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Preface

Since roughly 2002, we have been interested in establishing a number of
penalisation results for Brownian motion.

e Let us first explain the term “penalisation”:
by putting an adequate weight I on the Wiener measure W, constructed on
(Q=C(R4,R), (X, Fi)>0), where X (w) = w(s), w € Q, s > 0, denotes the
canonical process, and (F; = 0{X,,s < t},t > 0) its natural filtration, we
wish to show that :

Wl =W (P1)

when restricted to Fy, for any finite s, converges as t — oo, i.e. :
Vs >0, VF, € F,, W} (Fy) — WL (Fy) (P2)

Assuming that this holds, it is not difficult to show that WL induces a prob-
ability on (£, F), such that :

Vs >0, WL = MoWg, (P3)

for a certain martingale (M) with respect to (W, (Fs)).

We then say that we have penalised W with the weight process (I}, ¢ > 0); for

example, taking I} = p(sup X,,)/W (¢(sup X)), for bounded ¢’s with com-
u<t u<t

pact support, we obtain the existence of WL under which sup X, is finite.
u>0

Thus, the process (X;), under WL has a radically different behavior than un-
der W, namely the supremum process has been penalised so that it becomes
finite valued under the new probability measure WZ .

We have been looking systematically for such alterations of the Wiener mea-
sure, by taking weight processes involving the supremum, or the local time at
0, or..., or in dimension 2, the winding process of planar Brownian motion...
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Besides these examples, the most natural penalisations of W, consist to take :

I} = exp <_ /O tq(Xs)ds) /Ew <eXp <_ /O t q(Xs)ds)> (P4)

for some integrable function ¢ : R — R,
We call these Feynman-Kac penalisations.
e We now explain about the organisation of these Lecture notes :

- Chapter 0, is a detailed Introduction to the whole volume, including
some discussion comparing penalisation and other topics, e.g. : the small
ball problem...

- Chapter 1, a version of which has been published in Japanese Journal
of Mathematics (2006) develops a number of cases of penalisations, together
with the presentation of the relevant prerequisites for Brownian motion, e.g. :
the definition of Brownian local times, and so on...

Each of the cases presented there has been the subject of a fully developed
paper, a series of which have appeared in Studia Math. Hung. (see [RVY, i,
i =LII,...VIT and [RY, j], j = VIILIX, in the Bibliography, p. 34).

- In Chapter 2, we take up the study of Feynman-Kac penalisations, but
there, we look for a global approach, as follows :
we show the existence of a o-finite measure A on C(R,R,) such that, for
conveniently integrable functionals T'(LY;y € R), we have :

VEW(D(LY3y € R)) — A(T).

—00

Our aim then is to show that, associated with these functionals, there is a
penalisation result, with limiting martingales (M;) as in formula (P3), ex-
pressible in terms of the measure A.

- In Chapter 3, we consider another general framework of penalisations
of W with, for example, functions of the sequence :

2 n
WO vy

of lengths of Brownian excursions, away from 0, up to time ¢, ranked in
decreasing order, as in the studies of Pitman-Yor related to the Poisson-
Dirichlet distributions (see [PY3], references at the end Chapter 3).

Again, a preliminary study, involving only V75<1> has been made in [RVY,VI]]
(see the end of Chapter 1), whereas here we show the existence of a o-finite
measure IT much as in Chapter 2, from which we shall be able to describe
the general penalisations obtained from these ranked lengths of excursions.
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- In Chapter 4, we question in broad terms the validity of our discussion
in the following sense :

in our asymptotic studies, we always restricted ourselves to fixed finite
intervals [0, s], i.e. : we looked for the existence of the limit of

WY(F,), ast — oo, for F, € F, .

In this Chapter 4, we ask about the closeness of WOFO‘ 7 and of I}.Wz,, as
t — oo, and we are able to show that they are far apart, in that the total
variation of the difference converges to a positive constant.

A number of related questions are also examined.

K3k ok ok okook ok ok ok ook ok sk sk okook ok kok skok ko kokok

As a temporary conclusion of our penalisation studies, let us look at what
has or has not been achieved :

e we have shown the existence of a penalised limiting measure for W', as
t — oo, for a large class of interesting and “natural” weight processes. On the
other hand, we have not been able to find general criterion on such processes
that would ensure the existence of this limit;

e even if one is not a priori interested in penalisations per se, these studies
are a source of “creation” of Brownian martingales, which may be of interest
by themselves; see in particular the discussion in Chapter 0.

e more complicated weight processes have been considered in the probabilistic
- statistical mechanics oriented - literature, involving instead of the simple

integrals
t
/ q(Xs)ds
0

e.g: double integrals : // q(Xy — Xs)duds (P5)
[0,

In fact, Symanzyk’s program - which is closely related to Edwards’ model -
consists in looking for the existence of limiting results as n — oo, for fixed ¢,
for the normalized weights :

exp (— // Gn( Xy — Xs)du ds)
[0,¢]2

where : ¢, (z) = n?q(nz) (2 € RY), with g integrable on R, and W the law
of d-dimensional Brownian motion.

We hope that, in some near future, some of the techniques we have developed
throughout this monograph may be of some use for these more complicated
penalisations.

Kook okook okook ok ok ok ok ok ok sk kook skok skok skok sk ok skokok
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A few notable features of this volume

i

iii)

Certain o-finite measures, with infinite total mass, play an important
role in the description of our results. These measures are always denoted
in bold character, in order to “separate” them from our more common
probability measures, indicated in plain character; examples : W, A,
in contrast to AZ‘E, P;ff),...

We have made sure that each of the five chapters may be read inde-
pendently from the others; this is quite natural, as each topic can be
developed from the use of adequate tools. Thus, the reader may browse
through the volume easily, and be attracted first by Chapter 4 say, then
come back to Chapter 3 and so on, ..., without difficulty. Consequently,
each Chapter ends with its own bibliography. However, throughout the
volume, all references have been homogenized, i.e : reference [R] in
Chapter 1 is also reference [R] in Chapter 3, if it plays some role there...
We thank Jim Pitman for asking us to complete our references, with
respect both to “classical works” and to our more recent understand-
ing of penalisations, e.g. : in Chapter 2, we have sketched some results
obtained between April and June 2007 jointly with J. Najnudel.

A vpriori, penalisation studies might be developed for a fairly large
class of stochastic processes; however, in this volume, our processes
of reference are either Brownian motion, or Bessel processes of dimen-
sion d € (0,2). The reader shall find the main properties which are
shared/enjoyed by these processes and are of interest in our penalisa-

tion studies discussed in Chapter 1 in the form of specific .
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