Lecture Notes in Mathematics 1892

Editors:

J.-M. Morel, Cachan
F. Takens, Groningen
B. Teissier, Paris



Fondazione C.I.M.E. Firenze

C.ILM.E. means Centro Internazionale Matematico Estivo, that is, International
Mathematical Summer Center. Conceived in the early fifties, it was born in 1954
and made welcome by the world mathematical community where it remains in good
health and spirit. Many mathematicians from all over the world have been involved
in a way or another in C.1.ML.E.’s activities during the past years.

So they already know what the C.I.LM.E. is all about. For the benefit of future po-
tential users and co-operators the main purposes and the functioning of the Centre
may be summarized as follows: every year, during the summer, Sessions (three or
four as a rule) on different themes from pure and applied mathematics are offered
by application to mathematicians from all countries. Each session is generally based
on three or four main courses (24—30 hours over a period of 6-8 working days) held
from specialists of international renown, plus a certain number of seminars.

A C.ILML.E. Session, therefore, is neither a Symposium, nor just a School, but maybe
a blend of both. The aim is that of bringing to the attention of younger researchers
the origins, later developments, and perspectives of some branch of live mathematics.

The topics of the courses are generally of international resonance and the partici-
pation of the courses cover the expertise of different countries and continents. Such
combination, gave an excellent opportunity to young participants to be acquainted
with the most advance research in the topics of the courses and the possibility of an
interchange with the world famous specialists. The full immersion atmosphere of the
courses and the daily exchange among participants are a first building brick in the
edifice of international collaboration in mathematical research.

C.ILM.E. Director C.ILM.E. Secretary

Pietro ZECCA Elvira MASCOLO
Dipartimento di Energetica “S. Stecco” Dipartimento di Matematica
Universita di Firenze Universita di Firenze

Via S. Marta, 3 viale G.B. Morgagni 67/A
50139 Florence 50134 Florence

Italy Italy

e-mail: zecca@unifi.it e-mail: mascolo@math.unifi.it

For more information see CIME’s homepage: http://www.cime.unifi.it
CIME’s activity is supported by:

— Istituto Nationale di Alta Matematica “F. Severi”

— Ministero dell’Istruzione, dell’Universita e della Ricerca

— Ministero degli Affari Esteri, Direzione Generale per la Promozione e la
Cooperazione, Ufficio V




A. Baddeley - I. Bardny
R. Schneider - W. Weil

Stochastic Geometry

Lectures given at the
C.I.LML.E. Summer School
held in Martina Franca, Italy,
September 13-18, 2004

With additional contributions by
D. Hug, V. Capasso, E. Villa

Editor: W. Weil

@ Springer CIME.



Authors, Editor and Contributors

Adrian Baddeley

School of Mathematics & Statistics
University of Western Australia
Nedlands WA 6009

Australia

e-mail: adrian@maths.uwa.edu.au

Imre Barany

Rényi Institute of Mathematics
1364 Budapest Pf. 127

Hungary
e-mail: barany @renyi.hu

Rolf Schneider

Daniel Hug
Mathematisches Institut
Albert-Ludwigs-Universitét
Eckerstr. 1

79104 Freiburg i. Br.
Germany

e-mail: rolf.schneider @math.uni-freiburg.de

daniel.hug @ math.uni-freiburg.de

Wolfgang Weil
Mathematisches Institut II

Universitit Karlsruhe

and 76128 Karlsruhe
Germany
Mathematics e-mail: weil @math.uni-karlsruhe.de

ggz::sétgegto llege London Vincenzo Capasso
London, WCIE 6BT Elena Villa
United Kingdom Department of Mathematics
University of Milan
via Saldini 50
20133 Milano
Italy
e-mail: vincenzo.capasso @mat.unimi.it
villa@mat.unimi.it

Library of Congress Control Number: 2006931679

Mathematics Subject Classification (2000): Primary 60Dos
Secondary 60Gs5, 62H11, 52A22, 53C65

ISSN print edition: 0075-8434

ISSN electronic edition: 1617-9692

ISBN-10 3-540-38174-0 Springer Berlin Heidelberg New York
ISBN-13 978-3-540-38174-7 Springer Berlin Heidelberg New York

DOI 10.1007/3-540-38174-0

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9,
1965, in its current version, and permission for use must always be obtained from Springer. Violations are
liable for prosecution under the German Copyright Law.

Springer is a part of Springer Science+Business Media
springer.com
© Springer-Verlag Berlin Heidelberg 2007

The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws
and regulations and therefore free for general use.

Typesetting by the authors and SPi using a Springer IATEX package
Cover design: WMXDesign GmbH, Heidelberg

Printed on acid-free paper SPIN: 11815334 41/SPi 543210



Preface

The mathematical treatment of random geometric structures can be traced
back to the 18th century (the Buffon needle problem). Subsequent considera-
tions led to the two disciplines Integral Geometry and Geometric Probability,
which are connected with the names of Crofton, Herglotz, Blaschke (to men-
tion only a few) and culminated in the book of Santalé (Integral Geometry
and Geometric Probability, 1976). Around this time (the early seventies), the
necessity grew to have new and more flexible models for the description of
random patterns in Biology, Medicine and Image Analysis. A theory of Ran-
dom Sets was developed independently by D.G. Kendall and Matheron. In
connection with Integral Geometry and the already existing theory of Point
Processes the new field Stochastic Geometry was born. Its rapid development
was influenced by applications in Spatial Statistics and Stereology. Whereas at
the beginning emphasis was laid on models based on stationary and isotropic
Poisson processes, the recent years showed results of increasing generality, for
nonisotropic or even inhomogeneous structures and without the strong inde-
pendence properties of the Poisson distribution. On the one side, these recent
developments in Stochastic Geometry went hand-in-hand with a fresh inter-
est in Integral Geometry, namely local formulae for curvature measures (in
the spirit of Federer’s Geometric Measure Theory). On the other side, new
models of point processes (Gibbs processes, Strauss processes, hardcore and
cluster processes) and their effective simulation (Markov Chain Monte Carlo,
perfect simulation) tightened the close relation between Stochastic Geometry
and Spatial Statistics. A further, very interesting direction is the investigation
of spatial-temporal processes (tumor growth, communication networks, crys-
tallization processes). The demand for random geometric models is steadily
growing in almost all natural sciences or technical fields.

The intention of the Summer School was to present an up-to-date descrip-
tion of important parts of Stochastic Geometry. The course took place in
Martina Franca from Monday, September 13, to Friday, September 18, 2004.
It was attended by 49 participants (including the lecturers). The main lec-
turers were Adrian Baddeley (University of Western Australia, Perth), Imre
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Bérdny (University College, London, and Hungarian Academy of Sciences,
Budapest), Rolf Schneider (University of Freiburg, Germany) and Wolfgang
Weil (University of Karlsruhe, Germany). Each of them gave four lectures of
90 minutes which we shortly describe, in the following.

Adrian Baddeley spoke on Spatial Point Processes and their Ap-
plications. He started with an introduction to point processes and marked
point processes in R% as models for spatial data and described the basic no-
tions (counting measures, intensity, finite-dimensional distributions, capacity
functional). He explained the construction of the basic model in spatial sta-
tistics, the Poisson process (on general locally compact spaces), and its trans-
formations (thinning and clustering). He then discussed higher order moment
measures and related concepts (K function, pair correlation function). In his
third lecture, he discussed conditioning of point processes (conditional inten-
sity, Palm distributions) and the important Campbell-Mecke theorem. The
Palm distributions lead to G and J functions which are of simple form for
Poisson processes. In the last lecture he considered point processes in bounded
regions and described methods to fit corresponding models to given data. He
illustrated his lectures by computer simulations.

Imre Bardny spoke on Random Points, Convex Bodies, and Approx-
imation. He considered the asymptotic behavior of functionals like volume,
number of vertices, number of facets, etc. of random convex polytopes arising
as convex hulls of n i.i.d. random points in a convex body K C R?. Starting
with a short historical introduction (Efron’s identity, formulas of Rényi and
Sulanke), he emphasized the different limit behavior of expected functionals
for smooth bodies K on one side and for polytopes K on the other side. In
order to explain this difference, he showed that the asymptotic behavior of the
expected missed volume E(K,n) of the random convex hull behaves asymp-
totically like the volume of a deterministic set, namely the shell between K
and the cap body of K (the floating body). This result uses Macbeath regions
and the ‘economic cap covering theorem’ as main tools. The results were ex-
tended to the expected number of vertices and of facets. In the third lecture,
random approximation (approximation of K by the convex hull of random
points) was compared with best approximation (approximation from inside
w.r.t. minimal missed volume). It was shown that random approximation is
almost as good as best approximation. A further comparison concerned con-
vex hulls of lattice points in K. In the last lecture, for a convex body K C R?,
the probability p(n, K) that n random points in K are in convex position was
considered and the asymptotic behavior (as n — o0) was given (extension of
the classical Sylvester problem).

The lectures of Rolf Schneider concentrated on Integral Geometric
Tools for Stochastic Geometry. In the first lecture, the classical results
from integral geometry, the principal kinematic formulas and the Crofton for-
mulas were given in their general form, for intrinsic volumes of convex bodies
(which were introduced by means of the Steiner formula). Then, Hadwiger’s
characterization theorem for additive functionals was explained and used to



Preface VII

generalize the integral formulas. In the second lecture, local versions of the
integral formulas for support measures (curvature measures) and extensions
to sets in the convex ring were discussed. This included a local Steiner formula
for convex bodies. Extensions to arbitrary closed sets were mentioned. The
third lecture presented translative integral formulas, in local and global ver-
sions, and their iterations. The occurring mixed measures and functionals were
discussed in more detail and connections to support functions and mixed vol-
umes were outlined. The last lecture studied general notions of k-dimensional
area and general Crofton formulas. Relations between hyperplane measures
and generalized zonoids were given. It was shown how such relations can be
used in stochastic geometry, for example, to give estimates for the intersection
intensity of a general (non-stationary) Poisson hyperplane process in R.

Wolfgang Weil, in his lectures on Random Sets (in Particular Boolean
Models), built upon the previous lectures of A. Baddeley and R. Schneider.
He first gave an introduction to random closed sets and particle processes
(point processes of compact sets, marked point processes) and introduced the
basic model in stochastic geometry, the Boolean model (the union set of a Pois-
son particle process). He described the decomposition of the intensity measure
of a stationary particle process and used this to introduce the two quantities
which characterize a Boolean model (intensity and grain distribution). He
also explained the role of the capacity functional (Choquet’s theorem) and
its explicit form for Boolean models which shows the relation to Steiner’s
formula. In the second lecture, mean value formulas for additive functionals
were discussed. They lead to the notion of density (quermass density, den-
sity of area measure, etc.) which was studied then for general random closed
sets and particle processes. The principal kinematic and translative formulas
were used to obtain explicit formulas for quermass densities of stationary and
isotropic Boolean models as well as for non-isotropic Boolean models (with
convex or polyconvex grains) in R?. Statistical consequences were discussed
for d = 2 and d = 3 and ergodic properties were shortly mentioned. The third
lecture was concerned with extensions in various directions: densities for direc-
tional data and their relation to associated convex bodies (with an application
to the mean visible volume of a Boolean model), interpretation of densities
as Radon-Nikodym derivatives of associated random measures, density for-
mulas for non-stationary Boolean models. In the final lecture, random closed
sets and Boolean models were investigated from outside by means of contact
distributions. Recent extensions of this concept were discussed (generalized
directed contact distributions) and it was explained that in some cases they
suffice to determine the grain distribution of a Boolean model completely. The
role of convexity for explicit formulas of contact distributions was discussed
and, as the final result, it was explained that the polynomial behavior of the
logarithmic linear contact distribution of a stationary and isotropic Boolean
model characterizes convexity of the grains.

Since the four lecture series could only cover some parts of stochastic
geometry, two additional lectures of 90 minutes were included in the program,
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given by D. Hug and V. Capasso. Daniel Hug (University of Freiburg) spoke
on Random Mosaics as special particle processes. He presented formulas for
the different intensities (number and content of faces) for general mosaics and
for Voronoi mosaics and then explained a recent solution to Kendall’s con-
jecture concerning the asymptotic shape of large cells in a Poisson Voronoi
mosaic. Vincenzo Capasso (University of Milano) spoke on Crystallization
Processes as spatio-temporal extensions of point processes and Boolean mod-
els and emphasized some problems arising from applications.

The participants presented themselves in some short contributions, at one
afternoon, as well as in two evening sessions.

The attendance of the lectures was extraordinarily good. Most of the par-
ticipants had already some background in spatial statistics or stochastic geom-
etry. Nevertheless, the lectures presented during the week provided the audience
with a lot of new material for subsequent studies. These lecture notes contain
(partially extended) versions of the four main courses (and the two additional
lectures) and are also intended as an information of a wider readership about
this important field. I thank all the authors for their careful preparation of
the manuscripts.

I also take the opportunity, on behalf of all participants, to thank C.I.M.E.
for the effective organization of this summer school; in particular, I want to
thank Vincenzo Capasso who initiated the idea of a workshop on stochastic
geometry. Finally, we were all quite grateful for the kind hospitality of the
city of Martina Franca.

Karlsruhe, August 2005 Wolfgang Weil
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