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Preface

Semigroup Theory uses abstract methods of Operator Theory to treat initial bound-
ary value problems for linear and nonlinear equations that describe the evolution of a
system. Due to the generality of its methods, the class of systems that can be treated
in this way exceeds by far those described by equations containing only local oper-
ators induced by partial derivatives, i.e., PDEs. In particular, that class includes the
systems of Quantum Theory.

Another important application of semigroup methods is in field quantization.
Simple examples are given by the cases of free fields in Minkowski spacetime like
Klein-Gordon fields, the Dirac field and the Maxwell field, whose field equations
are given by systems of linear PDEs. The second quantization of such a field replaces
the field equation by a Schrödinger equation whose Hamilton operator is given by
the second quantization of a non-local function of a self-adjoint linear operator. That
operator generates the semigroup given by the time-development of the solutions
of the field equation corresponding to arbitrary initial data as a function of time.
More generally, in these cases the structures used in the formulation of a well-posed
abstract initial value problem for the field equation also provide the mathematical
framework for the quantization of the field. Quantum Theory is an abstract theory,
therefore it should be expected that only an abstract approach to classical field equa-
tions using methods from Operator Theory is capable of providing the appropriate
structures for quantization in the less simple cases of nonlinear fields, like the gravi-
tational field described by Einstein’s field equations.

A demonstration of the strength of semigroup methods can be seen in the first rig-
orous proof of well-posedness (local in time) of the initial value problem for quasi-
linear symmetric hyperbolic systems by T. Kato in 1975 in [110]. This result is a
particular application of a theorem on the well-posedness of the initial value prob-
lem for abstract quasi-linear equations1, which has been successfully applied also to
Einstein’s equation’s [102], the Navier-Stokes equations, the equations of Magne-
tohydrodynamics [109] and more. To my knowledge, there is no other approach to
quasi-linear equations leading to a theorem of such generality.

1 See Theorem 11.0.7 below.
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The semigroup approach goes beyond that of a tool for deciding the well-
posedness of initial boundary value problems. For a autonomous nonlinear equa-
tion the important question of the linearized stability of a particular solution leads
on a spectral problem for the operator generating the semigroup given by the time-
development of the solutions of the linearized equation around that solution corre-
sponding to arbitrary initial data as a function of time.2 These methods also provide,
for autonomous linear equations, a representation of the solution of the initial value
problem as an integral over the resolvent of the infinitesimal generator of the asso-
ciated semigroup.3 The resolvent operators can often be represented in the form of
integral operators with kernels which are defined in terms of special functions. This
is not only true in simple cases where the generator is a partial differential opera-
tor with constant coefficients, but also in a number of cases involving non-constant
coefficients. In this way, an integral representation of the solution of the initial value
problem is achieved for all such cases.4 Finally, semigroup methods provide a frame-
work which is general enough to include numerical forms of evolution equations,
opening the possibility of computing true error estimates to the exact solution, rather
than residual errors.

This should not give the impression that the semigroup approach could replace all
‘hard’ analysis facts. Instead, it reduces such application to a bare minimum, which
gives the approach its efficiency.5 For instance, results from harmonic analysis or the
theory of singular integral operators have applications in so called ‘commutator es-
timates’ where the commutator of an intertwining operator with the principal part of
a partial differential operator, usually two unbounded operators, has to be estimated.
To achieve most general results, it is often necessary to choose intertwining operators
as non-local operators.

These methods are especially attractive if not inevitable for theoretical physi-
cists in view of their comprehension of classical physics and quantum physics. In
addition, their efficiency is of advantage in view of time restrictions in the math-
ematics education of physicists. In spite of their power, efficiency and versatility,
semigroup methods are surprisingly little used in theoretical physics.6,7 This appears
to be related to two misconceptions.

First, because of the requirements of Special Relativity and General Relativity,
current problems in fundamental theoretical physics necessarily lead on hyperbolic

2 For instance, see Chapter 5.4.
3 Roughly speaking, for a precise statement see, e.g., Chapter 4.3.
4 See, e.g., [25].
5 But it is the belief of the author that the necessity of the use of ‘hard’ to achieve analyt-

ical facts in the solution of a problem indicates that its structure has not yet been fully
understood.

6 Paradoxically, in some sense, one could also hold the opposite view that these methods
have been used for a long time in theoretical physics, mostly without realizing that they are
rooted in in Spectral Theory.

7 In addition, the author is not aware of a single introduction to PDE based solely on Semi-
groups/Operator Theory, although this would have been possible even before the appear-
ance of classical introductions like [20] that use less general methods.
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partial differential equation systems (‘hyperbolic problems’). Standard texts on semi-
groups of linear operators mainly focus on applications to parabolic partial differen-
tial equation systems (‘parabolic problems’). Differently to the hyperbolic case, this
leads to the consideration of strongly continuous semigroups which are in addition
analytic. Apparently, the consideration of parabolic problems originates from a fo-
cus on engineering applications. Engineering sciences predominantly apply classical
Newtonian physics where signal propagation speeds are not limited by the speed
of light in vacuum as this is the case in Special Relativity/General Relativity. For
example, the evolution of a compactly supported temperature field in space at time
t “ 0 by the parabolic heat equation leads to a temperature field that has no com-
pact support for every t ą 0. As consequence, in the evolution signal propagation
speeds occur that exceed the speed of light in vacuum, and hence the equation is
incompatible with Special Relativity. The same is also true for Schrödinger equa-
tions.8 The evolution of hyperbolic partial differential equations systems preserves
the compactness of the support of the data under time evolution. To my experience,
the focus on engineering applications has lead to the quite common misconception
among physicists, and to some extent also among mathematicians working in the
field of partial differential equations, that semigroup methods cannot be applied to
hyperbolic problems.

Second, to my experience, another common misconception is that semigroups of
linear operators can only be applied to systems of linear partial differential equations.
This might be influenced by the fact that most standard texts on semigroups of linear
operators, indeed, focus mainly on such applications.

As a consequence, the course should lead as rapidly as possible from autonomous
linear equations to the nonlinear (quasi-linear) equations which are now seen in the
hyperbolic problems emanating from current physics. Particular stress is on wave
equations and Hermitian hyperbolic systems. The last cover the equations describing
interacting fields in physics and therefore the major part of nonlinear equations
occurring in fundamental physics. Throughout the course applications to prob-
lems from current relativistic (‘hyperbolic’) physics are provided, which display the
potential of the methods in the solution of current problems in physics. These include
problems from black hole physics, the formulation of outgoing boundary condi-
tions for wave equations and the treatment of additional constraints. The last two are
important current problems in the numerical evolution of Einstein’s field equations
for the gravitational field. Some of the examples contain new unpublished results
of the author. To my knowledge, the major part of the material in the second part of
the notes, including non-autonomous and quasi-linear Hermitian hyperbolic systems,
has appeared only inside research papers.

The orientation of this course towards abstract quasi-linear evolution equations
made it necessary to omit a number of topics that were not directly important for
achieving its goals. On the other hand, texts on semigroups of linear operators that
consider those topics are available [39,47,52,57,90,99,106,120,168,179,224]. Also,

8 This was the reason for the development of Quantum Field Theory.
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there is a theory of nonlinear semigroups that largely parallels that of semigroups of
linear operators [15, 19, 88, 138, 146, 167].

This course assumes some basic knowledge of Functional Analysis which can
be found, for instance, in the first volume of [179]. Some examples assume more
specialized knowledge of properties of self-adjoint linear operators in Hilbert spaces
which can be found, for instance, in the second volume of [179]. In addition, some
applications assume basic knowledge of Sobolev spaces of the L2-type as is pro-
vided, for instance, in [217]. Otherwise this course is self-contained. The material is
presented in as compressed a form as possible and its results are formulated in view
towards applications. In general, theorems contain their full set of assumptions, so
that a study of their environment is not necessary for their understanding. For this
reason and to limit the size of this text, shorter definitions appear as part of theo-
rems. In addition, the abstract theory and its applications appear in separate chapters
to allow the reader to estimate the necessary time to acquire the theory.

Chapters 2–5 constitute the notes of a course given at the Department of Mathe-
matics of the Louisiana State University in Baton Rouge in Spring 2005. They pro-
vide a basic introduction into the properties of strongly continuous semigroups on
Banach spaces and applications to autonomous linear hyperbolic systems of PDEs
from General Relativity and Astrophysics. The theoretical part is kept to a mini-
mum with a view to applications in the field of hyperbolic PDEs. It is formulated in
a way which is expected to be natural to readers with a knowledge of the spectral
theory of self-adjoint linear operators in Hilbert spaces. An exception, to this restric-
tion to the minimum in these chapters, is the treatment of the integration of Banach
space-valued maps which is more detailed than is usual in most other comparable
texts. This is due to the fact that such integration is a basic tool which is usually not
covered in standard Functional Analysis courses, at least not to an extent needed in
the study of semigroups of operators. Otherwise, the theoretical material is standard
and for this reason only few references to literature are given. For more comprehen-
sive introductions into the theory of semigroups of linear operators that give a more
exhaustive list of references, the reader is referred, for instance, to [57, 90, 99, 168].

Chapters 6–12 are the notes of a subsequent course at the same place in Spring
2006. They introduce into the field of abstract evolution equations with applications
to non-autonomous linear and quasi-linear hyperbolic systems of PDEs. This second
part of the notes follows closely the late Tosio Kato’s 1993 paper ‘Abstract evolu-
tion equations, linear and quasilinear, revisited’ in Proceedings of the International
Conference in Memory of Professor Kosaku Yosida held at RIMS, Kyoto Univer-
sity, Japan, July 29-Aug. 2, 1991, [114]. Those results are more general than Kato’s
well-known older results9 [107–109] in that they don’t assume special properties of
the underlying Banach spaces. Proofs of Kato’s results are added along with detailed
examples displaying their application to problems in current relativistic physics. In
a few places, Lemmata were added to his outline that appeared necessary for those
proofs.

9 Those results assume the reflexivity and in some places also the separability of the under-
lying Banach spaces.



Preface XI

Acknowledgments

I am especially indebted to Olivier Sarbach, who diligently reviewed the major part
of the notes and recommended valuable modifications and corrections. Also, I thank
Frank Neubrander and Stephen Shipman for illuminating discussions in connection
with the notes. Finally, I thank all who have worked on the book, especially the
editorial and production staff of Springer-Verlag.

Baton Rouge, September 2006 Horst Beyer



Contents

1 Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 Mathematical Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.1 Quantum Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Wave Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3 Prerequisites . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.1 Linear Operators in Banach Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.2 Weak Integration of Banach Space-Valued Maps . . . . . . . . . . . . . . . . 25
3.3 Exponentials of Bounded Linear Operators . . . . . . . . . . . . . . . . . . . . . 35

4 Strongly Continuous Semigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
4.1 Elementary Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.2 Characterizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.3 An Integral Representation in the Complex Case . . . . . . . . . . . . . . . . 58
4.4 Perturbation Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.5 Strongly Continuous Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.6 Associated Inhomogeneous Initial Value Problems . . . . . . . . . . . . . . . 66

5 Examples of Generators of Strongly Continuous Semigroups . . . . . . . . 71
5.1 The Ordinary Derivative on a Bounded Interval . . . . . . . . . . . . . . . . . 71
5.2 Linear Stability of Ideal Rotating Couette Flows . . . . . . . . . . . . . . . . . 74
5.3 Outgoing Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.4 Damped Wave Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.5 Autonomous Linear Hermitian Hyperbolic Systems . . . . . . . . . . . . . . 97

6 Intertwining Relations, Operator Homomorphisms . . . . . . . . . . . . . . . . 105
6.1 Semigroups and Their Restrictions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
6.2 Intertwining Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
6.3 Nonexpansive Homomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117



XIV Contents

7 Examples of Constrained Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
7.1 1-D Wave Equations with Sommerfeld Boundary Conditions . . . . . . 123
7.2 1-D Wave Equations with Engquist-Majda Boundary Conditions . . . 127
7.3 Maxwell’s Equations in Flat Space . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

8 Kernels, Chains, and Evolution Operators . . . . . . . . . . . . . . . . . . . . . . . . 137
8.1 A Convolution Calculus with Operator-Valued Kernels . . . . . . . . . . . 138
8.2 Chains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
8.3 Juxtaposition of Chains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
8.4 Finitely Generated Chains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
8.5 Evolution Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
8.6 Stable Families of Generators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

9 The Linear Evolution Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

10 Examples of Linear Evolution Equations . . . . . . . . . . . . . . . . . . . . . . . . . 177
10.1 Scalar Fields in the Gravitational Field of a Spherical

Black Hole . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
10.2 Non-Autonomous Linear Hermitian Hyperbolic Systems . . . . . . . . . 199

11 The Quasi-Linear Evolution Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

12 Examples of Quasi-Linear Evolution Equations . . . . . . . . . . . . . . . . . . . 235
12.1 A Generalized Inviscid Burgers’ Equation . . . . . . . . . . . . . . . . . . . . . . 235
12.2 Quasi-Linear Hermitian Hyperbolic Systems . . . . . . . . . . . . . . . . . . . . 246

13 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 269

Index of Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279

Index of Terminology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281




