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Preface

The monograph studies representation theoretic aspects of a nonabelian version
of the Jacobian for a smooth complex projective surface X introduced in [R1].
The sheaf of reductive Lie algebras QG associated to the nonabelian Jacobian is
determined and its Lie algebraic properties are explicitly related to the geometry
of configurations of points on X . In particular, it is shown that the subsheaf
of centres of QG determines a distinguished decomposition of configurations into
the disjoint union of subconfigurations. Furthermore, it is shown how to use sl2-
subalgebras associated to certain nilpotent elements of QG to write equations defining
configurations of X in appropriate projective spaces.

The same nilpotent elements are used to establish a relation of the nonabelian
Jacobian with such fundamental objects in the representation theory as nilpotent
orbits, Springer resolution and Springer fibres of simple Lie algebras of type An,
for appropriate values of n. This leads to a construction of distinguished collections
of objects in the category of representations of symmetric groups as well as in the
category of perverse sheaves on the appropriate Hilbert schemes of points of X .
Hence two ways of categorifying the second Chern class of vector bundles of rank 2
on smooth projective surfaces.

We also give a “loop” version of the above construction by relating the
nonabelian Jacobian to the infinite Grassmannians of simple Lie groups of type
SLn.C/, for appropriate values of n. This gives, via the geometric version of
the Satake isomorphism, a distinguished collection of irreducible representations
of the Langlands dual groups thus indicating a relation of the nonabelian Jacobian
to the Langlands duality for smooth projective surfaces.

All of the above constitutes a substantial body of evidence that our nonabelian
Jacobian provides an efficient mechanism for using the representation theory of
reductive Lie algebras/groups in a systematic way to gain insight into various
algebro-geometric properties of smooth complex projective surfaces.

Angers, France Igor Reider

v



•



Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Nonabelian Jacobian J.X IL; d/ (a Summary of [R1]) . . . . . . . . . . . . 3
1.2 The Center of the Lie Algebra QG.E ; Œe�/ and Geometry

of Ze . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Nilpotent Aspect of G.E ; Œe�/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.4 From J.X IL; d/ to Affine Lie Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.5 Concluding Remarks and Speculations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.6 Organization of the Monograph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 Nonabelian Jacobian J.X IL; d/: Main Properties . . . . . . . . . . . . . . . . . . . . . 17
2.1 Construction of J.X IL; d/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.2 A Stratification of J.X IL; d/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.3 A Nonabelian Theta-Divisor ‚.X IL; d/ . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.4 The Sheaf QF on J.X IL; d/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.5 Orthogonal Decomposition of QF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.6 The Sheaf of the Lie Algebras QG� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.7 Conventions and Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3 Some Properties of the Filtration QH�� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4 The Sheaf of Lie Algebras QG� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.1 The Center C� of QG� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.2 The Sheaf of Semisimple Lie Algebras G� . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.3 A Natural Grading of G� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5 Period Maps and Torelli Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
5.1 Definition of the Period Map(s) for MJ� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
5.2 The Relative Derivatives of p� and opp� . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.3 Torelli Problems for Maps p� and opp� . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

6 sl2-Structures on QF 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
6.1 Constructions on a Fibre of QF 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
6.2 Sheaf Version of the Constructions in �6.1. . . . . . . . . . . . . . . . . . . . . . . . . . 105

vii



viii Contents

7 sl2-Structures on G� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

8 Involution on G� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

9 Stratification of T� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
9.1 Linear Stratification of T� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
9.2 sl2-Stratification of T� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

10 Configurations and Theirs Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
10.1 Geometric Set-Up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
10.2 sl2-Basis of H0.OZ0/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
10.3 Equations Defining Z0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
10.4 �00 and Multi-secant Planes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
10.5 Complete Intersections on K3-Surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
10.6 Adjoint Linear System jLCKX j and Geometry of Z . . . . . . . . . . . . . 167

11 Representation Theoretic Constructions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
11.1 Basic Set-Up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
11.2 The Orbit Structure of N 0� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177
11.3 Perverse Sheaves and J.X IL; d/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
11.4 Abelian Category A.X IL; d/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
11.5 Generalized Macdonald Functions on XŒd� . . . . . . . . . . . . . . . . . . . . . . . . . 192

12 J.X IL; d/ and the Langlands Duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
12.1 Some Preliminaries. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
12.2 G0rel

� (o)-Orbits of Gr� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
12.3 Relating MJ� and Gr� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213


	Nonabelian Jacobian of Projective Surfaces
	Geometry and Representation Theory
	Preface
	Contents


