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Foreword

These notes approximately transcribe a 15-week course on symplectic geometry I
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Stephanie Singer, Sue Tolman and, last but not least, Yael Karshon.

Thanks to everyone sitting in Math 242 in the Fall of 1997 for all the com-
ments they made, and especially to those who wrote notes on the basis of which I
was better able to reconstruct what went on: Alexandru Scorpan, Ben Davis, David
Martinez, Don Barkauskas, Ezra Miller, Henrique Bursztyn, John-Peter Lund, Laura
De Marco, Olga Radko, Peter Přibı́k, Pieter Collins, Sarah Packman, Stephen
Bigelow, Susan Harrington, Tolga Etgü and Yi Ma.

I am indebted to Chris Tuffley, Megumi Harada and Saul Schleimer who read the
first draft of these notes and spotted many mistakes, and to Fernando Louro, Grisha
Mikhalkin and, particularly, João Baptista who suggested several improvements and
careful corrections. Of course I am fully responsible for the remaining errors and
imprecisions.

The interest of Alan Weinstein, Allen Knutson, Chris Woodward, Eugene
Lerman, Jiang-Hua Lu, Kai Cieliebak, Rahul Pandharipande, Viktor Ginzburg
and Yael Karshon was crucial at the last stages of the preparation of this man-
uscript. I am grateful to them, and to Michèle Audin for her inspiring texts and
lectures.

v



vi Foreword

Finally, many thanks to Faye Yeager and Debbie Craig who typed pages of
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Introduction

The goal of these notes is to provide a fast introduction to symplectic geometry.
A symplectic form is a closed nondegenerate 2-form. A symplectic manifold is a

manifold equipped with a symplectic form. Symplectic geometry is the geometry of
symplectic manifolds. Symplectic manifolds are necessarily even-dimensional and
orientable, since nondegeneracy says that the top exterior power of a symplectic
form is a volume form. The closedness condition is a natural differential equation,
which forces all symplectic manifolds to being locally indistinguishable. (These
assertions will be explained in Lecture 1 and Homework 2.)

The list of questions on symplectic forms begins with those of existence and
uniqueness on a given manifold. For specific symplectic manifolds, one would like
to understand the geometry and the topology of special submanifolds, the dynamics
of certain vector fields or systems of differential equations, the symmetries and extra
structure, etc.

Two centuries ago, symplectic geometry provided a language for classical me-
chanics. Through its recent huge development, it conquered an independent and rich
territory, as a central branch of differential geometry and topology. To mention just
a few key landmarks, one may say that symplectic geometry began to take its mod-
ern shape with the formulation of the Arnold conjectures in the 60’s and with the
foundational work of Weinstein in the 70’s. A paper of Gromov [49] in the 80’s
gave the subject a whole new set of tools: pseudo-holomorphic curves. Gromov also
first showed that important results from complex Kähler geometry remain true in the
more general symplectic category, and this direction was continued rather dramati-
cally in the 90’s in the work of Donaldson on the topology of symplectic manifolds
and their symplectic submanifolds, and in the work of Taubes in the context of the
Seiberg-Witten invariants. Symplectic geometry is significantly stimulated by im-
portant interactions with global analysis, mathematical physics, low-dimensional
topology, dynamical systems, algebraic geometry, integrable systems, microlocal
analysis, partial differential equations, representation theory, quantization, equivari-
ant cohomology, geometric combinatorics, etc.

As a curiosity, note that two centuries ago the name symplectic geometry did not
exist. If you consult a major English dictionary, you are likely to find that symplectic
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xiv Introduction

is the name for a bone in a fish’s head. However, as clarified in [105], the word sym-
plectic in mathematics was coined by Weyl [110, p.165] who substituted the Latin
root in complex by the corresponding Greek root, in order to label the symplectic
group. Weyl thus avoided that this group connote the complex numbers, and also
spared us from much confusion that would have arisen, had the name remained the
former one in honor of Abel: abelian linear group.

This text is essentially the set of notes of a 15-week course on symplectic geome-
try with 2 hour-and-a-half lectures per week. The course targeted second-year grad-
uate students in mathematics, though the audience was more diverse, including ad-
vanced undergraduates, post-docs and graduate students from other departments.
The present text should hence still be appropriate for a second-year graduate course
or for an independent study project.

There are scattered short exercises throughout the text. At the end of most lec-
tures, some longer guided problems, called homework, were designed to comple-
ment the exposition or extend the reader’s understanding.

Geometry of manifolds was the basic prerequisite for the original course, so the
same holds now for the notes. In particular, some familiarity with de Rham theory
and classical Lie groups is expected.

As for conventions: unless otherwise indicated, all vector spaces are real and
finite-dimensional, all maps are smooth (i.e., C∞) and all manifolds are smooth,
Hausdorff and second countable.

Here is a brief summary of the contents of this book. Parts I–III explain classical
topics, including cotangent bundles, symplectomorphisms, lagrangian submanifolds
and local forms. Parts IV–VI concentrate on important related areas, such as contact
geometry and Kähler geometry. Classical hamiltonian theory enters in Parts VII–
VIII, starting the second half of this book, which is devoted to a selection of themes
from hamiltonian dynamical systems and symmetry. Parts IX–XI discuss the mo-
ment map whose preponderance has been growing steadily for the past twenty years.

There are by now excellent references on symplectic geometry, a subset of which
is in the bibliography. However, the most efficient introduction to a subject is often a
short elementary treatment, and these notes attempt to serve that purpose. The author
hopes that these notes provide a taste of areas of current research, and will prepare
the reader to explore recent papers and extensive books in symplectic geometry,
where the pace is much faster.




