
Journal of Mathematical Sciences, Vol. 100, No. 5, 2000 

T H E  M A T H E M A T I C A L  W O R K  OF L. S. P O N T R Y A G I N *  

R. V. G a m k r e l i d z e  UDC 51(092); 517.977.52; 515.14 

Introductory Remarks 

I must begin with an apology for the English language in which my talk will be made. But, since my 
English is rather simple though not always correct, it will be easily understood, I hope, by everyone in this 
audience. Still, I shall t ry to avoid the most obvious linguistic blunders. Regarding the content of the talk, 
I can guarantee its complete authenticity. Everything I shall say about L. S. Pontryagin, or ascribe to him, 
is either testified to by his own writings or was said by him in our conversations during the long years of my 
apprenticeship, and then our collaboration and friendship, from 1947 until his death in 1988. 

During my talk, I shall only be able to slightly touch upon the personality of L. S. as a mathematician 
and a scientist. To do this in a tangible way, it would be most appropriate to pick out two of his mathematical 
achievements, one topological, the other - -  from the later, applied period, and by concrete examples to restore 
the history of their discovery and their influence on the relevant parts of Inathenlatics. 

There was 11o hesitation ill selecting the maximum principle as the most spectacular achievenmnt of the 
post-topological period of his activity. Choosing from his topological heritage was inore difficult. My choice 
stopped at his early works on topological duality, published during 1927-1934. This could be .justified not only 
by their great impact on topology and topological algebra, but also by the fact that they reflect very clearly 
the stages of L. S.' early professional development, and I thought it would be interesting and instructive to 
have a glimpse into the awakening and inaturing consciousness of a nlathematical genius. 

Lev Semenovich made his final decision to give up topology and to coinpletely devote himself to applied 
problems of mathematics ill the mid-fifties. 

Certainly, this was not an easy decision, and L. S. had to go a long way to come to this final step. One 
of the main re~ons for this decision, which he himself often emphasized, was his long-standing desire to have 
professional contacts with a potentially wider group of colleagues. 

Despite the colossal scientific authority and respect which he enjoyed in the scientific world, he always 
lacked a real understanding. His usual professional partners were his students or a very limited number of 
topologists, many of which were again representatives of his own topological school. Before 1964, lie actually 
had no opportunity to meet foreign colleagues. One of the few exceptions was the famous Moscow Topological 
Conference of 1935, during which he met J. W. Alexander. 

Ill a great many c~es ,  L. S.' mathematical contacts could have been described as mathelnatical questions 
put  to hiln by his colleagues, or requests to listen to their results in order to get froln hiln remarks and 
comments. 

L. S.' ability to inomentarily g r i p  the essence of the presented, yet arbitrarily complicated, mathematical 
material, at the sanle time evaluating all the major ilnplications, or immediately to detect the presence of 
an error, which happened pret ty  often, was phenomenal, always producing a striking ilnpression Oll everyone 
and turning sessions with hinl into an unforgettable experience. 

L. S. began his new activity by organizing at the Steklov Institute a research senfinar on mathematical 
problems on oscillation theory and automatic control. At the salne time, at the Moscow University he began 
a course on ordinary differential equations for second-year undergraduates, and an undergraduate senlinar 
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on related topics. Among the participants of the seminar were D. V. Anosov and M. I. Zelikin, whom L. S. 
considered to be his last direct students. On the basis of the course, L. S. wrote his textbook on ordinary 
differential equations. 

I would not say that  his energetic intrusion into the new field was met with enthusiasm by everyone, 
especially at the University. Some opinions were quite restrained, and even ironic. L. S. once complained 
that he had a feeling as if he were a poacher hunting in his neighbors' forests. Nevertheless, his activity was 
fully endorsed by I. G. Petrovsky, then the Rector of the University and Head of the Chair of Differential 
Equations in the Mech.-Math. Department. L. S. always recalled his support with deep gratitude. 

The activity at the research seminar very soon led to the formulation of two major  mathematical prob- 
lems. One of them developed into the general theory of singularly perturbed systems of ordinary differential 
equations. The second problem brought about the discovery of the maximum principle and the emergence of 
optimal control theory. 

I shall now very briefly describe shortly the history of this discovery. 

1. The  M a x i m u m  Principle  

L. S. was led to the formulation of the general time-optimal problem by an attempt to solve a concrete 
fifth-order system with three control parameters related to optimal maneuvers of an aircraft, which was 
proposed to him by two Air Force colonels during their visit to the Steklov Institute in the early spring 
of 1955. Two of tile control parameters entered the equations linearly and were bounded, hence from the 
beginning it was clear that they could not be found by classical methods, as solutions of tlm Euler equations. 
The problena was highly specific, and very soon L. S. realized that sonle general guidelines were needed in order 
to tackle the problem. I remember he even said half-jokingly, "we must invent a new cak:ulus of variations." 
As a result, a general time-optimal problem (1) was formulated: 

z =  ! u - -  
X rt ?Z r 

d x ( t )  
dt - f ( x ( t ) , u ( t ) ) ,  x ( t ) ,  u( t ) ,  to <__ t <_ t l ,  

x(to) = Xo, x ( t l )  = x~, u ( t )  E U, to < t < t~, 

t I - -  t o ~ n l i n .  

U C IU; 

(1)  

The first and most important step toward the final solution was made by L. S. right after the formulation of 
the problem, during three days, or better  to say, during three consecutive sleepless nights. He slfffered from 
severe insonmia and very often used to do math all night long in bed. As a result, Im completely disrupted 
his sleep in his later years and systematically took barbiturates in gTeat quantities. 

Thanks to his wonderful geometric insight, he derived, from very simple general-position considerations 
about first-order variational equations, the initial version of necessary conditions, introducing an auxiliary 
covector-flmction .~b(t) = (~bl(t), . . . ,  ' ~ ( t ) )  subject to the adjoint system of differential equations (2): 

d ' @ ~  ~ , ~ O f ~ ( x , u ) ,  i =  1, . , n ,  r - . ~ x  (X ,u) .  (2) 
dt Ox i "" dt 

In the given form, this was the first appearance of the adjoint system which turned out to be of crucial 
importance for the whole theory of optimal control. Actually, L. S. constructed for the first time, for the 
needs of optimization, what is now called tlm Hami l t on ian  lift of the initial family of vector fields on the state 
space into its cotangent bundle, the phase space. 

The initial formulation of necessary conditions, reported by L. S. at tile seminar right after they were 
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derived, is expressed in formulas (3): 

d (t) 
d t  u ( t ) ) ,  x ( t o )  = = x l ,  

d (t) 
- "r u(t)), 

dt 

L t~( t )  Of~ "u(t)) = ~b(t) Of(z(t) 'u(t))  
O,a' 

kttE[t0,  tt], i = l , . . . , r .  

= O, 

(3.1) 

(3.2) 

(3.3) 

(3) 

They assert that if x(t), u(t), to <_ t < tt, is an optimal solution, then there exists a nonzero covector-function 
'r such that r x(t), u(t), to <_ t < tl, is a solution o/the system o/differential equations (3.1)-(3.2), and 
along the solution, for evew t, r "finite" equations (3.3) are satisfied. 

This formulation supposes tha t  the set U of admissible values of the control is open, though, from the 
very beginning, it was clear to L. S. that  the ultilnate result should be applicable to closed sets as well. 

As soon as Eqs. (3) were obtained, L. S. recognized the decisive role of the covector-function r  and the 
adjoint system (2) for the whole problem. He considered, in the generic case, r finite Eqs. (3.3) as conditions 
which eliminate r control parameters u t , . . . ,  u ~ from system (3), thus making it possible to uniquely solve 
the 2n-th order system of differential equations (3.1)-(3.2) with a given initial condition x(to) = Xo and an 
arbitrary (nonzero) initial condition for 'r All such solutions were declared as extremals o/the problem, from 
which the oi)timal solutions were to be derived. 

L. S.' idea about a universal procedure of elimination of control parameters, which reduces the probleln 
of determining extremals to solving ordinary differential equations with given boundary conditions, found its 
ult imate realization in the inaximum principle, which was fornmlated by hiln several months later after his 
first report at the seminar and was supported by the subsequent advancements obtained meanwhile at the 
senlinar. 

System (3) was derived from purely first-order considerations. The second-order api)roximation led to 
the conclusion that, considering the admissible set U still open and the system nondegenerate, we can add to 
Eqs. (3) one additional necessary condition, the nonpositivity of the quadratic form (4): 

5 'u*  ~ ~a(t) (x(t), <_ 0 VSu, t E [to, t,]. (4) 

Collecting all necessary conditions (3)--(4) together, we immediately recognize that  a stable combination of 
symbols reappears in all of them, the scalar-valued function (5) of three argnments "r ;~, u: 

H(~, x, 'a) --- L ,~f~(x, u) = ~f(x, u). (5) 
~ t = l  

it enables us to rewrite system (3.1)-(3.2) as a Hamiltonian system (6.1), together with additional conditions 
(3.3), (4), written as (6.2): 

{ d:~(t) OH. t x t  dr (r  (6.1) 
= ), ( ) , . ( t ) ) ,  dt  - 

O'2H x(t), "a(t)) ,r. (6) u~('*(t),x(t),'u(t)) = O, 8"u* ~ ( t b ( t ) ,  5'u <_ 0 Vd'u, i = 1 , . . .  (6.2) 

Hence, extremals are solutions of the Hamiltonian system (6.1), and their points are stationaw points of the 
Hamiltonian (5) with respect to the control parameter "a, and, furthermore, along the extremals the function 
H attains its local maximum with respect to u. 

After system (6.1)-(6.2) was written, L. S. realized that the universal elinfination method of the control 
parameters lie w ~  searching for was found. He replaced the local nlaximum condition along the solution 
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of the Hamiltonian system (6.1), expressed by two conditions (6.2), by the global maximum condition, the 

"Pontryagin maximum condition" (7), which made any restrictive assmnptions about the admissible set U 
superfluous: 

H(ga(t), x(t), u(t)) = max H(r  x(t), u) (7) 
uEU 

Thus, he came to the final formulation of tile maximum principle (8.1)-(8.2): 

dx OH . . .  &b OH 
dt - -~( '@(t) ,x( t ) ,u( t )) ,  -~--= -~x (r  (8.1) 

H(~( t ) ,x ( t ) ,u ( t ) )  = maxH(~b(t) ,x(t) ,u)  = const > 0, Vt E [to, t, i. (8.2) 
u6U 

(8) 

In this formulation, the maximum condition (7) could be viewed not only as a universal elimination method, 
but also as a major generalization of the Legendre transformation from the state-space variables to the phase- 
space variables. 

L. S.' performance at all stages of this discovery revealed a genuine "Pontryagin touch," which could 
be easily traced in his activities of the early thirties as well, when another famous discovery, the Pontryagin 
duality, was achieved. But, before I give a brief account of those events, let me end the discussion of the 
maximum principle with the following final remarks. 

Tile maximum principle for the time-optimal control I)roblem (1), though formulated in 1955, has never 

been changed, nor even slightly improved, since then. All (first-order) advancements were directed toward 
generalizations of the optimal problem itself, especially toward developing nonsmooth optimization, with 
corresponding generalized first-order necessary conditions. 

This coukt be explained, as I understand, by the very nature of the maxinmm principle. Despite its 
seemingly purely analytic nature, it is deeply geometric and completely symplectic invariant already in its 
initial formulation. It prescribes a canonical transition from the initial problem to its, mathematically Inuch 
more flexible, refbrnmlation on the cotangent bundle. Thus, the maximum principle could be viewed as kind 
of a sympIectization functor from the initial optimal problem, defined on the state space, to its symplectic 
reformulation on tile t)hase space. 

To support this viewpoint, let me rewrite the initial control system (1) in the state-invariant form (9), 

dx 
--~ -- f (x ,  u), x E M, u E U, 

f~, :a :  ~ f ( x ,  u) E T M ,  x ~ M, u E U, 

(9) 

and consider the family of vector fields f ,  as a family of scalar-valued functions H,, on the cotangent bundle 
T ' M ,  which are linear on fibers (cf. (10.1)): 

f,, ~ H ,  = H,,(~) E C~ ~ E T ' M ,  H,  is linear on fibers. (10.1) 

We obtain on T*M a family of Hamiltonian vector felds (10.2), or the Hamiltonian system (8.1) of the 
---+ 

maximmn principle. The field H~, is a canonical lift into the cotangent bundle T*M of the field fi,, defined 
on the base manifold M" (cf. (10.2)): 

Hu E Vect T M, u E U, is the Hamiltonian lift of f,, : 

rr : T * M  > M, rc.H~ = f~. 

(lO.2) 

The maximum principle asserts that if x(t), u(t), to <_ t <_ tt, is an optimal pair, then there exists a trajectow 

~(t), to < t <_ t~, of the nonstationary Hamiltonian vector field ~ ( t ) ,  covering the trajectory x(t),  (11.1), 
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such that the maximum condition (11.2) /s satisfied: 

{ u(t),d~t)x(t),to <_ t <_ tl, is an optimal pair ~ 3~(t),  to _< t _< tl, 

-- ][]~,(t)(~(t)), 7r:(t) -- x(t), (11.1) (11) 

H~(t)(:(t)) = maxH~(: ( t ) )  = const > 0, to < t < t: (11.2) 
u 6 U  - -  - -  - -  

If the maximum condition 
H(~) = maxH~(~), ~ e T ' M ,  

u E U  

eliminates the parameter u from the family of Hamiltonians H~,, and as a result of this elimination, we obtain 
a smooth scalar-valued function (without parameters) H on T ' M ,  the master-Hamiltonian of the problem, 

then the whole optimal problem is reduced to studying trajectories of a fixed Hamiltonian vector field ~J~: 

d~(t) 
- -  ~(~( t ) ) ,  Try(t) = x(t); H(~(t)) = const > 0. 

dt 

Regular problems of the calculus of variations are typical examples of this situation. 
It is remarkable that the Pontryagin functor, if we may so call the procedure prescribed by the maximum 

principle, pernfits one, practically in all interesting cases, including nonregular cases, to construct canonically 
a uniquely defined nonlinear connection on T 'M,  which produces new important infinitesimal invariants of 
the optimal problem that are nontrivial already in the regular case. In particular, we can obtain the curvature 
tensor of the optimal t)roblem. 

If we try to derive from here global invariants of the state manifold M, for example, try to express its Euler 
characteristic through the curvature of the optimal problem (a possible generalization of the Gauss-Bonnet- 
Chern formula), we inevitably come to generalizations of some classical relations concerning characteristic 
classes due to Pontryagin and Chern in cases where the usual Riemannian metric of tile manifold M is 
ulinimized. Thus, two major achievements of L. S., b&sed on completely different ideas and obtained in 
different periods of his activity, might be intimately related. 

An exposition of the existing and plausible results in this direction will be given in A. A. Agrachev's talk. 
Now I turn to Pontryagin's early series of articles, his works on topological duality. They also culminated 

in the discovery of a universally usable functor in mathelnatics, which is known today as the Pontryagin duality. 
It dominated topology and topological algebra during the thirties and early forties as a main guideline for 
building up holnology and cohomology theories, gradually becolning a standard tool of everyday mathematical 
practice. 

2 .  D u a l i t y  

Though little time is left for the main topological part of my talk, still I shall start with an unpublished 
work of L. S., which was done in the beginning of his second undergraduate year, right after he began 
participating in the topological senlilmr of P. S. Alexandrov, his future teacher during his undergraduate and 
graduate years. P. S. commented in the seminar on a recent result of an elninent mathematician, according 
to which every graph Ix" which couhl not be embedded homeomorphically into the plane contains a part 
homeomorphic to the one-dimensional skeleton E of a 4-simplex. Analyzing the assertion at home, L. S. 
immediately recognized its incorrectness and proved that K should contain a part homeomorphic to E or to 
~2. which he callcd "three houses (A, B, C) and three wells (P, Q, R)" (see Fig. 1). He had special feelings 
for this graph, his scientific first-born. 

L. S.' first significant mathematical work was also clone during his second undergraduate year, at the 
age of 19, in 1927. The idea of the work was completely his own, though I should say that he attended 
P. S. Aleksandrov's special course in topology devoted to Alexander's duality theorem and participated in his 
topological sexninar, where Brower's linking coefficients were studied. 
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one-dimensional skeleton of a 4-simplex "three houses and three wells" 

Fig. 1 

The work was devoted to an extension of Alexander's duality theorem and heralded the beginning of a 
seven-year period, during which, among other achievements in topology, especially in dimension theory, he 
created a complete theory of topological duality, together with the theory of characters of locally compact 
commutative groups. Furthermore, a full structure theory of locally compact commutative groups and of 
compact topological (noncommutative) groups was developed. They are contained in eight articles [1-8], 
published during 1927-1934. With these achievements he was entering his twenty-seventh year. But back to 
his first article. 

To fully appreciate tim contribution of a 19-year-old undergraduate to one of the central problems of 
topology of the late twenties, it would be apt to recall that homology groups were hardly used then. Instead, 
Betti numbers with respect to different modules and torsion coefficients were in everyday practice, and the 
Alexander duality was formulated as an equality rood 2 of Betti numbers of dime~mions r and n - r - 1 of a 
polyhedron P C IZ ~' and its complement 1Ir \ P ,  respectively (cf. (1.1)). 

In his first article [1], L. S. explained Eq. (1.1) as a consequence of the fact that  every nontrivial r- 

dimensional cycle in P could be linked with an n - r - 1-cycle from R '~ \ P ,  and vice versa. He constructed 

: '~-~-I i, j = 1, .. s, forming respective homology bases, for wlfich the in P mid IIr '~ \ P cycles mod 2, zi, ,,j , 

corresI)onding matrix of linking coefficients Inod 2 (1.2) is an identity: 

P C l~ n, b~(P) = b'~-~-t(R '~ \ P)  (rood 2), (1.1) 

r r n - - r - - I  ( - n - - r - - 1  ~pn c P, c \ P; II(zy,C - - )tl = I. (1.2) 
This formulation of the Alexander duality establishes, through the matrix of linking coefficients, a duality 
relation between two groups, which, in the case considered, leads to their isomorphism. 

In the second article [2], the same problem was investigated for a polyhedron embedded in an arbitrary 

manifold, P C M '~ (el. (2.1)). Here, it was necessary to take into account, in homological terms, poasible 
configurations of P in M n. The solution of this problem required, seemingly for the first time in topology, a 
study of homotogical properties of continuous mappings. The main results of the article are expressed in terms 
of kernels and images of homomorphisms of the corresponding homology groups rood 2 under the inclusions 
(2.1). 

I shall not formulate here the relevant theorems but only mention the famous "cycle removal theorenf' 
(2.2), also contained in the paper. L. S. used this result later to determine a good lower bound for Schnierel- 
mann's category of an arbitrary manifold: 

P E A 1  n, M ~ \ P c M n ;  (2.1) 

~"~-" V~"~-" P )  (2.2) z r C M ~, < : ,  > =  0 C :=- 

3~ ~ C M  ~ : ( ~ A P = o ,  z ~ - ~ ~ 0 i n M n ) .  

The idea of the group duality, only slightly touched upon in the first two papers, found a significant develop- 
ment in L. S.' masters thesis, written under the strong influence of E. Noether's course in abstract algebra, 
which L. S. attended during his last undergraduate year. The results were published in [3]. 
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Duality theorems for an arbitrary module m > 2 received here a final solution as isomorphisms (cf. (3.1)). 
The basic achievement of the article constituted duality relations between full homology groups with 

integer coefficients of a polyhedron in R ~ and its complement. In this case, the related groups are not 
isomorphic any more. The group H,,_r_I(R ~ \ P, Z) is not only nonisomorphic to Hr(P, z) but is not even 
determined by the latter. Since P is a polyhedron, the homology groups under consideration are finitely 
generated and hence are represented as direct sums of free groups of finite rank and torsion groups (cf. (3.2)). 
This enabled L. S. to prove the isomorphism between the r- and n-r-1-dimensional groups of weak homologies 
and, separately, the isomorphism between the r- and n - r - 2-dimensional torsion groups (cf. (3.3)), from 
where the invariance of the full group H,,_~_L(R" \ P, Z) followed, i.e., its independence of the embedding 

P C R '~, a remarkable result for that time (cf. (3.4)). 

H~(P,z,~) ..~ H,,_~_t(R" \ P, Zm), m - -  2 ,3 , . . . ,  (3.1) 

H~(P,Z) ~ H~ @ H~~ ~ H,_~_~(R" \ P,Z), (3.2) { 0 H (P) i P), ,~-~-2~ \ P) 

(3.3) 

Invariance of H ,  . . . .  L(R '~ \ P) 

F C R ", F is compact ~ Invariance of H~ \ F). (3.4) 

The work also contained the first nontrivial result concerning topological duality beyond finitely generated 
groups - -  the invariance of weak homology groups of the complement of an arbitrary compact set F C R" 
(cf. (3.4)). To obtain this, L. S. introduced, for the first time, direct and invei~e systems of groups and limits 
of direct systems, hwerse limits, seemingly also for the first time, appear in his 1934 publication about the 
structure of compact groups [71. 

But the central probleIn on the invariance of the flfll homology groups with integer coefficients of the 
complement of an arbitrary compact set F C ~'~, not necessarily a polyhedron, was still open. 

Its solution required new homology invariants of F,  homology groups with compact, not discrete, coetli- 
cient groups, which themselves are compact commutative groups. 

At the same time, L. S. gave up searching for the ultimate solution in terms of group isomorphisms. 
Instead, he introduced the notion of the duality between locally compact commutative groups "in the sense 
of Pontryagin." It was a decisive step, which, together with the general character theory of locally compact 
commutative groups, created shortly afterward, brought a final solution to all basic problems of topological 
duality. The first report was made at the International Matheinatical Congress at Zfirich in 1932 [4]. A 

detailed exposition of the results was published two years later, in 1934, in [5]. 
L. S.' classical construction is today general knowledge and is briefly given in (4.1)-(4.2). Its final result 

was expressed as the duality, not isomorphism, of the corresponding homology groups, H~(F, S), H,~_~_ x(R'~ \ 
F, Z), of the complementary spaces, hence the invariance of the latter followed. This "superfornmlation" of 
the Jordan separation theorem gave the final solution of the general topological duality problem: 

( (F ,G)  d--ef F and G are dual) ==~ (S, z), S = R / m o d l .  (4.1) 

{ (H,(F, r), H,~_~_~(X" \ F, G)) ~ (I~fr(F, S), Hn_r_l(~ n \ F, z)) (4.2) 
Invariance of H~ _r_l (R ~ \ F, Z), 

{ HT(F,G) ,~H,~-~-I(~'\F,G) } 
(H~(F, r ) ,  Hr(F, G)) ~ (4.3) 

Cohomology Homology. 

L. S. once recalled that, when he realized that the duality for an arbitrary compact set was established, 
he felt a strong urge to prove that every compact commutative group is a character group of some discrete 
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group. Thus, the general theory of characters of locally compact commutative groups was already conceived 
in 1932. The final solution had to wait until 1933, when the famous Haar paper on invariant measures 
appeared in Annals of Mathematics, which made it possible to immediately apply H. Weyl's theory of linear 
representations of compact Lie groups to the solution of the problem under consideration and to obtain final 
results. 

The general duality theorem for arbitrary compact sets made it completely clear that the main objects 
of homological topology are the homology groups, not the Betti numbers and torsion coefficients, and all 
efforts directed toward reducing general homological constructions to manipulations with numerical invari- 
ants of groups are bound to fail. This viewpoint, advocated by Emmy Noether from general mathematical 
considerations, was accepted by many serious topologists with complete indifference, until the general duality 
theo.:-em turued it into an everyday mathematical necessity. 

Subsequent discovery of the cohomology by J. W. Alexander and A. N. Kolmogorov in 1935 made it 
possible to rewrite the duality relation (4.2) as an isomorphism (4.3), since the groups H,(F, F) and H~(F, G) 
are dual. In this form, the duality theorem, converted back to an isomorphism relation, is used today. 

From this point of view, the great intellectual efforts spent by L. S. Pontryagin to prove the general 
topological duality theorem were directed toward formulating the theorem in terms of homology only. It 
is true, though, that this tour de force cuhninated in tile creation of the general theory of locally coinpact 
commutative groups and of their complete structure theory and in a full description of the structure of 
arbitrary compact topological groups. This, in particular, led to the solution of Hilbert's 5th problem for 
locally compact commutative and arbitrary compact groups. 

At this point, it would be appropriate to say that, for ine, it was always a mystery how L. S. could miss 
tile opportunity of introducing cohomology. He himself never spoke about this or similar matters seriously, 
and very often half-jokingly. I can explain this only by his personal character, ill a great measure devoid of 
the necessity of frequent professional contemplations. He permanently did mathematics in full measure, at 
the extreme of his great abilities, but always having in nfind a difficult, often a very difficult, still a coucrete 
lnathenlatical problem. 

Here I shall note only that ill his basic paper on cohomology, Alexander motivates the introduction 
of cohomology groups by his desire to characterize the Pontryagin duals to the compact honlology groups 
H~(F, S) in a straightforward way, and, after this renlark, he starts to construct cohonlology groups directly. 
He introduces alternating functions o11 the vertices of a relevant con~plex, and by a classic standard method 
today, defines tile cohomology groups, as well as the cohonlology ring, which, certainly, is impossible to obtain 
from duality considerations only. 

In Kohnogorov's two papers oll cohomology, the first is completely devoted to the additive structure of 
cohomology, and it culminates in proving the isolnorphism (4.3) for polyhedrons. The cohomology ring is 
introduced in the second paper. 

3. C o n c l u d i n g  R e m a r k s  

In his mature years, L. S. was scarcely interested, to say the least, in any parts of mathematics aside fiom 
his own mathematical practice. His everyday inathematical activity, always very iutensive, except, perhaps, 
iu the last years of his life, was constantly monitored by the internal logic of his own research. There were 
only three exceptions ill L. S.' biography wlmre he was seriously occupied, for a long period of time, with 
mathematical problems formulated for him by other mathematicians. As a result, three famous ulathematical 
works emerged, and tile names of the three mathenlaticians are, in chronological order, A. N. Kohnogorov, 
Elie Caftan, and S. L. Sobolev. 

Tile first of the three works was related to topological algebra and appeared iu 1932, as au affirmative 
auswer to Kohnogorov's question, whether or not the three classical division rings, the fields of real and 
complex numbers and the division ring of quaternions, are tile only locally compact connected division rings. 

Kohnogorov's ideas were frequently realized by his followers as outstanding mathematical results already 
in those early times. I cau recall the famous theorems of A. N. Tikhonov on completely regular and compact 
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spaces, obtained by him in the late twenties, during his graduate studies with Kolmogorov. The theory of 
maximal ideals, developed by I. M. Gelfand in the late thirties, also as Kolmogorov's graduate, actually began 
with their joint article on the subject. 

The theorem suggested to L. S. was intended by Kohnogorov as a basic tool for constructing the ax- 
iomatics of projective spaces, and more generally, of spaces of constant curvature. It was in concordance with 
Kohnogorov's ideas about the concrete character of abstractly defined objects by compatible topological and 
sufficiently rich algebraic structures. 

Here I should mention that personal relations between Kolmogorov and Pontryagin were always pretty 
tense, and there was never an open and friendly scientific contact between them. But they had an excellent 
mediator, P. S. Alexandrov. 

With the commutative case, L. S. was done extremely fast. In one week, P. S. notified A. N. that L. S. 
was ready to give the proof. "That's impossible, there must be a mistake," was A. N.'s first reaction. Still, 
they met, and L. S. started to explain the proof. A. N. was very fussy, often interrupting L. S. at delicate 
points of the proof. This continued for about  half an hour, a long enough time for both of them to get a grasp 
of a whole mathematical theory. Finally, A. N. pronounced, "I thought the proof would be not so easy." 

It really turned out not to be easy! The proof of the noncommutative case took L. S. another year. The 
main path of the proof consisted of a chain of delicate topological considerations, based basically on local 
compactness and connectedness, which led to the conclusion that every division ring subject to the conditions 
of the theorem is a finite-dimensional division algebra over the reals, hence the algebraic theorem of Frobenius 
could be applied to obtain the desired result. 

Some of the considerations developed here were later user by L. S. for deriving the structure of locally 
comt)act comnmtative groups. 

Cartan formulated the problem during his visit to Moscow in 1935. His lecture, mainly intended for L. S., 
was given at the Mech-Math Department, in a small room, called for some historical reasons the Mechanics 
Institute. The lecture was, certainly, in French. The room was overcrowde(l, L. S. sitting in the last row, 
an(l N. K. Bari, who was sitting next to him, translating in a whispering voice. Caftan proposed to find 
Betti numbers of tile four standard series of corot)act Lie groups, suggesting his method of exterior forms as 
a method of solution. 

In a couple of months, L. S. produced one of his most beautiful mathematical works, constructing 
homolog:f bases of the groups in question. Again, it was the first serious experience in Topology when 
homologies were computed for a w~st and extremely important family of mauifolds, given not by combinatorial 
or geometric schemes, but defined analytically, as solutions of systems of real algebraic equations of somc 
special kind. 

His results, developed fllrther by H. Hopf, had far-reaching consequences, both geometric and algebraic. 
For L. S. the work had some further implications, connected with his "homotopic studies." All simple 
Lie groups in question have the same Betti numbers as cartesian products of spheres of odd dimensions. 
Furthermore, if the simple group belongs to two of the four series, then its fundamental group is trivial 
and the torsions vanish, and what is more, its homology ring is isomorphic to the homology ring of the 
corresponding product of spheres. Hence, a natural problem arose, to prove that not all simple Lie groups 
from these two series are homeomorphic to products of spheres. Thns, the I)roblem consisted of distinguishing 
between homologically equivalent manifolds, and from the beginning it was clear that this would be very 
delicate since, in the mid-thirties, the homology invariants were, with very few exceptions, the only invariants 
available. L. S. used precisely one of those exceptions. To solve the problem, L. S. applied his recent results 

on homotopic classification of mappings of S '~+l into S '~ for n _> 3, according to which the (n + 1)-dinmnsional 

homotopy group of S '~ is cyclic of order two, hence, there exist nontrivial mappings from S "+~ to S n. He 

considered t, he special unitary group of (3 x 3)-matrices, which has tile same homologies as tile product S :~ x S 5, 
and established that its four-dimensional homotopy group is trivial, whereas the same homotopy groups for 

the sl)here S a, hence for the product S 3 x S ~, are not trivial. 
I cannot go any further into the details here. I should only mention that L. S. obtained his results not 

by the method suggested by Cartan but rather by a direct geometric method, for which he had to generalize 
the Morse method of deformations along the gradient trajectories, but  instea(l of considering only isolated 
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singular points, he also admitted the existence of entire smooth submanifolds of singular points. He later used 
this method for computing homology bases of Grassmann manifolds. 

L. S. was occupied with the third problem during the war years, in Kazan', where the Academy had been 
evacuated since 1942. 

There he established a close relationship with S. L. Sobolev, whom he highly respected as a mathemati- 
cian. L. S. even participated in Sobolev's military-oriented seminar on problems of hydrodynamic stability in 
ballistics, partly because of his strongly patriotic feelings. As a result of this activity, L. S. produced a very 
influential paper on Hermitian operators in spaces with indefinite metric with a finite index k, in which he 
prove<t that every Hermitian operator in such a space has an invariant subspace of a special type of dimension 
k. 

L. S. considered this work as definitely the most important among his nontopological works of the early 
period, which demanded from him the greatest efforts and was most time-consuming. 

It would also be appropriate to mention here that  he did not take very seriously his coauthorship of the 
joint paper with A. A. Andronov on structurally stable dynamical systems in the plane, or rough systems, in 
the original terminology. He gave the main credit to Andronov, emphasizing that he only added one condition, 
missed by Andronov, namely, that in a rough system there are no separatrices joining two saddle points. 

With these comments I have to finish my account of L. S.' mathematical works, completely omitting, 
unfortunately, his major contributions to homotopic and smooth topology, which, mcxst certainly, should be 
the subject of a special discussion. 

I hope that tile short fragments of L. S.' mathematical  activities which I presented here will give you 
some idea about, the diversity and scale of his mathematical  power. He always reminded me of the legendary 
King Midas, turning into gold whatever mathematical  ore he touched. 

Now, a few words about L. S.'s professional relations with his students. L. S. devoted much time and 
energy to his underga'aduate and graduate students, and would listen to them during long sessions if it were 
a matter of teaching, but a real scientific interest in their activity and a willingness toward full-blooded 
cooperation were expressed by him only if the subject was strictly related to his own activity at the time. 
I can support this opinion by recalling his scientific relations with several of his well-known students and 
collaborators whom I knew or know t)ersonally. 

Close scientific cooperation between L. S. and V. A. Rokhlin was established during the period when 
Rokhlin developed Pontryagin's method of framed manifolds and obtained his well-known results concerning 
the smooth topology of three-dimensional manifolds. 

The periods of closest scientific cooperation with V. G. Boltyansky, and at the same time, Boltyaasky's 
highest mathematical achievements in dimension theory, the homological theory of obstructions, aml then in 
optimal control, coincided with tile perio(ks when BoItyansky was working under L. S.' direct supervision and 
support. 

Finally, E. F. Mishchenko closely cooperated with L. S. during his later years and took part in developing 
tile theory of singularly perturbed ordinary differential equations and differential games. 

Accordingly, their fame moved from East to West, whereas the fame of M. M. Postnikov, also L. S.' 
student in the early fifties, came to us from the West. His general homotopic construction, generalizing 
the well-known constructions of Hopf and Eilenberg-MacLane, and formalized afterwards as the "Postnikov 
tower," which produces imt)ortant "Postnikov invariants" of a space, was underestimated in Moscow at the 
time it was discovered. Since the subject was aside from L. S.' direct activities, and due to the very general 
character of the construction and lack of concrete results, it did not generate a genuine interest in L. S. 

In conclusion, I should say that the scientific activity of L. S. Pontryagin left a deep imprint on many 
branches of contemporary mathematics. For its extremely high "topological background," Soviet, and now 
Russian. Mathematics is greatly indebted to the magnificent Pontryagin years of our science. It is renmrkable 
how distinctively clear the topological theme is present in the works of the majority of leading contemporary 
Russian mathematicians, regardless of their narrow specializations or their belonging to one school or another. 

And optimal control is today an indispensable part of scientific research in every applied mathematics 
institution all over the world. 

Many colleagues present in this hall today knew Lev Semenovich personally and, no doubt, couhl appre- 
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ciate by their own experience tim scale of this great mathematician.  On behalf of the Organizing Committee, I 
would like, once again, to thank all of you for participating in this Conference and thus honoring his memory. 

Thank you for your attention. 
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