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Preface

In this book we introduce measurable expanding random systems, develop the
thermodynamical formalism and establish, in particular, exponential decay of
correlations and analyticity of the expected pressure although the spectral gap
property does not hold. This theory is then used to investigate fractal properties
of conformal random systems. We prove a Bowen’s formula and develop the mul-
tifractal formalism of the Gibbs states. Depending on the behavior of the Birkhoff
sums of the pressure function we get a natural classifications of the systems into two
classes: quasi-deterministic systems which share many properties of deterministic
ones and essential random systems which are rather generic and never bi-Lipschitz
equivalent to deterministic systems. We show in the essential case that the Hausdorff
measure vanishes which refutes a conjecture of Bogenschütz and Ochs. We finally
give applications of our results to various specific conformal random systems
and positively answer a question of Brück and Büger concerning the Hausdorff
dimension of randomJulia sets.
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3.5 Levels of Positive Cones of Hölder Functions . . . . . . . . . . . . . . . . . . . . . . . 24
3.6 Exponential Convergence of Transfer Operators . . . . . . . . . . . . . . . . . . . . 27
3.7 Exponential Decay of Correlations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
3.8 Uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.9 Pressure Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.10 Gibbs Property . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.11 Some Comments on Uniformly Expanding

Random Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4 Measurability, Pressure and Gibbs Condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.1 Measurable Expanding Random Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.2 Measurability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
4.3 The Expected Pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

ix



x Contents

4.4 Ergodicity of � . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.5 Random Compact Subsets of Polish Spaces . . . . . . . . . . . . . . . . . . . . . . . . . 43

5 Fractal Structure of Conformal Expanding Random Repellers . . . . . . . . 47
5.1 Bowen’s Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
5.2 Quasi-Deterministic and Essential Systems . . . . . . . . . . . . . . . . . . . . . . . . . 51
5.3 Random Cantor Set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

6 Multifractal Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
6.1 Concave Legendre Transform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
6.2 Multifractal Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
6.3 Analyticity of the Multifractal Spectrum

for Uniformly Expanding Random Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

7 Expanding in the Mean . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
7.1 Definition of Maps Expanding in the Mean . . . . . . . . . . . . . . . . . . . . . . . . . 69
7.2 Associated Induced Map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
7.3 Back to the Original System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
7.4 An Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

8 Classical Expanding Random Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
8.1 Definition of Classical Expanding Random Systems . . . . . . . . . . . . . . . 75
8.2 Classical Conformal Expanding Random Systems . . . . . . . . . . . . . . . . . . 80
8.3 Complex Dynamics and Brück and Büger Polynomial
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