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Preface

Bessel functions are indispensable in many branches of mathematics and applied
mathematics. Thus, it is important to study their properties in many aspects.
Recently, there has been a vivid interest on Bessel and hypergeometric functions
from the point of view of geometric function theory and functional inequalities.
Although many inequalities and geometric properties of Bessel and hypergeometric
functions appear in works of many mathematicians, there is no unified treatment
of the topic. I have written this monograph in order to partially fill this gap in the
literature. The major part of this monograph is taken from my Ph.D. thesis [54] with
the same title as this monograph and that is why most results are due to myself and
my coauthors. The literature has grown very quickly during the past few years and
everything could not have been covered. I have tried to follow closely the structure
of my thesis.

Most of my papers used in this monograph were supported partially by the
Institute of Mathematics, University of Debrecen, Hungary and some of these papers
were completed during my visit to University of Debrecen. I take this opportunity to
thank this institution for its excellent research facilities and to thank Péter T. Nagy
for his constant encouragement during the course of my work. My research was
also partially supported by the János Bolyai Research Scholarship of the Hungarian
Academy of Sciences since September 2009. I would also like to thank this Institu-
tion for the financial support.

I would like to express my gratitude to Szilárd András, Wolfgang W. Breckner,
Edward Neuman, Saminathan Ponnusamy and Matti Vuorinen for carefully reading
the earlier versions of the manuscript and for their numerous constructive sug-
gestions and helpful remarks. I am also indebted to the referees for their very
constructive comments, and to the staff of Springer for their assistance.

Finally, I thank my family, children Boróka and Koppány and especially my wife
Katalin, for support and love.

Cluj-Napoca Árpád Baricz
January 2010
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Notation

Following is a list of notation used in this book:

N,R,C Set of natural, real and complex numbers
D Open unit disk in the complex plane
(a)n Pochhammer (or Appell) symbol
F(a,b,c,z) Gaussian hypergeometric function
K (x) Complete elliptic integral of the first kind
Φ(a,c,z) Kummer hypergeometric function
qFr(a1, . . . ,aq,b1, . . . ,br,z) Generalized hypergeometric function
Jp, Ip Bessel and modified Bessel function of the first kind

of order p
jp, ip Spherical and modified spherical Bessel function of

the first kind of order p
wp Generalized Bessel function of the first kind of

order p
up Generalized and normalized Bessel function of the

first kind of order p
Γ (z) Euler’s gamma function
B(p,q) Euler’s beta function
log Natural logarithm function on (0,∞)
Log Principal branch of the logarithm function
γ Euler-Mascheroni constant
S ,S ∗,C Class of univalent, starlike and convex functions
S ∗(α),C (α) Class of starlike and convex functions of order α
H μ Hardy space of analytic functions
∗ Hadamard product ( f ∗ g) of two power series
∼ Asymptotic to ( f (x) ∼ g(x) as x → a if limx→a f (x)/

g(x) = 1)
O(r) Landau order symbol
sin,cos,sinh,cosh Sine, cosine, hyperbolic sine, hyperbolic cosine
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xii Notation

Rez, Imz Real and imaginary part of the complex number z
A(r,s),G(r,s),H(r,s) Arithmetic, geometric and harmonic mean of r and s
A2(r,s) Second-order power mean of r and s
Hp(r,s) p-order power mean (or Hölder mean) of r and s
jp,n nth positive zero of the Bessel function Jp

Si(x),Shi(x) Sine and hyperbolic sine integral



Survey

The aim of this brief survey is to give the reader a short overview of the topics
discussed in this book.

Special functions. Special functions are some particular mathematical functions
which have more or less established names and notations due to their importance in
mathematical analysis, functional analysis, physics, or other applications. However,
there is no general formal definition, but the list of mathematical functions contains
functions which are commonly accepted as special. In particular, elementary func-
tions, especially trigonometric functions are also considered as special functions.
The theory of special functions has been developed essentially in the nineteenth
century due to the contributions of C.F. Gauss, C.G.J. Jacobi, F. Klein, and many
others. Because of their remarkable properties, special functions have been used
for centuries. For example, since they have numerous applications in astronomy,
trigonometric functions have been studied for over a thousand years. However, in
the twentieth century the theory of special functions has been overshadowed by
other fields such as real and functional analysis, topology, algebra and differential
equations. All the same, in that times appeared G.N. Watson’s book [227] entitled
“A treatise on the theory of Bessel functions,” which is a very important book in
the theory of special functions, especially in the asymptotic expansions of Bessel
functions. Nowadays this book is a classic and because of their remarkable prop-
erties special functions, like Bessel and hypergeometric functions are frequently
used in probability, statistics, mathematical physics and engineering sciences. This
is why the Hungarian mathematician Paul Turán, as Richard Askey said, considered
“special functions” a misnomer: they should be called useful functions.

Special functions in geometric function theory. Special functions play an im-
portant role in geometric function theory. Maybe the most known application is the
solution of the famous Bieberbach conjecture by L. de Branges. In the proceedings
of the 1986 meeting to celebrate the proof of L. de Branges’ theorem, L.V. Ahlfors
[4] wrote:

To my knowledge, de Branges may be the first who has tapped the rich reservoir of knowl-
edge hidden in the volumes on special functions and sometimes relegated to a corner of the
library, and applied it to the coefficient problem. In this case, what he used was original
work by contemporary mathematicians, but it raises the question whether special functions,
as a powerful tool, have not been unduly neglected.
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xiv Survey

The surprising use of generalized hypergeometric functions by L. de Branges
has generated considerable interest, and the geometric properties of the general-
ized, Gauss and Kummer hypergeometric functions have been investigated by many
authors in the last few decades. Although the geometric properties of these func-
tions are interesting in their own right, they have shown to be useful in many other
problems in geometric function theory. For example, recently the starlikeness of the
normalized Gaussian hypergeometric functions was used by J.H. Choi et al. [82]
in order to deduce sharp norm estimates for the Alexander transforms of convex
functions of order alpha. The investigation of the geometric properties of Bessel
functions – discussed in details in this book – was motivated by the immense re-
search about hypergeometric functions and some further researches are in progress.

Functional inequalities involving special functions. In 1991 M. Hazewinkel,
as the editor of Kluwer Academic Publishers (Dordrecht/Boston/London) wrote:

Inequalities are everywhere. Whole series of conferences are devoted to them. Indeed in
my more despondent moments, when struggling with one or another problem, I sometimes
have the feeling that mathematics (especially analysis) is all inequalities.

The functional inequalities which involve hypergeometric functions, especially
elliptic integrals are very useful in quasiconformal analysis, and many of them have
been deduced to solve some interesting problems in this topic. A large number of
such inequalities has been collected by G.D. Anderson et al. in [19], which is the
first book containing a systematic and detailed treatment of Gaussian hypergeomet-
ric functions from the point of view of inequalities. Some of these inequalities have
been motivated naturally by the beautiful identities of elliptic integrals and nowa-
days the research of such inequalities is in active progress.

Since the Bessel and modified Bessel functions can be viewed as generalizations
of sine, cosine, hyperbolic sine and hyperbolic cosine functions, it is natural to ask
whether many identities and inequalities involving these trigonometric functions
can be extended to Bessel functions. Although, this problem is interesting in its own
right, recently it has been shown that such inequalities can be useful in engineering
sciences, such as information and communication theory (see for example the papers
of Á. Baricz and Y. Sun [56, 61]).

Topics discussed in this book. In this book our aim is to study the generalized
Bessel functions of the first kind from the point of view of the complex analysis on
the one hand, and on the other hand from the point of view of the classical analysis.
The study of these functions from the point of view of the complex analysis is mostly
related to univalence, starlikeness, convexity, close-to-convexity and subordination
property, while the study from the point of view of the classical analysis is rela-
ted to the extensions of some trigonometric inequalities, like Mitrinović, Mahajan,
Redheffer, Cusa, Jordan, Grünbaum, Landen, van der Corput, Askey, to generalized
Bessel functions of the first kind. Moreover, we deduce some chain of inequalities
for Gaussian and Kummer hypergeometric functions, generalized Bessel functions,
modified Bessel functions, general power series with positive coefficients.


	Generalized
Bessel Functions
of the First Kind

	Preface

	Contents

	Notation

	Survey




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




