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INTRODUCTION

This book deals with the geometrical structure of finite dimensional normed spaces, as

the dimension grows to infinity. This is a part of what came to be known as the Local

Theory of Banach Spaces (this name was derived from the fact that in its first stages, this

theory dealt mainly with relating the structure of infinite dimensional Banach spaces to the

structure of their lattice of finite dimensional subspaces).

Our purpose in this book is to introduce the reader to some of the results, problems,

and mainly methods developed in the Local Theory, in the last few years. This by no means

is a complete survey of this wide area. Some of the main topics we do not discuss here are

mentioned in the Notes and Remarks section. Several books appeared recently or are going to

appear shortly, which cover much of the material not covered in this book. Among these are

Pisier's [Pis6] where factorization theorems related to Grothendieck's theorem are extensively

discussed, and Tomczak-Jaegermann's [T-Jl] where operator ideals and distances between

finite dimensional normed spaces are studied in detail. Another related book is Pietch's [Pie].

The first major result of the Local Theory is Dvoretzky's Theorem [Dv] of 1960. Dvoretzky

proved that every real normed space of finite dimension, say n, contains a (1 + c)-isomorphic

copy of the k-dimensional euclidean space l~, for k = k(c,n) which increases to 00 with n (see

Chapter 5 for the precise statement). Dvoretzky's original proof was very complicated and

understood only by a few people. In 1970 Milman [MIl gave a different proof which exploited

a certain property of the Haar measure on high dimensional homogeneous spaces, a property

which is now called the concentration phenomenon: Let (X, p, J.L) be a compact metric space

(X, p) with a Borel probability measure J.L. The concentration function a(X, c), c > 0, is

defined by

a(X,c) = 1- in!{J.L(A.)j J.L(A) 2: ~, A ~ X Borel}

where

A.={XEXj p(x,A)~c}.

It turns out that for some very natural families of spaces, a(X, c) is extremely small. For

example, it follows from Levy's isoperimetric inequality that for the Euclidean n-sphere sn,

with the geodesic distance p and the normalized rotational invariant measure J.L,

a(sn,c) ~ jiexp(-c2n/2) .

It follows from this inequality (see Chapter 2) that any nice real function on sn must be very

close to being a constant on all but a very small set (the exceptional set being of measure
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of order smaller than exp(-c2 n/2)). This last property is what is called the concentration

phenomenon. It has proved to be extremely useful in the study of finite dimensional normed

spaces.

Going back to the concentration function, we define a family (Xn , Pn, J-Ln) of metric proba­

bility spaces to be a Levy family if a(Xn , Cn diam X n )n~ 0 (diam X n is the diameter of X n ).

Chapter 6 below contains a lot of examples of such natural families. Many of these examples

have deep applications in the Local Theory. It is usually quite a difficult task to establish that

a certain family is a Levy family, the methods are different from one example to the other and

come from diverse areas (including methods from differential geometry, estimation of eigenval­

ues of the Laplacian, large deviation inequalities for martingales, isoperimetric inequalities).

Levy families, the concentration phenomenon and their applications to the asymptotic theory

of normed spaces are the main topics of the first part of this book. We have already mentioned

one application, namely Dvoretzky's Theorem. In the same direction we deal with estimation

of the dimension of euclidean subspaces of various large families of normed spaces, that is,

with the evaluation of the function k(c, n) mentioned above when restricted to some (wide)

families of normed spaces. (This study originated in [MIl and [F.L.M.].) Here is an example:

There exists a function c(c) > 0, c > 0, such that if X n = (m.n , II . II) is a family of normed

spaces, then either for some a > 0 and any c > 0 and n, X n contains a (1 + c)-isomorphic

copy of l~ with k = [c(c)n"], or for any integer k and any c > 0, there is an n such that

X n contains a (1 + c)-isomorphic copy of l~. (The proof of this result uses, besides the

concentration phenomenon, also the notions of type and cotype introduced below.)

We also deal, in the first part, with packing high dimensionall;, 1 < P < 2, spaces into

l~ (Chapter 7) as well as packing spaces with special structure (unconditional or symmetric

bases) into general normed spaces (Chapter 10).

The second part of the book revolves around the notions of type and cotype and the

relation of these notions to the geometry of normed spaces.

For 1 ::; p ::; 2 ::; q ::; 00 the type p constant (resp. cotype q constant) of X denoted

Tp (X) (Cq (X)) is the smallest constant in the inequality

(

k ) 1/2 ( k ) lip

~ve II L c;x;11 2
::; T L II x;IIP

£.-±l ;=1 ;=1

( )
for all k and Xl,." ,Xk EX.

These notions were introduced by Hoffmann-Jorgensen [H-J] for the study of limit theo­

rems for vector valued random variables, and were studied extensively by Maurey and Pisier

([M.P.] in particular) in connection with the geometry of normed spaces. They have proved
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to be a very important tool in the Local Theory. In particular, Krivine, Maurey and Pisier

showed that for Px = sup{pj Tp(X) < oo} (resp. qx = inf{qj Cq(X) < oo}), l;x (resp. l;x)

are (1 + e:)-isomorphic to subspaces of X for all nand e: > 0 (here X is infinite dimensionalj

there is also a corresponding statement for finite dimensional spaces). We present a proof

(somewhat different from previous proofs) of this theorem in Chapters 12 and 13. (Chapter

11 deals with some infinite dimensional combinatorial methods needed in the sequel.)

Chapter 14 is devoted to the work of Pisier [Pisl] estimating the norm of one specific

projection called the Rademacher projection. This is closely related to the relation between

the type p constant of X and the cotype q constant of X· (~+ t = 1). It also has applications

to finding well complemented euclidean sections in normed spaces. These applications due to

Figiel and Tomczak-Jaegermann [F.T.J are discussed in Chapter 15.

The book also contains five appendices, the first of which is written by M. Gromov and

gives an introduction to the theory of isoperimetric inequalities on riemannian manifolds. It is

written in a way understandable to the non-expert (in Differential Geometry). This appendix

contains also results which were not published elsewhere (in particular - the Gromov-Levy

isoperimetric inequality). We are indebted to M. Gromov for this excellent addition to our

book.
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