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Foreword

When I was a graduate student in the early 1970s I was interested in q-series, special
functions and I had some interest in fractional calculus. The prevailing wisdom at
the time was that none of these subjects will lead anywhere. It is amazing how much
things have changed since then and here I am, 40 years later, writing a Preface to a
wonderful monograph on q-fractional calculus and q-difference equations. I worked
with Waleed Al-Salam who was enthusiastic about the subject. Earlier he introduced
the operators of q-fractional calculus and in the early 1970s he worked with Arun
Verma on q-fractional Leibniz rule. They found q-analogues of part of a series of
papers by Tom Osler on fractional calculus, whose first paper appeared in 1970.

In my opinion the recent developments in q-difference equations and q-fractional
calculus naturally followed the developments in the theory of q-series and orthog-
onal polynomials by a quite a few mathematicians under the leadership of Richard
Askey and George Andrews. By the late 1980s the importance of difference and
q-difference equations, as well as the Askey–Wilson operator equations, became
apparent and Mahmoud Annaby started studying the old papers by Adams, Birkhoff,
and their collaborators. He started working with students and other mathematicians
from Cairo on related problems and they were naturally led to work on operators of
fractional and q-fractional calculus as well as difference and q-difference equations.

Fractional calculus has a long history and has recently gone through a period of
rapid development. In writing any book one has to pick and choose from a wide
range of topics. The present monograph covers a selection of topics in a rigorous
way. It starts with elementary calculus of q-differences and q-integration. Then
presents a study of q-difference equations. The existence and uniqueness theorems
are derived using successive approximations, leading to systems of equations with
retarded arguments. Regular q-Sturm–Liouville theory is also introduced; Green’s
function is constructed and the eigenfunction expansion theorem is established. The
Abel integral equation is the prime example of a Volterra integral equation which can
be solved via the Riemann–Liouville operators of fractional calculus. The authors
study fractional q-calculi of many types including Riemann–Liouville; Grünwald–
Letnikov; Caputo; Erdélyi–Kober and Weyl, in some detail. One aspect I liked is
the rigorous treatment of fractional q-Leibniz rule and its application. This puts on
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viii Foreword

solid ground many classical results starting from those early papers of F. H. Jackson
down to the recent papers of Al-Salam and Verma. It is nice to see these results
written and the domains of their validity precisely specified.

In special functions the tradition is that identities are proved but in many cases
one side gives analytic continuation of the other side. A case in point is the Pfaff–
Kummer transformation

2F1.a; b; cI z/ D .1 � z/�a2F1.a; c � bI c; z=.z � 1//:

This is an identity if jzj < 1 and jzj < j1 � zj. On the other hand, the right-hand
side gives an analytic continuation of the left-hand side if jzj > 1 but jzj < j1 � zj.
Many identities in this work can be considered as analytic continuation formulas to
domains wider than their domains of validity.

Some integral equations of Volterra and Abel type work as an introductory
material for the study of fractional q-calculi.

The investigation of q-fractional difference equations leads to families of q-
Mittag-Leffler functions which are defined and their properties are investigated,
especially the distribution, asymptotic and reality of their zeros, establishing q-
counterparts of Wiman’s results. Fractional q-difference equations are studied;
existence and uniqueness theorems are given and classes of Cauchy-type problems
are completely solved in terms of families of q-Mittag-Leffler functions. Among
many q-analogues of classical results and concepts, q-Laplace and Fourier trans-
forms are studied and their applications are investigated

As I said earlier this monograph is too brief to be encyclopedic, so the authors
had to restrict their coverage of topics within the subject. For example dual integral
and series equations are not covered but the reader can find this in Sneddon [276].
Another topic of interest is that operators of fractional calculus can be used to
construct reproducing kernels with known eigenvalues and eigenfunctions. Another
important missing topic is the characterization of the ranges of various fractional
integral operators. This is related to the theory of multipliers for the Mellin
transform. Some references are [259, 260]. Zeinab Mansour kindly informed me of
her joint work in progress on q-analogues of these results. I look forward to seeing
this work completed.

I am sure the publication of this book will stimulate further research in this area.

Orlando, FL Mourad Ismail



Preface

This book is a rigorous study of q-fractional calculus and q-fractional difference
equations. Our study is developed starting from the work of Agarwal [17], Al-
Salam [18, 19], and Al-Salam and Verma [20]. In [17], the q-fractional Riemann–
Liouville calculus is defined formally and many properties are given as well. In
comparison with the celebrated monographs on fractional calculus, for example, the
first book on fractional calculus [227] written by Oldham and Spanier, the books
of Samko et al. [269], Kilbas et al. [169], Podlubny [234], and Diethelm [82],
we can see that the q-fractional theory is far from being a well-established q-
counterpart of the existing fractional theory. However, we hope that the present work
would be a takeoff point to establish a more comprehensive q-fractional theory.
We would like to mention that our q-study is based on a q-difference operator
and its associated right inverse. This q-difference operator goes back to Euler and
may go back to Heine and is reintroduced by Jackson in [158]. Sometimes it is
called Euler–Jackson q-difference operator or simply Jackson q-difference operator
as we do through the entire book. The main objective of this book is to provide
such an overview of the basic theory of fractional q-difference equations, methods
of their solutions and applications, taking into account the audience of this book,
namely the applied scientists interested in developing the q-theory, investigating and
exploring its applications. Applications of the classical fractional calculus appeared
in many publications. For example, Sneddon’s book [276] on mixed boundary value
problems from the mid-1960s included a survey of fractional calculus and how
to use it to solve integral equation arising in elasticity. In addition, applications
of fractional calculus in mathematical physics, probability, and modeling were
introduced in the mid-1970s in [261]. Recently, more applications in classical
mechanics, particle physics, diffusion systems, viscoelastic and disordered modern
electrical systems, modeling and control are in [267]. Perhaps Leibniz [179] did not
expect this number of applications when he sent a letter in 1695 to L’Hôpital asking
about the meaning of the derivative of order half. From this point of view, we expect
that in the long run, many applications of the fractional q-calculus will appear.
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x Preface

This book consists of nine chapters. Chapter 1 provides some basic definitions
and properties of q-analysis as the q-difference operator, the q-integral operator, q-
special functions, and q-integral transforms. Chapter 2 is a study of the existence
and uniqueness of the solutions of first-order systems of q-difference equations
and linear q-difference equations. This chapter also includes some results on zeros
of q-trigonometric functions and q-Bessel functions. Chapter 3 includes the basic
Sturm–Liouville problem formulated and studied in [30]. It also includes the
reformulation introduced in [207] of the q2-Fourier transform introduced by Rubin
in [265, 266]. In Chap. 4, we survey the developments in the fractional q-theory
since Al-Salam and Agarwal introduced their generalization to Jackson q-integral
and derivatives to fractional orders. It contains the fractional q-calculus associ-
ated with Al-Salam and Agarwal fractional q-analogue of the Riemann–Liouville
fractional derivatives. Chapter 5 is devoted to other approaches of extending the
notion of q-integrals and q-derivatives to fractional orders like q-Caputo fractional
derivatives and q-Weyl fractional derivatives. In this chapter we show that a
generalization to Grünwald–Letnikov fractional derivatives in the q-settings leads
to Al-Salam–Agarwal fractional q-derivatives. We outline the generalization of the
Askey–Wilson q-difference operator to fractional orders introduced by Ismail and
Rahman in [147]. We conclude this chapter with a generalization of the q-difference
operator introduced by Rubin in [265, 266] to fractional orders. In Chap. 6, we
give a rigorous proof of Al-Salam–Verma fractional q-Leibniz rule [20] and a
generalization of the fractional q-Leibniz rule introduced by Agarwal in [15]. We
also introduce a fractional q-Leibniz rule associated with Weyl fractional q-operator.
This result is a generalization of the result introduced by Purohit in [248]. At the last
section of this chapter, we derive some q-identities using the fractional q-Leibniz
formulae represented in this chapter. Chapter 7 is fully devoted to q-Mittag-
Leffler functions and their major properties. We explore the Mellin–Barnes contour
representations and Hankel contour representations of the two q-analogues of the
Mittag-Leffler functions considered in this book. Chapter 8 includes fundamental
existence and uniqueness theorems for linear and nonlinear fractional q-difference
equations as well as first-order systems of fractional q-difference equations, where
the q-derivative is either the Riemann–Liouville fractional q-derivative or Caputo
fractional q-derivative. Most of the results of this chapter are a generalization
of the results mentioned in Chap. 2. In Chap. 9, the last chapter, we investigate
the applications of the q-Laplace, q-Mellin, and q2-Fourier integral transforms to
constructing explicit solutions of certain classes of linear fractional q-difference
equations. In the appendix, we include tables of fractional q-derivatives of q-special
functions and generalized Rodrigues-type formulae for some q-special functions.
The bibliography consists of 302 books and articles, including some recent pre-
prints submitted for publications, up to 2011. However, it cannot be considered as a
complete bibliography since this discipline is a fast-growing area. But, on the other
hand, we believe that the references of the bibliography and references mentioned
therein are enough to get a complete overview of the developments occurred in this
subject up to the year 2011.
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Acronyms

Here, we collect a list of symbols that have been used in this book.
Sets

N D f1; 2; 3; : : :g, the sets of natural numbers.

N0 D N [ f0g.

Z
� D f0;�1;�2;�3; : : :g, the set of all non positive integers.

R
C D fx 2 R W x > 0g.

Rq;C D ˚
qk W k 2 Z

�
.

Rq D ˚˙qk W k 2 Z
�
.

R The set of all real numbers.

Function Spaces

L
p
q;�.0; a/; � 2 R, p � 1 The space of all functions f defined on .0; a� that
satisfy

R a
0
t�jf .t/jp dqt < 1.

L
p
q;�.0; a/; � 2 R, p � 1 The space of all functions f defined on .0; a� that
satisfies t�f p.t/ 2 Lpq;�.0; x/, 0 < x � a. See Definition 1.4.1

A CqŒ0; a� The space of all q-absolutely continuous functions defined on Œ0; a�,
see Definition 4.3.1.

L2q
�
.0; a/ � .0; a/� See Definition 1.4.3.

A C
.n/
q Œ0; a� See Definition 4.3.2.

Sq;�I � > 0 The space of all functions f defined on a q�1-geometric set A such
that

jf .xq�n/j D O.q�n.nC�// as n ! 1:

Lp.Rq;C/ The space of all functions f defined on Rq;C that satisfy

Z 1

0

jf .t/jp dqt < 1:
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xviii Acronyms

Lp.Rq/ The space of all functions f defined on Rq that satisfy

Z 1

�1
jf .t/jp dqt < 1:

L p.˝/ where˝ � C is a neighborhood or a deleted neighborhood of zero is the
space of all functions defined on ˝ such that

Z jzj

0

jf .t/jp dqt < 1 for all z 2 ˝:

Cn
q Œa; b� The space of all continues functions with continuous q-derivatives up to

order n � 1 on the interval Œa; b�. See Definition 1.4.4.

Functions

d�e Ceiling function, dxe WD min fn 2 N0 W x � ng.

Re z, Im z Real and imaginary part of the complex number z.

�q.z/ The q-analogue of the Euler’s gamma function.

Bq.˛; ˇ/ The q-analogue of the Euler’s beta function.

r�s The basic hypergeometric function, see (1.9).

J
.1/
� .zI q/ First Jackson q-Bessel function.

J
.2/
� .zI q/ Second Jackson q-Bessel function.

J
.3/
� .zI q/ Third Jackson q-Bessel function.

eq.z/; Eq.z/ q-analogues of the exponential function.

sinq z; cosq z; sinhq z; coshq z The q-analogues of the sine, cosine, hyperbolic
sine, and hyperbolic cosine associated with eq.z/.

Sinq.z/, Cosq.z/, Sinhq.z/, Coshq.z/ The q-analogues of the sine, cosine, hyper-
bolic sine, and hyperbolic cosine associated with Eq.z/.

sin.zI q/, cos.zI q/ q-analogues of the sine and cosine functions, see (2.75)–
(2.76).

Sin.zI q2/, Cos.zI q2/ q2-analogues of the sine and cosine functions, see (3.70).

e.zI q2/ D Cos.�izI q2/C i Sin.�izI q2/; z 2 C

e�;�.zI q/; E�;�.zI q/ q-analogues of the two parameter Mittag-Leffler functions,
see (7.3).

r s.zI q/ q-analogue of the Fox-Wright function, see Definition 1.8.1.

Erf.zI q/; Erfq.z/; erf.zI q/ q-analogues of the error function, see (1.73), (1.75),
(1.77).

�q.s; x/; �q.s; x/ q-analogues of the incomplete gamma function, see (1.78).



Acronyms xix

Operators

Dq Jackson q- divided difference operator.

@q The q-divided difference operator introduced by Rubin, see (3.77).

Wq is a q-analogue of the Wronskian determinant, see Definition 2.7.1.

Dq The Askey–Wilson operator.

q Ls , q Ls The q-analogues of the Laplace integral transforms.

Mq A q type Mellin integral transform.

Fq A q2 type Fourier transform.

D˛
q The Riemann–Liouville fractional q-derivative of order ˛.

cD˛
q The q-Caputo fractional q-derivative of order ˛.

D� q The fractional Caputo q-difference operator of order ˛.

Dk˛
q The sequential Riemann–Liouville fractional q-derivative of order k˛,
˛ > 0, see (8.74).

cDk˛
q The sequential Caputo fractional q-derivative of order k˛, 0˛ > 0.

Other Symbols

Wq;˛ , jWq;˛j The q; ˛ Wronskian matrix and the q; ˛ Wronskian determinant
associated with the Riemann–Liouville fractional q-derivative, respectively, see
Definition 8.6.2.

W C
q;˛ , jW C

q;˛j The q; ˛ Wronskian matrix and the q; ˛ Wronskian determinant
associated with the Caputo fractional q-derivative, respectively, see Defini-
tion 8.7.2.

w˛;ˇ.zI q/; W˛;ˇ.zI q/ q-analogues of the Write functions, see (1.83) and (1.84),
respectively.

o Sometimes called little-o or Landau symbol. For example, f D o.g/ as x ! a

means that limx!a
f .x/

g.x/
D 0.

O Sometimes called big-O or Landau symbol. For example. f D O.g/ as x ! a

means f .x/j � Ajg.x/j for some constant A and for all x in a neighborhood of
the point a.

	 For example, f 	 g as x ! a means that limx!a
f .x/

g.x/
D 1.
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