
Lecture Notes in Mathematics 1916

Editors:
J.-M. Morel, Cachan
F. Takens, Groningen
B. Teissier, Paris



Fraydoun Rezakhanlou · Cédric Villani

Entropy Methods
for the Boltzmann Equation

Lectures from a Special Semester
at the Centre Émile Borel,
Institut H. Poincaré, Paris, 2001

Editors:

François Golse
Stefano Olla

ABC



Authors and Editors

Fraydoun Rezakhanlou
Department of Mathematics
Evans Hall
University of California
Berkeley, CA 94720-3840, USA
e-mail: rezakhan@Math.Berkeley.edu

François Golse
Laboratoire Jacques-Louis Lions
(UMR CNRS 7598)
Université Pierre et Marie Curie
175 rue du Chevaleret
75013 Paris, France
e-mail: golse@math.jussieu.fr

Cédric Villani
Unité de mathématiques

pures et appliquées
(UMR CNRS 5669)
Ecole Normale Supérieure de Lyon
46, allée d’Italie
69364 Lyon Cedex 07, France
e-mail: Cedric.Villani@umpa.ens-lyon.fr

Stefano Olla
Centre de recherche en mathématiques

de la décision
(UMR CNRS 7534)
Université Paris - Dauphine
Place du Maréchal de Lattre de Tassigny
75775 Paris Cedex 16, France
e-mail: olla@ceremade.dauphine.fr

Library of Congress Control Number: 2007932803

Mathematics Subject Classification (2000): 76P05, 82B40, 94A15, 60K35, 82C22

ISSN print edition: 0075-8434
ISSN electronic edition: 1617-9692
ISBN 978-3-540-73704-9 Springer Berlin Heidelberg New York
DOI 10.1007/978-3-540-73705-6

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9,
1965, in its current version, and permission for use must always be obtained from Springer. Violations are
liable for prosecution under the German Copyright Law.

Springer is a part of Springer Science+Business Media
springer.com
c© Springer-Verlag Berlin Heidelberg 2008

The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws
and regulations and therefore free for general use.

Typesetting by the authors and SPi using a Springer LATEX macro package
Cover design: design & production GmbH, Heidelberg

Printed on acid-free paper SPIN: 12092147 41/SPi 5 4 3 2 1 0



Foreword

One of the major contributions of Ludwig Boltzmann to science has been the
connection between time irreversibility and the increase of entropy as a well-
defined quantity associated to the macroscopic state of a system. His ideas
are at the basis of most studies in non-equilibrium statistical mechanics, and
many non-equilibrium processes are still now physically understood in terms
of their entropy production.

More recently entropy and entropy production have become mathematical
tools used in the context of kinetic and hydrodynamic limits, when deriving
the macroscopic behavior of systems from the interaction dynamics of their
(many) microscopic elementary constituents at the atomic or molecular level.

In this volume, we have put together two surveys on some recent results
in this direction. The first text, by Cedric Villani, illustrates the use of
entropy in the analysis of convergence to equilibrium for solutions of the
Boltzmann equation. The second text, by Fraydoun Rezakhanlou, discusses
the Boltzmann–Grad limit, in which the Boltzmann equation is derived from
the dynamics of a large number of hard spheres. Both entropy and entropy
production play a major role in these problems.

To illustrate the relevance of entropy in both the kinetic theory of gases
and the dynamics of a large number N of hard spheres, we shall recall below
two fairly classical, and yet fundamental properties of Boltzmann’s entropy.

The first property, which is a particular case of the Gibbs principle, is
a variational characterization of Maxwellian equilibrium distributions in the
kinetic theory of gases. Call f ≡ f(x, v) the single-particle phase space density
of molecules that are located at the position x with velocity v. (Here, both
x and v run through the Euclidian space R3 for simplicity.) The following
mechanical observables are easily defined in terms of the density f (and the
mass m of each molecule):

v



vi Foreword∫∫
R3×R3

f(x, v)dxdv = number of molecules,∫∫
R3×R3

mvf(x, v)dxdv = total momentum,∫∫
R3×R3

1
2m|v|2f(x, v)dxdv = total energy.

Boltzmann’s notion of entropy defined in terms of the density f is −H(f),
where the functional H(f) is defined as

H(f) =
∫∫

R3×R3
f(x, v) ln f(x, v)dxdv .

Consider the following minimization problem:

inf H(f) with constraints
∫∫

R3×R3

⎛⎝ 1
mv

1
2m|v|2

⎞⎠ f(x, v)dxdv =

⎛⎝N
P
E

⎞⎠ ,

where N,E ≥ 0 and P ∈ R3 are given.
There are obvious compatibility conditions to be verified by N,P,E for

the set of functions f satisfying the constraints to be non-empty: for instance,
by the Cauchy–Schwartz inequality, one should have

|P |2 ≤ 2mNE .

Forgetting momentarily the obvious constraint f ≥ 0, we write the Euler
equation for this minimization problem as

DH(f) · δf =
∫∫

R3×R3
(ln f(x, v) + 1)δf(x, v)dxdv

= a

∫∫
R3×R3

δf(x, v)dxdv

+ b

∫∫
R3×R3

mvδf(x, v)dxdv

+ c

∫∫
R3×R3

1
2m|v|2δf(x, v)dxdv ,

where a, c ∈ R and b ∈ R3 are the Lagrange multipliers associated to the
constraints of total number of molecules, total energy and total momentum.
Since this equality must hold for each smooth, compactly supported δf , it
follows that:

ln f(x, v) + 1 = a + b · (mv) + c 1
2m|v|2 ,

or, in other words,

f(x, v) = e(a−1)+b·(mv)+c
1
2m|v|2 .
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Notice that the minimizing function f so defined is positive: we therefore ver-
ify a posteriori that there was no need for any Lagrange multiplier associated
with the constraint f ≥ 0 a.e..

This expression can be put in the more familiar form of a Maxwellian
density

f(x, v) =
N

(2πkθ)3/2
e−m|v−u|2/2kθ

by putting

a = 1 + lnN − 3
2 ln(2kθ)− m|u|2

2kθ , b = 1
kθu, c = − 1

kθ ,

where k is the Boltzmann constant. The bulk velocity u and temperature θ
are related to the total momentum P and the total energy E by the formulas

P = Nmu and E = N(1
2m|u|2 + 3

2kθ) .

This computation shows that Maxwellian distributions are the critical points
of the Boltzmann entropy on the affine manifold of densities f corresponding
to a prescribed total number of molecules, total momentum and total energy.

By the strict convexity of the map f �→ f ln f , one easily concludes that
this critical point is in fact a global minimum of H.

To summarize: Maxwellian distributions maximize the Boltzmann entropy
under the constraints of a fixed total number of molecules, total momentum
and total energy.

Besides, the strict convexity of H implies that the relative entropy

H(f)− inf H

defines some kind of distance from f to the set of Maxwellian distributions.
The second property of the entropy which we want to discuss is a varia-

tional characterization of chaotic densities. Let F ≡ F (z1, . . . , zN ) be the
N -body phase space probability density of a system of particles. Here,
zi = (xi, vi) consists of the position xi and velocity vi of the ith parti-
cle; obviously zi runs through R3 ×R3. We denote ZN = (z1, . . . , zN ) and
Ẑi

N = (z1, . . . , zi−1, zi+1, . . . , zN ). To the density F is associated the family
of its marginals

Fi(zi) =
∫

(R3×R3)N−1
F (ZN )dẐi

N , i = 1, . . . , N .

Consider the following minimization problem: to find

inf H(F ) under the constraints Fi = f

where f is a given a.e. non-negative function in L1(R3 ×R3). Since

F ≥ 0 a.e. and
∫

(R3×R3)N

F (ZN )dZN = 1 ,
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the function f should satisfy

f ≥ 0 a.e. and
∫
R3×R3

f(z)dz = 1

in order for the set of constraints to define a non-empty set of probability
densities F .

Neglecting again the obvious constraint F ≥ 0 a.e., we write the Euler
equation for the minimization problem above as

DH(F ) · δF =
∫

(R3×R3)N

(ln F (ZN ) + 1)δF (ZN )dZN

=
∑

1≤i≤N

∫
(R3×R3)N

ai(zi)δF (ZN )dZN .

Since this equality must be satisfied by each smooth, compactly supported
δF , one must have

lnF (ZN ) + 1 =
∑

1≤i≤N

ai(zi)

i.e.

F (z1, . . . , zN ) = exp

(
N∑

i=1

a(zi)− 1

)
.

In other words, F is of the form

F (z1, . . . , zN ) =
N∏

i=1

φi(zi) , with φi = exp(ai − 1
N ) .

Writing

F (z1, . . . , zN ) =
N∏

i=1

∫
R3×R3

φi(z)dz
N∏

i=1

ψi(zi)

with
ψi =

φi∫
R3×R3

φi(z)dz

,

we see that, on account of the normalization condition on F , one has

N∏
i=1

∫
R3×R3

φi(z)dz = 1

and
ψi = f for each i = 1, . . . , N .
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In other words, the only critical point F for this minimization problem is the
chaotic density

F (z1, . . . , zN ) =
N∏

i=1

f(zi) .

Hence, chaotic densities are the only critical points of the Boltzmann entropy
on the affine manifold of probability densities with all their marginals equal
to a given probability density f .

By using again the strict convexity of the functional H, we see that this
critical point is in fact the minimum point.

Therefore, chaotic densities maximize the Boltzmann entropy among all
probability densities with all their marginals equal to a given probability
density f .

Again, the strict convexity of H implies that the relative entropy

H(F )− inf H

measures the distance from F to the set of chaotic distributions.
The two properties of the entropy described above pertain to the two topics

addressed in this volume.
Indeed, the first text, by Cédric Villani, concerns the use of the entropy

and entropy production as a tool in order to estimate the speed of convergence
to a (uniform) Maxwellian equilibrium density. As was explained above, the
relative entropy measures the distance of a non-equilibrium state to equilib-
rium; entropy production is another way to measure that distance. Finding
how these two measures of the distance to equilibrium are related is one of
the major arguments in estimating the speed of approach to equilibrium in
the kinetic theory of gases.

In spatially inhomogeneous non-equilibrium states it is then useful to
work with local entropy and local entropy production. Cédric Villani carefully
explains the mathematical difficulties arising in this problem: the system can
be locally close to equilibrium, and have small total entropy production, while
still being far from the set of global equilibria.

In Villani’s own words, “local equilibrium states are your worst enemies” if
you want to prove (and estimate) convergence to global equilibrium. In order
to obtain this global convergence, the system should locally move out of the
“local equilibrium” and Cédric Villani discusses various tools and conjectures
on this mostly open problem.

This convergence problem is another aspect that shows the inadequacy
of the notion of local equilibrium in order to understand non-equilibrium
phenomena. Also transport in stationary non-equilibrium states (like the heat
conductivity when the system is under a gradient of temperature imposed
by external thermostats) cannot be explained in terms of local equilibrium
states. Such local equilibrium states can only be a zeroth-order approximation
of the real non-equilibrium state, and only further order approximations can
explain transport and convergence to equilibrium.
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The Boltzmann–Grad limit is the process by which the Boltzmann
equation, which governs the evolution of the single-particle phase space
density of the molecules of a monatomic gas, is derived from the N -body
molecular dynamics. Hence, this limit necessarily involves the approximation
of the N -body phase space density by chaotic densities whose single-body
marginal is a solution of the Boltzmann equation. Therefore, the second
property of entropy recalled above obviously plays a role in this limit.

The text by Fraydoun Rezakhanlou discusses various aspects of the
Boltzmann–Grad limit. This is a classical open problem in mathematical
physics, where little progress has been made since the seminal work of Lanford
in 1975 (extended by Illner and Pulvirenti in 1986).

Rezakhanlou recalls the main conjecture, that can be formulated as a
law of large numbers in a non-equilibrium situation, and also formulates
the corresponding conjectures about small and large fluctuations about this
limit. Then he propose a stochastic version of the hard sphere dynamics.
Stochasticity helps in proving molecular chaos (the Stosszahlansatz ) which is
the key argument in all derivations of this type of limits.

We hope that these surveys, addressing two very different issues in the
statistical mechanics of non-equilibrium processes with similar methods based
on the concept of entropy as defined by Boltzmann, will convince the reader
of the versatility of that notion.

We conclude this brief overview with a few words about the origin of these
texts. In the fall term of 2001, we organized a four-month session supported
by the Centre Émile Borel on “Hydrodynamic Limits” at the Institut Henri
Poincaré in Paris. Various events were proposed in this period, including an
international congress focussed on the state of the art as well as open prob-
lems and perspectives in the subject of hydrodynamic limits. This congress
was dedicated to Claude Bardos in recognition of his fundamental contri-
butions to this subject. In addition, several research courses were given
during that period, among these the courses by Cedric Villani and Fraydoun
Rezakhanlou whose notes are gathered together in this volume.

We express our deepest gratitude to both directors of Institut Henri
Poincaré, Profs. Michel Broué and Alain Comtet, for the warm hospitality so
generously offered to all participants in this session.

Our heartfelt thanks also go to all members of the staff at the Institute
Henri Poincaré for their most competent help throughout the organization of
this session.

Finally, the tragic events of September 11 2001 regretably struck the family
of one of our guests; we are especially grateful to Mrs Annie Touchant and
Mrs. Sylvie Lhermitte of the Centre Emile Borel for their kind assistance and
support in these sad circumstances.

François Golse
Stefano Olla

Paris, December 2006
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