1,2} };

see Lemma 3.3.2. i

We will use a sequence of technical lemmas to prove that there are no fully
dualisable algebras of type (2)v1, or type (2)p. Before starting on these lemmas,
we sketch the main idea of the proof. Assume that M is of type (2)yr,, and
suppose that M yields a full duality on A := ISP(M). We may assume that
the relations <4 and >4 are in the type of M, by Lemmas 4.4.1 and 4.4.2. As
in the previous section, we will be using the pathological algebras F< and I‘<]
in A, which are given by Lemma 4.3.1 and Definition 4.3.3. We know that the
set X := {x| | ze AT, M ) } forms a closed substructure X of MF<1

by Lemmas 4. 3 2(1) and 4.3.6(ii). Since we are supposing that IV yields a full
duality on A, there must be an algebra A in A such that X is isomorphic to the
dual D(A) of A. Using our knowledge of the structure of X, we will be able to
deduce contradictory information about the structure of the putative algebra A..
The relations <4 and < play a very important role in the proof, because they
are the only part of the known structure on X that we can transfer across to the
dual D(A).

Our proof that M is not fully dualisable is rather more complicated than
our proof that M is not strongly dualisable. To prove that M was not strongly
dualisable, we only needed to study two particular algebras /IZ and /Iz, in A.
However, to prove that M is not fully dualisable, we will be working with an
algebra A from A that we initially know very little about.

We are now ready to begin building up the tools that will be used in our
proof. Assume that M is a two-kernel unary algebra on {0, 1,2}, with kernels
{01|2} and {02|1}. To each subalgebra of a power of M, we will associate a
directed graph.
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Let A be a subalgebra of M, for some non-empty set S. For each two-block
partition Q of S, define the subuniverse of A |, determined by Q to be

Ag:={acAp|Pla)=Qorac {0,1,2} ).
Define
Pa = { Aq | 2 = P(a) forsome a € Ap\{0,1,2} }.

Then Py contains all the partition-determined subuniverses of A |5 that do not
lie in {6, T, §} By assumption, there exist unary term functions «; and uz of Ml
such that ker(u;) = {02[1} and ker(uz) = {01]2}. Foreach ¢ € S, we shall
define the reflexive binary relation —A on ‘Pa by declaring that P A Q
if and only if P = @ or there exists a € A\ A and {k, £} = {1,2} with

ug(a) € P, ug(a) € Q and a(t) = L.

The definition of A is independent of our choice of u; and us. Let —’A
denote the transitive closure of ——~4. Then —»4 is a quasi-order on Pa.
To illustrate the definition of —— A, we revisit the algebra constructed back in

Example 4.3.5.

4.4.4 Example Let M be atwo-kernel unary algebraon {0, 1, 2}, with kernels
{01]2} and {02/1}. Define the ordered set P’ and the algebra A := P, as
in Example 4.3.5. (See also Figure 4.6.) We will show that (Pa; ?A> is
isomorphic to P’ = (P; ). Choose unary term functions u; and ug of M with
ker(u;) = {02[1} and ker(uz) = {01|2}. The two-block partitions P(aa),
P(bb) and P(c¢) of Pt are distinct. So, using Lemma 4.3.4(i), we must have
Pa = {sga(aa),sga(bb),sga(c)}. By Lemma 4.3.4(ii), we get

ac, be € A\Ajp and A\Ap, C {ag, be,021(ac), 021(be)}.
Now ac¢(T) = 1, with
uz(ac) = ug(aa) € sga(aa) and wui(ac) = ui(cc) € sga(ec),
which implies that sga(@a) ——a sga(cc). If 021 is a term function of M,
then we have 021(ac)(T) = 2, with
u1(021(ac)) € sga(aa) and wu2(021(ac)) € sga(ce),

which also implies that sga(ad) ——a sga(cc). Similarly, using be and
021(bc), we have sga(bb) ——A sga(cc). Thus there is an isomorphism
¥ (P; <) — (Pa; —=—aA) given by 9(z) = sga(ZT).

As shown by the example above, we now have a way to recover the original
relation < from an algebra Pg built from that relation using Definition 4.3.3.
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4.4.5 Lemma Let M be a two-kernel unary algebra on {0, 1, 2}, with kernels
{01]2} and {02|1}. Let P = (P;<) be an ordered set, let < be a reflexive
subset of <, and define A := Pq. Then (P; <) is isomorphic to (PA; —A).

Given any binary relation r on a set X, we shall say that a subset Z of X is
r-decreasing if, for all (z,y) € r such that y € Z, we also have x € Z. Now
define D;(A) to be the set of all —a-decreasing subsets of Pa.

4.4.6 Example We will return to the situation considered in the previous
example. By Lemma 4.3.6(ii), we know that there is a bijection

—owp: A(AM) — S(P',2).

The set G(P’, 2) is bijective with the set of all <Q-decreasing subsets of P’. As
P’ = (P; Q) and (Pa; —= ) are isomorphic, it now follows that A(A, M) is
bijective with the set D1 (A) of all — 4 -decreasing subsets of P4 . The next
lemma generalises this observation.

4.4.7 Lemma Let M be a two-kernel unary algebra on {0, 1, 2}, with kernels
{0112} and {02|1}, and define A := ISP(M). Let A < M?, for some non-
empty set S, with Pa # &. Assume there are s,t € S suchthat x{p = [ p or
zlp =m|p, forall x € A(A, M) and all P € Pa. Then there is a bijection
7+ A(AM) — Dy(A), given by n(z) = { P € Pa | zlp = mlp }

Proof By assumption, there are unary term functions u; and ug of M with
ker(u;) = {02[1} and ker(uz) = {01]2}.

Claim 1 The map 7 is well defined.

Let z € A(A,M). We want to show that n(z) is a —— a-decreasing subset
of Pa. So choose P,Q € Py such that @ € n(x) and P ——4 Q. We now
want to check that P € n(z). We have x] = [, and we wish to show that
z[p = m[p. We can assume that P # @), and so there exist a € A\ A2 and
{k,£} = {1,2} such that ug(a) € P, ue(a) € @ and a(t) = £. We must have

w(z(a)) = x(ua)) = ue(a(t)) = ue(f),
since z [ = m[q. Therefore z(a) = £ = a(t), and
z(uk(a)) = up(z(a)) = ula(t)).

Since |a(S)| = 3, the partition P(ug(a)) of S has two blocks. We know
that ux(a) € P, and we are assuming that every homomorphism in A(A, M)
agrees with 7g or m; on P. So it follows that ug(a)(s) # uk(a)(t). Since
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z(ug(a)) = ug(a(t)), this implies that x| p = 7 [ p. Thus n(z) € D¢(A), and
7 is well defined.

Claim 2 The map 7 is one-to-one.

Letz,y € A(A,M) with n(z) = n(y). Then  and y agree on (JPa = Ajs.
Now let a € A\ A|5. For each m € {1, 2}, we have u,,(a) € A|2 and

um(z(a)) = z(um(a)) = y(um(a)) = um(y(a)).

Since u; and wug separate the elements of A, it follows that z(a) = y(a). So
z = y, whence 7 is one-to-one.

Claim 3 'The map 7 is onto.
Let Z € Dy(A). As { P\{0,1,2} | P € Pa } is a partition of A}5\{0,1,2},
we can define the homomorphism z : A |5 — M by

vi=|{mlp|Pez}ulJ{mlp| PePa\Z}.

We wish to prove that z : A3 — M has an extensionz : A — M. We shall
show that, for each a € A\ A, there is o € S such that z agrees with 7, on
Az Nsgala). We shall then define T(a) := a(ry), for each a € A\ A|,.

For the sake of argument, assume that we have already set up Z in this way.
We will check that T is a homomorphism. For each a € A\ A9 and each unary
term function u of M that is not a permutation, we have

w(®(a)) = u(a(ra)) = mr, (u(a)) = z(w(a)) = z(u(a)),

since u(a) € Aja Nsga(a). So T preserves every unary term function of M
that is not a permutation. By Lemma 3.3.2, the only non-identity permutation
that can be a term function of M is 021. So assume that 021 is a term function
of M. For each a € A\ A and each m € {1, 2}, we have

Um (021(Z(a))) = ZT(um 0 021(a)) = un(T(021(a))),

since both u,, o 021 and u,, are unary term functions of M neither of which
is a permutation. As w; and ug separate the elements of M, this tells us that
021(Z(a)) = z(021(a)), for every a € A\ A|s. Thus the putative map T is a
homomorphism.

Now we want to show that we can set up Z as desired. Let a € A\ A 5. For
eachm € {1, 2}, define @y, to be the subuniverse of A |5 determined by the two-
block partition P(u.,(a)) of S. The only kernels of M are ker(u;) = {02|1}
and ker(ug) = {01(2}. So A3 Nsgala) € Q1 U Q2. We will next find some
re € S such that z agrees with 7, on Q1 U Qs.
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For each m € {1,2}, we have

um(a(s)) = um(a)(s) # um(a)(t) = um(a(t)).

This implies that {a(s),a(t)} = {1,2}. Now define k := a(s) and ¢ := a(t).
We have a € A\ A}y with ux(a) € Q, ue(a) € Qg and a(t) = ¢£. Therefore
Qr —~A Q. Weare trying to find some ry € S with z[g, g, = Tr,[Q,uQ,-
Since Z is —— a-decreasing and Qr ——~a (¢, we can assume that Qk € Z and
Qe ¢ Z. Asa ¢ Ajs, we have |a(S)| = 3 and so there is some 7, € a~1(0).
We now have

un(a(t)) = ug(6) = u(0) = ug(alra))
and

ug(a(s)) = ug(k) = ue(0) = ug(alra)).

Each element of Qk\{a, 1, 5} determines the same partition of S as the element
ug(a). Since Q € Z,wehavez |y, = m[g, = 7r,[(,,and similarly we have
zlg, = Tslg, = Try[g,- S0z agrees with m,, on Q1 U Q2 2 A N sgala),
as required.

It now follows that z extends to a homomorphism 7 € A(A, M). We must
have n(Z) = Z, as 74| p # 7| p, for all P € P4. Thus 7 is onto. ]

The subalgebra A of M? is locally hom-minimal (relative to M) if, for
each homomorphism z : A — M and each finite subset P of A, the map z[p
is the restriction of a projection. Recall that, for each subalgebra B of M* and
each s € 5, we define p; : B — M by p, := 5[ 5.

4.4.8 Lemma Let M be a unary algebra of type (2)v1, or (2)p, and define
A = ISP(M). Let B < A < M?, for some non-empty set S, such that
Ay C Band Aislocally hom-minimal. Define X := {z]g |z € A(A,M)}.
Assume that there are s,t € S such that the relation

< :{(;Ij,y) €X2 \ (ps,x7y7pt) € 44}

on X is reflexive.
(i) Forallxz € X and P € Pa,we have x{p = ms[p or xlp = m[p.

(ii) For every x € X, define the set n(z) := {P € Pa | z[p = mp}.
Thenn: (X;<) — (Di(A); C) is a well-defined isomorphism.

(ili) Foralln € w\{0} and z1,...,2n € X withzy < -+ < xp, we have
(ps, Tly... ,(Ifn,pt) € Xp+2.

Proof There are unary term functions u; and ug of M with ker(u;) = {021}

and ker(ug) = {01]2}. Since A|s C B, each subuniverse of A that belongs to

Pa is also a subuniverse of B.
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Proof of (i) Letz € X and let P € Pa. There is some a € P such that
P is the subuniverse of A |, determined by the two-block partition P(a) of S.
The relation < on X is reflexive, and therefore (ps, z, x, p;)(a) € <4. Since
A is locally hom-minimal, the map z[p is the restriction of a projection. So
z(a) € a(S). As P(a) has two blocks, we have |{a(s),z(a),a(t)}| < 2. By
Lemma 4.4.3(ii), we must have z(a) = a(s) or z(a) = a(t). As z[p is the
restriction of a projection and all the elements of P\{0,1,2} determine the
same partition of S, it now follows that [ p = 7s[p or [ p = m;[p. Thus (i)
holds.

Proof of (ii) We can now show that the map 7, given in (ii), is a well-defined
bijection. First consider the trivial case that P4 = . We have A C {0,1,2}
and so, as A is locally hom-minimal, we have |X| = 1. Therefore 7 is a
well-defined bijection. We can now assume that Pp # @. Since Ao C B, it
follows by Lemma 4.4.7 thatn : X — D,;(A) is a well-defined bijection.

We now want to show that 7 is an isomorphism. Let z,y € X and assume
that x < y. To see that n(z) C n(y), let P € n(z). Then z{p = m|p.
There is some a € P such that P is the subuniverse of A |5 determined by the
two-block partition P(a). We have (ps, pt, v, pe)(a) = (ps, z,y, pt)(a) € <y,
and so y(a) = a(t), by Lemma 4.4.3(ii). Using (i), it follows that P € n(y),
which implies that n(z) C n(y).

Next assume that n(z) C 7(y) and choose some b € B. We are aiming
to prove that (ps, z, vy, pt)(b) € <4. Since < is reflexive on X, we know that
(s ¥y, pe)(b) € <4 and (ps, @, T, p¢)(b) € <a. So (ps, ps, ¥, p)(b) € <4
and (ps, x, pt, pt)(b) € <4, by Lemma 4.4.3(1). We shall show that b(s) = z(b)
or z(b) = y(b) or y(b) = b(t). It will then follow that (ps, z,y, p)(b) € <4.

Assume that b(s) # z(b) and y(b) # b(t). As u; and ug separate M, there
exists k& € {1,2} such that z(ug (b)) = ug(z(b)) # ur(b(s)). As A is locally
hom-minimal, this implies that the partition P(ux(b)) has two blocks. So we
can define Q) to be the subuniverse of A |5 determined by P(u(b)). We must
have [, = m[g,, by (). Asn(z) C n(y), this implies that y[g, = m[q,.
and therefore

up(y(b)) = y(ur(b)) = ur(b(t)) = z(ux(b)) = ui(z(b)).

Let £ € {1,2} with £ # k. Then y(us(b)) = up(y(b)) # wue(b(t)), since
y(b) # b(t) and uy(y(b)) = uk(b(t)). Sothe partition P(us(b)) has two blocks,
and we can define @ to be the subuniverse of A | determined by P(us(b)).
Using (i), we have ylg, = 7s[g,. Since n(z) C n(y), it now follows that
zlg, = 7slg, = ylg,, and therefore

ug(z(b)) = z(ue(b)) = y(ue(b)) = ug(y(v)).
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We have shown that ug(z(b)) = uk(y(b)) and wp(x(b)) = wue(y(b)), whence
x(b) = y(b). Thus (ps, x, y, pt)(b) € <4, and so z < y. Consequently, 7 is an
isomorphism, and (ii) holds.

Proof of (iii) Letn € w\{0}, assume thatz; < -+ < z, in X and letb € B.
We will show that there are j, k € {1,...,n}, with j < k, such that

ps(b) ifi <,
pe(b) ik <4,

for every ¢ € {1,...,n}. As the relation < on X is reflexive, we know that
(ps,xj, x4, pe)(b) € <4. So it will then follow, by Lemma 4.4.3(i), that we
have (ps, 21, ..., Zn, p¢)(b) € <nia, as required.

First assume that ps(b) = pi(b) and let i € {1,...,n}. Since the relation
< on X is reflexive, we must have (ps, x;, 5, pt)(b) € <4, and consequently
ps(b) = z;(b) = p:(b), by Lemma 4.4.3(ii). Thus we can take j = k = n, and
we are done.

Now assume that ps(b) # p¢(b) and choose some 7 € {1,...,n}. If i #n
and z;(b) = p¢(b), then as z; < z;41 we have

(pSapt,QH—f—lapt)(b) = (Ps,ﬂii,xiﬂ,Pt)(b) € <4

and therefore ;.1 (b) = p¢(b), by Lemma 4.4.3(ii). Similarly, if we have ¢ # 1
and x;(b) = ps(b), then z;_1(b) = ps(b). Because the algebra A is locally
hom-minimal, we know that |[{ z(b) | z € X }| < |b(S)| < 3. Thus the desired
7,k € {1,...,n} must exist. Hence (iii) holds. |

For each ordered set (X; <), define L(X) to be the set of all elements z of
X that have a unique lower cover z* in (X; <).

4.4.9 Lemma Let M be a unary algebra of type (2)y1, or (2)p, and define
A = ISP(M). Let B < A < 1_\/1_5, for some non-empty set S, such that
Ao C Band A islocally hom-minimal. Define X := {z[g |z € A(A,M) }.
Assume that there are s,t € S such that

<= {(xay) € X2 ’ (pswrvyapt) € 44}
is an order on X, and define
<t o= {(a:,y) € Lg(X)Q ’ z < yand (ps, ", 2,9y, p0) ¢ ><1}.

Then the structures (L(X); <, <) and (Pa; —B, —»A) are isomorphic.



4.4 Three-element unary algebras that are not fully dualisable 129

Proof There are unary term functions u; and ug of M with ker(u;) = {02[1}
and ker(ug) = {01]2}. Since B C A and A}y C B, we have A, = B|s and
therefore Pao = Pp. Lemma 4.4.8 tells us that 2[p = ms[p or z[p = [ p,
forall x € X and all P € P4, and moreover that there is an isomorphism
n:{(X;<) — (De(A); C) givenby n(z) := {P € Pa | z[p =m[p }.

For each P € Py, the smallest —— a-decreasing subset of P4 that contains
Pis

ZP:I{QGPA’Q——t%AP}.

We must have Lc (D¢(A)) = {Zp | P € Pa }. Since 7 is an isomorphism,
we can define

¢:Pa— LX) by ((P):=n""(Zp),
and ( is onto. We shall establish, via a series of four claims, that { is an
isomorphism from (Pa; —~B, —»a) onto (L(X); <*, ).

For every P € Pa, we will use zp to denote the homomorphism ¢(P) in

the set L (X) C A(B,M).
Claim 1 'The map ( is a bijection.
We have already observed that the map ¢ is onto. To see that ( is one-to-one,
let P,Q € Pa withzp = zg. Then Zp = Zg, since ) is an isomorphism.
For all x € X, we have

zlpyg = s fqu or eruQ = TrtrPUQ’

as n(z) is a —— -decreasing subset of Pa. So P and @ must determine the
same two-block partition of .S, and therefore P = (). Thus ( is a bijection.

Claim 2 Forall P,QQ € Pa, we have P A Q@ ifand only if zp < z¢.
Let P,(Q € Pa. Then
P—paQ = ZpC Zg <= 17" (Zp) <0 (Zg) <= zp < zq,

as required.

Claim 3 Forall P,Q € Pa with P —p @, we have zp <* zq.

Let P,Q € Pa with P —p Q. As the relation <" on L(X) is reflexive, by
Lemma 4.4.3(ii), (iii), we can assume that P # Q. So there exists b € B\ B,
and {k, ¢} = {1, 2} such that

uk(b) € P, wup(b) € @ and b(t) =4.

We know that z[p = 7slp or zlp = m[p, for every z € X. Therefore
uk(b(s)) # uk(b(t)) = ur(£), which implies that b(s) = k. Since b € A\ A)q,
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we also have P —<7A @, and therefore zp < z¢, by Claim 2. We will show
that zp <* ¢ by checking that (ps, 2p, Tp, 2, T, pr)(b) & ><.

By the definition of the map ¢, we have n(zp) = Zp and n(zg) = Zg. As
< is an order on L(X), it follows that —» 4 is an order on Py, by Claim 2.
So we also have 7(zp) = Zp = Zp\{P} and n(zg) = Zy = Zo\{Q}. As
ug(b) € P ¢ n(zp) and ue(b) € Q ¢ n(zp), it follows that

up(zp (b)) = Tp(ur(b)) = ms(ur(b)) = ur(b(s)) = ux(k)

up(zp(b)) = zp(ue(h)) = ms(ue(b)) = up(b(s)) = ue(k).

Since w1 and us separate the elements of M, this implies that z5(b) = k.
Similarly, we have

and

ugp(zp(b)) = uk u u
ug(zg(b) = wk(b(t)) = ux(0), W(Cﬁb(b)) = ug(b(s)) =
) = ug

giving (ps,xﬁ),xp,a:ég,mQ,pt)(b) = (k,k,0,0,¢,¢). Hence, it follows that
(ps, Tp, TP, mb,xQ,pt)(b) ¢ <, by Lemma 4.4.3(iii). Thus zp <* zq.

Claim 4 Forall P,Q € Pp withzp <* 2¢, we have P —~p Q.

Let P,QQ € Pa such that zp <* xzg. Then zp < zg. Since the relation
—~B on P is reflexive, we can assume that P # Q As ( is one-to-one,
by Claim 1, we must have xp # z¢ and therefore a: < ap £ a:‘Q < zg.
This implies that (ps,xﬁg,xp,mé?,xcg,pt) € <g, by Lemma 4.4.8(iii). As
(ps,mjg,mp,:vb,mQ,pt) ¢ 1, there is some b € B and {k,¢} = {1,2} such
that (ps, T p, iL'p,:L'ég, zg, pr)(b) = (k, k,0,0,¢,¢), by Lemma 4.4.3(iii). Since
A is locally hom-minimal, we must have b ¢ B 12. Now

zp(ur (b)) = we(zp(b)) = un(k) = ur(ps (b)) = ur(b(s))
and

zp(uk (b)) = ug(zp(b)) = ug(0) = ug(€) = ur(pe(b)) = uk(b(t)).

Thus the subuniverse of A |5 determined by P(uy (b)) belongs to n(zp) = Zp
but not to n(z}) = Zp\{P}, and so uy(b) € P. Similarly, we have

2 (ue(b)) = ue(0) = ug(b(s)) and zq(ue(b)) = ue(f) = ue(b(t)),

which implies that u,(b) € Q. We have shown that b € B\B)s such that
ug(b) € P, ug(b) € Q and b(t) = py(b) = £. Thus P ——p @Q, as required. B
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The next lemma completes the preparation for our proof that the algebras of
types (2)vr and (2)p are not fully dualisable.

4.4.10 Lemma Let M be a unary algebra of type (2)yi. Let T and /fg be
algebras in A := ISP(M) coming from Lemma 4.3.1 and Definition 4.3.3.
(i) Wehave Ty < Tk < M’ such that (/]-z)ig C T, and the algebra T
is locally hom-minimal.
(i) Define the subset X := { x| 7 | z e A( (T, M) }of A( Tq,M). Then
<= {(z,y) € X?| (p,,z,y,pT) € <4 } is a reflexive relation on X.

(iii) The structures (I'; <, <) and <73A T TR > are isomorphic.

Proof We have (F<>l2 - ZL, by Lemma 4.3.4(i). To see that F< is locally
hom-minimal, let z € A( F<,M) and let B be a finite subset of F< We want
to show that [ 5 is the restriction of a projection. There is a finite subset I of
I" such that

B ngi,\g({ab |la,beIManda <b}).

Using Lemma 4.3.6(ii), we know that z o . € G(T, 2).

First assume that z o ¢p(b) = 1, for all b € I, Then, if a,b € I'" with
a < b, we have 2(bb) = z o tp(b) = 1 and so z(ab) = 1 = ab(T), by
Lemma 4.3.6(i). Therefore z[g = m[g. As I" is finite and I" is a chain,
we can now assume that there is a minimum element ¢ of I in T" such that
z o p(c) = 2. Since z o v € G(T, 2), it follows by Lemma 4.3.6(i) that, for
all a,b € I'" with a < b, we have

2 ifz(aa) =2,
z(ab) =4 0 ifz(Ga) =1 and z(bb) =
1 ifa(bb) =1,
2 ife<a
=140 ifa<e<,
1 ifb<e,
= ab(c).

Soz|g = 7| . Thus /Ii is locally hom-minimal, whence (i) holds.
To check (i), let x € X and let a,b € I" with a < b. Then

pi(ab) =2 < z(ab) < 1 = pr(ab),

and therefore (pL,a:,a:,pT)(gB) € =4. So the relation < on X is reflexive,
and (ii) holds. Claim (iii) holds, by Lemma 4.4.5. [ |
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4.4.11 Theorem No unary algebra of type (2)v1, or (2)p is fully dualisable.
Proof First assume that M is of type (2)vr,. Suppose there is an alter ego IM
of M that yields a full duality on A := ISP(M). By Lemmas 4.4.1 and 4.4.2,
we can assume that <4 and < are in the type of of M. Using Lemma 4.3.1 and
Definition 4.3.3, there are algebras I‘< and Fq in A. By Lemmas 4.3.2(i)
and 4.3.6(ii), the set

X = {:cfrp; \:1: EA(?\,_M)}

forms a closed substructure X of M?ﬂ Since M yields a full duality on A,
there is an isomorphism ¢ : X <» D(A), for some A € A.

For each set S, an algebra B < MY is said to be hom-minimal if every
homomorphism from B to M is the restriction of a projection. Every algebra
in A is isomorphic to a hom-minimal algebra; see page 75. So we can assume
that our algebra A is a hom-minimal subalgebra of M¥, for some set S.

The two projections p, : I‘q — M and p+: I‘<, — M belong to X. As we
are assuming that the algebra A is hom-minimal, there must exist s, ¢ € .S such
that ¢(p, ) = ps and @(p1) = py, where ps, p, : A — M are projections. By
Lemmas 4.4.10 and 4.4.8(ii), the relation

< :{(m,y) GXQ l (p.Lyxay)pT) € <4}

is an order on X. Since ¢ is an isomorphism and =<4 is in the type of M, we
have

o(<) = { (z,y) € A(A,M)? | (ps, %, 9, pt) € <4 }-
Define
<= {(my) € LX) |z <yand (p, 2t 2,91y, p7) £ 04 )
Then ¢(<*) is equal to
{(2,9) € Ly (AA M) | 2 (<) yand (ps, 2 2,5y, 02) € 5.
Using Lemma 4.4.10 and Lemma 4.4.9 twice, it follows that
<73?' T Ty T >— (LX) <5, Q)
= (Ly(<) (A(AM)); o(<7), 9(<))
= (Pa; A, —7A)-

So (I'; €, <) is isomorphic to (Pa; —~a, —a), by Lemma 4.4.10(iii). But
this implies that < is the transitive closure of <, which is a contradiction. Thus
M is not fully dualisable.
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Now assume that M is of type (2)p but not of type (2)yr,. The algebra
M* = ({0,1,2}; F*') was defined on page 116. We can show that M is not
fully dualisable, using Lemma 4.3.8, by following the proof given above with
the algebras /f‘;b and f‘é’ in A, which are the reducts of the algebras T‘; and /fg
in ISP(M*). n

We have shown that every dualisable three-element unary algebra that has
My, M;, or M as a reduct is not fully dualisable, So —(i) implies —(ii) in the
main theorem, completing the proof.



Dualisability and algebraic constructions

We show that there are many natural algebraic constructions under which dual-
isability is not always preserved. In particular, we find two dualisable algebras
whose product is not dualisable.

Dualisability is such a natural algebraic property that it is tempting to sup-
pose that it might interact well with natural algebraic constructions. This idea
is supported by what is known about dualisability and one-point extensions.
Davey and Knox [25] have shown that the one-point extensions of certain dual-
isable non-unary algebras are also dualisable. In this chapter, we shall prove
that the one-point extension of a dualisable unary algebra is also dualisable.

Following this line of investigation, it is natural to ask whether each subal-
gebra of a dualisable algebra must be dualisable, whether each homomorphic
image of a dualisable algebra must be dualisable, and whether a product of dual-
isable algebras must be dualisable. The subalgebra question was answered in
the negative in Theorem 2.1.4: every non-dualisable unary algebra is a subalge-
bra of a dualisable algebra. In relation to the product question, it is known that
each finite power of a dualisable algebra is dualisable. By the Independence
Theorem, 1.4.1, any two finite algebras that generate the same quasi-variety
must either both be dualisable or both be non-dualisable. The quasi-varieties
ISP(M) and ISP(M") coincide for each finite algebra M and each n € w\{0}.
So it follows that every finite power of a dualisable algebra is also dualisable.

The range of examples of dualisable and non-dualisable algebras that are
useful for testing conjectures is growing. But there are presently not many
naturally occurring varieties, containing both dualisable and non-dualisable
algebras, for which there is a complete characterisation of dualisability. There
are many varieties in which every finite algebra is known to be dualisable.
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Every finite lattice is dualisable [29]. Similarly, each finite abelian group,
Boolean algebra and semilattice is dualisable [17]. We also have complete
descriptions of dualisability for some classes that are not varieties: for example,
the class of graph algebras [23], and the class of three-element unary algebras
(Theorem 3.0.1).

One variety of algebras for which there is an interesting characterisation of
dualisability is that of commutative rings with identity. Consider an arbitrary
finite commutative ring with identity R = (R; +,-,7,0,1). Anelementr € R
is said to be nilpotent if r™ = 0, for some n € w\{0}. The set J of all
nilpotent elements of R coincides with the Jacobson radical of R. We say
that J is self annihilating if rs = 0, for all r,s € J. Clark, Idziak, Sabourin,
Szabd and Willard [14] have proven that the ring R is dualisable if and only
if its Jacobson radical J is self annihilating. It is now easy to check that the
class of all dualisable commutative rings with identity is closed under taking
subalgebras and finite products. It is also possible, though not quite so easy,
to prove that every homomorphic image of a dualisable commutative ring with
identity is dualisable.

Quackenbush and Szabd [59, 60] have studied dualisability within the variety
of groups. A finite group is dualisable if all of its Sylow subgroups are cyclic.
A finite group is non-dualisable if it has a non-abelian Sylow subgroup. These
two results do not provide us with any examples of non-dualisable products of
dualisable groups, or of dualisable groups with non-dualisable homomorphic
images. ,

Within any congruence-distributive variety, a finite algebra is dualisable
if and only if it has a near-unanimity term [29, 22]. However, within most
naturally occurring congruence-distributive varieties, either all algebras have
a near-unanimity term (for example, lattice-based varieties), or no non-trivial
algebra has a near-unanimity term (for example, implication algebras [49]).
There may be congruence-distributive varieties in which dualisability is not
always preserved by taking products. In this chapter, we choose to focus our
efforts instead on unary algebras and p-semilattices.

A p-semilattice is a bounded meet semilattice P = (P;A,*,0,1) with a
unary operation * such that

a* =max{be Planb=0},

for every a € P. The class of p-semilattices forms a variety: a finite equa-
tional basis was found by Balbes and Horn [2]. A p-semilattice is said to
be boolean if it satisfies the equation ** ~ z. We will prove that a finite
p-semilattice is dualisable if and only if it is boolean. So the class of dual-
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preserves
construction dualisability? references
subalgebra X 2.14,53.2,7.1.2
homomorphic image X 5.3.3,53.4
retract X 533,534
term retract v 5.2.1
finite power v [17, 61, 30]
finite product X 5.3.8
finite coproduct X 5.3.8
one-point extension 7 [25],5.1.11
Table 5.1
CONStruction preserves
on unary algebras dualisability?  references
finite disjoint union X 5.3.8
one-point extension v 5.1.11
pointed one-point extension v 6.3.2
disjoint union with self v 5.1.10
disjoint union with finite algebra in q-v v 5.1.10
finite distant union 7 6.1.1

Table 5.2

isable p-semilattices is closed under taking subalgebras, homomorphic images
and finite products. The class of non-dualisable p-semilattices is closed under
taking finite products. But, as the following example shows, it is not closed
under taking non-trivial subalgebras or non-trivial homomorphic images. The
two-element p-semilattice Py = ({0, 1}; A, *, 0, 1) is dualisable, and the three-
element p-semilattice P = ({0, %, 1} A,7,0,1) is not dualisable. However,
there is a retraction v : Py — P, given by v(a) := a**.

In general, the dualisability of an algebra depends on the structure of the
quasi-variety it generates. If M and N are arbitrary algebras of the same type,
then the quasi-variety ISP(M x IN) may be quite different from ISP(M) and
ISP(IN). So the algebra Ml x N might be non-dualisable, even if both M and
N are dualisable. In this chapter, we find two dualisable unary algebras whose
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product is not dualisable. We also determine whether or not dualisability is
preserved by various other algebraic constructions. The results are summarised
in Tables 5.1 and 5.2, which also list some relevant results from other chapters.
During our investigations, we demonstrate that algebras which generate the
same variety do not have to share dualisability or non-dualisability.

Section 5.2 is based on a paper by both authors [26]. Section 5.3 is based
on part of a paper by the first author [51], and Section 5.1 is an extension of
another part of this paper.

5.1 Coproducts of unary algebras

In this chapter, we will show that the coproduct of two dualisable algebras can
be non-dualisable. Before doing this, we need to clarify what we mean by
the coproduct of two algebras of the same type. Let A and B be algebras of
type F'. There are three natural classes of algebras within which we can look
for a coproduct of A and B:

¢ the class of all algebras of type F;

+ the variety generated by A and B;

¢ the quasi-variety generated by A and B.

We shall show how to construct coproducts of unary algebras within varieties.
The following two general lemmas are part of the folklore of algebra.

5.1.1 Lemma Let A be a quasi-variety of algebras, and let A be any algebra
of the same type. There is a largest homomorphic image of A in A,

5.1.2 Lemma Let C be a class of algebras of the same type, let A be a quasi-
variety contained in € and let A, B € A. Assume that C is the coproduct of
A and B in €. Then the coproduct of A and B in A exists and it is the largest
homomorphic image of C that belongs to A.

In fact, the previous lemma is a special case of a very general result from
category theory: left adjoints preserve colimits [46].

Now assume that A and B are unary algebras of type £". The disjoint union
A U B is obtained by putting A and B next to each other:

AUB = ((Ax {0})U(B x {1}); FAUB),
where

uAOB((a, 0)) == (u*(a),0) and uAUB((b, 1)) = (uB(d),1),

foralue F,ac Aand b € B.
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Next, let A’ < Aand B’ < B,andleta: A’ - Dand 3 : B’ — D be
surjective homomorphisms. The amalgamated union A U,z B is obtained by
pasting A and B together on D:

AUy B = (A U B)/Qag,

where 0,4 is the congruence on A U B whose non-trivial blocks are precisely
those of the form

(a™H(d) x {0}) U (B7"(d) x {1}),

forsome d € D.

The algebra built most freely from A and B is the disjoint union A U B.
Clearly, A U B is the coproduct of A and B in the class of all algebras of
type F. Now let V be any variety containing A and B. We have to be a little
more careful when constructing the coproduct of A and B in V. The disjoint
union A U B will not belong to 'V if there is a constant equation 7(z) = 7(y)
in the theory of 'V, for some unary term 7 of type F. We shall see that the
coproduct of A and B in V is generally an amalgamated union of A and B.

The variety 'V is determined by the one-variable equations o(z) ~ 7(z) and
the constant equations 7(x) =~ 7(y) in its theory. So the equational theory of V
is the same as the equational theory of the free algebra F'y(2). Define Fy(0) to
be the set of all £ € Fy(2) such that k is the value of a constant term function
of Fy(2). Then Fy(0) is a subuniverse of Fy(2). If Fy(0) is non-empty, then
the algebra Fy(0) is an initial object in the category V: for all C € V, there is
a unique homomorphism ¢ : Fy(0) — C.

5.1.3 Lemma Let 'V be a variety of unary algebras and let A, B € V.

(i) Assume that Fy(0) is empty. Then the disjoint union A U B is the co-
product of A and B in'V,

(ii) Assume that Fy(0) is non-empty. Define the congruence 0 on the algebra
Fy(0) by 0 := ker(zp) V ker(vg). Let a : 14 (Fy(0)) — Fvy(0)/60 and
B 1g(Fy(0)) — Fy(0)/0 be the natural homomorphisms. Then the
amalgamated union A U,g B is the coproduct of A and B in'V.

Proof Define Th(V) to be the equational theory of V. We will be using two
easy facts. One, the variety V is determined by the one-variable equations
and the constant equations in Th(V). Two, an algebra satisfies the one-variable
equations in Th('V) if and only if each of its one-generated subalgebras belongs
toV.

First assume that Fy(0) is empty. Since A, B € 'V, every one-generated
subalgebra of A U B belongs to V. So A U B satisfies all the one-variable
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equations in Th(V). As there are no constant equations in Th(V), it follows
that A U B is a member of V. So A U B is the coproduct of A and B in V.

Now assume that Fy(0) is non-empty. First we want to check that the amal-
gamated union C := A U, B belongs to V. Every one-generated subalgebra
of C is a subalgebra of a homomorphic image of A or B. So C satisfies all the
one-variable equations in Th(V).

Now choose a unary term 7 such that 7(z) ~ 7(y) belongs to Th(V). We
want to show that 7€ is a constant term function of C. There is some k € Fy(0)
such that & is the value of the constant term function 7¥v(?) of Fy(2). Since
A,B €V, we know that 72 and 78 are constant, with values ¢, (k) and 15 (k),
respectively. To see that 7€ is constant, it is enough to show that 2, (k) and
1g(k) are identified in C = A U,g B. More precisely, we want to show that
(14(k),0) Oop (25(k),1). But this holds, since Fy(0)/0 € 'V, and therefore

aia(k)) = a(r™(1a(k)) = T O/ (a1, (k)
= TFV(O)/e(ﬁ(lB(M)) = ﬁ(TB(lB(k)))
= B(ig(k)).

So 7% is a constant term function of C, whence C satisfies all the constant
equations in Th(V). We have shown that C belongs to V.

We shall now show that C is the largest homomorphic image of A U B that
belongs to V. By Lemma 5.1.2, it will then follow that C is the coproduct of
AandBinV. Let o : A UB —» D be a surjective homomorphism such that
D € V. We just need to check that 6,5 < ker(¢p) in the congruence lattice
Con(A UB).

Letn, : A — AUB and ng : B < A U B be the natural embeddings.
Since ¢ 0 ny 024 : Fy(0) — D is a homomorphism and D € V, we have
ip = @ 0 Np © 1. This implies that ker(z,) < ker(vp) and, using a similar
argument, ker(zg) < ker(ep). So we have

C

6 = ker(1,) V ker(1g) < ker(ip).

To prove that 0,5 < ker(yp), we will show that every non-trivial block of
fap is contained in a block of ker(¢). Let S be a non-trivial block of 6,5. Then

§ = (a7} (k/0) x {0}) U (871 (k/6) x {1}),

for some k € Fy(0). Now leta € a~!(k/0). There exists £ € Fy(0) such that
a = 15({). Since a : 15 (Fy(0)) — Fy(0)/0 is the natural homomorphism,
we have

2/0 = a(1p(£)) = ala) = k/6.
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We have already shown that § < ker(zpy). So this implies that ¢ (¢) = 1 (k).
Since ¢ 0 ny © 15 = 1, it follows that

W((a’ 0)) = pona 01a(l) =1p(f) = 1p(k).

So we obtain

p(a” (k/0) x {0}) = {ip(k)} and (57 (k/0) x {1}) = {sp(k)},

using symmetry. Thus |p(S)| = 1, and therefore 6,5 < ker(y). Hence the
algebra C = A U,p B is the coproduct of A and Bin V. |

In Section 5.3, we shall find a pair of dualisable unary algebras K and L,
with L € HSP(K), such that the disjoint union K U L is non-dualisable. To
finish this section, we give an example of a similar coproduct construction on
unary algebras that does preserve dualisability.

Consider a finite unary algebra M, and let N be a finite algebra in ISP(M).
The quasi-varieties ISP(M) and ISP(M U N) are not necessarily the same.
Indeed, they must be different if M has a constant term function. Nevertheless,
we shall prove that, if M is dualisable, then the disjoint union M U N is also
dualisable. This is true even if N is non-dualisable.

One important special case of this result is when |[N| = 1. Let 1 be a one-
element algebra of the same type as M. Then the one-point extension of M
is the disjoint union ML U 1. So it will follow that the one-point extension of a
dualisable unary algebra is also dualisable. A similar result, that the one-point
extension of a finitely dualisable unary algebra is also finitely dualisable, was
proved directly by Clark, Davey and Pitkethly [13].

We begin by investigating the precise difference between the quasi-varieties
ISP(M) and ISP(M U N).

5.1.4 Lemma Let M and N be finite unary algebras, with N € ISP(M).
Then every connected algebra in ISP(M U N) belongs to ISP(M).

Proof Assume that M N N = @&. Then we can work with the union M U N,
rather than the disjoint union. Let C € ISP(M U N), with C connected. We
want to show that C is separated by homomorphisms into M. So assume that
a,b € C with a # b. Since C is separated by homomorphisms into M U N,
there is a homomorphism z : C — M U N such that z(a) # z(b). As C
is connected, we must have z(C) € M or z(C) € N. We can assume that
z(C) C N. Since N € ISP(M), there exists a homomorphism y : N — M
with y(z(a)) # y(x(b)). Thus y o x : C — M separates a and b. Using the
ISP Theorem, 1.1.1, it now follows that C € ISP(M). |
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5.1.5 Corollary Let M be a finite unary algebra and let 1 be a one-element
algebra of the same type as M.
(i) Analgebra A of the same type as M belongs to ISP(M U 1)U 1) if and
only if every connected component of A belongs to ISP(M).
(i) The class ISP((M U 1) U 1) is the largest quasi-variety that is generated
by a disjoint union of algebras from ISP(M).
Proof Let A be of the same type as M. Assume that A € ISP(MU1)U1).
Using the previous lemma twice, every connected component of A belongs to
ISP(M). Conversely, if every connected component of A belongs to ISP(M),
then A is separated by homomorphisms into (M U 1) U 1. So (i) holds.
For (ii), let B be a disjoint union of algebras from ISP(M). Then B belongs
to ISP((M U 1) U 1), by (i). So the quasi-variety generated by B is contained
in the quasi-variety ISP(M U 1) U 1). |

The following lemma compares quasi-varieties that are generated by disjoint
unions of M’s and 1’s.

5.1.6 Lemma Let M be a finite unary algebra and let 1 be a one-element
algebra of the same type as M. Then

ISP(M) C ISP(M UM) C ISP(M U1) CISP(M U1) U1), where

(i) the first inclusion is an equality if and only if there is no element of M

that is fixed by every endomorphism of M,

(i) each of the second and third inclusions is an equality if and only if M
has a one-element subalgebra,

(iil) all four quasi-varieties are equal if and only if M has at least two one-
element subalgebras.

Proof Thislemma is easy to prove using the following consequence of the ISP

Theorem, 1.1.1: for all finite algebras A and B, we have ISP(A) C ISP(B) if

and only if A is separated by homomorphisms into B. |

The next easy lemma slots ISP(M U N) into the chain of quasi-varieties
given in the preceding lemma, in the case that |N| > 1.

5.1.7 Lemma Let M be afinite unary algebra and let N be a finite non-trivial
algebra in ISP(M). Then ISP(M) C ISP(M U N) C ISP(M UM).

To illustrate the previous collection of results, we consider a particular three-
element unary algebra.
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5.1.8 Example Define the unary algebra
M = ({0,1,2};001,111),

and let N be the subalgebra of M on the set N := {0,1}. Then there is no
homomorphism from M into N; indeed, the only endomorphism of M is the
identity. With the help of the previous two lemmas, it is now easy to check that

ISP(M) C ISP(M UN) C ISP(M U M)
CISP(M U1) Cc ISP(MU1)U1),

where every inclusion is proper. To see the differences between these quasi-
varieties, consider an algebra A of the same type as M. By Corollary 5.1.5, we
know that A € ISP((M U 1) U 1) if and only if every connected component
of A belongs to ISP(M). Now assume that A € ISP((M U 1) U1). Then, as
explained below, we have:

(i) A €ISP(M U1) if and only if at most one connected component of A
has only one element;

(i) A € ISP(M U M) if and only if A is trivial or A has no one-element
connected components;

(ili) A € ISP(M UN) if and only if A € ISP(M U M) and at most one
connected component of A has a subalgebra isomorphic to M;

(iv) A €ISP(M) if and only if A is connected.

Claims (i) and (ii) follow since M has no onc-clement subalgebras. Claim (iv)
follows since M has a constant term function. Claim (iii) requires some knowl-
edge of the structure of the algebras in ISP(IM). In particular, claim (iii) uses
the fact: for every non-trivial algebra C € ISP(M), if C does not have a sub-
algebra isomorphic to M, then there exists a homomorphism from C into N,

We now turn to proving that the finite unary algebra M U N is dualisable,
whenever M is dualisable and N € ISP(M). The following preliminary
lemma is similar to Lemma 3.1.5, which was used to obtain the Petal Duality
Lemma, 3.1.6.

5.1.9 Lemma Let M be a finite unary algebra and let A belong to the quasi-
variety A := ISP(M). Assume that o : A(A, M) — M has a finite support
and that o agrees with an evaluation on each subset of A(A, M) with at most
Jour elements. Then there is a connected component C of A such that C'is a
support for c.
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Proof There is a finite non-empty support S for a. Let Cy,...,C,, be the
connected components of A that contain a member of S, where n € w\{0},
and define the subuniverse B of Aby B:=Ci U ---UC,.

We can assume that the map « is not constant. So there are y, z € A(A, M)
such that a(y) # a(z). Define the sequence yo, . . ., yn of homomorphisms in
A(A, M) by

Yo =Y and Yi+1 = Yi rA\C¢+1 U ZrCiJrl’

foralli € {0,...,n —1}. Theny, = y[4\pU2[p. As S C Band Sisa
support for o, we have

ayo) = aly) # a(z) = a(ys).

This implies that a(y;) # a(yj+1), forsome j € {0,...,n — 1}.
To prove that Cj; is a support for «, let w,z € A(A,M) such that

wfcj+1 = :v[ch. There is some a € A such that « is given by evaluation at

aon{w,z,y;,yj+1} So
yi(a) = aly;) # a(y;v1) = yj+1(a),

and therefore a € Cj41. Thus

whence C'1 is a support for a. |

5.1.10 Theorem Let M and N be finite unary algebras, with N € ISP(M).
If M is dualisable, then M U N is dualisable.

Proof Assume that M NN = & and that M is dualisable. We shall show that
the union M U N 1is dualisable. Define the two quasi-varieties

A =ISP(M) and B:=ISP(MUN).

Then A is contained in B.
Let AN, M) = {ey,...,er}, where k € w. Forevery ¢ € {1,...,k},
define the endomorphism

g MUN—->MUN by & :=idy Ue;.

Then &;(M UN) C M, foreachi € {1,...,k}. Since N € ISP(M), the
endomorphisms €1, ...,e; of M U N separate the elements of V. So, in the
case that | V| > 1, we have k£ > 0.
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Now let B € Bandlet §: B(BL MUN) — M U N be a brute-force
morphism. Then § preserves every endomorphism of M U N, since the graph
of an endomorphism is an algebraic relation on M U N. Using the Brute Force
Lemma, 1.4.5, we know that (3 has a finite support and is locally an evaluation.

We will know that M U N is dualisable once we have proved that 3 is an
evaluation. The proof splits up into three cases.

Case 1: (@ is constant and |[N| = 1. Let 0 denote the unique element of N, and
let z : B — M U N denote the constant homomorphism with value 0. The
brute-force morphism S must preserve the unary algebraic relation N = {0}
on M UN. So f(z) = 0, and therefore 0 is the value of the constant map S.

The map [ preserves the unary algebraic relation M on M U N. Since the
value of 8 is 0 ¢ M, this implies that z(B) € M, for all z € B(B,M UN).
So there are no homomorphisms from B into M. But we know that every
connected component of B belongs to ISP(M), by Lemma 5.1.4. It follows
that there is some b € B that determines a one-element connected component
of B, and that M has no one-element subalgebras. Forall x € B(B,M UN),
we have 3(x) = 0 = z(b). Thus 3 is an evaluation.

Case 2: (3 is constant and |[N| > 1. We must have k£ > 0. Let m denote the
value of §in M U N. Forany z € B(B, M U N), we have

m = fB(e1ox) =¢1(0(z)) € M,

since (3 preserves the endomorphism €, of M U N. Thus the value m of 3
belongs to M.

Define the set By to be the union of all the connected components of B that
have at least one homomorphism into N. If By is non-empty, then it forms a
subalgebra By of B. In this case, there is a homomorphism z, : By — N.
If By is empty, we will just define 2z, : By — N to be the empty map. As
(3 preserves the unary relation NV and has constant value m € M, there is no
homomorphism from B into N. So By # B.

Now define Bys := B\ By. Then B)y is the union of all the connected com-
ponents of B that do not have any homomorphisms into N. Since By # B, the
set B)s is the universe of a subalgebra By of B. As B is separated by homo-
morphisms into M U N, it follows that B, is separated by homomorphisms
into M. So By € ISP(M) = A, by the ISP Theorem, 1.1.1.

Now define the constant map « : A(B s, M) — M with value m. We shall
prove that « is a brute-force morphism. Since M is dualisable, it will then
follow that « is given by evaluation at some element of By; € B. We shall
then show that [ is given by evaluation at the same element.
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Clearly, the constant map « has a finite support. To prove that « is locally
an evaluation, let Y be a finite non-empty subset of A(Bjs, M). Define

Yti={yUzylyeY} CBB,MUN).

Since [ is locally an evaluation, there is some b € B such that g is given by
evaluationatbon YT, Forally € Y, we have

(yUzpy)(b) =ByUzy) =me M.

Since z(Bx) € N, this tells us that b € Byy. Now, to see that « is given by
evaluationatbon Y, lety € Y. Then

aly) =m=pyUzy) = (yUzy)(b) = y(b).

So « is locally an evaluation. Thus « is a brute-force morphism, by the Brute
Force Lemma.

As M is dualisable, it now follows that « : A(Bjs, M) — M is given by
evaluation at some a € Bjy; C B. There are no homomorphisms from any of
the connected components of By into N. So, forallz € B(B,M UN), we
have z[ g, € A(By, M) and therefore

B(z) =m = alzlp,,) =z, (a) = z(a).
So 3 is an evaluation,

Case 3: (3 is not constant. There are v,w € B(B, M UN) with 5(v) # S(w).
By Lemma 5.1.9, there is a connected component C of B such that C' is a
support for (. Define the map

7:B(C,MUN) - MUN by y(y):=ByJwlpc)

Then  has a finite support, since & does.

To check that -y is locally an evaluation, let Y be a finite subset of the hom-set
B(C,MUN). As Jis locally an evaluation, there is some b € B such that 3
is given by evaluation at b on the finite set

{yVuwlpc|yeY }U{vlcUwipc w} S B(B,MUN).
Since C is a support for 3, we have

(vlc Uwlp\ o)) = Bulc Uwlg ) = Bv) # Blw) = w(b),
and therefore b € C. For all y € Y, we now have

Y(y) =BlyVwlpc) = (yUwlpe)(b) =yd).
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So +y is given by evaluation at b on Y. We have shown that the map ~ has a
finite support and is locally an evaluation.

The connected algebra C belongs to A = ISP(M), by Lemma 5.1.4. For
all z € A(C,M), we have z € B(C,M UN) and v(z) € M, since -y agrees
with an evaluation on the set {z}. We can now define

7 A(C,M) — M by v :=71qcm)

The map +/ has a finite support and is locally an evaluation. Therefore ' is
a brute-force morphism, by the Brute Force Lemma. As M is dualisable, the
map +' is given by evaluation at some ¢ € C' C B.

We shall complete the proof that M U N is dualisable by showing that J
is also given by evaluation at c¢. To this end, choose any z € B(B,M UN).
Since the algebra C is connected, we have either z(C') C M or z(C) C N.

Case 3.1: z(C) € M. We must have

B(z) = Blzlo Vuwipc) =(zlc) = (zlc) = z(c),
as C'is a support for 4. So [ is given by evaluation at c.

Case 3.2: x(C') C N. First we will check that #(x) € N. Since [ is locally
an evaluation, the map [ is given by evaluation at some a € B on the finite set
{z,w,v]c Uwlp\c}. Weknow that a € C, because

(vlcVwlpella) = Bvic Uwlp ) = B(v) # B(w) = w(a).

Therefore f(x) = z(a) € N, as we are assuming that 2(C) C N.

We now have 5(z) € N and z(c) € N. So, if |N| = 1, then 8(z) = z(c).
We can now further assume that [N| > 1, giving & > 0. Let7 € {1,...,k}.
The homomorphism ; o x € B(B, M U N) satisfies € o (C) C M. Thus
B(8; o x) =€; o z(c), since Case 3.1 applies to &; o z. This gives us

ei(f(z)) = 6(ei o z) = & 0 z(c) = &(z(c)),

as 0 preserves the endomorphism &; of M U N. Since f(z),z(c) € N and
€1,..., €y separate the elements of N, it follows that 8(x) = z(c). Thus 3 is
given by evaluation at c. n

5.1.11 Corollary Let M be a finite unary algebra. If M is dualisable, then
the one-point extension of M is also dualisable.

The following result gives us a partial converse for the previous theorem.
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5.1.12 Theorem Let M and N be finite unary algebras, with N € ISP(M).
If MU N is finitely dualisable, then M is finitely dualisable.

Proof Assume that M NN = & and that M U N is finitely dualisable. We
want to show that M is finitely dualisable. Define

A :=ISP(M) and B :=ISP(MUN).

As in the proof of the previous theorem, there is a collection of endomorphisms
€1,...,65 of M UN, for some k € w, such that €y, ..., €, each map into M
and together separate the elements of V.

Since M U N is finitely dualisable, there exists some n € w\{0} such that
R,(MUN), the set of all n-ary algebraic relations on ML U N, yields a duality
on each algebra in B. Define m := max(n,nk). We shall show that R,, (M)
yields a duality on each finite connected algebra in A. Each petal of A is
connected. So it will then follow, by the Petal Duality Lemma, 3.1.6, that M
is finitely dualisable.

Let C be a finite connected algebra in A, and let o : A(C,M) — M
preserve R, (M). We wish to prove that « is an evaluation. Since A C B, we
know that C € B, We want to define §: B(C,MUN) — M U N by

a(z) ifz(C)C M,
B(z) = z(c) ifz(C) C N, where cis any element of C such that

« is given by evaluation at con {€; o z,...,€; oz},

forall z € B(C,M U N). In the following two claims, we establish that J is
a well-defined map that preserves R, (M U N).

Claim 1 The map [ is well defined.
For each z € B(C,M U N), we have z(C) C M or z(C) C N, as C is
connected. Now let z € B(C,M U N) with 2(C) C N. Since « preserves
R, (M), the Preservation Lemma, 1.4.4, tells us that the map « agrees with an
evaluation on every subset of A(C, M) with at most m elements. Therefore «
agrees with an evaluationon {€; o z,...,ex oz} C A(C,M), as k < m.

To see that G is well defined, let ¢, d € C such that « is given by evaluation
atboth cand don {&€; o z,...,8; o x}. Then, foralli € {1,...,k}, we have

g;(z(c)) =8 ox(c) = a(; o z) =& o z(d) = €(z(d)).

Since z(c),z(d) € =(C) € N and €,...,€ separate N, this implies that
z(c) = z(d). Thus 3 is well defined.
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Claim 2 The map [ preserves R,,(M UN).

We will use the Preservation Lemma. Let X be a subset of B(C, MUN) with
at most n elements. Define the subset X' of A(C, M) by

X' ={zeX|z(C) M}
U{goz|ie{l,...,k}andz € X withz(C) C N }.

The size of X' is at most max(n,nk) = m. Since « preserves R, (M), we
know that « is given by evaluation at some a € C on X’. We shall show that
@ is given by evaluation at @ on X.

Letz € X. If 2(C) C M, then z € X' and so 8(z) = a(z) = z(a). So
we can assume that z(C) C N. Foreachi € {1,...,k}, wehaveg; oz € X’
and therefore a(g; o ) = €; o x(a). Thus « is given by evaluation at a on
{€1 0x,...,e o x}. This implies that 3(z) = z(a), by the definition of 3.
Thus (3 is given by evaluation at ¢ on X.

We have proved that 5 : B(C,MUN) — M U N preserves R,,(M UN).
As R, (M U N) yields a duality on B, there exists b € C such that g is given
by evaluation at b. For every y € A(C, M), we have y € B(C,M UN) with
y(C) € M, and therefore

a(y) = B(y) = y(b).

Hence « is also given by evaluation at b, whence R,,,(M) yields a duality on
every finite connected algebra in A. il

The corollary below was proved directly by Clark, Davey and Pitkethly [13].

5.1.13 Corollary Let M be a finite unary algebra. If the one-point extension
of M is finitely dualisable, then M is also finitely dualisable.

We do not know at present whether or not there is a non-dualisable unary
algebra M whose one-point extension M U 1 is dualisable (but not finitely
dualisable). Finding such a pathological unary algebra M would also solve the
Finite Type Problem.

5.2 Term retractions and p-semilattices

In Chapter 2, we used term retractions to help lift some dualities for small
algebras up to dualities for bigger algebras. In this section, we study the general
relationship between term retractions and dualisability. We shall prove that a
term retract of a dualisable algebra must also be dualisable, but that a term
retract of a non-dualisable algebra is not necessarily non-dualisable.
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The proof that term retractions preserve dualisability is very easy.

5.2.1 Theorem A term retract of a dualisable algebra is also dualisable.

Proof Let N be a dualisable algebra and lety : N — M be a term retraction,
We can assume that vy fixes each element of M, by Lemma 2.3.1. Define the
two quasi-varieties A := ISP(M) and B := ISP(N). Then A is contained
in B. Let A € A andlet o : A(A,M) — M be a brute-force morphism. In
order to prove that M is dualisable, we must show that « is an evaluation.

As A € Band v : N — M is a homomorphism, we can define the map
B : B(A,N) — N by 8(z) := a(yoz). We want to prove that § is a
brute-force morphism. Since « is a brute-force morphism, the Brute Force
Lemma, 1.4.5, tells us that « has a finite support and is locally an evaluation.

Let S be a finite support for . To prove that S is also a support for g, let
z,y € B(A,N) such that 2[g = y|g. Then (yoz)[g = (yoy)lg, and
therefore

B(z) = a(yox) = alyoy) = B(y).

So S is a finite support for 3.

To see that 3 is locally an evaluation, let X be a finite subset of B(A, N).
As « is locally an evaluation, the map « is given by evaluation at some a € A
on the finite subset {yoz | z € X } of A(A,M). As A € B = ISP(N),
there is a term function v : A — A of A corresponding to the term function
v: N — Nof N. Forall z € X, we have

Bla) = alyoz) = (yoz)(a) = z(v*(a)).

Thus 3 is given by evaluation at v (a) on X,

We have shown that 3 has a finite support and is locally an evaluation. So, by
the Brute Force Lemma, the map 3 : B(A,N) — N isa brute-force morphism.
Since N is dualisable, the map [ is given by evaluation at some b € A. For all
z € A(A,M) C B(A,N), we have

a(z) = a(yo z) = B(z) = 2(b),
as vy fixes M. Hence « is an evaluation. n

The remainder of this section is devoted to finding examples of non-dualisable
algebras that have dualisable term retracts. Our examples come from the variety
of p-semilattices, which was defined in the introduction to this chapter. We will
need only a few basic p-semilattice facts, all of which follow relatively easily
from the definition. A thorough introduction to p-semilattices can be found in
O. Frink’s foundational paper [32].
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Recall that a p-semilattice is boolean if it satisfies the equation ** ~ =z,
As the name suggests, every boolean p-semilattice is term equivalent to a
Boolean algebra [32]. Every finite Boolean algebra is strongly dualisable, by
the NU Strong Duality Theorem [6, 8]. Thus every finite boolean p-semilattice
is strongly dualisable.

We shall finish the characterisation of dualisability for p-semilattices by
proving that every finite non-boolean p-semilattice is non-dualisable. Our proof
of this result illustrates the power and simplicity of the ghost-element method
for establishing non-dualisability. The basic ghost-element method is described
in the Ghost Element Theorem, 1.4.6. This method is adapted straight from
the definition of the dualisability of an algebra, and is often easy to apply. In
addition, some ghost-element proofs can be extended directly to a proof of a
much stronger condition than non-dualisability.

Recall that a finite algebra M is inherently non-dualisable if each finite
algebrathat has M as a subalgebra is non-dualisable. Inherent non-dualisability
was introduced by Davey, Idziak, Lampe and McNulty [23]. They used the
following theorem to find inherently non-dualisable graph algebras. (Later we
will prove a stronger result, Lemma 7.1.3.)

5.2.2 Inherent Non-dualisability Theorem [23,8] Ler M be a finite algebra
and let f : w — w. Assume that there is a subalgebra A of M?, for some
set S, and an infinite subset Ag of A such that

(i) for every n € w and every congruence 8 on A of index at most n, the
equivalence relation 0] 4, has a unique block of size greater than f(n),

(ii) the algebra A does not contain the element g of M* that is defined by
g(s) 1= ps(as), where as is any element of the unique block of ker(ps)| 4,
of size greater than f(|M]).

Then M is inherently non-dualisable.

We shall apply this theorem in its simplest form, taking the bounding function
f to be constant with value 1. The theorem has been used in the literature with
a non-constant bounding function [43].

The Inherent Non-dualisability Theorem enables us to complete the charac-
terisation of dualisability for p-semilattices. An alternative method was used in
the text by Clark and Davey [8] to prove that every finite subdirectly irreducible
p-semilattice is non-dualisable, except for the two-element one.

5.2.3 Theorem If a finite p-semilattice is non-boolean, then it is inherently
non-dualisable.
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Proof Let M = (M;A,*,0,1) be a finite p-semilattice. Then M satisfies the
equations

AN ~0, 2ANz~z, =2z, 0"~1 and 1"=0.

Now assume that M is non-boolean. There is some a € M such that a # a™*
We will represent sequences in M“ using the notation introduced on page 81.
Define A to be the subalgebra of M" generated by the set Ag, where

Ao = {ad | n € w\{0}}.

We will show that, if ¢ is a congruence on A of finite index, then 0] 4, has a
unique non-trivial block.

Let 6 be a congruence on A of finite index. Assume that k, ¢, m,n € w\{0},
with k& # £ and m # n, such that a{ =g o and ao =4 al. Then

(aR)* = ()" A (aR)" =0 (a)* A (a))" =7~
By symmetry, we also have (a2)* =¢ a*. So (a?)* =g (a)*, which gives us

ag = (a)™ Aaj = (ap)™* Aag = apg.

By symmetry once again, we have a,% =p Qi 00  Thus ak =y am, whence 0] 4,

has at most one non-trivial block. The equivalence relation 6] 4, has at least
one non-trivial block, since Ag is infinite and 8 is of finite index.

Now define g € M* by g(n) := pn(cn), wWhere ¢, is any element of the
non-trivial block of ker(p, ) 4,. Then g is the constant sequence @. It remains
to prove that g ¢ A. Using the equations given at the beginning of this proof,
it is easy to see that the set {0, 1,a,a*, a**} forms a subalgebra of M. Since
a # a**, italso follows that a ¢ {0, 1,a*, a**}. Define the subset C of M* by

C:={ce{0,1,a,a",a"}* | c(0) #aor0 e clw)}.

As 0 is the least element of M and a is meet-irreducible in {0, 1, a, a*, a**},
the set C'is closed under A. Since b* # a, forall b € {0,1, a,a*,a**}, the set
C'is closed under *. So C'is a subuniverse of M“. Thus g ¢ A, as A9 C C
and g = a ¢ C. Hence M is inherently non-dualisable, by the Inherent Non-
dualisability Theorem, 5.2.2. |

Since every finite boolean p-semilattice is strongly dualisable, we now have
a characterisation of dualisability for p-semilattices.

5.2.4 Theorem A finite p-semilattice is dualisable if and only if it is boolean.
Moreover, every dualisable p-semilattice is strongly dualisable, and every non-
dualisable p-semilattice is inherently non-dualisable.



5.2 Term retractions and p-semilattices 153

We can use the previous theorem to find a plethora of non-dualisable algebras
that have dualisable term retracts.

5.2.5 Example Every finite non-boolean p-semilattice is non-dualisable yet
has a non-trivial dualisable p-semilattice as a term retract.

Proof Let P be a finite p-semilattice. Then P satisfies the equations
0" ~0, 1™=~1, z"Ay™"=(@xAy)™ and z™ =~z".

So we can define the homomorphism v : P — P by y(a) = a™. Let Q be the
image of . For all a € P, we have

This implies that Q is boolean, and therefore dualisable. Moreover, every
element of () is fixed by v. Thus v : P — Q is a term retraction. If we
assume that P is non-boolean, then P must be non-trivial and therefore 9 is
also non-trivial. |

We have seen that the ghost-element method can be very easy to use. We
can now illustrate another advantage of this method: ghost-element proofs can
often be extended to encompass more examples. Using the following lemma,
we will be able to explain one way in which this can happen.

5.2.6 Lemma Let M be a term reduct of a finite algebra M*. Define the
quasi-varieties A := ISP(M) and A* := ISP(M*). Let A be a subalgebra
of M®, for some set S, and assume that o : A(A,M) — M is a brute-
force morphism. Define the algebra B := sg(Mﬁ)s(A), and define the map
G: AYB, MY — M by B(z) := a(z]4). Then § is a brute-force morphism,
and gg = Ga.

Proof This result is a simple corollary of the Brute Force Lemma, 1.4.5. The
brute-force morphism « has a finite support and is locally an evaluation. It
follows easily that § has a finite support and is locally an evaluation. So [ is a
brute-force morphism. For all s € S, we have

g8(8) = B(mslp) = a(nsl4) = gals).
Thus gg = ga. 1

Say we have a ghost-element proof that the algebra M is non-dualisable.
Then there is a brute-force morphism « : A(A, M) — M, for some set S and
A < MS , such that g, ¢ A. Now let M_ﬂ be a finite algebra that has M as a
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term reduct. To show that M! is non-dualisable, it is enough to check that the
ghost element is not generated, that is, that g, ¢ Sg(Mu)s(A). This feature of
the ghost-element method was used in the development of some of the results
from Chapter 3. For example, the proof of Theorem 3.4.4 was adapted from a
proof that the single algebra ({0, 1,2}; 010, 001,002, 110) is non-dualisable.

Ghost-element proofs can be extended not only by adding extra operations,
but also by giving weaker conditions on the behaviour of the existing operations.
In Chapter 3, the proof of Theorem 3.4.2 was adapted from a proof that the
algebra ({0, 1,2};001,010) is non-dualisable. To finish this section, we give
an explicit illustration of this method of extending ghost-element proofs.

The following technical lemma, adapted from Theorem 5.2.3, will be used
to construct various examples of inherently non-dualisable algebras.

5.2.7 Lemma Let M = (M; F U {A}) be a finite algebra such that A is a
meet-semilattice operation on M and F' is a set of unary operations on M.
Assume that there exists * € F and a pair of distinct elements 0,a € M for
which
i) a<a*, a"<0* and 0"* Aa =0,

(ii) O is the least element of M,
(iil) a is meet-irreducible in sgyp(a),
(iv) a# u(b),forallu € F andall b € sgp(a).
Then M is inherently non-dualisable. ,
Proof This proof is basically the same as the proof of Theorem 5.2.3. Define
A to be the subalgebra of M generated by Ao := { aj) | n € w\{0} }. Using
(i) and (ii), the third paragraph of the proof of Theorem 5.2.3 shows that, for
each congruence 6 on A of finite index, the equivalence relation 6 4 has a
unique non-trivial block.

To prove that the algebra M is inherently non-dualisable, using the Inherent
Non-dualisability Theorem, 5.2.2, it remains to check that the element g := @
of M* does not belong to A. Define

C:={ce M| c0) €sgp(a)and (c(0) #aor0 e c(w)) }.

By (ii), (iii) and (iv), the set C' forms a subalgebra of M“. Since Ay C C and
g¢ C,wehave g ¢ A. n

Figure 5.1 gives some examples of semilattices with added unary operations
that satisfy the conditions of the previous lemma and are therefore inherently
non-dualisable. In contrast, Davey, Jackson and Talukder [24] have proved that
a finite semilattice with added algebraic operations must be dualisable. So, for
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Figure 5.1 Some inherently non-dualisable algebras

example, for each finite p-semilattice (M; A, *, 0, 1), the term reduct (M; A, **)
is dualisable.

5.3 Building non-dualisable algebras from dualisable ones

In this section, we find examples to show that non-dualisable algebras can be
created from dualisable algebras using natural algebraic constructions.

5.3.1 Definition We shall begin by considering the two unary algebras
P :=({0,1,2,3};0011,0101) and Q := ({0,1,2};001,010),
illustrated in Figure 5.2. Both the algebras P and Q are of type {u, v}, where
uB = 0011, v2:=0101, uQ:=001 and v :=010.

The algebra Q is a subalgebra of P, and so Q € ISP(P). Note that P and
Q do not generate the same quasi-variety, since Q satisfies the quasi-equation
u(z) ~ v(zr) = z ~ u(z) but P does not.

5.3.2 Example Define the two unary algebras P and Q as in 5.3.1.

(i) The dualisable algebra P has a non-dualisable subalgebra Q.

(i) The dualisable algebra P and the non-dualisable algebra Q generate the
same variety.

Proof Wehave already proved that Qis notdualisable; see Theorem 3.0.1. The

operations of P are endomorphisms of the lattice P illustrated in Figure 5.2.

So P is dualisable, by the Lattice Endomorphism Theorem, 2.1.2.
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Figure 5.2

It remains to show that P and Q generate the same variety. We know that Q
belongs to Var(P). To see that P belongs to Var(Q), let A be the subalgebra
of Q2 drawn in Figure 5.2. There is a surjective homomorphism z : A — P,
given by z((a,b)) := a + b, forall (a,b) € A. So Var(P) = Var(Q). |

In general, it is not possible to determine whether or not a finite unary algebra
is dualisable simply by studying its abstract monoid of unary term functions.
The monoid of unary term functions of an algebra is isomorphic to the monoid of
unary term functions of the one-generated free algebra in the variety it generates.
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Since Var(P) = Var(Q), in the previous example, the dualisable algebra P and
the non-dualisable al ge—l;ra Q have isomorphic monoids of unary term functions.

For all finite unary alge_b_ras A and B of the same type, let A %, B denote
the coproduct of A and B in the variety Var(A, B), and let A xq B denote the
coproduct of A and B in the quasi-variety ISP(A, B). These coproducts must

exist, by Lemmas 5.1.2 and 5.1.3.

5.3.3 Example Define the two unary algebras P and Q as in 5.3.1. Then the
non-dualisable algebra Q is a retract of the dualisable algebra P x, Q.

Proof The only element of P that is the value of a constant term function
is 0. So we have |Fy,,(py(0)] = 1. Since Var(P) = Var(Q), it follows by
Lemma 5.1.3 that M := P *, Q is as drawn in Figure 5.2. Let —p : P — M
and —g : Q < M be the natural embeddings. We can define a retraction
z: M —» 9— by

z(ap) =0, foralla € P, and z(bg) = b, forall b € Q.
Define the homomorphism y : M — P by
ylap) = a, foralla € P, and y(bg) = 0, forall b € Q.

Then = and y separate the elements of //. Since Q < P, this tells us that
M < ISP(P), using the ISP Theorem, 1.1.1. As P embeds into M, it follows
that ISP(M) = ISP(P). We know that P is dualisable. So M = P %, Q is
dualisable, by Independence Theorem, 1.4.1. n

The previous example is a special case of the following more general result.

5.3.4 Example Every finite unary algebra with a one-element subalgebra is
a retract of a dualisable algebra.

Proof The proof of this result is almost identical to the proof of the previ-
ous example. Consider a finite unary algebra M, and assume there is some
m € M that determines a one-element subalgebra of M. We know that M
is a subalgebra of a dualisable algebra IN, by Theorem 2.1.4. Construct the
new unary algebra M U,, N by taking the disjoint union of M and N, and
identifying (m, 0) in the copy of M with (m, 1) in the copy of N. Then M is
a retract of M U,,, N. It is straightforward to check that M U,,, N is separated
by homomorphisms into N. So the algebras M U,, N and N generate the
same quasi-variety. Therefore M U,,, N is dualisable, by the Independence
Theorem, 1.4.1. N
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5.3.5 Definition Now define the unary algebras
= ({0,1,2,3};0010,0001) and L := ({0,1,2};001,001),

shown in Figure 5.3. We will prove that both K and L are dualisable, but that
the product K x L, the coproducts K *, L and K x4 L, and the disjoint union
K U L are all non-dualisable. The algebras K and L are of type {u, v}, where

vE = 0010, & :=0001, «wL:=001 and o :=001.

The odd-looking algebra L actually belongs to the variety Var(K): there is a
subalgebra B of L{z, drawn in Figure 5.3, that has I as a homomorphic image.

The only element of K that is the value of a constant term function is 0.
This implies that | Fy,yk)(0)| = 1. Using Lemma 5.1.3, it is easy to see that
the coproduct K *, L is as depicted in Figure 5.3. The elements of K %, L
are separated by homomorphisms into K and L. So K *, L € ISP(K,L). It
follows by Lemma 5.1.2 that K xq L = K #, L.

5.3.6 Lemma Define the two unary algebras K and L as in 5.3.5. Then both
K and L are dualisable.

Proof The dualisability of L follows easily from the Lattice Endomorphism
Theorem, 2.1.2. To prove that K is dualisable, we use Theorem 2.2.9. The
element 0 € K is the value of a constant term function of K.

Both the fundamental operations of K are endomorphisms of the meet semi-
lattice Ko = (K; Ao) drawn in Figure 5.3. So Ag : K? — K is a binary
homomorphism of K. We now want to show that g : K? — K, given by

ifae=1andb=0,
ifa=2andb # 2,
ifa=3and b +# 3,

0 otherwise,

g(a’ b) =

[SC I VR

is a binary homomorphism of K. To do this, let a,b € K. Then
u(g(a, b)) =1 <= g(a,b) =2
& a=2 & b#2
< ula)=1 & u():O
= g(u(a),u(b)) =
Since u(a) € {0,1}, we must have g(u(a),u(b)) € {0,1}. As we also have
u(g(a,b)) € {0,1}, it now follows that u(g(a,b)) = g(u(a),u(db)). Thus g

preserves u and, by symmetry, it also preserves v. Therefore g is a binary
homomorphism of K.
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Define the set G := {Ag, g} of binary homomorphisms of K and the subset
S = {1,2,3} of K. Every element of S is a strong idempotent of Ag. Now
let k € K\{0}. As K satisfies u(v(z)) =~ v(u(z)), the operations v = 0010
and v& = 0001 are endomorphisms of K. So 1 € SN End(K)(k). We have

glm)=1 & m=0,

for all m € K. Thus G and S N End(K)(k) distinguish 0 within X. By
Theorem 2.2.9, the algebra K is dualisable. | |

The non-dualisability of K x L and K *, L will follow once we have estab-
lished that K U L is non-dualisable.
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Figure 5.4 A non-dualisable disjoint union of two dualisable algebras

5.3.7 Lemma Define the two unary algebras K and L as in 5.3.5. Then the
disjoint union K U L is not dualisable.

Proof Define the algebra M := K U L. Then there are natural embeddings
-k K<— Mand - : L < M; see Figure 5.4. We shall prove that M is
not dualisable by applying the Non-dualisability Lemma, 3.4.1.

For each n € w\{0}, define a,, € M* by

1; ift=0,
an(i) = ¢ 1g ifi=n,

O otherwise.
For all m,n € w\{0} such that m # n, define b,,, € M* by

2, ifi=0,
ok iti=m,
b= 5 iti—m

Ox otherwise.
Now define two subsets of M“ by
Ag:={an|new\{0}} and B:={bpnn|m,necw\{0}andm #n}.

Let A denote the subalgebra of M“ generated by Ag U B.
Letz : A — M be a homomorphism. We want to show that ker(x[ 4,) has
a unique non-trivial block. For each n € w\{0}, we have

x(an) = {E(U(bnn+1)) = u(x(bnn+l)>
Therefore (Ag) C w(M) = {0k, 1xk,0r,11}. Since we want to prove that

ker(z] 4,) has a unique non-trivial block, we can assume that z(Ag) # {Ox }.
So one of the following three cases must apply.
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Case 1: 1x € x(Ap). There is some m € w\{0} such that z(a,,) = 1x. Let
n € w\{0} with m # n. Then

U v
Ay ¢ brn r O

in A. Under the homomorphism =z, this gives us

T oo 2o

in M. So z(a,) = Ok, and therefore Ag\{am} is the unique non-trivial block
of ker(zf 4,).

Case 2: 0, € x(Ag). There is some m € w\{0} for which z(a;,) = Of.
Choose some 7 € w\ {0} such that m # n. Then

tm — bpn — ay = 0,1, — 0L
This implies that z(a,) = 0z. So Ag is the only block of ker(z[ 4, ).

Case 3: 11, € x(Ap). There is some m € w\{0} such that z(an,) = 11. Let
n € w\{0} with m % n. Then

amlbmnﬁ"ané“‘l‘izL}—’lL,
and therefore 2(a,,) = 17. Thus Ag is the only block of ker(z | 4,).

Now define g € M% by g(i) := p;(an,), where ay,, is any element of the
unique non-trivial block of ker(p;[ 4,). Then

, 1, ifi=0,
g(%)Z{

Og otherwise,

for all 7 € w. To show that M is non-dualisable, it suffices, by the Non-
dualisability Lemma, 3.4.1, to prove that g ¢ A. Define ¢ € M“ by

0, ifi=0,
C(i):{ L ifi

Or otherwise.

We shall show that C' := {c} U Ag U B forms a subalgebra of M*. We have
u(c) = ¢ = v(c) and, for each n € w\{0}, we have u(a,) = ¢ = v(an).
Lastly, for all m,n € w\{0} with m # n, we know that u(bpn) = am € Ao
and v(bymn) = an € Ap. So C forms a subalgebra of M. Since A C C, we
get g ¢ A. Thus M is not dualisable. n
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preserves
construction non-dualisability? references
non-trivial subalgebra X 5.25,7.12,7.1.6
non-trivial homomorphic image X 5.2.5
non-trivial retract X 5.25
non-trivial term retract X 5.2.5,2.3.2
finite power v [61, 30]
finite product 7
finite coproduct 7
one-point extension v 5.1.13
Table 5.3

5.3.8 Example Define the two unary algebras K and L as in 5.3.5. Then
both K and L are dualisable, but the product K x L, the coproducts K #, L
and K xq L, and the disjoint union K U L are all non-dualisable.

Proof We have just proved that K and L are dualisable and that K U L is
not dualisable. Let 1 be a one-element algebra of the same type as K and L.
It is straightforward to check that the disjoint union K U L is separated by
homomorphisms into (K *, L) U 1, and that (K *, L) U 1 is separated by
homomorphisms into K U L. So

ISP(K UL) = ISP((K +, L) U1).

Using the Independence Theorem, 1.4.1, and Corollary 5.1.11, it follows that
K+ L = K x4 L, must be non-dualisable.

The algebra K *, L is isomorphic to the subalgebra of K x L with the
underlying set (K x {0}) U ({0} x L). Therefore K x, L € ISP(K x L).
As both K and L are isomorphic to a subalgebra of K x, L, we must have
K x L € ISP(K *, L). Thus the product K x L is not dualisable, by the
Independence Theorem. |

Itis also reasonable to ask how the property of non-dualisability interacts with
natural algebraic constructions. We know that non-dualisability is not always
preserved by taking non-trivial subalgebras or non-trivial homomorphic images;
see Example 5.2.5. The current state of our knowledge about non-dualisability
and algebraic constructions is summarised in Table 5.3. This table reveals
several open problems: for example, find a pair of non-dualisable algebras
whose product is dualisable.
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We show that, for any natural number n, there is a chain of n unary clones such
that the corresponding algebras are alternately dualisable and non-dualisable.
We also solve two other clone-related problems in duality theory. We find an
example of a non-dualisable algebra that can be obtained by adding a nullary
operation to a dualisable algebra, and an example of a non-dualisable entropic
algebra.

Of course, adding some extra fundamental operations to a finite algebra can
change its dualisability. We gave a dramatic illustration of this in Chapter 3.
There we found a chain of six unary clones on a three-element set, where the
clones in the chain determine alternately dualisable and non-dualisable algebras
(see Table 3.1). In this chapter, we extend this example by showing that there
are arbitrarily long alternating chains of unary clones. More precisely, given
any n € w, there is a finite set M and a chain Fy C .-+ C Fj,_; of unary clones
on M such that, for each i € n, the algebra (M F;) is dualisable if and only
if 7 is even. There are only finitely many unary clones on any given finite set.
So, for unary clones, this result is the best possible.

We will not be tackling the more difficult problem of finding an infinite
ascending chain of non-unary clones Fy € Fy C Fy C --. such that the
corresponding algebras are alternately dualisable and non-dualisable, At the
moment, the longest known alternating chains of non-unary clones have length
only two. For example, we can build an alternating chain based on the join
semilattice 8 = ({0, 1}; V), the implication algebra I = ({0,1}; —) and the
Boolean algebra B = ({0,1};V,A,’,0,1). The two-element algebras S and
B are early examples of dualisable algebras [29, 63]. The implication algebra
I was the first known example of a non-dualisable algebra [29]. Since we have
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aVb=(a—b)—banda—b=ad Vb foralla,be {0,1}, the algebra S is
a term reduct of I, which in turn is a term reduct of B.

Adding a complicated fundamental operation to a finite algebra may alter its
dualisability. But can adding something as simple as a single nullary operation
have the same effect? Itis easy to create a dualisable algebra by adding a nullary
operation to a non-dualisable algebra. The two-element implication algebra
I = ({0,1}; —) is not dualisable. However, the algebra ({0,1}; —,0) is term
equivalent to the two-element Boolean algebra B and is therefore dualisable.
There are also examples amongst unary algebras. By Theorem 3.0.1, the unary
algebra ({0, 1,2}; 010,002,001, 110) is non-dualisable but the unary algebra
({0, 1,2}; 010,002,001, 110, 222) is dualisable.

It is not so easy to create a non-dualisable algebra by adding a nullary op-
eration to a dualisable algebra. There are large classes of algebras for which
dualisability is preserved by adding nullaries: for example, the classes of two-
element algebras [16], three-element unary algebras (Theorem 3.0.1), and all
finite algebras that generate a congruence-distributive variety {22, 29].

Nevertheless, there are examples of non-dualisable algebras that can be cre-
ated by adding a nullary operation to a dualisable algebra. Davey and Quack-
enbush [27] have shown that, for each odd number m, the dihedral group D,
of order 2m is dualisable. In an unpublished manuscript [42], P. M, Idziak
proved that, for each odd m, the algebra obtained from D,, by adding all the
nullaries is not dualisable. In Section 6.3, we shall give another such example.
There is a seven-element non-dualisable unary algebra that can be obtained by
adding a constant operation to a dualisable unary algebra. These examples are
significant because they show that the powerful techniques of tame congruence
theory [36], which are unable to detect the addition of a constant to the type of
an algebra, are unlikely to yield deep results about dualisability.

We finish this chapter by considering another clone-related question in dual-
ity theory: ‘Is every finite entropic algebra dualisable?” An algebra is entropic
if the operations in its clone of term functions preserve one another. Equiv-
alently, the algebra A is entropic if every fundamental operation f of A is a
homomorphism f : A" — A, where n is the arity of f. Some of the first
known examples of dualisable algebras were entropic: for instance, the finite
cyclic groups [55, 29], and the two-element semilattice [37]. These examples
were extended by the second author [17]: every finite abelian group is entropic
and dualisable, and every finite semilattice is entropic and dualisable. Davey,
Idziak, Lampe and McNulty [23] proved that a finite graph algebra is dualisable
if and only if it is entropic. Similarly, the dualisable finite flat graph algebras
are precisely the entropic ones [45].
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These results led Lampe, McNulty and Willard [45] to speculate that every
finite entropic algebra might be dualisable. Given a finite entropic algebra
M = (M; F), we know that we can include all the operations in F' in the type
of a potential dualising structure for M. We then aim to find a set R of algebraic
relations on M such that M = (M; F, R, 7 ) dualises M. We shall see that
having F' as a starting point for IM is not enough. There are finite entropic
algebras that are not dualisable.

In fact, we have already seen an example of a non-dualisable entropic algebra:
the six-element unary algebra K *, L from Example 5.3.8. In this chapter,
we exhibit a non-dualisable entropic unary algebra with five elements. This
five-element algebra was the first known example of a non-dualisable entropic
algebra. More recently, a non-dualisable entropic semigroup has been found
by M. Jackson [43].

A unary algebra is entropic if and only if its monoid of unary term functions
is commutative, It is straightforward (but tedious) to check that, up to term
equivalence and isomorphism, there are eleven entropic three-element unary
algebras. It follows from Theorem 3.0.1 that these algebras are all dualisable.
Itis not known whether every entropic four-element unary algebra is dualisable.

The example in Section 6.3 comes from a paper by the first author [53], and
the example in Section 6.4 comes from a paper by both authors [54]. The other
results in this chapter have not appeared in print before.

6.1 Distant unions

In this section, we set up one of the tools that we shall use to construct our alter-
nating chains of clones. There is a way to combine two unary algebras together
that keeps them even more separated than in their disjoint union, Consider two
unary algebras Ao = (Ag; Fp) and A; = (A1; F1), not necessarily of the same
type. The distant union Ay Y A is obtained by putting Ay and A next to
each other with their operations separated:

Ay Y A= <(A0 X {O}) U (Al X {1}); (FO X {O}) U (F1 X {1}) >,
where, foreach i € {0, 1} and all u € F;, the unary operation (u, 1) of AgY A,
is given by

i ) (u(a),i) ifi=y,
(u,9)((a, 7)) = . .
(a,7) otherwise,

foreachj € {0,1}andalla € A;. Forexample, if we define the unary algebras
P = ({0,1,2,3};0011,0101) and Q = ({0,1,2};001,010) as in 5.3.1, then
the distant union P Y Q is as shown in Figure 6.1.
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2,0) ¢ (3.0 (2,1) —— (0011,0)
( L%\j \jﬁ, ) Q% e (0101,0)
\l N === (001,1)
5 : — = (010,1
PuyQ =:;«: A ci\‘.i__\./) (010,1)
:?‘Q o Y 7 D { ﬁ.’.:-

Figure 6.1 A distant union

We want to find conditions under which we can guarantee that the distant
union of two dualisable unary algebras is also dualisable. We begin by intro-
ducing a new finiteness condition on unary algebras. Letn € w, let M be a
finite unary algebra and define the quasi-variety A := ISP(M). We shall say
that M is n-separable if, for each finite connected algebra C in A and each
¢ € C, there is a unary term function 7 of C and a subset X of A(C, M), with
|X| < n, such that

b = —4 =,
wélX z(b) = z(c) T(b)=¢
forall b € C. The algebra M is finitely separable if there is some n € w for
which M is n-separable.

We will say that a pair of algebras A and B are term isomorphic if there is
an isomorphic copy B’ of A such that B’ and B are term equivalent.

6.1.1 Lemma Let My and M, be finite unary algebras, not necessarily of
the same type. Assume that My and M, are finitely dualisable and finitely
separable. Then the distant union My Y M, is finitely dualisable.

Proof Say M, is of type Fj and M, is of type F. Define the unary algebra
N := M, YM, and the quasi-variety A := ISP(N). For each i € {0,1},
there is some n; € w such that M, is n;-separable. Both the algebras M, and
M, are finitely dualisable. So we can choose m € w\{0} large enough so that
m 2= ng + ny and, for each ¢ € {0, 1}, the set R,,,(IM,) of relations yields a
duality on ISP(M,).

We will show that R,,,(IN) yields a duality on every finite connected algebra
in A. It will then follow, by the Petal Duality Lemma, 3.1.6, that N is finitely
dualisable. Let C be a finite connected algebrain A and letov : A(C,N) —» N
preserve R,,(IN). We want to prove that « is an evaluation.
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Leti € {0,1}. The subset M; x {¢} of N forms a subalgebra Mf of N. The
only non-identity fundamental operations of Mg are those of type F; x {i}. So
the algebra Mg is term isomorphic to M. The quasi-variety A; := HS]P’(M_?)
is contained in A. By Lemma 5.1.1, there exists a smallest congruence 6;
on C such that C/§; € A;. Letn; : C — C/6; be the natural quotient
homomorphism.

The map « preserves the unary algebraic relation M; x {i} on N. So we
can define the map

a; : Ai(C/0;, MF) — M; x {i} by ai(z) = alzomn).

We know that R,, (A/I_lIj ) yields a duality on A;. So, to prove that the map «;
is an evaluation, it is enough to show that «; preserves Ry, (MB) Assume that
X C Ai(C/Hi,Mg) with | X| < m. By the Preservation Lemma, 1.4.4, there
is some ¢ € C such that o is given by evaluationatcon { zon; | x € X }. For
all z € X, we have

ai(z) = alzon) = (zon)(c) = z(ni(c)).

So a; is given by evaluation at ;(¢) on X . Using the Preservation Lemma again,
it follows that «; preserves the relations in Rm(_l\_/[_g) Since Rm(Mf) yields a
duality on A;, the map «; must be given by evaluation at some a; € C/6;.

The term functions of Mf can all be built from operation symbols in F; x {i}.
Since C/6; € ]ISIP’(M_? ), this implies that the term functions of C/#; can also
be built from F; x {i}. Now, as Mf is n;-separable and C/6; is connected,
there exists a unary term 7; of type F; x {i} and a set X; C Ai(C/Gi,Mf),
with | X;| < n;, such that

— 2l Cloiy — .
xéﬁ(i z(b) = z(a;) = 71,777(b) = a,

forallb € C/4;.
As m = ng + n, the Preservation Lemma tells us that the map « is given
by evaluation at some a € C on the set

{zon; |ie{0,1}andz € X; }.

We will show that o is given by evaluation at 7& o 7 (a).

Let z € A(C,N). As the algebra C is connected, there is some j € {0, 1}
with 2(C') € M; x {j}. By the minimality of §;, we must have 6; < ker(z).
So there is a homomorphism 2’ : C/8; — M_g such that z = 2’ o ;. For all
x € X, we have

z(nj(a)) = zon;(a) = alz o n) = a;(z) = z(ay).



168 6 Dualisability and clones

By construction, this implies that 7, C/6; !(nj(a)) = a;. For k € {0, 1}\{]} the
term 7y, is of type F, x {k}, and consequent]y Ty, interpreted on M fixes every
element of M; x {j}. Therefore

a(z) = a(z' on;) = a; (') = 2(a;)
g
= (% (ny(a))) =7, (2 o mj(a)

8 ) = 02 ) = (0710

Thus « is an evaluation, whence N = M, U M, is finitely dualisable. |

In the previous chapter, we saw that the disjoint union of a pair of dualisable
unary algebras does not have to be dualisable. The above lemma raises a similar
problem: °‘Is there a pair of dualisable unary algebras whose distant union is
non-dualisable?” An answer to this question would tell us whether or not the
separation assumption in the previous lemma is really necessary.

The next result will allow us to apply the previous lemma repeatedly.

6.1.2 Lemma Let M, and M, be finite unary algebras, not necessarily of the
same type. Assume that M and M, are finitely separable. Then the distant
union My Y M, is also finitely separable.
Proof Let Iy and F; be the types of M, and M,, respectively, and define
N = MyuM, and A := ISP(N). Foreachi € {0,1}, the set M; x {i}
forms a subalgebra Mf of N that is term isomorphic to M;. So, for each
i € {0,1}, there is some n; € w such that _M_f is n;-separable. We will show
that N is n-separable, where n := ng + n1.

Let C be a finite connected algebra in A, choose some ¢ € C and let
i € {0,1}. By Lemma 5.1.1, there exists a smallest congruence 6; on C such
that C/0; € HSP(M?). Let ; : C — C/6; denote the natural quotient map.
Since Mﬁ is n;-separable and C/0; is connected, there is a unary term 7; of
type F; x {i} and aset X; C ./l(C/@z,l\/Iti with | X;| < n;, such that

L am) =20u(@) = 77" m() =m(e),

forallb € C.
Define the subset Y of A(C, N) by
Y:={zon |ie{0,1}andz € X; },

and define the term 7 of type (Fy x {0}) U (Fy x {1}) by 7(2) := 10(1(2)).
Note that |Y] € ng +n1 = n. Now let b € C and assume that y(b) = y(c),
for all y € Y. We want to show that 7€ (b) = c.
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Let ¢ € {0,1}. Forevery x € X;, we have z on; € Y, and consequently
2(1:(b)) = 2(m(c)). So /" (m(6)) = mic). For j € {0, 1}\{i}, the term
is of type F; x {7}, and so 7; interpreted on Mf fixes each element of M; x {i}.
As C/9; € ]ISIP’(M?), this implies that ch/ei fixes C//0;. We now have

i (7O0)) = 7% (b)) = 75" 0 7% (1)
= 1% (34()) = ma(0).

Since the algebra C is connected, each homomorphism =z : C — NN satisfies
z(C) € Mp x {0} or z(C) C M; x {1}, which implies that 6y < ker(z) or
01 < ker(z). As C is separated by homomorphisms into N, this tells us that
the maps 79 and 7; must separate the elements of C'. Thus 7€ (b) = ¢, whence
N is n-separable. |

Throughout the remainder of this chapter, it will be notationally convenient
to use the usual set-theoretic construction of the natural numbers. Foralln € w,
we have n = {0,...,n — 1}. Now let M be a set and let n € w\{0}. For
each unary operation « : M — M and each ¢ € n, define the unary operation
(u,2) : M xn— M x nby

(i) ((0.5)) = {(u(a),i) ifi = j,

(a,7) otherwise,

foralla € M and j € n. For each unary algebra M = (M; F'), we can define
the new unary algebra

MM: (M xn; F xn).

It is easy to see that LUJn M is term isomorphic to the algebra
(+(MEM) 5M) - M) UM,

where M appears n times.
The next result follows from Lemmas 6.1.1 and 6.1.2.

6.1.3 Corollary Ler M be a finite unary algebra. Assume that N is finitely
dualisable and finitely separable. Then\Y),, ML is dualisable, for all n € w\{0}.
6.2 Alternating chains of clones

In this section, we construct the promised alternating chains of unary clones.
Our construction will be based on two particular three-element unary algebras:
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the dualisable algebra ({0, 1,2}; 001,010, 002) and its non-dualisable reduct
({0,1,2};001,010). Using the tools of the previous section, we will be able
to use these two small algebras to build bigger algebras.

6.2.1 Lemma The unary algebra ({0, 1,2};001,010,002) is 2-separable.
Proof Define M := ({0, 1,2};001,010,002) and A := ISP(M). Since the
constant map 000 is a term function of M, every algebra in A is connected.
Let A be a non-trivial finite algebra in A. We can assume that A < M", for
some n € w\{0}. The set

A i=AN{0,1}"

forms a subalgebra A, of A. (The algebra A, is term equivalent to a 0-pointed
set.) Let a € A, \{0}. Then it is straightforward to check that we can define
the homomorphism z, : A, — M by

1 ifb=aq,
xa(b):{ ifth=a

0 otherwise.

There is only one element of A, that does not map to 0 under z,. So it follows
easily from Lemma 4.2 .4, (iii) = (i), that the homomorphism z, : A, — M
extends to a homomorphism Z, : A — M.

Now let ¢ € A. To show that M is 2-separable, we need to find a unary term
function 7 of A and a subset X of A(A, M) such that | X| < 2 and, for all
b € A, we have

& z(b) = = b) =c.
& a(b) = 2(c) T(b) =c
Case 1: ¢ = 0. Choose the term function T := 000” of A and the subset
X =2 of A(A,M). Forall b € A, we have 7(b) = 000(b) =0 = c.

Case 2: ¢ € {0,1}™\{0}. Choose the term function 7 := 010” and the set
X = {z.}. Letb € A and assume that T.(b) = Z.(c). We have 010(b) € A,
with

zc(010(b)) = 010(Z((b)) = 010(Zc(c)) = 010(1) = 1.
This implies that 7(b) = 010(b) = c.
Case 3: ¢ € {0,2}™\{0}. We have 001(c) € {0,1}"\{0}. Define 7 := 0024
and X = {5001(6)}. Let b € A such that TOOl(C) (b) = 5001(6) (C) Then

To01(e) (001(b)) = 001(Zo1(c) (b)) = 001(Tpo1(c)(c))
= T001(¢)(001(c)) = 1.
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So 001(b) = 001(c), which implies that 002(b) = 002(c). Therefore we have
7(b) = 002(b) = 002(c) = c.

Case 4: ¢ ¢ {0,1}" U {0,2}™. There are i,j € {0,...,n — 1} such that
¢(i) = 1 and ¢(j) = 2. S0 010(c) € {0,1}™\{0} and 001(c) € {0,1}™\{0}.
Choose 7 := id4 and X := {Tgo1(c), Toro(c)}- Let b € A and assume that
z(b) = z(c), for each z € X. Then

T001(c) (001(b)) = 001(Too1(c) (b)) = 001(Zgo1(c)(c))
= Zg01(¢)(001(c)) = 1,

and so 001(b) = 001(c). Similarly, we have x419(;)(010(b)) = 1, which
implies that 010(b) = 010(c). Since 001 and 010 separate {0, 1, 2}, it follows
that 7(b) = b =c. |

The following general lemma takes care of the non-dualisable part of our
construction.

6.2.2 Lemma Let M and N be finite algebras, with M a subalgebra of N.
Assume that, for every A € ISP(M) and every homomorphism x : A — N,
we have (A) C M or |z(A)| = 1. If M is non-dualisable, then N is also
non-dualisable.

Proof We shall prove the contrapositive of the claim. Assume that N is dual-
isable. Let A belong to the quasi-variety A := ISP(IM) and consider a brute-
force morphism « : A(A, M) — M. To prove that M is dualisable, it suffices
to show that « is an evaluation.

Since M is a subalgebra of N, the algebra A is a member of the quasi-variety
B := ISP(N). Choose some ¢ € A and define 3 : B(A,N) — N by

B(z) = {a(w) ifz(A) C M,

z(c) otherwise.

As « is a brute-force morphism, the Brute Force Lemma, 1.4.5, tells us that «
has a finite support and is locally an evaluation. We shall prove that 3 also has
these two properties, and it will then follow that 3 is a brute-force morphism.

The map « has a finite non-empty support S. To check that S is also a
support for 3, let z,y € B(A,N) such that z[g = y|g. First assume that
z(S) = y(S) € M. Then z(A) C M and y(A) C M. Since S is a support
for «v, we have
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Now assume that z(S) = y(S) € M. We must have |z(A)| = 1 = |y(A)|and
z(A) = y(A4). So

Blz) = z(c) = y(c) = B(y).
Therefore S is a finite support for 3.

To see that [ is locally an evaluation, let X be a finite subset of B(A,IN).
Since « is locally an evaluation, there exists some a € A such that « is given
by evaluation at a on the set {z € X | z(A) C M }. Nowletz € X. If
z(A) € M, then §(z) = a(z) = z(a). Otherwise, we have |x(A)| = 1 and
therefore §(z) = x(c) = z(a). So 3 is locally an evaluation.

We have shown that [ is a brute-force morphism. Since N is dualisable, the
map [ is given by evaluation at some b € A. We can finish the proof by showing
that «v is also given by evaluation at b. Let z € A(A,M). Then z € B(A,N)
and a(z) = B(z) = z(b). Thus « is an evaluation, whence M is dualisable. B

We are now ready to prove the main result of this chapter.

6.2.3 Theorem Let n € w\{0}. There is chain Fy C --- C F,_1 of unary
clones on a finite set M such that, for every i € n, the algebra (M; F;) is
dualisable if and only if 1 is even.

Proof Letn € w\{0} and define the set M := {0, 1,2}. We will construct a
chain
FFCFRC--CF, 1 CF

of sets of unary operations on the set M x n. We will then prove that, for
each i € n, the algebra N} := (M x n; F) is non-dualisable and the algebra
N, := (M x n; F;) is dualisable. The claim will then follow.

Recall from the previous section that, for each unary operationw : M — M
and each k € n, we define the unary operation (u, k) : M x n — M x n by

{(u(a),k) ifk=¢

(k) (@, 6)) = (a,0) otherwise,
forall a € M and ¢ € n. Define the three-element unary algebra

M = ({0,1,2}; F), where F :={001,010,002}.
Now, for each 7 € n, define

F¥ = (F x i) U {(001,7),(010,i)} and F;:=F x (i +1).

Note that F; = F; U {(002,%)}, for each ¢ € n, and that the algebra N,, _;
determined by the largest set of operations F,,_; is equal to the distant union



6.2 Alternating chains of clones 173

w O OO~ O

Mx {0} Mx{1} My=Mx{i} Mx{n-1}

Figure 6.2 The structure of the distant union Un M

@n M = (M x n; F' x n). The top picture in Figure 6.2 gives an idea of the
general shape of the algebra Yn M. The bottom picture is a close-up of one of
the components of [Y,, M.

Choose some ¢ € n. First we will show that N7 is non-dualisable. Let M
denote the subalgebra of N on the set M; := M x {i}. The only non-identity
fundamental operations of M} are (001,¢)M: and (010,4)M:. So M} is term
isomorphic to Q := ({0, 1,2}; 001, 010). We already know that the algebra Q
is non-dualisable, by Theorem 3.0.1, and so M is non-dualisable. We will be
using Lemma 6.2.2 to show that N7 is also non-dualisable.

Let A € ISP(M}) and let z : A — N be ahomomorphism. Assume there
is some a € A with z(a) ¢ M;. The operation (000,4) = (001,7) o (001, 1) is
a term function of N7 . The operation (000, ¢) is constant on M; and fixes every
element of (M x n)\M;. As A € ISP(M}), the operation (000,7)* on A is
constant. So, for all b € A, we have

(000, i)((b)) = 2((000,4)(b)) = x((000,7)(a))
= (000, 4)(z(a)) = z(a) & M;,
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and hence z(b) ¢ M; with z(b) = (000,¢)(x(b)) = z(a). So |xz(A)| = 1. As
M is non-dualisable, this implies that N7 is non-dualisable, by Lemma 6.2.2.

It remains to show that N, is a dualisable algebra. The set of operations of
N, is F; = F x (i + 1). So the subalgebra of N, on the set M X (i + 1) is the
distant union @Hl M. The algebra M = ({0,1,2};001, 010, 002) is finitely
dualisable; see Theorem 3.3.9. Since M is 2-separable, by Lemma 6.2.1, it
follows using Corollary 6.1.3 that @Hl M is dualisable. The elements of the
set (M xn)\(M x (i 4 1)) are fixed by each operation in F; = F x (i+1). So
N, can be obtained from ;.1 M by taking 3(n — (i + 1)) successive one-point
extensions. Thus Corollary 5.1.11 tells us that N, is dualisable. n

6.3 Adding constants

In this section, we begin an investigation into the effect that adding a nullary
operation to an algebra has on its dualisability. Since dualisability is preserved
under term equivalence, adding a nullary operation is equivalent to adding any
corresponding constant operation.

In the introduction to this chapter, we saw examples of dualisable algebras
that can be obtained by adding a nullary operation to a non-dualisable algebra.
Here, we will see that it is possible to obtain a non-dualisable algebra by adding
a nullary operation to a dualisable algebra. First, we shall give a condition
under which adding a nullary does not destroy dualisability.

Let A = (A; F) be a unary algebra and let @ € A. Then the element a is
said to be isolated in A if, forall u € F' and b € A, we have

ulb) =a <= b=a.

So a is isolated in A if and only if {a} is the underlying set of a connected
component of A.

6.3.1 Lemma Let M be a finite unary algebra. Assume that m is an isolated
element of M, and define M., to be the algebra obtained from M by adding
the nullary operation with value m. If M is dualisable, then M, is dualisable.
Proof Define the two quasi-varieties A := ISP(M) and A,, := ISP(M,,).
Assume that M is dualisable. We want to show that M, is dualisable, so let
A € A, and let « @ Ap(A,M,,) — M be a brute-force morphism. By
the Brute Force Lemma, 1.4.5, the map « has a finite support and is locally an
evaluation. To prove that M, is dualisable, it suffices to prove that « is an
evaluation.
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Case 1: o is constant. Since m is an isolated element of M, the set {m} is
a subuniverse of M,,,. So there is a constant homomorphism m : A — M,,
with value m. The brute-force morphism o must preserve the unary algebraic
relation {m} on M,,. So a(m) = m, and therefore m is the value of the
constant map «. We have m® € A and, for all w € A,,(A,M,,), we have
a(w) = m = w(m?). Thus « is an evaluation.

Case 2: « is not constant. Let A” denote the reduct of A obtained by removing
the nullary operation with value m”. Then A® € A. Since m is isolated in M,
the element m® is isolated in A’ Thus, for each homomorphism z : A’ — M,
we can define the homomorphism

Tm: A — M, by @m =g\ (nayUmlay.
Now we can define the map
o AN M) — M by o’(x) = a(zy).

We want to check that o’ is a brute-force morphism.

The brute-force morphism « has a finite support, and it is easy to check that
o has the same finite support. To see that o is locally an evaluation, let X be
a finite subset of A(A”, M). We are assuming that « is not constant, so there
are y, z € Ap (A, M,,) with a(y) # a(z). We can now define

Xm i ={2m|ze X} U{y, 2z} CAn(AM,,).

Since « is locally an evaluation, there is some a € A such that « is given by
evaluation at a on X,,,. As

y(a) = aly) # afz) = z(a),
we must have a # m®. So, forall z € X, we get
& (z) = alzm) = zm(a) = z(a).

Thus o is locally an evaluation. Hence o’ is a brute-force morphism, by the
Brute Force Lemma.

As M is dualisable, we know that o is given by evaluation at some b € A.
Forallw € An(A,M,,), we have w € .A(Ab,_M_) with w,, = w, and so

a(w) = a(wy) = o’ (w) = w(b).

Hence « is an evaluation. |
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Figure 6.3 Adding a constant can destroy dualisability

We can combine the previous lemma with Corollary 5.1.11. Fix a finite unary
algebra M, and let 1 be a one-element algebra of the same type. The one-point
extension of M is the disjoint union M U 1. Now let 0’ denote the element of
M U 1 corresponding to the unique element 0 of 1. The pointed one-point
extension of M is obtained from M U 1 by adding the nullary operation with
value 0. Since 0’ is isolated in M U 1, we obtain the following result.

6.3.2 Corollary Let M be a finite unary algebra. If M is dualisable, then
the pointed one-point extension of M is also dualisable.

The previous lemma raises several questions. Are there weaker conditions
on unary algebras under which adding a nullary will preserve dualisability?
What about conditions on non-unary algebras?

We next show that it is possible to create a non-dualisable algebra by adding
a nullary operation to a dualisable algebra. We will be building our example
using our favourite non-dualisable unary algebra Q = ({0, 1,2}; 001, 010) and
its dualisable extension P = ({0, 1,2,3};0011,0101); see Example 5.3.2.

6.3.3 Example There is a seven-element non-dualisable unary algebra that
can be obtained by adding a constant operation to a dualisable unary algebra.

Proof Define the unary algebras P and Q as in 5.3.1, and define the disjoint
union M :=P U Q. There are natural embeddings

~p:P—M and —:Q < M;

see Figure 6.3. Define M! to be the unary algebra obtained from M by adding
the constant operation 0y : M — M with value 0q.

The algebra P is dualisable, by the Lattice Endomorphism Theorem, 2.1.2;
see Example 5.3.2. As Q < P, we know that M = P U Q is dualisable, by
Theorem 5.1.10. We will show that Mﬁ is not dualisable, ugng Lemma 6.2.2.
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Ugy = 00110
............... usgq = 00011
-——- uy = 00001

Figure 6.4 A non-dualisable entropic algebra

Define gﬂ to be the subalgebra of M* with universe Qg = {0g,1g,20}
Then _Q_ﬂ is term isomorphic to Q, since the term functions 0, and u? of M
agree on Q. The algebra Q = ({0, 1,2};001,010) is non-dualisable, by
Theorem 3.0.1. So we know that gﬁ is non-dualisable.

Now let A € HS]P’(gﬁ) and let  : A — MF be a homomorphism. The term

function u2 of A is constant with value 03. Forall ¢ € A, we have

u*(2(a)) = z(u?(a)) = 2(05) = 0g.
So z(A) C Qg. It follows that M* is non-dualisable, by Lemma 6.2.2. [

6.4 A non-dualisable entropic algebra

We finish this chapter by showing that the five-element unary algebra drawn in
Figure 6.4 is entropic but not dualisable.

6.4.1 Example The unary algebra {{0,1,2,3,4};00110,00011,00001) is
entropic but not dualisable.

Proof Define M := {0,1,2,3,4} and, for each subset S of M, define the
operation ug : M — M by

ug(m) =

{1 ifm e S,

0 otherwise.
We will be using the Non-dualisability Lemma, 3.4.1, to prove that
M := ({0,1,2,3,4}; u23, uz4, u4)

is not dualisable. The algebra M is entropic, since ug © ur = ug, for all
S, T C M\{0,1}.
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Define two subsets of M“ by

Ag = {0y | n € w\{0}}
and
B:= {032 | mynew\{0}andm # n}.

Define A to be the subalgebra of M“ generated by the set Ag U B. Now
let x : A — M be a homomorphism. We will prove that there is a unique
non-trivial block of ker(z[ 4, ).

The constant map 0 : M — M, with value 0, is a term function of M. So
2(0) = 0. Now let n € w\{0}. Then

~  U23
=

0 at

Odm 0
in A. Applying the homomorphism z, this gives us

Uq

0 B 2o 0

in M, and consequently z(05}) € {0, 1}. Therefore z(A4g) C {0,1}.

We are trying to show that ker(z[ 4,) has only one non-trivial block, so we
can now assume that there exist m,n € w\{0} such that z(03,,) = 0 and
z(03)) = 1. Let k € w\{0} with k # n. We will prove that z(033) = 0, and
it will then follow that Ag\ {035} is the unique non-trivial block of ker (x| Ao)-
We have

Obn
Tu34

Uq Uq U23
03 24 01 0324 O(l)}lC

u2s
Omn n 0kn

00,
in A. So, under z, we get
Tusa
0] &2 4 X 1 B oy BB
in M. Thus 2(0}) = 0, as required.

Now define g € M% by g(i) := p;(a;), where a; belongs to the unique
non-trivial block of ker(p;[ 4,). Then g = 0j. The set

C:=AUBU{aec M¥|a(0)=0}

forms a subalgebra of M*. Since A C C and g ¢ C, it follows that g ¢ A. So
M is not dualisable, by the Non-dualisability Lemma, 3.4.1. 1



Inherent dualisability

Beginning from any finite unary algebra with at least two fundamental opera-
tions, there is an infinite ascending chain of finite algebras that are alternately
dualisable and non-dualisable. We will obtain this result while characterising
the finite algebras that can be embedded into a non-dualisable algebra.

There is a natural way to strengthen the definition of non-dualisability. A
finite algebra M is called inherently non-dualisable if every finite algebra that
has M as a subalgebra is non-dualisable. Many of the algebras that are known
to be non-dualisable are also inherently non-dualisable. For example, each
non-dualisable two-element algebra is inherently non-dualisable, and each non-
dualisable graph algebra is inherently non-dualisable {23]. Similarly, all the
non-dualisable p-semilattices are inherently non-dualisable, by Theorem 5.2 4.
In contrast, there are no inherently non-dualisable unary algebras at all: every fi-
nite unary algebra can be embedded into a dualisable algebra, by Theorem 2.1.4.

In this chapter, we shall consider the corresponding notion of inherent dual-
isability. We will say that a finite algebra M is inherently dualisable if each
finite algebra that has M as a subalgebra is dualisable. We have already met
algebras that are inherently dualisable simply by virtue of their type. Recall that
aunar is a unary algebra with only one fundamental operation. Every finite unar
is inherently dualisable, since all finite unars are dualisable, by Theorem 3.5.1.

We shall say that a type F' is small if

+ cach operation symbol in [ is either nullary or unary, and
+ there is at most one unary operation symbol in F".

One of the primary aims of this chapter is to prove that a finite algebra is
inherently dualisable if and only if it is of small type.
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In Section 7.1, we show that every algebra that is not of small type is not
inherently dualisable. In other words, we will prove that every finite algebra
not of small type can be embedded into a non-dualisable algebra. We already
know that every finite unary algebra can be embedded into a dualisable algebra,
by Theorem 2.1.4. So we obtain an interesting corollary: for any finite unary
algebra M with at least two fundamental operations, there exists an infinite
chain M < My < M; < - such that M,, is dualisable and M., is
non-dualisable, for all 7 € w.

In Section 7.2, we will prove that every finite algebra of small type is dual-
isable. It will then follow that every finite algebra of small type is inherently
dualisable. Each algebra of small type is term equivalent to a unary algebra
with at most one non-constant operation. In discussion, we shall refer to such a
unary algebra as a unar with added constants. We saw in Theorem 3.5.1 that
it is quite easy to prove that every finite unar is dualisable, using the binary-
homomorphisms methods of Chapter 2. Unfortunately, this approach does not
seem to work for unars with added constants. (Indeed, we saw in Chapter 6 that
adding constant operations can sometimes destroy dualisability altogether.)

We will use a quite different style of proof to establish the dualisability of a
large class of unary algebras, a class that includes all finite unars and all finite
unars with added constants. A unary algebra M is said to be linear if, for all
unary term functions » and v of M, there exists a unary term function w of M
such that

U=wWov Or v=wou.

We shall prove that every finite linear unary algebra is dualisable. The class of
linear unary algebras has been studied in other contexts. M. A. Valeriote [64]
showed that a finite unary algebra (of finite type) generates a variety with a
decidable first-order theory if and only if it is linear. J. Sichler [62] has shown
that a finite unary algebra generates a group-universal variety if and only if it
is not linear.

We finish this chapter by proving that all finite linear unary algebras are
strongly dualisable. This generalises J. Hyndman’s resuit that all finite unars
are strongly dualisable [38]. We prove that all finite linear unary algebras have
enough algebraic operations, which lifts dualisability up to strong dualisability.
The concept of enough algebraic operations, defined in Chapter 1, is developed
and extended in the appendix.

The first two sections of this chapter arose from a paper by the first author {53],
and the last section is new.
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Figure 7.1

7.1 Embeddings into non-dualisable algebras

In this section, we show that every finite algebra that is not of small type can be
embedded into a non-dualisable algebra. The following lemma deals with the
unary case.

7.1.1 Lemma Let F be a type such that
(1) each operation symbol in F' is either nullary or unary, and
(ii) there are at least two unary operation symbols in F',

Then every finite algebra of type F' can be embedded into a non-dualisable
algebra.

Proof Let F7 denote the set of all unary operation symbols in F', and choose
distinct symbols u, v € Fj. Let M = (M; F'M) be a finite algebra of type F
and assume that M Nw = @. Define r := M|+ 1and S := {0,...,r}. We
want to define an extension N = (M U S; FN) of M. To do this, we just need
to say how the unary operations in F act on S. For the two chosen symbols
u,v € FY, set

0 ifs =0, 1 ifs =0,
N _ . N _ :
u(s) =<1 ifs=1, and v=(s)=1<0 ifs=1,
s —1 otherwise, s — 1 otherwise,

for all s € S. For every other symbol w € Fy\{u,v}, set wN]g = idg. Now
let N, denote the reduct of IN with type Fi. Then S is the underlying set of a
subalgebra S of N,. The algebra S is illustrated in Figure 7.1.

We will use the Non-dualisability Lemma, 3.4.1, to prove that N is not
dualisable. Define two subsets of S“ by

Av:={1)|new} and Ay :={r2l|mmnewwithm#n}.

Let A denote the subalgebra of N generated by A;, and let A* denote the
subalgebra of (IN} ) generated by A;.
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The unary algebra A* is connected. To see this, let &, £, m,n € w such that
k # ¢ and m # n. We shall show that there is a path between rp and 72} in
the graph G(A*). As A; generates A, it will then follow that A* is connected.

First assume that & # m. Then

r—1 r—1 r-—2 r—1
U U v U U
e — 1) — n — =Dy — 1y — o
in A*. Next assume that k¥ = m. We have
r—1 r—1
U U
rhe — 1) — o,

in A*. There is a path in G(A*) between 735 and 2!, So A* is connected.

Now let z : A — NN be a homomorphism. For every n € w, we have
19 = =1(r2 . 1,). Therefore Ag C A* C A. We want to show that there is a
unique non-trivial block of ker(z[ 4 ). Since the algebra A* is connected, we
know that z(A*) C M orz(A*) C S.

Case 1. z(A*) C M. Let m,n € w such that m # n. We shall prove that
2(12) = 2(12). It will then follow that ker(x[ 4,) has only one block. First,
let k € w\{m,n} and let £ € {m,n}. Then

U
U U U u
e — (F=Dhe — 0 % — 1 DO
in A*. As |z(A*)| < |M| = r — 1, the map x must collapse two of the above
elements of A*. Since x preserves w, it follows that z collapses 22} and 1%. So

z(2) = z(13) = =(20).
We now have

z(19) = 2(v(%m) = v(@(2kn)) = v(@(2Ry) = 2(v(2k) = 2(1y).
Thus ker(zT 4,) has only one block.

Case 2: x(A*) C S. Foralln € w, we have u(z(12)) = z(u(12)) = z(12).
Therefore z(Ap) C {0,1}. Since we are trying to prove that ker(x[ 4,) has
a unique non-trivial block, we can assume that x(Ag) # {1}. There is some
n € w such that £(1%) = 0. Let m € w with m # n. Then

10 01 Y, 10 N o] & o % 1,

n

and therefore z(10) = 1. Thus Ag\{12} is the unique non-trivial block of
ker(z 4, )-
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Now define g € N¥ by ¢(4) := p;(a;), where a; is any element of the unique
non-trivial block of ker(p;[4,). Then g is the constant sequence 1. We can
define a subuniverse B of N“ by

B::{ﬁl‘mEM}U{aGS‘“’{0,1}§a(w)}.

Since A; C B, itfollowsthat A C B. Thus 1 ¢ A, whence N isnon-dualisable,
by the Non-dualisability Lemma, 3.4.1. |

The next result highlights the complexity of dualisability for unary algebras.
It follows from the previous lemma and Theorem 2.1.4.

7.1.2 Theorem Let M = (M; FM) be a finite unary algebra with |F| > 2.
There is an infinite chain M < My < M, < --- of finite algebras such that
M, is dualisable and M., ., is non-dualisable, for all i € w.

It remains to show that each finite non-unary algebra can be embedded into a
non-dualisable algebra. We will be building our proof around the two-element
implication algebra I = ({0, 1}; —), where the binary operation — is given as
follows.

- 0 1
0 1 1
1 0 1

Despite its innocent appearance, the algebra I is very badly behaved. Davey,
Idziak, Lampe and McNulty [23] proved that the algebra I is inherently non-
dualisable. We shall prove that I satisfies an even stronger version of non-
dualisability.

Let A be any algebra. An algebra B is called a subreduct of A if there is
a term reduct A}, of A such that B < A,. We will say that a finite algebra
M is contagiously non-dualisable if each finite algebra N that satisfies the
following two conditions is non-dualisable:

(i) M is asubreduct of N;
(i) for each k € w and each term function 7 : N¥ — N of N, we have
(a) T(M*)C N\M, or
(b) 7(M*) C M and 7] : M* — M is a term function of M.
Every contagiously non-dualisable algebra is inherently non-dualisable.
The following lemma provides a method for showing that an algebra is con-

tagiously non-dualisable, based on a result due to Davey, Idziak, Lampe and
McNulty [23, 8]; see the Inherent Non-dualisability Theorem, 5.2.2.
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7.1.3 Lemma Letr M be a finite algebra and let [ 1 w — w. Assume that
there is a subalgebra A of M?, for some set S, and an infinite subset Ag of A
such that

(i) for every n € w and every congruence 6 on A of index at most n, the
equivalence relation 01 4, has a unique block of size greater than f(n),

(ii) the algebra A does not contain the element g of M® that is defined by
g(s) := ps(as), where a, is any element of the unique block of ker(ps)! 4,
of size greater than f(|M]|).

Then M is contagiously non-dualisable.

Proof Let N be a finite algebra such that M is a subreduct of N and, for each
k € w, every term function 7 : N* — N of N satisfies

(a) T(MF¥)C N\M,or
(b) 7(M¥*) C M and 7]y : M* — M is a term function of M.

We will prove that the algebra N is non-dualisable, using the Non-dualisability
Lemma, 3.4.1, with the bound n := f(|N|). As A C M® C N¥, we can define
A to be the subalgebra of N generated by A. We have Ag C A C At, and
so Ag is an infinite subset of AT,

Letx : At — N be ahomomorphism. We want to show that the equivalence
relation ker(z[4,) has a unique block of size greater than n. Since M is a
subreduct of N, the algebra A is a subreduct of the algebra A™. So ker(z| 4)
is a congruence on A of index at most |/V|. Thus, by assumption, there is a
unique block of the equivalence relation ker(z[4)[4, = ker(z[4,) that has
size greater than f(|N]) = n.

For each s € S, let pf : AT — N be the projection 75 4+. Now define
gt € N9by g*(s) := pi(as), where ag is any element of the unique block of
ker(p¥! 4,) of size greater than n. It remains to show that g™ is a ghost element
of A™, that is, to show that g™ ¢ A™,

We are assuming that Ag is infinite. Forall s € S, the congruence ker(ps) on
A is of finite index, and so the equivalence relation ker(ps)[ 4, = ker(p3 | 4,)
has a unique infinite block. It follows that g* = g € M5\ A. We now want to
show that AT C AU(N\M)®. Tothisend, let 7 : N¥ — N be a term function
of N, for some & € w, and let ag,...,ap_1 € A. If 7(MF) C N\M, then
7(ag, -, ap_1) € (N\M)S, If 7(M*) C M and 7| : M* — M is a term
function of M, then 7(ag, ...,ax_1) € A. Thus A* C AU (N\M)%. Since
gt € M5\ A, thisimplies that g™ ¢ AT. We can now use the Non-dualisability
Lemma to conclude that N is non-dualisable. Hence M is contagiously non-
dualisable. |
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The proof of the lemma below comes from the proof used by Davey, 1dziak,
Lampe and McNulty to show that the two-element implication algebra I is
inherently non-dualisable [23, Lemma 5].

7.1.4 Lemma The two-element implication algebra is contagiously non-dual-
isable.

Proof LetI = ({0,1}; —) be the two-element implication algebra. We will
use Lemma 7.1.3 to show that I is contagiously non-dualisable. Our bounding
function will be the constant map 1 : w — w. Define A to be the subalgebra of
I¥ generated by the set

Ap = {OTIL ‘ new}.

Let 6 be a congruence on A of finite index. Assume we have 0} =4 0} and
0} = 0L, for some k, ¢, m,n € w with k ¢ and m # n. To prove that 0 4,
has a unique non-trivial block, it suffices to show that D}c =5 0}

Using the definition of the operation — from page 183, we have

(O = 0) = O, = 1{ = 0, = O,
and R
(O —=0p) = 0L =T—0L%=0,,

in A, This gives us
O = (0k = 0x) = 0, =g (04 — 05) — 0, = O -

By symmetry, we also have 0} =g 0,,}. Thus 0} =4 0., and so 04, has a
unique non-trivial block.

Now define g in I¥ by g(s) := ps(as), where a, belongs to the unique non-
trivial block of ker(ps)[4,. Then g is the constant sequence 0. The algebra
Isatisfiesa—b =0 — b =0, forall a,b € I, and so it follows that
g=0 ¢ A. Thus I is contagiously non-dualisable. |

We are now ready to show that every finite non-unary algebra can be embed-
ded into a non-dualisable algebra.

7.1.5 Lemma Let M be a finite algebra that has an n-ary fundamental oper-
ation, for some n. € w\{0, 1}. Then M can be embedded into a non-dualisable
algebra.

Proof Assume that 0,1 ¢ M. Let F denote the type of M and choose an
operation h € F such that k := arity(h) > 2. We want to define an extension
N = (M uU{0,1}; FX) of M. Let — denote the usual implication operation



186 7 Inherent dualisability

on {0, 1}. We define the operation AN : N¥ — N by

hM(ao,...,ak_1> ifag,...,ax_-1 € M,
N .
h=(ag,...,ax-1) =} ag— a; if ag,...,ak-1 € {0,1},
ag otherwise.

Foreach f € F\{h} suchthat £ := arity(f) # 0, we shall define the operation
NN - Nby
Mao, ... ae_1) = {

M .
f—(ao,...,ag__l) ifag,...,ap_1 € M,
ag otherwise,

The nullary operations of N have the same values as the corresponding nullary
operations of M.

Define the term function + : N2 — N of N by a %> b := h(a,b,...,b).
Then > agrees with the implication operation — on I := {0,1}. So the
two-element implication algebra I is a subreduct of N.

We already know that I is contagiously non-dualisable. So letn € w. To
see that N is non-dualisable, it is enough to show that, for each n-ary term 7 of
type F', one of the following conditions is satisfied:

(@ TR(I™) C M;

(b) T—N<In> C Iand 78 : I™ — I is a term function of I.

For each nullary term 7 of type F', the value of 7™ belongs to M. So we can
assume that n # 0. We will argue by induction. Every variable, viewed as an
n-ary term of type F', satisfies (b) and every nullary operation symbol in F,
viewed as an n-ary term of type F, satisfies (a).

Now let f € F with £ := arity(f) # 0. Assume that 7g, ..., 7.1 are n-ary
terms of type F', each of which satisfies (a) or (b). We want to show that the
term f(7o,...,7—1) satisfies (a) or (b).

Case 1. T; satisfies (a), forall i € {0,...,£ — 1}, Forall a € I", we have

f(ro, s me)Na) = N (a), . .., 72, (@)

N
= fM(TOE(a), .. .,Tg—_l(a)) e M,
as M < N. So f(r,...,7e_1) satisfies (a).

Case 2. T; satisfies (b), forall ¢ € {0,...,¢ — 1}. First assume that f # h.
Then, for all ¢ € I, we have

f(o,... ,Tg-l)ﬁ(a) = fE(TE(a), . ,Téﬁ_l(a)) = TOE((L).

So f(ro,...,7e-1) satisfies (b).
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Next assume that f = h. Then, for every a € I™, we get

f(To, e ,Tg_l)l\l(a) = hN—(T’N'(a), e ,7'1;1\:{_1(0'»
=) = ma) = (7 = ) (a).
So f(7o,...,7¢-1) satisfies (b).

Case 3: there are ¢,j € {0,...,¢— 1} such that 7; satisfies (a) and 7; satis-
fies (b). In this case, we have

fro, ..., me—1)Na) = fN—(TOE(a), oo ,Tgl(a)) = TOE(CL),
foralla € I"™. So f(7,...,Te—1) satisfies (a) or (b), as 7g satisfies (a) or (b).

It now follows by induction that each n-ary term of type F satisfies (a) or (b).
Hence N is non-dualisable. |

The next theorem follows from Lemmas 7.1.1 and 7.1.5.

7.1.6 Theorem Each finite algebra that is not of small type can be embedded
into a non-dualisable algebra.

Our proof for the unary case (Lemma 7.1.1) was slightly more subtle than
our proof for the non-unary case (Lemma 7.1.5). To extend a finite non-unary
algebra to make it non-dualisable, we simply attached the two-element impli-
cation algebra to it. But the way we extended a finite unary algebra to make it
non-dualisable depended on its size. As the next lemma shows, there is no finite
unary algebra that is as badly behaved as the two-element implication algebra.

7.1.7 Lemma There does not exist a finite unary algebra N such that, for each
finite algebra M of the same type as N, the algebra M UN is non-dualisable.

Proof Suppose a finite unary algebra N exists in opposition to the lemma. By
Theorem 2.1.4, we know that N is a subalgebra of a dualisable algebra N*.
As N € ISP(N™), the algebra N U N is dualisable, by Theorem 5.1.10. But
N U N must be non-dualisable, by our supposition, giving a contradiction. B

7.2 Linear unary algebras are dualisable

This section is devoted to proving that every finite algebra of small type is dual-
isable. In fact, we will show that every finite linear unary algebra is dualisable.
(Recall that the unary algebra M is linear provided that, for all unary term
functions u and v of M, there exists a unary term function w of M such that
u=wovorv = wowu.) Each algebra of small type is term equivalent to a
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unary algebra with at most one non-constant operation. Our first lemma shows
that these unary algebras are all linear.

7.2.1 Lemma Every unary algebra with at most one non-constant operation
is linear. In particular, every algebra of small type is term equivalent to a linear
unary algebra.

Proof Let M be a unary algebra with at most one non-constant operation, and
let © and v be unary term functions of M. If u is constant, then u = v o v. So
we can assume that neither u nor v is constant. There is a unique non-constant
operation w : M — M of M. So there must exist m, n € w such that u = w™
and v = w™. Assume m < n. Then w" ™™ is a unary term function of M, and

Thus M is linear. il

The linearity of M implies that the algebras in ISP(M) have a very simple
structure. To see this, we will use ordered sets to capture the overall structure
of unary algebras. Let A be a unary algebra. Recall that, for each a € A, the
subuniverse of A generated by a is denoted by sg(a). Now define

Suby(A) = { sgala) |a € A} U{a},

and let Subj (A) denote the ordered set consisting of Sub; (A) under set inclu-
sion. We are including & in Sub; (A) to ensure that Sub; (A) has a minimum
element.

7.2.2 Example Define A to be the unary algebra shown in Figure 7.2. We will
show how the structure of A is reflected in the ordered set Sub;(A). Define
the equivalence relation ~ on A by

axb <= sgala) =sgalb).
There is a natural order < on A/~, given by
a/~ X b/~ <= sgala) € sgalb).

The ordered set A = (A/~; <), drawn in Figure 7.2, captures the overall
structure of A. In particular, for each subset B of A, we have

sga(B) = U{a/% | a/~ < b/~ forsome b € B }.

The ordered set Suby (A) is isomorphic to 1 @ A.
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Figure 7.2 The structure of a unary algebra

For any ordered set S = (S; <) and s € S, we define the ordered set |g(s)
to be the set
lg(s)={teS|t<s}

equipped with the order induced from S; the ordered set Tg(s) is defined dually.
We say that an ordered set S is a tree if it is connected and the ordered set | g(s)
is a chain, for all s € S.

For each algebra M, define Fj(1) to be the one-generated free algebra in
the class ISP(M), taking the universe of Fpg(1) to be the set Fie(1) of all
unary term functions of M. Our next lemma demonstrates the origin of the
name ‘linear’.

7.2.3 Lemma Let M be a unary algebra. The following are equivalent:
(i) the algebra M is linear;

(i) the ordered set Subq(Fn(1)) is a chain;

(iii) the ordered set Suby (A) is a tree, for all A € ISP(M).

Proof The ordered set Suby (Fy(1)) has maximum element Fyg(1). So (iii)
implies (ii). To show that (ii) implies (i), assume that Subj (Fy(1)) is a chain
and let » and v be unary term functions of M. Then we have

Sgry (1) (1) € 88ry, (1) (V) or sgpy,(1)(v) € sgry (1) (w).
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Figure 7.3 A linear unary algebra: M = ({0, 1,2, 3};1012,1212)

This implies that u € ngM(l)(v) orv € ngM(l)(u). So there is some unary
term function w of M such that u = w1 (v) or v = wF™M(D (). This gives
usu =wovorv=wou, whence M is linear.

To prove that (i) implies (iii), assume that M is linear and let A € ISP(M).
The ordered set Subj (A) is connected, since it has & as a bottom element.
Choose a,b,c € A such that sga(a) D sga(b) and sga(a) D sga(c). There
are unary term functions « and v of M such that b = u*(a) and ¢ = v (a).
As M is linear, there exists a unary term function w of M such that u = wo v
orv = wou. Since A € ISP(M), we have

b=u?(a) = (wh o v™)(a) = wh(c)

or

Thus sg s (b) C sgalc) orsgalc) C sga(b). So Subi(A) is a tree. |

There are linear unary algebras with more than one non-constant operation.
Using Figure 7.3 and Lemma 7.2.3, it is easy to check that, for example, the
unary algebra ({0, 1,2,3};1012,1212) is linear.

We want to show that there is not too much variety amongst the algebras
in ISP(M) whenever M is a finite linear unary algebra. Let A and B be
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Figure 7.4 Minimal and non-minimal unars

algebras. We say that a retraction ¢ : A — B is unbiased if there is a set
{¢; : B — A | i€ I} ofjointly surjective coretractions for ¢. An unbiased
retraction ¢ : A — B does not destroy too much of the structure of A. We
will say that the algebra A is minimal if, for each algebra C, every unbiased
retraction ¢ : A — C is an isomorphism.

In some sense, a minimal algebra has no repeated structure. Figure 7.4
gives some examples of minimal and non-minimal unars. There is an unbiased
retraction from each non-minimal unar in Figure 7.4 onto the minimal unar
to its right. It is easy to check that a composition of unbiased retractions is
again an unbiased retraction. So, for each finite algebra A, there is an unbiased
retraction ¢ : A — B, for some minimal algebra B. We will be proving that,
if M is linear, then, up to isomorphism, there are only finitely many minimal
algebras in ISP(M).

7.2.4 Example We already know enough to verify that, for the unary algebra
R = ({0,1,2};121,010) studied in Chapter 1, there are only finitely many
minimal algebras in ISP(R). Using Lemma 7.2.3, it is straightforward to show
that R is linear. The petals of ISP(R.) were described in Lemma 1.2.2. So it
is easy to check that the minimal petals of ISP(R)) are all shown in Figure 3.4.
Every algebra in ISP(R) is the coproduct of its petals. It follows that every
minimal algebra of ISP(R) is a coproduct of non-isomorphic minimal petals
of ISP(R). Therefore ISP(R) has finitely many minimal algebras.
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Figure 7.5 A non-linear one-kernel algebra: M = ({0, 1,2}; 001, 110)

In Chapter 3, we viewed the petals in Figure 3.4 as a gentle basis for
ISP(R). In general, if M is a one-kernel algebra, then any gentle basis for
ISP(M) must include all the finite minimal petals of ISP(M). This is be-
cause every gentle surjection is an unbiased retraction, by Lemma 3.2.4. There
are certainly linear unary algebras that have more than one kernel: for exam-
ple, the unar ({0, 1,2,3};0012). The one-kernel three-element unary algebra
({0,1,2};001,110) is not linear; see Figure 7.5.

In our proof that each finite linear unary algebra M has only finitely many
minimal algebras in its quasi-variety ISP(M), we will be inducting on the
complexity of the algebras in ISP(M). Before we can define of our measure
of complexity, we need the following easy lemma. For each ordered set S, an
element s of S is called a node of S if s is comparable with every other element
of S.

7.2.5 Lemma Ler M be a finite unary algebra and let A € ISP(M).
(i) The ordered set Suby(A) has height at most | Fy(1)].

(ii) The ordered set Suby(A) has a greatest node.

Proof Foreach S € Sub;(A), we have

[dsuby(a)(9)] <1SI+1 < |[Fm(D)] + 1.

So the ordered set Subq (A) has height at most | Fag(1)].

The minimum element & of Sub;(A) is a node of Sub;(A). The nodes
of any ordered set always form a chain inside the ordered set. Since Subq(A)
has finite height, it follows that Sub; (A) has a greatest node. |
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Now let M be a finite unary algebra and let A € ISP(M). By the previous
lemma, we know that Suby (A) has finite height and a greatest node. So we can
define the depth of A to be the height of the ordered set Tgyp, (a)(Y), where
Y is the greatest node of Subj (A). For example, the algebra A in Figure 7.2
has depth 2.

7.2.6 Remark The concept of depth defined above is most useful within a
quasi-variety that is generated by a linear unary algebra. Assume that M is
a finite linear unary algebra. Then we know that Sub;(A) is a tree of finite
height, for all A € ISP(M), using Lemmas 7.2.3 and 7.2.5. Within a tree of
finite height, the nodes form a covering chain from the bottom of the tree to the
greatest node. (As an example, in Figure 7.2 the greatest node of Suby(A) is
{0,1,3}.) So, in a sense, the depth of an algebra A € ISP(M) gives us the
height of the ‘non-trivial’ part of the ordered set Suby(A). Thus depth is a
loose measure of complexity in ISP(M).

Before launching into our proof that the quasi-variety generated by a finite
linear unary algebra has a finite number of minimal algebras, we prove four
useful lemmas.

We shall be invoking the following technical lemma many times during the
rest of this chapter. Figure 7.6 illustrates this lemma in a particular instance
for the algebra A considered in Example 7.2.2. It would be helpful to keep
Figure 7.6 in mind throughout the rest of this chapter.

7.2.7 Lemma Let A be a unary algebra such that the ordered set Sub; (A)
is a tree of finite height. Let Z belong to Sub;(A) and let Uz denote the set
of all upper covers of Z in Suby(A). For every S € Uy, define the sets
S4:={ae€ A]S Csgala)}and S* :=sgs(S?). Then

(i) A\S® is a subuniverse of A, for each S € Uy,

(i) SA=ZUS%and SAN(A\S®) = Z, foreach S € Uy,
(i) SNTA=Tand SANTA = Z, forall S,T € Uz with S # T,
(iv) A=U{S*|SelUz},if Zisanodeof Sub1(A)and Uy # 2.
Proof Let S € Uz. To prove (i), let a € A\S® and let b € sga(a). Then we
have S ¢ sga(a) and sga(b) C sga(a), which implies that S & sga(b). So
b € A\S*%, and therefore (i) holds.

To prove sga(S%) = Z U S for (ii), first let a € S® and let b € sgu(a).
Then S C sga(a) and sga(b) C sgala). So S C sga(b) orsga(b) C S,
since Subj(A) is a tree. As Z is the lower cover of S in the tree Suby(A),
this implies that b € S® or b € Z. Therefore we have sga(S%) C Z U S°.
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Figure 7.6 An illustration of Lemma 7.2.7, with Z the greatest node Y

Clearly, S& C sga(S%). So it remains to show that we have Z C sg,(S?). As
Z C S, the set .S is non-empty. So there is some ¢ € A such that S = sg(c).
We have ¢ € S® and Z C S = sga(c). This gives us Z C sga(S%), and
therefore S4 = sga(5%) = Z U S2.

Since Z C S, we must have Z N S% = @. So we get

SA N (A\SS) = (ZUS®) N (A\S®) = Z\8% = Z

Thus (ii) holds.

To prove (iii), let S,T € Uz such that S # T. First let a € S°. Then
S C sga(a). Since S and T are non-comparable in the tree Subj (A), this
implies that ' € sga(a). So a ¢ T%, giving S® N T4 = &. Using (ii), it
follows that

SANTA=(ZUSH)N(ZUTH) =ZU(S*NT%) =2,

So (iii) holds.

Finally, for (iv), assume that Z is a node of Subj (A) and that Uz # @. Let
a € A. We must have sga(a) € Z or Z C sga(a). Assume that Z C sga(a).
As Subj (A) has finite height, we have S C sga(a), for some S € Uz. So
a € S&. It now follows that

A=zu|J{s*|Seuz}=J{s*|Seuz},

using (ii). Hence (iv) holds. [ |
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Figure 7.7 Anillustration of Lemma 7.2.9

The next lemma helps with the initial step in our induction on the depth of
unary algebras.

7.2.8 Lemma Let M be a finite unary algebra and let A € ISP(M). Then
A has depth O if and only if A is one-generated.

Proof First assume that A has depth 0. Then the greatest node Y of Sub; (A)
is a maximal element of Sub1(A). As Y is a node, it must be the maximum
element of Sub; (A). So A is a one-generated algebra.

Now assume that A is one-generated. Then A is the maximum element of
Sub1(A). So Aisanode of Subq(A), and therefore A has depth 0. [

The next lemma helps with the inductive step. An illustration of this lemma
is given in Figure 7.7. It may be helpful to look back on this picture during the
rather dense proofs of Lemmas 7.2.11 and 7.3.1.

7.29 Lemma Let M be a finite linear unary algebra. Let A € ISP(M) and
let Y be the greatest node of Subi(A). Assume S € Subi(A) withY C S.
Define the algebra S* := sg(S*®), where S® == {a € A| S Csgala) }.

(i) Both S andY are nodes of Sub1(S*).

(ii) The depth of S* is strictly less than the depth of A.

Proof By Lemma 7.2.3, the ordered set Sub; (A) is a tree. We have

Sub(S*) = {T € Suby(A) | T C S* },
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and s0 Y, S € Sub;(S4). Letb € S4. Then b € sgy(a), for some a € A
with S C sga(a). We know that sga(b) C sga(a) and Y C S C sgula).
Since Sub;(A) is a tree, it follows that sg,(b) € S or S C sga(b), and it
also follows that sga(b) C Y or Y C sgu(b). Therefore S and Y are nodes of
Sub1 (SA)

As S is above Y in Suby (A), the height of the ordered set Tgyp, (s4)(S) is
less than the height of the ordered set Tgyp, (a)(Y). We have shown that S is
a node of Suby (S4). So the depth of S4 is strictly less than the depth of A. R

We shall prove one last lemma before we embark on our proof that the quasi-
variety generated by a finite linear unary algebra only has a finite number of
minimal algebras.

7.2.10 Lemma Let A be a locally finite unary algebra, and let B and C be
subalgebras of A.

(1) Assume that ¢ : A — B is an unbiased retraction and that S is a node
of Suby(A). Then S C B, with p(S) = S and ¢~1(S) = S.

(i) Assume that ¢ : C — B is one-to-one on each one-generated subalgebra
of C and that S is a node of Sub1(A) with S C C. Then S C B, with
©(S) =S and p™(S) = S.

Proof We begin by proving that every unbiased retraction is one-to-one on

each one-generated subalgebra of its domain. Then (i) will follow from (ii), as

a special case.

Assume ¢ : A — B is an unbiased retraction, and let a € A. Since ¢ is
unbiased, there is a coretraction ¢ : B < A for ¢ with a € (B). We have
¢ o1 = id g, and therefore ¢ is one-to-one on ¥(B) D sgala).

We now prove (ii). Assume that ¢ : C — B is one-to-one on every one-
generated subalgebra of C. Let S be a node of Subj(A) with S C C. Then

©(S) € Suby(B) C Sub;(A).

As S is a node of Subq (A), this implies that ¢(S) C Sor S C ¢(S). Since
A is locally finite, the set S is finite. So it follows that ¢(S) C S. The map ¢
is one-to-one on the one-generated subalgebra S of C. So ¢(S) = S, which
implies that S C B and that S C ¢~ }(S).

To check that o =(S) C S, letc € ¢~ 1(S) C C. Then ¢(sgalc)) C S.
The map ¢ is one-to-one on sga(c), and therefore |sga(c)| < |S|. Since S is
a node of Subj (A), we have sga(c) € Sor S C sga(c). So it follows that
c € sga(c) € S. We have now shown that p~1(S) = S. |
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The following result is a major step towards proving that every finite linear
unary algebra is dualisable.

7.2.11 Lemma Let M be a finite linear unary algebra. Up to isomorphism,
there are finitely many minimal algebras in ISP(M), all of which are finite.

Proof Define the quasi-variety A := ISP(M). We will prove, by induction,
that there is a finite upper bound on the sizes of the minimal algebras in A.
Every algebra in A of depth 0 is one-generated, by Lemma 7.2.8. Therefore
| Fa(1)] is an upper bound on the sizes of the algebras in A of depth 0.

Now let n € w. Assume that there is a finite upper bound k& on the sizes of
the minimal algebras in A of depth at most n. Let M consist of exactly one
isomorphic copy of each minimal algebra in A of depth at most n. Since the
quasi-variety A is locally finite, it follows that M is a finite set. Now assume
that A is a minimal algebra in A of depth n + 1. We shall bound the size of A
by proving that | A| < k2?|M].

By Lemmas 7.2.3 and 7.2.5, the ordered set Sub;(A) is a tree of finite
height. Let Y denote the greatest node of Subq (A) and let Uy denote the set
of all upper covers of Y. Since A has depth n + 1, the set Uy is non-empty.
For every S € Uy, define the set

S%:={aeA|S Csgpla)}
and define the algebra S4 := sg(54).

Claim 1 Forall S € Uy, the algebra S4 is minimal and has depth at most 7.

Let S € Uy. Since A has depth n + 1, the algebra S* has depth at most n,
by Lemma 7.2.9(ii). To see that SA is minimal, let ¢ : S* — B be an
unbiased retraction. We want to show that ¢ is an isomorphism. Without loss
of generality, we can assume that B is a subalgebra of S4 and that ¢ 5 = idp.
Using Lemma 7.2.9(i), we know that S is a node of Subj(S#4). It follows by
Lemma 7.2.10(i) that S C B, with ¢(S) = S and p7}(S) = S.

We will be applying the results in Lemma 7.2.7 many times throughout
this proof, with Z := Y. By 7.2.7(i), the set BT := B U (A\S?) forms a
subalgebra of A. In order to use the minimality of A, we want to define an
unbiased retraction

0T A —-» BT by ot = Uidg gs.

Since S& C SA, we have A = S4 U (A\S%). We know that A\S? is a
subuniverse of A, by 7.2.7(i), and that S4 N (A\S%) =Y C S, by 7.2.7(ii).
Since S C B, we must have ¢|¢ = idg. It follows that ¢ is a well-defined
homomorphism. We have o™ [+ = idg+, and thus ¢ is a retraction.
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We now want to show that ¢ is unbiased. The inclusionmap : : BT — A
is a coretraction for ¢ with image B*. So choose some a € A\B™. Then
a € §% C S*. Since ¢ is unbiased, there is a coretraction ¢ : B — S4 for ¢
such that a € 1(B). Since S C B, we have p o ?[g = idg. As o~ 1(S) = S
and ¢lg = idg, this implies that 9| g = idg. We know that

BN (A\S%) C S4n(A4A\S*) C&S.
So we can define ¢ : BY — A by 9" =19 Uid g ga. As
et oyt = (poy)Uidg\ge =idp+,

the homomorphism ¥ is a coretraction for ¢+ with a € ¥(B) C ¢+ (B™).
Thus ¢t : A — B™ is an unbiased retraction. The algebra A is minimal,
and therefore ¢ is an isomorphism. This implies that ¢ is an isomorphism,
whence S4 is minimal.

Claim 2 There do not exist S,T" € Uy, with S # T, for which there is an
isomorphism ¢ : S* «<» T4 such that ply = idy.
Let S,T € Uy with S # T. Suppose there is an isomorphism ¢ : S4 <» T4

such that o[y = idy. Since A\S® is a subuniverse of A, by 7.2.7(i), and
SN (A\S?) =Y, by 7.2.7(ii), we can define the homomorphism

v:A— A by w::gDUidA\SA.

By symmetry, we can define £ : A — A by £ := ¢~  Uidg\pa.
The set A* := A\S* is a subuniverse of A. We must have S* N 7% = g,
by 7.2.7(iii), and therefore

Q(SA) =T* =Y UT® C A\S* = A*,

using 7.2.7(ii). It follows that ¢ : A — A* is a retraction with ¢ [ 4. = id g«.
The inclusion homomorphism ¢ : A* < A is a coretraction for ) withimage
A* == A\S”. The homomorphism & 4. : A* — A is a coretraction for ¢ with
image £(A*) D S4. Thus ¢ : A — A* is an unbiased retraction. But ¢ is not
one-to-one, as
P(S4) C A" = A\S* = p(A\S?).
This is a contradiction, since A is minimal.

We can now prove that |A| < k2|M|. Using 7.2.7(iv), we have

A= J{s*|secuy}.
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By Claim 1, for all S € Uy, there must be a minimal algebra B € M such that
S4 > B. So |S4] < k, foreach S € Uy. We need to bound the size of Uy

Let B € M and assume that S, 7 € Uy, with S % T, such that there are
isomorphisms ¢ g : S# <» Band ¢ : T4 < B. Then there is an isomorphism
prlops:SA<» TA WehaveY C S C S4andY C 7 C T4 ByClaim2,
we must have cp}l o pgly # idy. So ¢gly # ¢!y, and therefore Y # &.
Thus ¢gly : Y «— Band o[y : Y — B are distinct embeddings. There are
at most | B| ways to embed the one-generated algebra Y into B. So

{Sely|S*=B} < Bl <k

It follows that [Uy| < k|M|. We have shown that |S4| < k, foreach S € Uy,
and so

A= [U{s* [sewr Y <D {Is*]] S e Uy } < kM.

Thus there is a finite upper bound on the sizes of the minimal algebras in A of
depth at most n + 1.

We know that Sub; (A) has height at most |Fyg(1)], for all A € A, by
Lemma 7.2.5. So algebras in A can have depth at most | Fiyg(1)|. It now follows
by induction that there is a finite upper bound on the sizes of the minimal algebras
in A. Hence, up to isomorphism, there are finitely many minimal algebras in A,
all of which are finite. |

We can now show that a finite unary algebra is dualisable if it is linear.

7.2.12 Theorem Every finite linear unary algebra is dualisable.

Proof Let M be a finite linear unary algebra and define A := ISP(M). Let
B consist of exactly one isomorphic copy of each minimal algebra in A. Then
B is a finite set of finite algebras, by Lemma 7.2.11. So we can choose n € w
large enough so that n > 4 and n > |A(B,M)|, for all B € B. Define an
alter ego of M by M := (M; R, 7). Let A be a finite algebra in A and let
a : D(A) — M be a morphism. By the Duality Compactness Theorem, 1.4.2,
it will follow that M yields a duality on A once we have proven that « is an
evaluation.

There is an unbiased retraction ¢ : A —» B, for some minimal algebra B
inB. Let {¢; : B~ A | i€ I} bea setof jointly surjective coretractions
for . We want to show that ;(B) is a support for «, for some ¢ € . To do
this, we can assume that « is not constant. We will find some S € Sub;(A)
such that S is a support for «. For each S € Sub; (A), define

S4={a€A|S Csgala)}.
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During this proof, we shall say that a set S € Sub;(A) is a hold for « if there
existy, z € A(A, M) such that a(y) # a(z) and A\S*® C eq(y, 2).

By Lemma 7.2.3, the ordered set Suby(A) is a tree with minimum ele-
ment &. We have @ = A and we are assuming that « is not constant. So
@ is a hold for «. Since Suby(A) is finite, there is some S € Sub;(A) such
that S is a hold for « and there is no upper cover of S in Subq (A) that is also
a hold for . There are homomorphisms y, z € A(A, M) with a(y) # «a(z)
and A\S® C eq(y, 2).

To see that S is a support for a, let w,z € A(A, M) such that wlg = z|g.
Let 77, ..., T} be the upper covers of S in Sub; (A), where k € w. We now
define a sequence wo, . .., wy of homomorphisms in A(A, M). First define
wo := w. Then, foreachi € {0,...,k — 1}, we can define

Witl -= Wy rA\TiA-HU mrTiﬁ—l’

by Lemma 7.2.7(1), (ii). Since
SECSUTPU---UTE,

it follows that wy[ga = Z[gs.

The map o : A(A,M) — M preserves the relations in R,,. By the Preser-
vation Lemma, 1.4.4, there is some o € A such that « is given by evaluation at
aon {wg,z,y, z}. We must have a € 5%, as

y(a) = aly) # a(z) = z(a)

and A\S? C eq(y, 2). Since wi|ga = z]ga, this implies that
a(wy) = wi(a) = x(a) = a(z).

Foreachi € {0,...,k — 1}, we have a(w;) = o(wi41), as T;41 is not a hold
for v and A\T | C eq(w;, wiy1). Therefore

a(w) = a(wo) = -+ = a(w) = a(z),

whence S is a support for a. Since S € Sub;(A) and the maps in the set
{4 : B — A | i€ I} are jointly surjective, we must have S C 1;(B), for
some j € I,

We have shown that there is some j € I for which v,(B) is a support for c.
By the Preservation Lemma, the map «v is given by evaluation at some b € A on
theset {wop | we A(B,M)}. We will show that « is given by evaluation
at ;o p(b) € A. Letz € A(A,M). As p o ¢; = idp, we have

TlyiB) = T 0P 0@y, (B)
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Therefore
a(z) = a(zopjop) =z o op(b)=x(h;op(b)).
Thus « is an evaluation. |

The main result of this chapter follows immediately from Lemma 7.2.1 and
Theorems 7.2.12 and 7.1.6.

7.2.13 Theorem A finite algebra is inherently dualisable if and only if it is of
small type.

7.3 Linear unary algebras are strongly dualisable

Building on the results of the previous section, we conclude this chapter by
proving that all finite linear unary algebras are strongly dualisable. By the EAO
Theorem, 1.5.4, it suffices to prove that all finite linear unary algebras have
enough algebraic operations. It will be easy to accomplish this once we have
proved the following technical lemma. The proof of this lemma is an induction
on the depth of unary algebras, as defined in the previous section.

A homomorphism ¢ : A — B is called a subretraction if B < A and
¢lp = idp. Every subretraction is a retraction, with the inclusion map as a
coretraction.

7.3.1 Lemma Let M be a finite linear unary algebra. Then there is a function
[+ w — w for which the following condition holds:

for all finite algebras A < B < C in [SP(M), there exists a subretraction

0 : C— D, with A <D < C, such that ¢(B) C B and |D| < f(|A]).
Proof Define A := ISP(M). For each k € w, let Ay, consist of exactly one
isomorphic copy of each algebra in A of size at most k. Since A is locally
finite, the set Ay, is finite, for each & € w.

For each n € w and each function f : w — w, define the condition C(n, f)
as follows,

C(n, f) For all finite algebras C in A of depth at most n.and all A, B C C,
there is a subretraction ¢ : C — D, for some D < C, such that
(i) ¢ is one-to-one on every one-generated subalgebra of C,
(il) AC Dand ¢(B) C B,
(i) |D[ < f(I1A]).
If we can find some f : w — w such that C(n, f) holds, for all n € w, then we
will have proved the lemma,
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We will first define a sequence fy, f1, f2,... of order-preserving functions
on w such that condition C(n, f,,) holds, for each n € w. We will define these
functions inductively.

We begin by defining the constant function fy : w — w by

fo(k) = [Fm(1)],

where Fy(1) is the one-generated free algebrain A. To see that C(0, fo) holds,
choose any C in A of depth O and let A, B C C. Thenid¢ : C — Cisa
subretraction. The map id¢ is one-to-one, with A C Candidg(B) C B. As
C has depth 0, we know that C is one-generated, by Lemma 7.2.8. Therefore
IC| < |Fwm(1)] = fo(JA]). Thus condition C(0, fp) is satisfied.

Now let n € w and assume that we have already defined an order-preserving
function f,, : w — w such that C(n, f,) is satisfied. Define f,4+1 : w — w by

Fra1(k) = fa(k) - (k+ [Faa(D)] - A, 0| - 273,

Then f,,4; is order-preserving, since f, is order-preserving.

We wish to show that condition C(n + 1, fr4+1) holds. To this end, let C be
a finite algebra in A of depth at most n + 1, and let A, B C C. Since C(n, f,)
holds and f,, < fr+1, we need only consider the case where C has depth n+ 1.

By Lemma 7.2.3, the finite ordered set Sub;(C) is a tree. As in the proof
of Lemma 7.2.11, we let Y denote the greatest node of Subq(C) and let Uy
denote the set of all upper covers of Y. Since C has depth n + 1, the set Uy is
non-empty. For every S € Uy, define '

Li={ceC|SCsgcle)}

and S* :=sgc(S5%). ThenY C S C 54, forall S € Uy.

Consider some S € Uy. By Lemma 7.2.9(ii), the algebra S* has depth at
most n. So, as we are assuming that C(n, f,) holds, there is a subretraction
g : S* — Dg, where Dg < S* < C, such that

(i)s g is one-to-one on every one-generated subalgebra of S4,
(i)s ANSAC Dgand pg(BNSA) C BN SA,
(iii)s [Ds| < fo(JAN S4).
We know that Y is a node of Suby(S*4), using Lemma 7.2.9(i). So it follows
thatY C Dg, by Lemma7.2.10(ii). Thus ¢y = idy, as ¢gis a subretraction.

We want to ‘combine’ the subretractions in { g : S* - Dg | S € Uy } to
form a subretraction ¢ : C — D, for some D < C. But we will need to bound
the size of the algebra D by some function of the size of A.
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Define the set
S4 :={SEUy]AﬂSA7é®}.

Define the equivalence relation = on Uy \84 by S = T if and only if there
is an isomorphism from Dg onto Dy that fixes each element of ¥ and maps
Dg N B onto Dy N B. Choose a transversal T of the blocks of =.
For each pair (S,T) € = with § # T, fix anisomorphism ¢, : Dg < Dy
such that
neply =idy and n¢p(DsnNB)=DrNB.

For each S € Uy \84, we define ng¢ := idpg.
Now we can define the subuniverse D of C by

D:=|J{Ds|SesatulJ{Dr|TeT}

Since Y C Dg, forall S € Uy, we must have Y C D. We want to define the
subretraction ¢ : C — D by

cp:zU{(pS‘SESA}UU{nSTogoS[TE‘TandSET/E}.

During the four claims that follow, we first show that ¢ is a well-defined sub-
retraction, and then use ¢ to show that condition C(n + 1, f,1) holds.

Claim 1 The relation ¢ is a well-defined subretraction.

The domain of ¢ is

UJ{s*|SesatulJ{S*|TeTandSeT/=}
=J{s*|seur} =0,

by 7.2.7(iv). The range of ¢ is . We now want to show that ¢ is well defined.
For all S,T € Uy with S # T, it follows from 7.2.7(iii) that SA N T4 =Y.
We know that ¢¢ly = idy, for all § € Uy, and that ngply = idy, for all
(S,T) € =. Thus ¢ is a well-defined surjection.

Foreach S € Uy, the map g is a subretraction, and so pg[ p, = idpg. For
each T € T, we have npp o oplp, = idp,. Thus ¢ fixes each element of its
range D, which implies that ¢ is a subretraction.

Claim 2 The map ¢ is one-to-one on all one-generated subalgebras of C.

For all § € Uy, the map g is one-to-one on every one-generated subalgebra
of 84, by (i)s. The map 7g, is an isomorphism, for all (S,T) € =, by
construction. So ¢ is one-to-one on all one-generated subalgebras of C.



204 7 Inherent dualisability

Claim3 Wehave A C D and (B) C B.
To see that A C D, leta € A. Since A C C = [J{S* | S € Uy }, there is
some S € Uy suchthata € S4. By 7.2.7(ii), we geta € S* = Y US2. Since
we know that Y C D, we can assume that a € S®. Then AN S% # &, and so
S e84 Thusae ANS* C Dg C D, by (ii)s.

We now want to show that ¢(B) C B. Forall S € Uy, we have

ws(BNS*)C BN S* C B,
again by (ii)s. This gives us
nsyoes(BNS*) Cngr(DsnNB)=DrNBC B,

forall (S, T) € =. It follows that ¢(B) C B.

Claim4 Wehave |D| < foy1(JA]).
For each S € Uy, we know that [Dg| < f,(]A N S4]), by (iii)s. Since f, is
order-preserving, this implies that [Dg| < fr({A4]), forall § € Uy.

To bound the size of the algebra D, we need to bound the sizes of the set
8 4 and the transversal T. Using 7.2.7(ii)=(iv), the set { S | S € Uy } forms
a partition of C'\Y'. This gives us

Sal=[{SelUy |ANS* # o} <|A]

We will now bound the size of 7. For all T' € T, we have |Dr| < fr(JA]),
and so Dy is isomorphic to a member of Ay, (4). Now let K € Ay, (14)) and
assume that there are isomorphisms ¢, : Dpy < Kand ¢, : Dy, < K,
for some 71, Ty € T with Ty # Tp. Then ¢, o ¢y : Dy, <» Dy, is an
isomorphism.

We know that Y C D7y C C and that Y is a node of Sub;(C). So, by
Lemma 7.2.10(ii), we must have w;; o9 (Y) =Y. Now we can define the
subuniverse Yx of K by Yi := ¢y, (V) = ¥p, (V).

Since T1,T» € T with T} # T5, we must have T # T5. This tells us that

wj_"gl o le rY #idy or ¢521 o ’(/}Tl(DTl N B) # DTQ N B.

We will consider these two cases separately.

Case 1: 7,[)}21 o9 Iy # idy. The two isomorphisms ¢, [y : Y < Yk and
g,y 1 Y <» Y must be distinct. Since both Y and Yk are one-generated
algebras in A, the number of different isomorphisms from Y to Yy is at most

Yic| < [Fm(1)] -
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Case 2: 7, o by, (D1, N B) # Dy, N B. This implies that ¢, (Dr, N B)
and ¢, (DT, N B) are distinct subsets of K. Since [K| < fn(|A]), the number
of distinct subsets of K is at most 2/» (4D,

It now follows that there can be at most | Fiy(1)] - 2/=(4D) distinct members
T of T such that D7 is isomorphic to K. Since K was chosen from Afn(lAD’
this implies that

7] < [Agagap] - [Pa(1)] - 204D,

Finally, we have

DI <> {IDs||SeSa}+ > {IDr||TeT}
< fllAD - 1S4l + fa(IA]) - 71
< FallAD - [AI+ F(lAD - (JAgaqap] - [Faa(1)] - 2704D)

= fa+1(|4]).

So ‘D| < fn+1(

Via Claims 1 to 4, we have established that C(n + 1, f,41) holds. Hence
there is a sequence fy, f1, fo, ... of order-preserving functions on w such that
condition C(n, f,) holds, foreachn € w. We know that algebras in A can have
depth at most |Fj(1)], by Lemma 7.2.5. Thus we can define f := fir, (1
and condition C(n, f) holds, for all n € w. Hence f satisfies the condition i m
the statement of the lemma. n

), as required.

The following general result links the technical condition in the previous
lemma to enough algebraic operations.

7.3.2 Lemma Let M be a finite algebra. Assume that there exists a function
[+ w — w for which the following condition holds:

forallm € w\{0} and all algebras B < A < M", there is a subretraction

v : M" -» C,withB < C < M", such that o(A) C Aand |C| < f(|B]).
Then M has enough algebraic operations.
Proof Define A := ISP(M). Let B < A < M", for some n € w\{0}, and
let h : A — M be a homomorphism. By assumption, there is a subretraction
0 : M" —» C, with B < C < M", such that ¢(A) C A and |C| < f(|B|).
Using Lemma 4.1.1, there is a non-empty subset Z of A(M", M) such that
Z separates the elements of C and |Z| < |C|. Now define the subset Y of
A(M", M) by

={zopl|lzeZ}.
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We have
Y| <lzi < 0P < f(1B)).

To prove that M has enough algebraic operations, it remains to find a homo-
morphism A’ : MY (A) — M suchthat b’ oMY [ 5 = h[p.
First, we want to define a homomorphism

n:NY(A) = ¢(A) by n(MY(a)) = ¢(a).

To see that 77 is well defined, let ay, az € A withMY (a1) = MY (az). Then, for
all z € Z, we have z 0 p(a1) = z o p(ag). But Z separates the elements of C',
So it follows that p(a;) = ¢(a2), whence 7 is well defined.

Since p(A) < A, we can define the homomorphism A’ : MY (A) — M by
h' :=homn. Forall b € B, we have

R oMY (b) = honoMY(b) = hop(b) = h(b),

as B C C = p(M™) and y is a subretraction. Hence M has enough algebraic
operations, L

Each finite linear unary algebra is dualisable, by Theorem 7.2.12. So our
final result follows from the previous two lemmas and the EAO Theorem, 1.5.4.

7.3.3 Theorem FEvery finite linear unary algebra is strongly dualisable.
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Dualisability is a rich and complex concept. In particular, dualisability of unary
algebras is complex. We have shown that the dualisable and non-dualisable
unary algebras are tightly entangled:

+ non-dualisable unary algebras can be built from dualisable unary algebras
via natural algebraic constructions, such as taking products, coproducts or
homomorphic images (Table 5.1);

¢ there are many infinite ascending chains of unary algebras (under the subal-
gebra order) such that in each chain the algebras are alternately dualisable
and non-dualisable (Theorem 7.1.2);

¢ there are arbitrarily long finite chains of unary algebras (under the inclusion
order on their sets of operations) such that in each chain the algebras are
alternately dualisable and non-dualisable (Theorem 6.2.3);

¢ adding a constant operation can alter the dualisability of a unary algebra,
making a dualisable algebra non-dualisable, or making a non-dualisable al-
gebra dualisable (Example 6.3.3 and Table 3.1).

The results above suggest that the class of unary algebras reflects much of the
complexity of dualisability. Indeed, dualisability is more badly behaved within
the class of unary algebras than it is in some other classes of ‘more complicated’
algebras. For example, dualisability is preserved under taking finite products,
subalgebras and homomorphic images in the variety of commutative rings with
identity [14] and the variety of p-semilattices (Theorem 5.2.4). Within the
class of graph algebras, every finite entropic algebra is dualisable [23]. But
there are entropic unary algebras that are non-dualisable (Lemma 5.3.7 and
Example 6.4.1).
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Despite the complexity of dualisability for unary algebras, we found some
large classes of dualisable unary algebras. We used two different approaches
for proving that particular unary algebras are dualisable. As an illustration
of these approaches, contrast the two different ways we proved that the four-
element unary algebra M = ({0, 1, 2, 3}; 0010, 0321), drawn in Figure 2.2, is
dualisable. Firstly, in Example 2.2.13, we showed that M is dualisable because
it has two very special binary homomorphisms. Secondly, in Theorem 3.2.10,
we showed that the algebra M is dualisable because it is a one-kernel algebra
and therefore the quasi-variety ISP(M) is very simple.

The first general approach for proving dualisability, developed in Chapter 2,
is to focus exclusively on a few nice algebraic operations that we can use in
an alter ego for the algebra. This alter-ego approach is associated with general
conditions on the algebraic operations of the algebra:

+ a finite algebra is dualisable provided it has a pair of algebraic lattice opera-
tions (Theorem 2.1.1);

+ afinite algebra is dualisable provided cach of its elements is a strong idem-
potent of a binary algebraic operation (Theorem 2.2.3).

In some sense, the alter-ego approach ignores most of the algebras in the quasi-
variety.

The second approach for proving dualisability, used in Chapters 3 and 7, is
to study all of the finite algebras in the quasi-variety and their homomorphisms
into the generator, and to just let the alter ego take care of itself. This algebras-in-
the-quasi-variety approach is associated with conditions on the term functions
of the algebra:

+ every finite one-kernel unary algebra is dualisable (Theorem 3.2.10);
+ every finite linear unary algebra is dualisable (Theorem 7.2.12).

There is a natural generalisation of the two conditions above. Let us say that
a unary algebra M has a chain of kernels if the kernels of M form a chain
under set inclusion. It is easy to check that every one-kernel unary algebra has
a chain of kernels, and that every linear unary algebra has a chain of kernels. It
seems reasonable to conjecture that the finite unary algebras that have a chain
of kernels may all be dualisable.

The secondary theme of this text was strong dualisability. We proved some
results that we hope will lead to a better understanding of strong dualisability
and the subtle difference between it and full dualisability:

+ for three-element unary algebras, strong dualisability is equivalent to full
dualisability and to a weak form of injectivity (Theorem 4.0.1);
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¢ every finite zero-kernel or one-kernel unary algebra is strongly dualisable
(Theorem 4.1.3);

¢ every finite linear unary algebra is strongly dualisable (Theorem 7.3.3).

In the appendix that follows, we prove in full the two general theorems (1.5.3
and 1.5.4) used to obtain these results. Moreover, we introduce the concept of
the ‘height’ of a finite algebra, and use it to give a new characterisation of strong
dualisability. This provides a natural and transparent path to R. Willard’s con-
cept of the ‘rank’ of a finite algebra, a somewhat technical sufficient condition
for strong dualisability.

As we write, the theory of natural dualities continues to evolve. For example,
recent work on the Full versus Strong Problem is improving our understanding
of full dualities {18-21]. Meanwhile, new topics are arising from within the
theory. Workable descriptions of dual categories are very important to the
utility of duality theory. Accordingly, there has been a recent push to develop
a general theory of the axiomatic description of finitely generated topological
quasi-varieties {10, 9, 28, 11]. This topic has taken on a life of its own, quite
independent of its roots in the theory of natural dualities.

Duality theory is also evolving in more fundamental directions. The defi-
nition of an alter ego can be extended by allowing into the type non-finitary
algebraic operations and relations. This leads to the question: ‘Is there a finite
algebra that cannot be dualised using only finitary relations, but that can be du-
alised using relations of arity less than x, for some infinite ordinal k?° Similar
questions apply to full and to strong dualisability. Several papers have appeared
that consider dualisability in these infinitary versions [41, 45, 26, 14].

Up to term equivalence and isomorphism, there are only 2% finite algebras.
Thus, there is a smallest ordinal z such that every finite algebra that is dualisable
at all (via a set of possibly infinitary relations) is dualisable via relations of arity
less than . The ordinal p is called the Hanf number for dualisability. There are
known bounds on the Hanf number for dualisability within particular classes
of algebras, but little is known in general [45].

There is still a great deal of scope for investigating dualisability and strong
dualisability through unary algebras. There are many unsolved problems in
natural duality theory for which unary algebras might be a valuable source of
examples and counterexamples: for instance, the Finite Type Problem and the
Full versus Strong Problem. It may even be possible to prove that, within the
class of unary algebras, dualisability is undecidable.
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Two important general results on strong dualisability were stated in Chapter 1
and used extensively in Chapters 4 and 7; here we prove them. Along the way,
we find that it is natural to introduce a new concept, the ‘height’ of a finite
algebra. This provides us with a characterisation of strong duality and leads
readily to the significant but technical concept of ‘rank’,

When is a duality strong? Assume we have established a natural duality
based on a finite algebra M and an alter ego M. To find out whether this
duality is strong, via the definition, we need to check whether every closed
substructure of an arbitrary non-zero power of M is term closed relative to M.
We would prefer to have alternative, simpler conditions under which a duality
is strong. More particularly, we want finitary conditions.

Clark, Idziak, Sabourin, Szabd and Willard [14] have a characterisation of
strong duality that, although not finitary, does avoid the concept of term closure;
see Theorem 1.5.3. We relied on this characterisation in Chapter 4, to show that
some three-element unary algebras are not strongly dualisable. In Section A.2,
we present a direct proof of their characterisation.

Starting from this characterisation of strong duality, we begin a journey
that takes us first to the concept of ‘enough algebraic operations’, a concept
that provides a finitary sufficient condition under which a dualisable algebra is
strongly dualisable; see the EAO Theorem, 1.5.4. This condition, introduced by
Lampe, McNulty and Willard [45], was used extensively in Chapters 4 and 7.
In Section A.4, we present a direct proof that every dualisable algebra with
enough algebraic operations is strongly dualisable. Indeed, we put the concept
in a more general setting to obtain a stronger result.
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The concept of ‘enough algebraic operations’ was born of R. Willard’s more
technical notion of ‘rank’ [65]. We finish this text with a new way to motivate
and develop rank. En route, we introduce the new concept of the ‘height’ of
a finite algebra, and use this concept to give a new necessary and sufficient
condition under which a duality is strong. A small step from height takes us
to our final destination, the notion of rank, which provides a finitary sufficient
(and nearly necessary) condition under which a duality is strong.

A.1 Term-closed sets

The concept of term-closed sets, together with some of their important prop-
erties, was first presented by Clark and Krauss [15]. We briefly introduced
term-closed sets in Chapter 1. Since they play a pivotal role in the theory of
full and strong dualities, we give a slightly expanded introduction here.

Fix a finite algebra M and a non-empty set S. Let Fiy(S) denote the set
of all S-ary term functions of M. For each s € S, we use 75 : MS — M to
denote the sth projection function. Then Fyg(S) is the underlying set of the
subalgebra Fn(S) of MM* generated by {7y : M¥ — M | s € S}. In
fact, the algebra Fpg(S) is the S-generated free algebra in the quasi-variety
ISP(M), with the projection functions as the free generators.

A subset X of M* is said to be term closed (relative to M) if, for each
y € M5\ X, there are term functions t1, t5 € Fjv(S) that agree on X but differ
aty.

A.1.1 Example Let M be a finite algebra and let A belong to the quasi-variety
A :=ISP(M). Then the set A(A, M) of all homomorphisms from A into M
is a term-closed subset of M4, To see this, choose some y € MA\A(A, M).
Since y : A — M is not a homomorphism, there must exist an n-ary term 7 of
the type of M, for some n € w, and ag, . ..,a,—1 € A such that

y(T(ao, v ’an—*l)) 7& T(y(a())a S ,y(an—l))-
The A-ary term functions
and to:=T(Tagy -y Fap_y)

tl = 71”T(a()7-”7@11»-—1)

of M agree on A(A, M) but differ at y.
Our first easy lemma gives an alternative definition of term-closed sets.

A.1.2 Lemma Let M be a finite algebra and let S be a non-empty set. A
subset X of M is term closed if and only if it is an intersection of equalisers
of S-ary term functions of M.
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Using the preceding lemma, the set of all term-closed subsets of M ¥ is closed
under arbitrary intersections. Thus, for each subset X of M, there is a smallest
term-closed subset of M5 containing X, which we call the term closure of X
(relative to M) and denote by tca(X). We shall be using the description of
term closure provided by the next easy lemma.

A.1.3 Lemma Let M be a finite algebra and let S be a non-empty set. For
each subset X of M?, the term closure tem (X)) consists of all y € M S that
satisfy

tlx =talx = t1(y) =ta2(y),

forall t,ty € Fam(S).
The following is a special case of a result in the Clark-Davey text [8, 3.1.3].

A.1.4 Lemma Let M be a finite algebra and let M be an alter ego of M.
Let X be a subset of M®, for some non-empty set S. Then the term closure
ten (X)) is the underlying set of a closed substructure of WI°.

Proof We will sketch the proof. The term closure tey (X)) is an intersection of
equalisers of S-ary term functions of M. Every S-ary term function of M has
a finite support, and so is continuous. Therefore an equaliser of term functions
is topologically closed, whence tcyg (X)) is topologically closed. It is easy to
see that tepg (X)) is closed under all the algebraic partial operations on M, since
term functions and homomorphisms commute. |

When working with strong dualities, we need to take some care with regard
to nullary operations. Our next lemma will clarify the situation, but first we
introduce some notation.

Let M = (M;G,H, R, T) be an alter ego for our finite algebra M. We
use [G U H] to denote the enriched partial clone generated by G U H, and
refer to it as the enriched partial clone of M. The set [G U H] is generated
by composition from the operations in G, the partial operations in H, and all
finitary projections on M. (When composing partial operations, the maximum
possible domain is taken for the composition.) The adjective enriched is used
to emphasise the fact that the usual notion of partial clone has been enriched by
allowing nullary operations. For all k£ &€ w, the set of k-ary partial operations
in [GU H] is denoted by [G U H ;.. We refer to the text by Clark and Davey [8]
for the formal definitions.

According to our naming convention, an algebraic operation on M must
be a total operation, but an algebraic partial operation on M does not have to
be a proper partial operation. All operations, including nullaries, are included
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amongst the partial operations. For emphasis, we will occasionally refer to
algebraic operations on M as algebraic total operations on M.

The following easy lemma is a slightly expanded version of a result from
Clark and Davey’s text [8, 3.1.2]. Note that the empty structure belongs to the
topological quasi-variety IS;P*(IM) if and only if there are no nullary operations
in the type of M.

A.l5 Lemma Let M = (M;G, H,R,T) be an alter ego of a finite alge-
bra M. Then the following are equivalent:
(i) foreach non-empty set S, the zero-generated substructure of MS isterm
closed;
(ii) the dual D(1) is the zero-generated substructure of Ml, where 1 is the
one-element algebra M%,
(iii) every nullary algebraic operation on M belongs to (G U H|g;

(iv) every element of M that determines a one-element subalgebra of M is
the value of a nullary term function of M.

For brevity, we say that IM strongly dualises M if the structure M yields a
strong duality on the quasi-variety ISP(M).

A.1.6 Corollary Let M be an alter ego of a finite algebra M. If M strongly
dualises M, then each element of M that determines a one-element subalgebra
of M must be the value of a nullary term function of M.

A.2 Term closure via duals

In this section, we present a proof of the characterisation of strong duality,
obtained by Clark, Idziak, Sabourin, Szab6 and Willard [14], that is given in
Theorem 1.5.3. We shall take a direct route to this result that requires the notion
of term-closed sets only. An alternative route, via hom-closed sets, is given by
Davey, Haviar and Willard [21].

Recall that, whenever we have A < M~ and z € X, we use oz A— M
to denote the restriction of the projection m, : M X 5 M.

A.2.1 Lemma [14,3.9] Let M be a finite algebra and let M be an alter ego
of M. Let X be a subset of M*, for some non-empty set S. Then there exists
a subalgebra A of M and an embedding v : D(A) — MS such that

(i) v(pz) ==z, forallz € X, and
(ii) the image of v is the term closure of X in M.
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Proof Define the quasi-variety A := ISP(M). The set
A= {tlx | te Fu(S)}

forms a subalgebra A of M. (This is true even if X is empty.) We want to
show that we can define an embedding v : D(A) «— M¥ by

v(z)(s) = z(mslx), forallz € A(A,M)ands € S.

It is straightforward, but tedious, to prove this directly. Alternatively, we can
use a few basic results from the text by Clark and Davey [8].

It is easy to check that ¢ : FM(S) — A, defined by o(t) := t[x, is a
surjective homomorphism. So the morphism D(p) : D(A) — D(Fm(S))
is an embedding (8, 1.5.3]. Let ¢ : D(Fp(S)) <» M® be the isomorphism
given by ¥(w)(s) 1= w(ms), forallw € A(Fm(S),M) and s € S [8,2.2.1].
We have now constructed the embedding ¢ o D(ip) : D(A) < M®. For all
z€ A(A,M) and s € S, we have

v(2)(s) = 2(mslx) = 20 p(ms) = Yz 0 p)(s) =1 o D(p)(2)(s).

Thus v = ¢ o D(y), whence v is an embedding.
To prove claim (i), let z € X. (For (i), we only need to consider the case
where X is non-empty.) For all s € S, we have

v(pz)(8) = pa(mslx) = (ms1x)(x) = ms(x) = 2(5).

So v(py) = z, and therefore (i) holds.
To prove claim (ii), we begin by showing that tep (X) € v(A(A,M)). Let
y € tem(X) C MS. Then, for all t1,ts € Fam(S), we have

tilx =t2lx = t(y) =t2(y)s

by Lemma A.1.3. It follows that z, : A — M, given by z,(t[x) := t(y), for
all t € Fp(S), is a well-defined homomorphism. So

v(zy)(s) = 2y(mslx) = 7s(y) = y(s),

for all s € S, whence v(zy) = y. Thus y € v(A(A, M)).

Finally, we show that v(A(A, M)) C tem(X). Lety € v(A(A, M)); say
y = v(z), where z € A(A,M). In order to establish that y € tcpm(X), we
must show that, for all ¢, ¢y € Fm(S), we have

tilx =talx = t1(y) = ta(y).
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Assume that ¢; and t5 are S-ary term functions of M. Then thereissomen € w
for which there are n-ary terms 71 and 7 of the typeof M and s, ..., 8p—1 € S
such that

t1 =11{Tspy -, Ts,_,) and to = 7o(Wsy, ..., Ts,_, ).
Therefore, since y = v(z) € M*%, we have

t1(y) = 11 (Tsgs -+ s Tsn_y ) (y) = T1(y(s0)s - -+ Y(5n-1))
=11 (1(2)(50), ..., v(2)(8n-1)) = T1(2(ms [ x )y - s 2(Ten_ [ x))
= Z(T1(7r30 X ey sy [X)) = z(’rl(vrso, o ,wsn_l)[x)
= z(t1]x)-

Similarly, to(y) = 2(t2 fX) So, if t1]y = taly, then t1(y) = t2<y). Thus
y € tem(X). We have shown that tep (X)) = v(A(A, M)). Hence claim (ii)
holds. n

The following lemma can be extracted from the Clark-Idziak—Sabourin—
Szab6—Willard paper [14], but was first stated explicitly by Davey, Haviar and
Willard [21].

A.2.2 Lemma Let M be a finite algebra and define A := ISP(M). Let A
be a subalgebra of M!, for some set I. For each subset X of A(A, M), the
following are equivalent: v

() X is term closed in M4 and contains the set { p; : A — M |i € I} of

projections,

(i) X is term closed in M* and separates the elements of A;
(iii) X is equal to A(A, M).
Proof Let X be a subset of A(A,M). The implication (i) = (ii) is trivial.
Since A(A, M) is term closed in MA, by Example A.1.1, we have (iii) = (1).
To prove that = (iii) = = (ii), assume that X # A(A, M) and that X is term
closed in M4, We need to show that the homomorphisms in X do not separate
the elements of A.

There is some y € A(A,M)\X. Since X is term closed in M*, there
are A-ary term functions ¢; and ¢o of M that agree on X but differ at y. This
implies that there exists some n € w for which there are n-ary terms 7, and 7
of the type of M and ag, . .., ar—1 € A such that

tl :7'1(71'@0,...,7'(@”_1) and tg :TQ(WaQ,---,ﬂ'an_l)-
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Define the elements by := 71(ag, ...,an—1) and by := m(ag,...,an-1)
of A. Then, forall z € A(A, M), we have

Z(bl) = z(n(ao,...,an_l)) =T (z(ao),...,z(an-l))
=T (ﬂ-ao(z)7 .. 'aﬂan—1(2)> = Tl(wao’ e ’ﬂ-an—l)(z) = tl(z)

and, by symmetry, z(by) = t2(2).
Forallz € X C A(A,M), we have

CB(b1) = tl(CIf) = tQ(ZC) = :L‘(bg),
as t1 and tp agree on X. So by and by are not separated by the maps in X. But

y(b1) = t1(y) # ta(y) = y(b2),

which implies that b; # ba. Therefore X does not separate the elements of A,
giving — (iil) = - (ii). n

By combining the previous two lemmas, we obtain an important result due
to Clark, Idziak, Sabourin, Szabd and Willard.

A.2.3 Dual Generation Theorem [14, 4.8] Let M be a finite algebra and let
M be an alter ego of M. The following are equivalent:

(i) each closed substructure of each non-zero power of M is term closed,

(ii) for each set I and each subalgebra A of M/, the closed substructure
of MA generated by the set {p; : A — M | i € I} of projections is
term closed,

(iii) for each set I and each subalgebra A of MY, the closed substructure
of D(A) generated by the set { p; : A — M | i € 1} of projections is
D(A) itself;

(iv) for each algebra A in ISP(M), the only closed substructure of D(A)
that separates the elements of A is D(A) itself.

Proof The two implications (i) = (ii) and (iv) = (iii) are easy. The implication

(i1) => (iii) follows from (i) = (iii) of the previous lemma. The implication

(i) = (iv) follows from (ii) = (iii) of the previous lemma. It remains to prove

that (iii) = ().

Assume (iii), and let X be a closed substructure of l\N/IS , for some non-empty
set S. Let A < MX and v : D(A) — M be as given by Lemma A.2.1.
Then v~ (X)) is a closed substructure of D(A). Since »~(X) contains the
projections, by A.2.1(i), our assumption tells us that »~(X) = D(A). Since
X < v(D(A)), again by A.2.1(i), it follows that X = v(D(A)). Thus X is
term closed, by A.2.1(ii), whence condition (i) holds. [ |
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We can obtain Theorem 1.5.3 as a corollary of the preceding theorem, just
by using the definition of a strong duality.

A.3 The Inverse Limit Lemma at work

Our ultimate aim is to produce a sufficient condition for a duality to be strong
that depends only upon the finite algebras in the quasi-variety. The Inverse
Limit Lemma will play a vital role in this process.

Let D = (D; <) be a directed ordered set. (This means that the set D is non-
empty and that each pair of elements in D has an upper bound in D.) Assume
that we have a collection of sets { F; | ¢ € D } indexed by D. Assume that we
also have a collection of connecting maps {~,; : F; — F; | j > iin D } such
that

Vi = idFi and k2 j2i = Y51 © Vi = Vi
forall ¢, j, k € D. Such a system of sets and maps is called an inverse system.
The inverse limit of this system & is defined to be the subset of the product
[[{Fi|i e D} givenby

IimS:={ze[[{F|ieD}| (Vi,j€D)(j =i = v,(2() = 2(1)) }.

(Inverse limits also have a universal-mapping characterisation [46].)
The following result is an easy consequence of Tychonoff’s Theorem on
products of compact topological spaces [8, 1.3.3].

A.3.1 Inverse Limit Lemma The inverse limit of an inverse system of finite
non-empty sets is non-empry.

Next we will give a hand-wavy description of a typical strategy for using
the Inverse Limit LLemma to lift a property up from finite algebras to arbitrary
algebras. Throughout the rest of this appendix, we shall write B < A todenote
the fact that B is a finite subalgebra of A.

A.3.2 Inverse Limit Lemma Strategy Let M be a finite algebra and let A

be an infinite algebra in ISP(M).

¢ Assume that, for all B < A, we have a finite non-empty set Fg of objects
defined on B. For example: for each B < A, the set Fg might consist of a
finite number of tuples of homomorphisms from B to M.

¢ Assume further that, given B < C < A, every element x of Fc can be
‘restricted’ to B, and thereby produce an element yg() of Fg. In our
example: for B < C <« A, we define the connecting map vog : Fc — FB
by 'yCB((xO, e ,xk_l)) = (zolgy- -, Te—11B)
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¢ The quasi-variety ISP(M) is locally finite, and so every finitely generated
subalgebra of A is finite. Thus D := { B | B « A } forms a directed set D
under the subalgebra order. The collection { Fg | B < A }, together with
the connecting maps { 75 | B < C < A }, forms an inverse system S of
finite non-empty sets. So the inverse limit lim S is non-empty.

¢ The algebra A in ISP(M) is the union of its finite subalgebras. Since D is
directed, an element of the inverse limitim & C [[{ Fs | B < A } will de-
termine an object defined on A. Inourexample: if (25 4,...,2p 4_1)Bep 18
an element of the inverse limit, then we can define the k-tuple (2g, ..., 2x—-1)
of homomorphisms from A to M by

2 ::U{zB’j\B<<A},
forall j € {0,...,k—1}.

This strategy has already been applied successfully in the theory of natural
dualities. The text by Clark and Davey gives two proofs of the Duality Com-
pactness Theorem, 1.4.2, one due to R. Willard [8, 2.2.11] and the other due to
L. Zadori [8, 10.6.4]. The two proofs are quite different, but both use variants
of this Inverse Limit Lemma Strategy.

Now let M = (M;G,H,R,T) be a structure that we hope will strongly
dualise a finite algebra M. We want to show that each closed substructure
of each non-zero power of M is term closed. Using the Dual Generation
Theorem, A.2.3, we can focus our attention on the closed substructure generated
by the projections within each dual. In the next section, we shall develop an
internal description of the generation of closed substructures within powers
of M. We will need to ‘construct’ maps that belong to the algebraic closure of
the topological closure of a subset of the power. We end this section with an
application of the Inverse Limit Lemma Strategy that will do most of the work
for us.

First, consider a subset Z of some structure X < Ms, where S is a non-
empty set. We denote the closure of Z under the operations and partial oper-
ations in GX U H®X by [G U H|(Z), and refer to it as the algebraic closure
of Z (in X). This notation is consistent with our definition of |G U H] as the
enriched partial clone of IV, since the closure of Z under { p* | p € [GU H] }
is equal to the closure of Z under GX U HX.

As usual, the topological closure of Z in X will be denoted by Z. Indeed,
whenever Z C M9, for some finite set M, we will use Z to denote the topo-
logical closure of Z under the product topology induced on M*® by giving the
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set M the discrete topology. The following lemma encompasses all we shall
need to know concerning topological closure in duals.

A.3.3 Topological Closure Lemma [8, B.6] Let M be a finite algebra and
let A belong to A .= ISP(M). Assume Z C A(A, M) and z € A(A, M).
The following are equivalent:

(i) z¢€ 7

(ii) for each finite subset B of A, there exists z € Z such that x| g = z[g;
(iii) forall B < A, there exists z € Z such that x|g = z[pg.
Proof The equivalence of (i) and (ii) is a simple consequence of the definition
of the product topology on M4, when we take the discrete topology on M.

Since M is finite and A € ISP(M), every finitely generated subalgebra of A
is finite. Hence (ii) is equivalent to (iii). u

The following simple lemma allows us to give a diagrammatic interpretation
of the conditions that arise. For every A € ISP(M) and all homomorphisms

205 .., 2k—1 : A — M, where k € w, we can define the homomorphism
l_lzj : A — MF by (ﬂzj)(a) = (20(a), ..., zk-1(a)).
jek jek

Note that here, as in Chapter 6, we view a natural number £ € w as the set
{0,...,k —1}. Foreach k € wandp € [G U H];, we use dom(p) to denote
the subalgebra of M* with underlying set dom(p), the domain of p.

A.3.4 Diagram Lemma Let M be a finite algebra, let Ml = (M; G, H,R, T )
be an alter ego of M and define A .= ISP(M). Let B < C < A in A and let
y : B — M be a homomorphism. Assume that p € [G U H|y, for some k € w,
and that zg, . . ., zk-1 € A(A, M). Then the following are equivalent:

@ PP (zlcy ... 20-11c) : C — M is a well-defined extension of y;
() ([jex2)(C) € dom(p) and y = po ([Tjex 7)1
(iii) the diagram

B« C« A
Y (I—ljekz Zj)fc ﬂjek Zj

M e——p——— dom(p) ————> M"*

is well defined and commuting.
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A.3.5 Much Ado About Nullaries In this appendix, we will often be includ-
ing the nullary case within the general case. To see how the previous lemma is
interpreted when k = 0, assume p : M? — M is a nullary algebraic operation
on M. The value of the nullary operation

PO A(C,M)? — A(C,M)

is the constant homomorphism pP(€) (&) : C — M with the same value as p.
So condition (i) of the previous lemma reduces to the statement that y is a
constant homomorphism with the same value as p.

The homomorphism []@ : A — MPF is the unique map from A into the
set M@ = {@}. So the first part of (ii) reduces to the true statement

(M2)(C) < dom(p) = M.

The second part of (ii) is equivalent to (i), since po ([]@)]¢ : C — M is a
constant homomorphism with the same value as p.

A.3.6 Lemma Ler M be a finite algebra and let M = (M;G,H, R, T) be
an alter ego of M. Let A belong to A := ISP(M) and let Z be a subset of
A(A,M). Let y : B — M be a homomorphism, for some B < A. Assume
there exists £ € w for which the following condition holds:

forall Cwith B < C < A, there exists k € w with k < £, homomorphisms
20,5 2k—1 : A — M in Z, and a partial operation p € (G U H|j, such
that pP©) (zola, ..., 26-11c) : C — M is a well-defined extension of y.

B« C« A
y (Mjer#)le [jen

M <—-p— dom(p) — M_k

Then there exists an extension w : A — M of y such that w € [GU H|(Z).
Proof We shall apply the Inverse Limit Lemma Strategy. But instead of using
the set of all finite subalgebras of A as the universe of our directed set D, we
use the set

D:={C|BKC<«xA}

of finite subalgebras of A that contain B.
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Consider any C € D. Define F to be the set of all pairs
(Golcs v 2110),p), with k<€, 20, 201 € Z and p € [GUH],

such that the conditions
( ] Zj)(C) C dom(p) and y=po ( [] Zj)fB
j€k jek
hold. Using the Diagram Lemma, A.3.4, we know that the set Fc is non-empty.

As C is finite and [G U H|, is finite, for all k£ < 4, the set Fc must be finite.
Forall C,D € D with D > C, we may define a map yp : Fp — Fe by

’}/DC(((ZQFD, - ,%-ﬁp),p)) = ((zofc, . ,zk_lfc),p).

We have created an inverse system of finite non-empty sets { Fc | C € D}
with connecting maps { yp | D > Cin D }. By the Inverse Limit Lemma,
A 3.1, this system has a non-empty inverse limit.

Now let

((Zc,o TCs s 2Cka—1 Fc),pc> Cep

be an element of the inverse limit. Since D is a directed set, the definition of the
connecting maps guarantees that k¢ = kp and pc = pp, forall C,D € D.
Denote these common values by & and p, respectively.

It is easy to check that, for each j € k, we can define the homomorphism

wjtA—M by wj:= U (zcl0)s
CeD
and that

(|—| wj>(A) Cdom(p) and y=po <’—|wj>f3.

jek i€k
So, using the Diagram Lemma, it follows that the diagram

B—A
Y |—|jek wy

M ¢—— dom(p) ——— M*

is well defined and commuting, and that w := pD(A)(wo, e Wg—1) A —-M
is a well-defined extension of y : B — M. It remains to show that w belongs
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to [GUH|(Z). Asp € [GU H]y, it is enough to show that wy, . .., w1 € Z.
We will use the Topological Closure Lemma, A.3.3.

Letj € {0,...,k— 1} and let F be a finite subset of A. Define C to be the
subalgebra of A generated by B U F'. Since C € D, we have w;[¢ = z¢ ;1¢
andsow;[p = 2¢ ;[p. Aszg; € Z,itfollowsthatw; € Z, by the Topological
Closure Lemma. |

A.4 The height of a finite algebra

Fix a finite algebra M and an alter ego M = (M;G, H,R,T). In order to
apply the Dual Generation Theorem, A.2.3, we need conditions that will ensure
that, for every A € SP(M), the dual D(A) is generated by the projections.
We take our first step towards this goal in this section. As an application of the
ideas developed here, we will give a proof that a dualisable algebra with enough
algebraic operations must be strongly dualisable; see the EAO Theorem, 1.5.4.

The basis of our approach will be a transfinite internal description of the
closed substructure of a structure generated by a given subset.

A.4.1 Definition Let M be a finite algebra and let M = (M;G,H, R, T)
be an alter ego of M. Let X < MS , for some non-empty set S, and let V'
be a subset of X. We define an ordinal sequence [Y]o, [Y]1,...,[Y]w,... of
subsets of X inductively, as follows. Define [Y]o := Y and, for each ordinal
a > 0, define

Yo = [GUH](Z), where Z:=|J{[Y]g|B<a}.

This sequence is non-decreasing. So the construction simplifies in the case of
successor ordinals: for each ordinal «, we have [YV]o41 = [G U H|([Y]a).

The proof of the following lemma is straightforward; indeed, the lemma is a
slightly modified version of Exercise 3.4 in the text by Clark and Davey [8].

A4.2 Lemma Let M be a finite algebra and let NI = (M;G,H, R, T) be
an alter ego of M. Let X < MS, for some non-empty set S, and let Y be
a subset of X. Define the non-decreasing ordinal sequence [Y o, [Y]1,... as
inA4.1.
(i) There is an ordinal o such that [Y]y = [Yg, forall § > a.
() If [Y]a = [Y]p, with 3 > «, then [Y, is the underlying set of the closed
substructure of X generated by Y,
(i) If H =@, then [Y], = [Y]a. forall B > 1.
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Given a subalgebra A of a power of M, this lemma leads us naturally to
a measure of the distance of a homomorphism in D(A) from the projections,
which we will refer to as its height.

A.4.3 Height in Duals Let M be an alter ego of a finite algebra M. Let A be
a subalgebra of M/, for some set I, and define o(A.) to be the set of projections:

o(A)={pi:A—-M|iel}

Consider the non-decreasing ordinal sequence [o(A)]o, [0(A)]1, ... of subsets

of D(A), as given by Definition A.4.1. Let h : A — M be a homomorphism

in D(A).

¢ For each ordinal «, the homomorphism A has height at most « in D(A) if
h belongs to [9(A)]a-

o If h has height at most «v in D(A.), for some ordinal «, then we say that » has
a height in D(A). In this case, the height of 4 in D(A) is the least ordinal
« such that h has height at most v in D(A).

¢ The homomorphism A has a height in D(A) if and only if it belongs to the
closed substructure of D(A) generated by the set o(A) of projections.

There are three possibilities for the algebra M.

¢ If there is some ordinal « such that, forall A € SP(M)andallh: A — M,
the height of & in D(A) is at most «, then we say that M has height at most
a relative to M. In this case, the height of M relative to M is the least
ordinal « such that M has height at most « relative to M.

¢ If there is some A € SP(M) and h : A — M such that i does not have a
height in D(A ), then we say that M does not have a height relative to V.

¢ Otherwise, for every A € SP(M) and h : A — M, there is an ordinal «
such that h has height « in D(A), but there is no bound on the class of such
ordinals. In this case, we say that M has unbounded height relative to IVI.

There are two cases in which we say that M has a height relative to IMI: when
M has height «, for some ordinal ¢, and when M has unbounded height.

We shall mostly find it easier to work with ‘height at most’ than with ‘height’,
as this avoids the need to distinguish between successor and limit ordinals in
proofs by transfinite induction.

Let H,, be the set of all finitary algebraic partial operations on M. Then

MQ = <M’ Hwa T)

is called the strong brute-force alter ego of M. If some alter ego strongly
dualises M, then the strong brute-force alter ego M, strongly dualises M.
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Similarly, for each ordinal ¢, if M has height at most « relative to some alter
ego, then M must have height at most « relative to Mq. In future, we will
simply say ‘height’ instead of ‘height relative to Mg’

Height is completely straightforward for a homomorphism 4 in the dual of a
finite algebra A. € SP(M). Since the topology on D(A) is discrete, the closed
substructure of D(A)) generated by ¢(A ) has underlying set [G U H](o(A)) =
[0(A)]1. It follows that if h has a height in D(A), then it can be at most one.
In fact, we can say a little more.

A.4.4 Lemma Let M be a finite algebra, let M = (M;G,H,R,T) be an
alter ego of M and let A < M", for some n € w.

(i) The closed substructure of D(A) generated by the set o(A) of projections
consists of all the homomorphisms from A fo M that have an extension
in [GU H,.

(i) Leth: A — M be a homomorphism. If h has an extension in [GU H |,
then h has height at most 1 in D(A), else h does not have a height in
D(A).

Proof Leth: A — M be a homomorphism. Since A < M", we know that

o(A) = {po,...,pn-1} and a = (po(a),...,pn-1(a)), foreach a € A. It
follows that

h belongs to [G U H](o(A))

<= there is some p € [G U H], for which (pg, ..., pn_1) € dom(pPA)
and h = pD(A)(pO) e 7:071—1)

there is some p € (G U H],, for which A C dom(p) and p[4 = h

—
<= hhas an extension in [G U H},.

Since D(A) is finite, the underlying set of the closed substructure of D(A)
generated by p(A) is equal to [G U H|(p(A)) = [0(A)]1. Both (i) and (i)
follow at once. n

Using Lemma A.4.2, we can reinterpret the Dual Generation Theorem, A.2.3.

A.4.5 Theorem Let M be a finite algebra and let M be an alter ego of M.
The following are equivalent:

(i) each closed substructure of each non-zero power of M is term closed,

(ii) for each homomorphism h : A — M, where A € SP(M), there exists
an ordinal o such that h has height o« in D(A);

(iii) the algebra M has a height relative to M.
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From the definition of strong duality, we have the following consequence.

A.4.6 Theorem Let M be a finite algebra and let IVI be an alter ego of M.
(i) The algebra M is strongly dualised by M if and only if the algebra M is
dualised by VI and has a height relative to M.

(i) The algebra M is strongly dualisable if and only if it is dualisable and
has a height.

Height is defined in terms of the generation of closed substructures of duals
from the projections. We shall next see that height is really about the generation
of closed substructures in general.

A.4.7 Lemma Let M be a finite algebra and let M be an alter ego of M.

Let X < Ms,for some non-empty set S, and let Y be a subset of X.

(i) Assume that M has a height relative to M. Then the closed substructure
of X generated by Y has underlying set tcyi(Y'), the term closure of Y
relative to M.

(ii) Assume that M has height o relative to W, for some ordinal o. Then the
closed substructure of X generated by Y has underlying set [Y)q, in the
notation of A4.1.

Proof Define A := [SP(M). AsY C X C M, we can use Lemma A.2.1

to find a subalgebra A of MY and an embedding v : D(A) — MS such that

v(o(A)) =Y and v(A(A,M)) = tem(Y),

where o(A) is the set of projections { p, : A — M | y € Y }. Now define the
ordinal sequences [Y]o, [Y]1,... in X and [o(A)]o, [0(A)]1,... in D(A), as
inA4.1.

Claim 1If there is an ordinal « such that [p(A)], = A(A, M), then the under-
lying set of the closed substructure of X generated by Y is [Y], = tem(Y).

To prove the claim, assume that [p(A)], = A(A, M), for some ordinal «.
Then, since v is an embedding, we have

Y]a = [v(e(A))]a = v([e(A)]a) = v(A(A,M)) = tem(Y).

By Lemma A.1.4, the term closure tcp (Y') forms a closed substructure of M.
So it follows, by the construction of [Y],, that the underlying set of the closed
substructure of X generated by Y is equal to [Y], = tep(Y'), as required.

We can now prove the lemma. For claim (i), assume that M has a height
relative to VL. Then there exists an ordinal « such that [p(A)], = A(A, M).
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By the claim above, the underlying set of the closed substructure of X generated
by Y is equal to tem (Y). For claim (ii), assume that M has height « relative
to M, for some ordinal c. Then [p(A)]o = A(A, M) again. Using the claim
above, the underlying set of the closed substructure of X generated by Y is
equal to [Y],. |

A.4.8 Remark Let M be an alter ego of a finite algebra M. Claim (ii) of the
previous lemma tells us that height is an accurate measure of the complexity
of the generation of closed substructures in the dual category IS;P*(M). As-
sume that M has height « relative to IM, for some ordinal .. Then, for each
X € IS.P*(M), the closed substructure of X generated by a subset ¥ can be
constructed from the generating set Y in at most « steps.

In order to understand the concept of height properly, we need to find an

internal description of the set [G U H|(Z), for each subset Z of D(A.), as used
in Definition A.4.1.

A.4.9 Lemma Let M be a finite algebraandlet Ml = (M; G, H, R, T ) be an
alter ego of M. Givenanalgebra A in A := ISP(M), a subset Z of A(A, M)
and a homomorphism x € A(A, M), the following are equivalent:

(i) ze€[GUH|(Z);
(1) forall B < A, there is { € w for which the following condition holds:

for all Cwith B < C < A, there exists k € w with k < £, homo-
morphisms zg,...,25-1 : A — M in Z, and a partial operation
p € [G U Hlg such that pP©) (2!, .., 2z-11c) : C — Misa
well-defined extension of x| .

B« C - A
z[g (Myex 2i)1c [jck 2
M D a— dom(p) —————— MF*

Proof We begin by proving that (i) implies (ii). Assume thatz € [G U H|(Z)
and let B < A. Then by the Topological Closure Lemma, A.3.3, there exists
w € [GU H|(Z) with 2|5 = w| g. Thus there exists ¢ € w, homomorphisms
wy ..., wp_1 € Z and a partial operation p € [G U H]; such that

(wo, ..., we_1) € dom(pD(A)) and zlp = pD(A)(wo, o we1) B
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By the Diagram Lemma, A.3.4, this gives us

(I——l'wj)(A) C dom(p) and zfg=po (I—le)[B‘
jeL jel
Now let C be an algebra with B < C <« A. Forallj € {0,...,¢— 1}, we
have w; € Z and so, by the Topological Closure Lemma, there exists zj € Z
with w; [ = z;[¢. Thus we have

(M=)© = (ﬂé w;)(C) € (rle)<A> C dom(p).

Jj€EL JjE Jj€
Since B C C, we have w;[g = zj[p, forall j € {0,...,£ —1}. Thus

po ([t =pe ([Nw)is =als
jeeL jet
Hence pD(C) (200¢cy.-y20—1]c) + © — Mis a well-defined extension of z| g,
by the Diagram Lemma, whence condition (ii) holds.
Conversely, assume that condition (ii) holds. We will use the Topological
Closure Lemma to prove that (i) holds. Let B < A. Then the assumptions
of Lemma A.3.6 hold with y := z[g. Thus there exists a homomorphism

w € [GU HJ(Z) such that w| g = x| g. It follows by the Topological Closure

Lemma that z € [G U H|(Z). Hence (i) holds. n

In the next section, we will use the previous lemma to obtain a transfinite
description of homomorphisms of height at most & in D(A), for each ordinal
« and each A € SP(M).

We finish this section by applying Lemma A.4.9 to show that every finite
algebra with enough algebraic operations has height at most 2. This provides
the promised proof of the EAO Theorem, 1.5.4. Indeed, we obtain a slightly
stronger conclusion. Assume that M has enough algebraic operations and
define A := ISP(M). Then our next theorem says that, for every subalgebra
A of a power of M, the set A(A, M) can be obtained by:

¢ firstclosing the set o( A ) of projections under all the algebraic fotal operations
on M and then closing topologically,

+ next closing under all the algebraic partial operations on M and then closing
topologically again.

Since the proper partial operations are used only once, while the total opera-

tions are used twice, it might be said that having enough algebraic operations

guarantees height 1%. By working with height relative to a specific alter ego,

we can prove a little more.
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Consider an alterego M = (M; G, H, R, T) of a finite algebra M. We say
that M has enough algebraic operations relative to M if [G U H], contains
all the nullary algebraic operations on M and there is a map f : w — w for
which the following condition holds:

for all n € w\{0}, all B < C < M" and all non-constant homomorph-
isms h : C — M, there exists k € w with k& < f(|B|), total operations
90y - -+, 9k—1 € [G U H],, and a partial operation p € [G U H]j, such that
pD(C)(go oy s gk—1lc) : C — M is a well-defined extension of h[g.

B ¢ C s M"
hlg (I—ljek 9j>fc Hjek 9j

M <—5——— dom(p) — M*
Recall that M, denotes the strong brute-force alter ego of M. The enriched
partial clone of M, certainly contains every nullary algebraic operation on M.
It follows that the definition of ‘enough algebraic operations’ given on page 24
is equivalent to ‘enough algebraic operations relative to Mg,’.

A.4.10 Theorem Let M be a finite algebra andlet M = (M; G, H, R, T) be
an alter ego of M. Assume that M has enough algebraic operations relative
to M. Then the height of M relative to M is at most 2. In fact, for every
A € SP(M), the underlying set of D(A) is equal to [Q(A)]lé, where

lo(A)], ). lo(A)]

and (G U H ol is the set of all total operations in |G U H).

Proof Define the quasi-variety A ;= ISP(M). Assume that M has enough
algebraic operations relative to M, via the bounding function f : w — w. Now
let A < MI , for some set . It suffices to prove that

= [GUH]([o(A)] =[G U Hliou (0(A))

[ 15
[SIE
W=

A(A,M) = [GUH](Z), where Z :=[GU Hliow(0(A)).

We will do this by showing that every homomorphism z € A(A, M) satisfies
condition (ii) of Lemma A.4.9. So choose z € A(A,M). Let B <« A and
define £ := f(|B|). Now let C be an algebra with B < C <« A.

First assume that 2~ : C — M is constant. Since M has enough algebraic
operations relative to M, each nullary algebraic operation on M belongs to the
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set [G U H]g. So there is a nullary operation p € [G U H]g with the same value
as z[ . Therefore pP(C) (@) : C — M is a well-defined extension of z .

Now we can assume that 2 : C — M is not constant. The set / must be
non-empty. Since C is finite, the set o(C) = {p;[o | © € I} of projections
is finite and non-empty. So there exists n € w\{0} and 4, ...,i,—1 € I for
which o(C) = {piyc, -+, Pi,_1 [c}. We can define the embedding

¢:CoM" by ¢:= (ﬂ%)fc-
SEN

Set B’ := ¢(B) and C’ := (C). Then we have the following commutative
diagram.

B - C- A
‘PrB 14 HSETL Pis

B/ C/ ¢ Mn

Define the homomorphism i : C' — M by h := z[~ 0 ¢~ !, where we have

¢~!: C' < C. Since ] is non-constant, the map A is also non-constant.

We can now use the technical condition in the definition of enough algebraic
operations relative to M, with B and C replaced by B’ and C’. Therefore there
exists k € w with k < f(|B]|) = ¢, operations gg,..., k-1 : M™ — M in
[G U H]otal, and a partial operation p € [G U H]j, such that

PP goler, . gr1le) : C = M

is a well-defined extension of A[g,. This gives us
jek Jj€k

by the Diagram Lemma, A.3.4.
Now, for each j € {0,...,k — 1}, define the homomorphism

Rj = gj(piov" . 7pin—1) A — M.

Then z; € [G U Hlo(0(A)) = Z, forall j € {0,...,k — 1}. It remains
to show that pD(C)(zo oy 2k—1lc) + C — M is a well-defined extension
of 5. To do this, we will use the Diagram Lemma again.
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Forallce Candj € {0,...,k — 1}, we have

25(6) = 93Py - Pin-2)(0) = 950 ([] 21, )lc(e) = g5 0 o(c):

S
) ( [ Zj)(c) = ( BEE 90) (C)= ( [ gj)(cl) C dom(p).
Jek j€k jek

Since B C C, we have z;[g = gjlg o ¢lp, forall j € {0,...,k — 1}, and
therefore

po (F]Zj)fBZPOH (95'm o0lp) =po <[—|9j)[B’OSD[B'

Jjek Jjek J€Ek
As hlg =po([|;er 95) 5 this gives

po ([N2)ls =hleowls = (zlco e ™) e opls = 2ls

i€k
So pD(C)(zo oy 2k—11c) + € — M is a well-defined extension of [z, by
the Diagram Lemma. We have shown that condition (ii) of Lemma A.4.9 holds
for x, as required. n

The following theorem, which includes the EAO Theorem, 1.5.4, is an im-
mediate corollary of Theorems A.4.6 and A.4.10.

A.4.11 Theorem
(i) Eachfinite algebra with enough algebraic operations has height at most 2.

(i) Each finite algebra with enough algebraic operations that is dualisable
must be strongly dualisable.

A.5 Reducing height to the finite level

Our aim is to arrive at R, Willard’s concept of the rank of a finite algebra M.
Rank provides a sufficient condition for the algebra M to have height at most «,
for some ordinal «, that involves only finite algebras in ISP(M). As a first step
towards rank, we concentrate on the finite restrictions of homomorphisms in
the duals of algebras in SP(M).

Assume that M is an alter ego of M, and let A be an algebra in SP(M).
For each B <« A, we say that a homomorphism y : B — M is a fragment of
a homomorphism z : A — M if we have y = z[g; in this case, we say that
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y isa D(A)-fragment. Informally, we will define Fragp 4 to be the set of all
D(A)-fragments.

More formally, we can consider Fragp ) to be an inverse system in the
topological quasi-variety IS.P*(IM). The set of objectsis {D(B) | B < A }
and, for all B < C < A, the connecting morphism yog : D(C) — D(B) is
given by yop(z) := z[p.

We shall now give a definition of the height of a fragment in Fragp 4, based
on Lemma A.4.9. We then show that, for each ordinal «, a homomorphism has
height at most « in D(A) if and only if all of its fragments have height at most
ain Fragpa)-

A.5.1 Height of Fragments Let M = (M;G,H,R,T) be an alter ego of
a finite algebra M. Let A be a subalgebra of M/, for some set I, and let
y : B — M be a D(A)-fragment. The height of y in Fragp a) is defined by
transfinite induction.
¢ The homomorphism y has height at most 0 in Fragp ) if it is a projection,
thatis, if y = p;[ g, for some ¢ € I.
+ For every ordinal o > 0, the homomorphism y has height at most « in
Fragp a) if there is £ € w for which the following condition holds:
for all C with B < C <« A, there exists £ € w with & < ¥, an ordinal
# < «, some D(A)-fragments vg,...,vx—1 : C — M of height at
most 3 in Fragp ), and a partial operation p € (G U H]g such that
PP (vg, ..., vp-1) : C — M is a well-defined extension of y.

B« C- A

Y Hjek Vi

M «—— dom(p) ——— MF

In the special case that [ is the empty set, it follows from this definition that a
nullary operation y : M — M has height 1 in Fragpa) if y € [G'U H]o, and
does not have a height in Fragp a) otherwise.

As one would hope, for any ordinal «, the D(A)-fragments of height at
most « in Fragp ) are precisely the fragments of homomorphisms of height
at most o in D(A).
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A.5.2 Lemma Let M be a finite algebra and let NI be an alter ego of M.
Assume that A is a subalgebra of M, for some set I, and let y : B — M be
a D(A)-fragment. Then, for each ordinal «, the following are equivalent:

(1) the homomorphism y has height at most o in Fragpa);
(ii) thereisan extensionw : A — M of y that has height at most o in D(A).

Proof The proof is a straightforward transfinite induction, once we rearrange
the order of the universal quantifiers. Let M = (M;G, H, R, T) be an alter
ego of M, and let A < _1\_/1_1 , for some set I. For each ordinal «, consider the
following claim,

C(a) For each B < A and each D(A)-fragment y : B — M, the homo-
morphism y has height at most o in Fragp ) if and only if there is an
extension w : A — M of y that has height at most o in D(A).

Then we can prove the lemma by showing that claim C(«) holds, for each
ordinal «.

Using the Topological Closure Lemma, A.3.3, it is easy to prove C(0). So
let @ > 0, and assume that C() holds, for all ordinals 5§ < «. Define the
ordinal sequence [g(A)]g, [0(A)]1, ... asin Definition A4.1. Let B <« A and
lety : B — M be a D(A)-fragment.

For the forward direction, assume that y has height at most « in Fragp s,
with the bound ¢ € w. To find an extension of y that has height at most « in
D(A), we will show that the assumptions of Lemma A.3.6 hold, with

Z::U{[Q(A)]glﬁ<a}.

Let C be an algebra such that B < C « A. Since y has height at most «
in Fragpa), there is some k < ¢, an ordinal 3 < «, some D(A)-fragments
Vo, ..., Vk—1 : C — Mofheightatmost Jin Fragp ), and a partial operation
p € [G U HJ such that pP(©)(vg,...,vp—1) : C — M is a well-defined
extension of y. We are assuming that claim C(3) holds. Therefore, for each
j € {0,...,k — 1}, there is an extension z; : A — M of v; that has height at
most in D(C). So we have zg,...,2x_1 € [0(A)]s C Z.

We have now established that the assumptions of Lemma A.3.6 hold. Hence
there is an extension w : A — M of y with w € [G U H|(Z) C [0(A)]a, as
required.

For the reverse direction, assume that the D(A)-fragment y : B — M has
an extension w : A — M of height at most « in D(A.). Then, by the definition
of height at most o, we have

w € [0(A)]a = [GUH|(Z), where Z:= U {lo(A)lg | B<a}l.
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Now let £ € w be the bound provided by Lemma A.4.9, where z := w.
To prove that y has height at most « in Fragp a), let C be an algebra with
B < C « A. Using Lemma A 4.9, there exists & < ¢, homomorphisms
20y-.+,2k—1 : A — M in Z, and a partial operation p € (G U H|j, such that
pP©) (2 oy s 2e-11c) : C — M is a well-defined extension of w|g = y.

B« C -« - A

Yy (|—|je/c zj)le [jek 2
M <———p—— dom(p) —— MF

Since Z = |J{ [0(A)]s | B < a'} and the sequence [o(A)]o, [o(A)]1, ... is
non-decreasing, there must be some ordinal § < « such that z; € [o(A)]s, for
all j € {0,...,k — 1}. So the homomorphisms zg, . .., 2x—1 all have height at
most 4 in D(A). As C(8) holds, the D(A)-fragment v; := z;[c : C - M
has height at most 3 in Fragpa), forall j € {0,...,k — 1}. Tt now follows
that y is a D(A)-fragment of height at most « in Fragp ). |

This lemma has, as an almost immediate corollary, a characterisation of the
homomorphisms of height at most « in D(A) in terms of their fragments, for
each ordinal a.

A.5.3 Theorem Let M be a finite algebra and let VI be an alter ego of M.
Assume that A € SP(M) and let x : A — M be a homomorphism. For every
ordinal o, the following are equivalent:

(i) the homomorphism x has height at most o in D(A);
(i) forall B < A, the homomorphism x| g has height at most ccin Fragpa).

Proof Define the non-decreasing ordinal sequence [o(A)]g, [0(A)]1,... of
subsets of D(A ) as in Definition A.4.1, and let v be an ordinal. The implication
(i) = (ii) follows straight from the previous lemma.

To prove (il) = (i), assume that (ii) holds. The set [o(A)], of all homo-
morphisms of height at most « in D(A\) is topologically closed. So we can
prove that z € [p(A)], using the Topological Closure Lemma, A.3.3. Let
B <« A. Then z[p has height at most o in Fragp ay. Thus, by the previous
lemma, there is some w € [9(A)], with w[g = z[5. Hence = € [p(A)]q, by
the Topological Closure Lemma. |
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A.6 From height to rank

We have come to the final stage of our development. To introduce rank, we
need to make a shift from finite subalgebras of arbitrary powers to subalgebras
of finite powers.

To simplify our notation, we define the inverse of an embedding ¢ : A — B
to be the unique homomorphism ¢! : ©(A) — A satisfying ¢~ 0 p = id 4.

A.6.1 Associates of Fragments Let M be a finite algebra and let A be a
subalgebra of M, for some set I. Consider a D(A)-fragment 3y : By — M,
where Bg < A. We can find an associated partial operation ~ : B — M., for
some B < M" and n € w, as follows.

Since the algebra By is finite, there is a finite subset J = {ig,...,ip—1}
of I, for some n € w, such that o(Bo) = {pig[py>---»Pin_y [y} Thus, we
can define the embedding

© : BO <—>Mn by Q= ( |_| pis>fBO.
s€EN
Define B := p(Bg) and h := yo o~ : B — M. Then the following diagram
commutes.

Bp——— A
\f \l—‘_]sen Pis
B—— M"
Y

M

The n-ary partial operation A : B — M is referred to as an associate of the
D(A)-fragmenty : Bg — M.

Now assume that By < Dy < A and that we have a D(A)-fragment
yT : Do — M that extends y : Bg — M. Having already constructed an
associate of y via the embedding ¢ : By — M", we wish to construct an
associate h™ : D — M of y* that is compatible with ¢, where D < M"™ " for
somet € w.

We can choose a finite extension J* = {i0y -+, tn—1,0ny v inte—1} of J
in I, for some ¢ € w, such that o(Do) = {ps,[pys- - -+ Pinser | Dy} NOW we
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can define the embedding

@b:DO;»M”'H by 1/)::( I—-I pis>[D0.

sen+t
Define the subalgebra D of M by D := ¥(Dy), and define the two homo-
morphisms kT :=yT oy~ : D - Mand € := ¢lg 0 p~ ! : B — M"H,
Then the following diagram commutes.

A

wsen—f-t Pis

D¢ MT’H—t

We say that b is a o-compatible associate for y*.
Both of the isomorphisms ¢ : By < B and v : Dg —» D are given by
simply ‘forgetting’ some repeated coordinates. The fact that

Q(BO) = {pl(] rBQ7 v ?pinvl rBO} and Q(DO) = {pl() rD()’ v 7pin+t~—l rDO}

therefore guarantees that the isomorphism & := ¢[g, 0 ™! : B «» £(B) is
given by coordinate repetition. In general, for all n,¢ € w, a homomorphism
£ : M™ — M"™*™ is called a coordinate embedding if there is a surjective map
o :n +t —» n such that

(a0, .-, an—1) = (ao(0), -+ - Go(nte—1))>

for all (ag,...,an—1) € M™. The surjectivity of o : n + ¢t — n ensures that
£: M™ — M"™" is indeed an embedding.

By replacing fragments with their associates, we can transfer the definition
of height for a fragment to a definition of rank for a finitary partial operation.

A.6.2 Rank Let M be a finite algebra and let M = (M; G, H, R, T) be an

alter ego of ML. Let h : B — M be an algebraic partial operation on M, where

B < M" for some n € w. The rank of 4 is defined by transfinite induction.

¢ The partial operation / has rank at most O relative to M if it is a projection,
that is, if h = m;| g, for some ¢ € n.
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¢ For each ordinal o > 0, the partial operation & has rank at most « relative
to M if there exists £ € w for which the following condition holds:

whenever we have ¢ € w, a coordinate embedding € : M" < M"™** and
algebras C and D such that £(B) < C < D < M™", and there is a
partial operation A : D — M with B [¢(gy = ho €15,

C < D ¢ MTH—L‘

{(B)«
y (B)
B {hﬂg(m .
x
M

then there exists & € w with k < ¢, an ordinal § < «, partial operations
ho,...,hg—1 : D — M such that the restrictions holq,. .., hk-1[c all
have rank at most £ relative to M, and a partial operation p € [G U H|j,
such that pP(©) (b oy« he—1leo) » © — Misawell-defined extension

of h* Te(y-
yﬁ(B) C:- > D
B h*les) (Mjexhi)le Mier by
NM — dom(p) ———— M"*

¢ If there is no ordinal « such that / has rank at most « relative to M, then we
say that h has rank infinity relative to M.

o In the special case that  : M® — M is a nullary operation, it follows from
this definition that & has rank 1 relative to M if & € [G U H]p, and that h
has rank infinity relative to M otherwise.

¢ If M has a finitary algebraic partial operation of rank infinity relative to IM,
then we say that M has rank infinity relative to M. Otherwise, the rank of
M relative to IV is defined to be the least ordinal « such that every finitary
algebraic partial operation on M has rank at most « relative to IM. (This
least ordinal must exist, since there is only a countable number of finitary
partial operations on a finite set.)

We simply say ‘rank’ when we mean ‘rank relative to IMg’, where My, is
the strong brute-force alter ego of the algebra M. This is the concept of rank
introduced by R. Willard [65].
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A.6.3 Remark In the definition of rank, the homomorphism 4 : B — M
represents a fragment of a homomorphism = : A — M, where the algebra A
can be infinite. The algebra D should be thought of as a finite approximation
to the algebra A, and the homomorphism At : D — M as the corresponding
approximation to the homomorphism = : A — M. The second diagram in
A.6.1 explains the necessity of the coordinate embedding & : MI™ < M" ™ in
this transition.

A.6.4 Lemma Let M be a finite algebra and let VI be an alter ego of M.
Assume that A is a subalgebra of M, for some set I, and let yy : Bg — M be
a D(A)-fragment, where By < A. For each ordinal «, if y has an associate
of rank at most « relative to N, then y has height at most « in Fragpa).

Proof As per usual, this is proved by transfinite induction. Let M be a finite
algebra with alter ego M = (M; G, H, R, T). Let A be a subalgebra of M/,
for some set . Then we want to prove the following claim, for all ordinals a.
Cla) ForeachBg < A and each D(A)-fragmenty : Bg — M, if y has an
associate of rank at most o relative to M, then y has height at most o
in FragD(A).
Let B < A andlety : Bo — M be a D(A)-fragment. Then y = zlp,,
forsome z : A — M. Now let h : B — M be an associate of y, where
B < M" and n € w. Then, using A.6.1, there is a subset {ig,...,in-1} of ]
for which ¢ : Bg <» B, given by ¢ := ([',¢,, pi,)[ 5, i an isomorphism and
h=yop v
To see that C(0) holds, assume that & has rank 0 relative to IVI. Then h is a
projection; say h = ;[ g, where j € n. So we have

y=hop=mjlgo ( |_| ,0i3>f30 = pi; [ By
sEN
Hence y has height 0 in Fragp 4, whence C(0) holds.

Now let a be an ordinal greater than 0 and assume that C(/3) holds, for all
ordinals 8 < «. Assume that the associate h : B — M of y has rank at most
« relative to IM. Let £ € w be the bound given by the definition, A.6.2. We
now want to show that y : Bo — M has height at most « in Fragpa), using
the same bound 4.

Choose Cg with By < Cy <« A. We need to find & € w with k < 4, an
ordinal 8 < «, some D(A)-fragments vy, ...,vx—1 : Co — M of height at
most 3 in Fragp ), and a partial operation p € (G U H]y, as required by the
definition of fragment height, A.5.1. To achieve this, we apply a variant of the
Inverse Limit Lemma Strategy, A.3.2.
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We aim to set up an inverse system indexed by the set
D:={Dy|Co<Dyx A},

which forms a directed set D under the subalgebra order. To this end, let Dy

be an arbitrary algebra with By < Cy < Dg <« A. Define Fp, to be the set of

all tuples (wo, . .., wg—1) of homomorphisms from Dg to M, with & € w and

k < £, for which the following three conditions hold.

(i) There exists a p-compatible associate At : D — M of [, for some
D < M"* and t € w, with corresponding isomorphism ¢ : Dg <» D
and coordinate embedding ¢ : M" «— M"™ ",

(ii) Define C := ¢(Cy) and, forall j € {0,...,k — 1}, define the associate
hj: D — Mofw; : Dg — M by hj := wj o ¢~'. Then there is an
ordinal 8 < « such that, for all j € {0,...,k — 1}, the restriction ;[
has rank at most [ relative to VL.

(iii) Thereis p € [G'U H] such that pP(©) (hgl s, ..., hp—1]c) : C — M is
a well-defined extension of A ™ [¢ ).

T NN :
By Co
p I Ne Ne N
h h*1ees) (Mjexhadle | e
M —— dom(p) —— M*

The set Fp, defined above is non-empty, as A : B — M has rank at most o
relative to M. The set Fp, is finite, as Dy is finite.

Now that we have defined the collection of sets { Fp, | Do € D }, we need
to set up the connecting maps. Let Eg > Dy in D. It is straightforward to
check that we may define the map vy Fgy — Fb, by

VeoD, (W0, - -+ we—1)) := (Wolpy, -+ s We—11pg)s

for all (wo, ..., wx—1) € Fg,.

The sets { Fp, | Do € D } and connecting maps { g, p, | Eo = Do in D }
form an inverse system of finite non-empty sets. By Lemma A.3.1, this system
has a non-empty inverse limit. So choose an element of the inverse limit, say

(wDo,O’ e ’wDQ,kDO—l)DOG’D'
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As D is directed, the definition of the connecting maps ensures that kp, = kg,
for all Dg, Eg € D. Let k denote this common value. Then we have k£ < £, by
construction.

Foreach j € {0,...,k — 1}, we can define the homomorphism
zi:A—M by z;:= U Wp,, ;-
DQED

As Cg € D, we now have

(ZOTC()?’ ' '7216-'1 rCO) = (wco707' . ’wCO,k—l) e FCO

Thus there exists a @-compatible associate h™ : C — M of z[,, for some
C < M and t € w, with corresponding isomorphism ¢ : Cg < C and
coordinate embedding & : M™ < M"™**, Forall j € {0,...,k— 1}, define the
associate hj : C — Mof z;l¢, : Co — M by h; := z;]¢, 09~ . Then there
is an ordinal § < « such that, for all j € {0,...,k — 1}, the partial operation
h; : C — M has rank at most /3 relative to M. There is alsop € [GU H]j, such
that pP(C) (hg, ..., hg_1) : C — M is a well-defined extension of h* le()-
Since we are assuming C(3) holds, it now follows that the homomorphisms
20lcgr s 2e—11c, + Co — M are D(A)-fragments of height at most 3 in
Fragp a). To prove that y has height at most « in Fragpa), it remains to show
that pD(CO)(zO lcos -+ Zk=11c,) : Co — M is a well-defined extension of y.
As pD(C)(ho, o hg_1) : C — M is a well-defined extension of A™ [5(3),
we can use the Diagram Lemma, A.3.4, and the second picture in A.6.1 to get

(M=) @) = (ks 09) (o) = ([T3)(©) € domip)
i€k jEk

JjE Jj€k
and
po ([2)ts =po ([Thiow)is, =po ([Thiocow)
jek i€k jek
=po <th>f5(3)°€oso=h+0£0@3h0<p=y-
JEk

So pP(Co) (4, [Cor- s 2k—11cy) * Co — M is a well-defined extension of y,
by the Diagram Lemma. We have proved that the D(A)-fragment y has height
at most « in Fragpay. Thus C(«) holds, as required. |

We are now able to link rank to height.

A.6.5 Theorem Let M be a finite algebra and let Ml be an alter ego of M.
For each ordinal o, if M has rank at most « relative to M, then M has height
at most « relative to M.
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Proof Assume that M has rank at most « relative to M, for some ordinal c.
Then every finitary algebraic partial operation on M has rank at most « relative
to M. Now let A be a subalgebra of a power of M. Using A.6.1, every D(A)-
fragment has a finitary algebraic partial operation on M as an associate. So, by
Lemma A.6.4, every D(A)-fragment has height at most o in Fragp(a). Thus,
by Theorem A.5.3, every homomorphism z : A — M has height at most «
in D(A). Hence, by definition, the algebra M has height at most « relative
to M. |

We now have a finitary condition that guarantees that a duality can be up-
graded to a strong duality, as an immediate consequence of Theorems A.4.6
and A.6.5.

A.6.6 Strong Dualisability via Rank Theorem Ler M be a finite algebra
and let M be an alter ego of M.

(i) If M is dualised by M and has rank at most o relative to M, for some
ordinal o, then M is strongly dualised by V.

(ii) If M is dualisable and has rank at most o, for some ordinal o, then M
is strongly dualisable.

A.7 Some examples

We close this appendix by looking briefly at algebras of rank at most 2. First, we
shall see that having enough algebraic operations guarantees rank at most 2—
this strengthens Theorem A.4.11, where we showed that having enough alge-
braic operations guarantees height at most 2. We shall then prove that a finite
algebra must have rank at most 1 if it is injective in the quasi-variety it gen-
erates, or if it generates a congruence-distributive variety. Finally, we shall
characterise the dualisable algebras that have rank 0.

A.7.1 Lemma Let M be a finite algebra and let M = (M;G,H,R,T) be
an alter ego of M. Assume that h : B — M is an algebraic partial operation
on M, where B < M" for some n € w. If h extends to a total operation in
(G U Hl,, then h has rank at most 1 relative to VL.

Proof Assume that i extends to a total operation g : M"” — M in [G U H],.
We will show that & has rank at most 1 relative to M, using the bound n.
Assume we have {(B) < C < D < M"*t for some ¢ € w and coordinate
embedding £ : M" — M"™*t. Assume further that there is a homomorphism
h* D — M with bt [¢p) = ho £15".
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As £ : M™ — M"™" is a coordinate embedding, there must be a surjective
map o : 1 + ¢ — n such that

f(aOa-- y On— 1) (aa(O) . aa(n+¢—1)>,

for all (ag,...,an—1) € M™. As o issurjective, thereisamap7:n —n+t
with o o 7 = id,. For each j € n, define the partial operation h; : D — M
by hj = 7 (jIp. Then holc, ..., hn-1[¢ all have rank 0 relative to M, by
definition.

We will use g € [G U H], as the required partial operation. The homo-
morphism gP(©) (hgl o, ..., ha1ls) : C — M is well defined, since g is a

total operation. For all b = (bg,...,b,—1) € B, we have
90<|_|hj)(§( —QO(HWT ) (&(bo, - .., bn-1))
jEn j€En
= g( ﬂ Tr(4) (ba(0)7 ceey ba(n+t—1))) = g(b07 cee 7bn~l)
JEN

= g(b) = h(b) = ho ﬁf;(f(b» =h* fg(B) (f(b))

So gD(C)(hofc, cooyhno1le) + € — M is an extension of AT le(py- Thus h
has rank at most 1 relative to M. |

- The previous lemma does not hold if we replace the assumption that & ex-
tends to a fotal operation in [G U H|, with the assumption that h extends to
a partial operation in [G U H],. To see this, consider a finite algebra M that
is dualisable but not strongly dualisable. (See Chapter 4 for examples of such
algebras.) By the Strong Dualisability via Rank Theorem, A.6.6, there must
be a homomorphism A : B — M, for some B < M" and n € w, such that &
does not have rank at most 1 relative to the strong brute-force alter ego Mq,.
Nevertheless, the algebraic partial operation / belongs to the type of M,.

A.7.2 Theorem [45, 4.3] Each finite algebra with enough algebraic opera-
tions has rank at most 2.

Proof Let M be a finite algebra, and let the map f : w — w witness the fact
that M has enough algebraic operations; see page 24. Now let h : B — M be
a homomorphism, where B < M" for some n € w. We must prove that / has
rank at most 2.

Define ¢ := f(|B|). Assume that we have ¢(B) < C < D < M"*, for
some t € w and coordinate embedding £ : M" «— M"™"t, Assume further that
there is a homomorphism AT : D — M such that AT lepy = ho 5{51‘ We
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can now apply the definition of enough algebraic operations, with B, A and
h replaced by £(B), D and h™, respectively. There exist algebraic operations
905+ Ge—1 : M — M, for some k < f(|€(B)]) = f(|B|) = ¢, and a
homomorphism p : ([, g7) (D) — M such that

W ey =po ( [ 9j> le(B)-

jek
For every j € {0,...,k — 1}, define h; : D — M by h; := g;[p. Then,
by Lemma A.7.1, the homomorphisms hg[c, . .., hk—1 [ have rank at most 1.
We have
(Mrs)©) < ([ 9)(D) = dom(p)
j€k i€k
and
W lem) =po ( [] 9:‘)&(5) =po ( [] hf)k(B)-
JjE€k JEk

SopD(C)(ho oy hi—1lc) : C — Misawell-defined extension of AT le(B)»
by the Diagram Lemma, A.3.4. Thus h has rank at most 2. | |

A.7.3 Remark The previous theorem can easily be generalised. If a finite
algebra M has enough algebraic operations relative to an alter ego M, then M
has rank at most 2 relative to VL.

Because of the order of the quantifiers in the two definitions, it is not clear
whether ‘rank at most 1’ implies ‘enough algebraic operations’. We will intro-
duce a new condition that is sufficient to guarantee both of these properties.

Let M = (M;G, H,R,T) be an alter ego of a finite algebra M. We say
that M has enough projections relative to M if [G U H]y contains all the
nullary algebraic operations on M and there is a map f : w — w for which the
following condition holds:

for all n € w\{0}, all B < C < M" and all non-constant homomorph-

isms o : C — M, there exists k& € w with k& < f(|B]), projections
Tigs« -+ Tip_, : M™ — M, and a partial operation p € [G U H]|j, such that

PP (miyle, T, [o) : C — M is a well-defined extension of A[ 5.
B« C- M™
hip (Mjex mis) o [er ™,

M *"“_p——* dom(p) “———> M"*
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The algebra M is said to have enough projections if it has enough projections
relative to the brute-force alter ego M, of M.

Clearly, ‘enough projections relative to IV’ implies ‘enough algebraic oper-
ations relative to IM’. Next we show that our new condition also implies ‘rank
at most 1°.

A.7.4 Theorem Let M be a finite algebra and let M be an alter ego of M.
If M has enough projections relative to M, then M has rank at most 1 relative
to WL

Proof Assume M has enough projections relative to M = (M; G, H, R, T),
via the bounding function f : w — w. Let h : B — M be a homomorphism,
where B < M" for some n € w. We want to show that h has rank at most 1
relative to M. Define ¢ := f(|B|). Assume £(B) < C < D < M, where
t € wand € : M™ — M"* is a coordinate embedding, and assume there is a
homomorphism h* : D — M such that h™ [¢g) = h o f[gl.

First, consider the case where h is constant. As M has enough projections
relative to M, all the nullary algebraic operations on M belong to [G U H]o.
So there is some p € [G U H]p that has the same value as h, and therefore the
same value as h* [¢(p). Thus pP(C) (@) : C — M is a well-defined extension
of b [¢(B)- Hence h has rank at most 1 relative to M.

Now assume that A is not constant. We can use the technical condition in
the definition of enough projections relative to IVI, with B, C and h replaced
by £(B), C and h* [, respectively. There exists k € w with k& < f(|€(B)]) =
f(|B]|) = ¢, projections ;,, ..., m,_, : M™"* — M and a partial operation
p € [GUH] such that pP(©) (mry, lcy ey Ty [co) + € — Mis a well-defined
extension of At le( B)- By definition, the homomorphism 7;; [ : C — M has
rank 0, for each j € {0,...,k — 1}. Thus A has rank at most 1 relative to M.
So we have shown that M has rank at most 1 relative to M. i

The completion of commutative diagrams inherent in the definition of rank
is reminiscent of the definition of injectivity. A finite algebra M is injective
in the quasi-variety ISP(M) if, for each set I and each A < M, every homo-
morphism z : A — M extends to a homomorphism z™ : Ml - M. Having
rank «, for some ordinal ¢, seems to be a weak form of injectivity. For example,
it will follow from Theorem A.7.8 that, if M has rank 0, then M is injective in
ISP(M). As we remarked in the introduction to Chapter 4, a simple application
of Lemma 4.1.1 shows that, if M is injective in [ISP(M), then M has enough
algebraic operations and so, by Theorem A.7.2, has rank at most 2. In fact, the
injectivity of M suffices to show that it has rank at most 1.
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A.7.5 Theorem Let M be a finite algebra and assume that M is injective in
the quasi-variety ISP(M).
(i) Let M = (M;G,H,R,T) be an alter ego of M such that |G U H]
contains all the algebraic total operations on M. Then M has enough
projections relative to VM1, and thus has rank at most 1 relative to M.

(ii) The algebra M has enough projections, and thus has enough algebraic
operations and rank at most 1.

(iii) If M is dualisable, then M is strongly dualisable.

Proof For claim (i), we will show that M has enough projections relative to

M using the bounding function id,, : w — w. Let B < C < M", where

n € w\{0}, and let & : C — M be a homomorphism. By Lemma 4.1.1, there

are projections 7y, ..., m;, , : M™ — M, for some k < |B], such that
o= (M)l B — M
j€k

is an embedding. As M is injective in ISP(IM), there exists an algebraic total
operation p : M* — M such that p o ¢ = hlg. So

hlp=poyp=po <|—_| Wij) B :pD(C)(mo [Cs o Mgy le) !B
jEk

We must have p € [G U H]g, since [G U H| contains all the algebraic total
operations on M. Thus M has enough projections relative to M.

By Theorem A.7.4, it now follows that the algebra M has rank at most 1
relative to IVI. (We could have used Lemma A.7.1 to prove directly that M has
rank at most 1 relative to IM.)

We have shown that claim (i) holds. Claim (ii) follows easily, and claim (iii)
uses the Strong Dualisability via Rank Theorem, A.6.6. |

Next we shall prove that every finite algebra that generates a congruence-
distributive variety has enough projections, and therefore has enough algebraic
operations and rank at most 1. We require the following definitions and lemma.

Consider a finite algebra N. Every congruence on N is the meet of a finite set
of meet-irreducible congruences. So we can define irr(N) be the least n € w
such that the zero congruence on N is a meet of n meet-irreducible congruences.
Thus an algebra IN is subdirectly irreducible if and only if irr(N) = 1. The
irreducibility index, Irr(M), of a finite algebra M is defined by

Irr(M) := max{ irr(N) | N is a subalgebra of M }.
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A variety 'V is congruence distributive if every algebra in 'V has a distributive
congruence lattice. For example, an algebra with an underlying lattice generates
a congruence-distributive variety (5, 11.12.3].

The following lemma says that, for each finite algebra M that generates
a congruence-distributive variety, every algebraic partial operation on M can
depend on at most Irr(M)-many coordinates.

A.7.6 Lemma Let M be a finite algebra. Assume M generates a congruence-
distributive variety and define k := Irt(M). Let h : B — M be an algebraic
partial operation, where B < M™ and n € w\{0}. Then there exist projections
Pigs -+ s Piy_, - B — M and a homomorphism p : (Hjek pi;)(B) — M such
that h = pD(B>(p’é07 sy Pigg )

B—+—— M"
Hjek Pi; Hjelc Tz

M <_”p—'“ (l—ljek pij)(B) — M"*

Proof We can assume A is not constant. So M is non-trivial, whence k # 0.
The lattices Con(h(B)) and Tcon(p)(ker(h)) are isomorphic. As A(B) is a
non-trivial subalgebra of M, this implies that ker(h) = A ;¢ 05, for some (not
necessarily distinct) meet-irreducible congruences 6y, . .., 0;..; on B.

The zero congruence on B < M" is equal to the meet of all the kernels of
projections. Let j € {0,...,k — 1}. Then this gives us

0; =0; v N\ ker(p) = )\ (6; V ker(py)),
€N 1EN

as the lattice Con(B) is distributive. Since 6; is meet-irreducible, there exists
i; € nsuch that §; = 0; V ker(p;; ). So ker(p;,) < 6;.
We now have

ker< |—| ,oij> = /\ ker(p;;) < /\ 8; = ker(h).
jek jek jek
Consequently, there is a homomorphism p : ([T, pi;) (B) — M such that
h=po (Mjeri,) =P (pig, . pir_y). "

We can now give a new proof that every dualisable algebra that generates a
congruence-distributive variety is strongly dualisable [8, 3.3.7 and 3.3.8].
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A.7.7 Theorem Let M be a finite algebra that generates a congruence-
distributive variety and define k := Irr(M).

(i) The algebra M has enough projections, and thus has enough algebraic
operations and rank at most 1.

(i) LetM = (M;G,H,R,T) beanalter ego of M. Assume that (G U H|g
contains all the nullary algebraic operations on M. Assume further
that every k-ary algebraic partial operation on M has an extension in
[G'U H)y,. Then M has enough projections relative to V1, and thus has
rank at most 1 relative to VL.

(iii) Let M be an alter ego of M that yields a duality on ISP(M). Define
M’ to be the alter ego of M obtained from M by adding all the nullary
algebraic operations on M and all the k-ary algebraic partial operations
on M. Then VI yields a strong duality on ISP(M).

Proof Let M = (M;G,H,R,T) be an alter ego of M such that [G U H]g
contains all the nullary algebraic operations on M and every k-ary algebraic
partial operation on M has an extension in [G U H]y. It follows from the previ-
ous lemma that M has enough projections relative to M, taking the bounding
function f : w — w to be the constant map of value Irr(M). So claims (i) and
(ii) follow from Theorem A.7.4. Claim (iii) follows from claim (ii), in tandem
with the Strong Dualisability via Rank Theorem, A.6.6. n

We now turn our attention to algebras of rank 0. Having rank 0 is clearly a
very restrictive property on a finite algebra—every algebraic partial operation
must be the restriction of a projection. Nevertheless, we will see that there are
some well-known and intensively studied quasi-varieties that are generated by
an algebra of rank 0: for example, the class of bounded distributive lattices.

The following theorem completely characterises the algebras of rank 0 within
the class of dualisable algebras. While the proof of the theorem is quite short,
it calls on some deep results from the general theory of natural dualities.

Our characterisation requires two definitions. First, an alter ego of a finite
algebra is purely relational if it is of the form M = (M; R, T), for some set
R of relations. Next, for all n > 3, a term ¢(zy, ..., Znr—1) in the language of
an algebra M is a near-unanimity term of M if the equations

t(x,...,x,y)%t(:z:,..‘,x,y,:c)%---%t(y,az,.,.,x)%x

are satisfied by M. The most commonly occurring examples of algebras with
a near-unanimity term are those with an underlying lattice; in this case, we can
use the ternary term t(z,y, z) :== (z Ay) V(y A 2) V (z Az).
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A.7.8 Theorem Let M be a non-trivial finite algebra. Then the following are
equivalent:

(1) M is dualisable and has rank 0O,

(ii) M is dualisable and has height 0;
(ili) M is dualisable, and every duality for ISP(M) is strong;
(iv) M is strongly dualisable via a purely relational alter ego;

(v) M has a near-unanimity term, every non-trivial subalgebra of M is
subdirectly irreducible, and the only homomorphisms from subalgebras
of M into M are the inclusion maps.

Proof Condition (i) implies (ii), by Theorem A.6.5. To prove that (ii) im-
plies (iii), assume that (ii) holds and let M be an alter ego that dualises M.
Since M has height 0, it follows that M has height 0 relative to M. So M
strongly dualises M, by Theorem A.4.6, and therefore (ii) implies (iii). Con-
dition (iii) implies (iv), since every dualisable algebra is dualised by a purely
relational alter ego.

To prove that (iv) implies (v), we call on a number of results that can be found
in the text by Clark and Davey [8]. Assume that M is strongly dualised by a
purely relational alter ego M = (M; G, H, R, T), where G = H = @. Then
every partial operation in G'U H is at most unary, vacuously. Using the Unary
Structure Theorem [8, 6.2.2] (Clark and Davey [7]), it follows that M has a
near-unanimity term and that every non-trivial subalgebra of M is subdirectly
irreducible. (Both of these conclusions are far from obvious.)

Now let N be a subalgebra of M. There are various ways to prove that the
inclusion map ¢ : IN — M is the only homomorphism from N into M. One
of the simplest is to note, via the Dual Generation Theorem, A.2.3, that D(IN)
is the substructure of MN generated by the projection (ny : N — M. Since
G U H is empty, it follows that /1y is the only homomorphism from N into M,
as required. Thus, (iv) implies (v).

Finally, we will prove that (v) implies (i). Assume that (v) is true. Since M
has a near-unanimity term, it follows that M is dualisable, by the NU Duality
Theorem (8, 2.3.4] (Davey and Werner [29]). It also follows that M generates
a congruence-distributive variety, by A. Mitschke [49]. As every non-trivial
subalgebra of M is subdirectly irreducible, we must have Irr(M) = 1.

We want to prove that M has rank 0. To this end, let h : B — M be a
homomorphism, where B < M™ and n € w. The only endomorphism of M
is the identity. So we know that there are no constant homomorphisms into M,
and therefore n > 0. By Lemma A.7.6, there is a projection p; : B — M, for
some i € n, and a homomorphism p : p;(B) — M such that & = pP®B)(p;).
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Our assumptions guarantee that p is the inclusion ¢, gy : p:(B) — M, and

%

thus h = p;. Hence (i) holds. |

The conditions in (v) above are, of course, very restrictive on a finite al-
gebra M. They imply that M has no one-element subalgebras and that M is
injective in the quasi-variety ISP(IM) (via a Jonsson’s Lemma argument, for
instance). If ISP(M) is closed under homomorphic images, they also imply
that every subalgebra of M is simple.

The previous two theorems tell us that the two-element bounded distributive
lattice ({0,1}; Vv, A, 0, 1) has rank 0, while its unbounded cousin ({0, 1}; V, A)
has rank 1. Many other examples of algebras of rank at most 2 are known.
¢ Clark, Idziak, Sabourin, Szabd and Willard [14] proved that a finite commu-

tative ring with identity is dualisable if and only if its Jacobson radical is self

annihilating. They then showed that all these dualisable rings are strongly

dualisable, by (implicitly) proving that they have rank at most 1 [65].

+ Hyndman and Willard [38, 65] gave an example of a dualisable algebra whose
rank is exactly 2: the four-element unar ({0, 1, 2, 3}; 0001).

¢ The strongly dualisable three-element unary algebras are described in Chap-
ter 4. They all have enough algebraic operations, and therefore have rank
at most 2. Indeed, Hyndman and Pitkethly [40] proved that a three-element
unary algebra has finite rank if and only if it has enough algebraic operations.

¢ In Chapter 7, we proved that all finite linear unary algebras are strongly
dualisable by proving that they all have enough algebraic operations.

¢ Lampe, McNulty and Willard [45] have shown that the dualisable graph
algebras and flat graph algebras are strongly dualisable, again by proving
that they have enough algebraic operations.

We also have examples of finite algebras that do not have a height, and therefore
have rank infinity. Any dualisable algebra that is not strongly dualisable must
have rank infinity; see Chapter 4 for examples.

Between 2 and infinity, nothing is currently known. Is there a unary algebra
of rank 3?7 A non-unary algebra? Are there any algebras of unbounded height?
Is there a strongly dualisable algebra of rank infinity? Much remains to be
discovered.
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Notation is listed under every chapter in which it is used.
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IS.PH(M), 15

D(1), D(A), D(¢), 16

Py Pi, 214

lim S, 218

B«<A Ci<Dyx A, 218

(G U H|(Z), [GU H](e(A)), 219
Z,|[GUH)(Z), 219

Mk 25 Mien pins 220

dom(p), dom(p), 220

7€k, o:n+t—»n, 220

¥]ow [¥]ew [e(A)]1, [0(A )]s, 223
o(A), o(C), 224
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Page references to definitions are given in italics.

abelian group, see group
algebraic
closure, 279
operation, /4
over, 14
partial operation, /4
relation, /4
total operation, 214
algebraic constructions
and dualisability, look up:
Table 5.1, 137
Table 5.2, 137

and non-dualisability, look up:

Table 5.3, 162

almost equal, 75
alter ego, 15, 14-15

brute-force, 27

of finite type, 19

purely relational, 247

strong brute-force, 224
alternating chains

and dualisability, 53, 172, 183
amalgamated union, /39

associate of a fragment, 235, 235-236

compatible, 236

balanced, see hom-minimal

binary homomorphism, 26, see also

operation

Boolean algebra

Stone duality, /8
boolean p-semilattice, /36, 151
boolean topology, /6
brute-force

alter ego, 21/

strong, 224
morphism, 27

centre of a unary algebra, 55
chain of kernels, 208
clones
and dualisability, 163-165
chains of, 53, 172
enriched partial, 273
closed substructures
generation of, 223, 226-227
closure
algebraic, 2/9
term, 213, 213-216
topological, 219-220
column, 35
compactness, duality, 20
compatible associate for fragment, 236
congruence distributive, viii, 246, 245-247
conjugation, 70
connected
component of a unary algebra, 4, 143
unary algebra, 4
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connecting maps, 2/8

contagiously non-dualisable, /83, 183~185

coordinate embedding, 236

coproduct of unary algebras, 138-141, see
also algebraic constructions, disjoint
union and petal

coretraction, 40

cyclic element of a unar, 86

cyclic group, see group

Decidability Problem
for Dualisability, viii, 209
for Strong Dualisability, viii
-decreasing, 124
depth of a unary algebra, /93
directed ordered set, 218
disjoint union, /38, 141-149, 162, 187, see
also distant union
distance function on unary algebras, 95
distant union, /65, 165-169
distinguish within, 32
distributive lattice, see lattice
dual
category, 15-16
of an algebra, /6
of a structure, 16
dualisability, viii, /7, 14-22
and algebraic constructions, look up:
Table 5.1, 137
Table 5.2, 137
Table 5.3, 162
and alternating chains, 53, 172, 183
and clones, 163-165
and finiteness, 52
finite, 27
full, 22, 22-23, §9-91
inherent, /79, 201
strong, 23, 23-24, 89-91, 211-212
within varieties, 135-137, 155
Dualisability Problem, viii, 51
Strong, viii
dualisable, 17
finitely, 27
fully, 22
inherently, 179
strongly, 23
see also dualisability
dualises, 17
strongly, 2714

Index

dualising structure, /7

duality, /7, 14-18
compactness, 20
full, 22, 22-23, 89-91
independence of generator for, 19, 23
infinite generators for, 18-19
natural, vii, /7
strong, 23, 23-24, 89-91, 211-212
Hofmann-Mislove-Stralka, /8
Pontryagin, 18, /9
Priestley, /8
Stone, 18

empty structure, 15, 20, 214
endomorphisms
cyclic group, 40, 47-48
group, 47
lattice, 27-28
semilattice, 83
enough algebraic operations, 24, 91
and congruence distributivity, 245-247
and height, 228--231
and injectivity, 91, 245
and rank, 242-243
and strong dualisability, 24, 231
proofs of, 93, 102, 106, 205
relative to an alter ego, 229
enough projections, 243, 243-247
enriched partial clone, 273
entropic algebra, 164, 164165, 177
equaliser, 22
evaluation, 20
given by, 2/
locally an, 2/
natural embeddings given by, 16, 22

fence in a unary algebra, 95

finite gentle basis, see gentle basis

finite support, see support

finite type, alter ego of, /9

Finite Type Problem, 27, 149, 209

finitely dualisable, 27

finitely separable, 166, 166-171

finiteness and dualisability, 52

flat-semilattice operation, 34, 35, 83

fragment of a homomorphism, 237
associate of, 235, 235-236
height of, 232

Fred, see Q
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full dualisability, 22, 22-23, 89-91

full duality, 22, 22-23, 89-91

Full versus Strong Problem, 23, 89-91, 209
fully dualisable, 22, 22-23, 89-91

gentle
basis, 62
finite, 64-68
surjection, 62
ghost element
method, 21-22, 80-81, 151, 153-154
applications of, 80-86, 151-154, 160,
177, 181, 184~185
of an algebra, 22
given by evaluation, 27/
graphs
associated with a unary algebra, 4,
10-13, 55, 86, 95, 123, see also unary
algebra, structure of
group
abelian
Pontryagin duality, 18, 79
cyclic, 18
endomorphisms of, 40, 47-48
endomorphisms, 47
operation, 46

Hanf number for dualisability, 209
height, 223-241

and enough algebraic operations,

228-231

and rank, 240

and strong dualisability, 226

at most, 224, 232

does not have a, 224

has a, 224

of a fragment, 232

of a homomorphism, 224

of an algebra, 224, 225

unbounded, 224
Hofmann-Mislove-Stralka duality for

semilattices, /8

hold, 200
hom-minimal

algebra, 74

locally, 126

relation, 7120

implication algebra, two-element, /8,
163-164, 183-187
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independence of generator for duality, 19,
23
infinite generators, duality for, 18-19
Inherent Non-dualisability Problem, 28
inherently
dualisable, /79, 201
non-dualisable, 28, 151-154, 179, 183
injective
algebra, 244
structure, 23
injectivity and strong dualisability, 23, 91,
244-245, 249
inner element, 6/
inverse limit, 278
lemma, 218-219
applications of, 218, 221, 238
inverse system, 278
irreducibility index, 245
isolated element, /74
isoreduct, 90

kernel of a unary algebra, 52, see also
zero-kernel, one-kernel and chain of
kernels

-kernel unary algebra, 52

lattice
distributive
_Priestley duality, /8
endomorphisms, 27-28
operations, 27
linear unary algebra, /80, 187-206, 208
locally an evaluation, 27
locally hom-minimal, /26

majority operation, 83
minimal algebra, 191, 197
mono-unary algebra, see unar
morphism

brute-force, 27

in dual category, 16
much ado about

nothing, 20

nullaries, 221

natural duality, vii, 17, see also duality
natural evaluation embeddings, 16, 22
near-projection operation, 39
near-unanimity term, viii, 25, 247
node of an ordered set, 792
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non-dualisability, 18, 21-22, 171
and algebraic constructions, look up:
Table 5.3, 162
contagious, /83, 183-185
inherent, 28, 151-154, 179, 183
see also ghost-element method
non-dualisable, see non-dualisability
nullary
algebra, see zero-kernel unary algebra
operations
and dualisability, 164
of alter ego, 214, 221

one-element algebra, 2, 3, 20, 214
one-kernel unary algebra, 52, 60-69,
92-97, 191-192, 208
one-point extension, 135, 141, 142143,
147, 149
pointed, /76
see also disjoint union
one-to-one away from 0, 35
operation
algebraic, 14
group, 46
lattice, 27
majority, 83
near-projection, 39
semilattice, 83, 154
flat, 34, 35
total versus partial, 15
ordered set
associated with a unary algebra, 188
unary algebra from, 111-114
outer element, 6/

partition
determined by an element, 72, /12
subuniverse determined by, /23
permutations, see zero-kernel unary
algebra
petal, 55, 54-59
pointed one-point extension, 176
pointwise extension
of operations and relations, 15
Pontryagin duality
for abelian groups, /9
of given finite exponent, /8
for locally compact abelian groups, 19
Priestley duality for distributive lattices, /8

Index

p-semilattice, 736, 150-153
boolean, /36, 151
pseudo-complemented semilattice, see
p-semilattice
purely relational alter ego, 247

Q, 3,4, 8, 8-14,353, 57, 83, 154-157, 165,
166, 170, 173, 176-177

quasi-equation, 2

satisfaction of, 2
quasi-injective, 90-91, 96, 100, 105, 118
quasi-ordered set

associated with a unary algebra, 95, 188
quasi-variety, 1-3

generated by a finite algebra, 2

topological, 15

R, 4, 3-8, 57, 60-62, 191
rank, 212, 236, 236-249
and congruence distributivity, 245-247
and enough algebraic operations,
242-243
and height, 240
and injectivity, 244-245, 249
and strong dualisability, 241
at most, 237
zero, 247-249
one, 241, 243-249
two, 241-249
infinity, 237, 249
of an algebra, 237
of a partial operation, 236, 237, 241
retract, 40
term, 40
see also algebraic constructions
retraction, 40
gentle, 62
sub-, 201
term, 40
unbiased, /97, 190-192
row, 35

satisfaction of a quasi-equation, 2
semilattice
endomorphisms, 83
operation, 83, 154
flat, 34, 35
p-, see p-semilattice
pseudo-complemented, see p-semilattice
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semilattice continued
with unary operations, 154
Hofmann-Mislove-Stralka duality, /8
separable, 166
finitely, 166, 166-171
separated by homomorphisms, 3
separates, 2
small type, 179, 201
Stone duality for Boolean algebras, /8
strong brute-force alter ego, 224
strong dualisability, 23, 23-24, 8§9-91,
211-212
and enough algebraic operations, 24, 231
and height, 226
and injectivity, 23, 91, 244-245, 249
and rank, 212, 241
Strong Dualisability Problem, viii
strong duality, 23, see also strong
dualisability
strong idempotent, 30, 29-38
strongly dualisable, 23, see also strong
dualisability
strongly dualises, 274
subreduct, /83
subretraction, 201
subuniverse determined by a partition, /23
support, 21, 57,.143

tame congruence theory, 164
term

closed, 22,212, 212-217

closure, 273,213-216

isomorphic, 166

near-unanimity, viii, 25, 247

retract, 40, see also algebraic

constructions

retraction, 40
three-element unary algebras

dualisable, 52-53

finitely g-based, 91

fully dualisable, 90
three-kernel unary algebra, 52

three-element, 86
topological closure, 219-220
topological quasi-variety, 15
topology

boolean, 16

product (subbasis for), 16
tree, /189
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two-element unary algebras, 60
two-kernel unary algebra, 52
three-element, 69-84, 91, 97-133
types of, 71, 98

unar, 86, 86-88, 179, 249
with added constants, /80, 188
see also linear unary algebra
unary algebra, viii
zero-Kernel, 52, 54, 59-60, 92-97
one-kernel, 52, 60-69, 92-97, 191-192,
208
two-element, 60
three-element
two-kernel, 52, 69-84, 91, 97-133
three-kernel, 52, 86
dualisable, 52-53
finitely g-based, 91
fully dualisable, 90
coproducts of, 138-141, see also
algebraic constructions, disjoint union
and petal
distance function on, 95
from ordered set, 111-114
linear, 180, 187-206, 208
mono-, see unar
quasi-injective, 90-91, 96, 100, 105, 118
structure of
.graphs, see graphs
inner/outer elements, 61
ordered sets, 188
petals, 54-59
quasi-ordered sets, 95, 188
unary operation
added to semilattice, 154
string notation for, 4
unbiased retraction, 797, 190-192
unbounded height, 224

varieties, 2
dualisability within, 135-137, 155

yields a
duality, /17
full duality, 22
strong duality, 23

zero-kernel unary algebra, 52, 54, 59-60,
92-97





