Lecture Notes in
Mathematics

Editled by A Dold, Hesdelberg and B. Eckmann, Zirich

344

A. S. Troelstra

(Editor)

Unwersiteit van Amsterdam, Amsterdam/Nederland

Metamathematical Investigation
of Intuitionistic Arithmetic
and Analysis

2

A
(ool
Xy |

Springer-Verlag
Berlin - Heidelberg - New York 1973




AMS Subject Classifications (1970} : 02C13, 02D03, 02D99, 02H 10

ISBN 4-540-06491-5 Springer-Verlag Berlin - Heidelberg - New Yock
ISBN 0-38706491-5 Springer-Verlig New York - Heidelberg - Berlin

This work is subject to copyright. Al righes are rescrved, wherber the whole oo pant of the material is concemed,
specifically those of translation, reprinting, se-use of illustratioms. broscirsning, reprodoction by prococopying machine
or similar means, and stocage is dats banks

Under § 34 of the German Copyright Law where copien ane made for other thas privas: s, 3 fos o payable 2o the pablsher,
the arrgunt of the fee to be determined by apeement with the publiber.

© by Springer-Yerag Berlin « Hedelberg 1975, Library of Congress Catalog Cand Nomber 75-14238. Printed o Germany.
Offuwsdrack: Jolivs Beliz, HemshadyDengsr,



Dedicated to

GEORG XRXISKL

who has contributed ao much to the
subject of this volunme



Preface

The present volume found its origin in & sourae on functional mnd realiz-
avility interpretations on intuitionistic formal sysieas, proszemted st the
Al jksoniveraiteit Utreoht {Xetherlands) im the sprimg of 1570, nrd a course
on thes matamatheastics of intuitionietic formsl syatems at the Uziversity of
Ansterdam in 1971« 1572, The literaturs on the subjoct vaz widely seattered,
t=e comnedntion betwoen certaim rules was often nct oade explicit in the
literatiira, ard some cbviouax queationx wire not anowered thore.

Tharefore 1 thought it would te useful to give &« coherent presentation of
the prinoipal meshcds for metanmsthematiocel investigation of intuitioniatie
formal eyotomo and the roculto ottoined by thece methods, sonnecting Tesulds
in the literatura, TElling gaps and sddirg acoe vev material, A first attempt
(for realizadility and functiomal interpretatiora) was oede in Troplpirs
1371, -which, howsver, bacnuse of a rather terse siyle, wss not readily aacim-
ilated by resdere new to the field, " [Tt otdll provides & useful survey of
the applications to firast-order srstema rowever.) Therefore s mors elaborate
presestatian, including othar techniguea of petamathematical research, =sened
to ke called for,

Having lsamt of the unpublisted ih.D. work of C,Ssorynaki on appliontions
of Kripke-mcdels to intuisionistio arithmetic, and of Dr DJuckes's theziz on
the intuitionistic theory of higher-crder gereralized induotive definitioms,
subjencta which both fitted very wall into the soope of the planned voluoe,

I azked thea to contribute s chapter emch § their coatritations appear as
chapteres V, and VI respectively. The podels fer intuitiomistio arithoetic
of finite type, funotionel ord renlizability interpretations, snd normaliss-
tion for natursl daduction aystems, snd slac tha general oditing of the
voluge I wndericok syself,

Finally, W.A. Howard conmtributed =n Appeniix supplemerting Aiscussioms In
§ 2.7 and § 5.

The organizatics of ihe weluze is primarily meihod-cemtered, i.e. the
matorisl prosented is grouped moatly around Eethods and sechnigues, and net
arranged scocrding to the rerults obimined, Henes sonae rasults, obtainsble
by different methods, apyesr at various places in the book. This will enakle
the reader to coppare the rolstive msrits of the various selsoda,

Az Tegards intuitioniztico orithpetic and elowely relsted systoms, the
treataent is elxcst wholly self-contained | come experience with classical
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setanstheastics, and the elemente of intuitionien, such ae may ba gleaned
frow Eleone's Introdusiion to metnmatheantice and Heyting's ook om
Intuitionism saffices, The parte dealing with arithzetic can therefcrs be
used in a course Zor graduate atudents or & aenimay,

The seotions deniing with snalysio are not salf-contained, and serve
Bora of leansm an a Tanning comentory on the literature, commeating and cona
paring varions approaches and adding new results besides. 7Thic part was
thought o primarily as a kelp to the dbeginuning researcher, to kelp kim to
find hia way in the aubject, Por uxe in a seeinar, thexe anctiona atould
usmally be susplesanted by the remding of other ypapers,

In keeping with thie vet-up, the lis=ting of applicstiom= for intuition-
iztic arishastic end olosely related systems is mathker exseneive, but in
tho caza of analysias wa have sTten rectricted curealvee %o some typical
oxamplea 3 furthe: applications ¢an esxily be oade by the resder himself
ozoe he bas understoced the mothed, and its applicatioms %o arithmetic.

Ko special attention has beam gliven to intuitioninstic propositional
loglo and predicate logio, beznuae me formal aystems thoy exhidbit many
propertices vhich 42 mot sénerslize to srithoetic and saslysdia, and therefore
weuld raquire & ceparate trestment.

Speedy publication wnw thoaght more us=aful than final pelizh, =o ar not
te¢ make the msaterinl cutdsted at the moment of its appenrance. Hence nlwc
the choice for pubdblication im thae "lectura Botes in Fathematies™., Even
sile ref-sining Zrom & complotely aelf-contaimed treatment of all parts,
it waa not poagible to take all relevant work into accounmt, not sven on
pritheetic; for example, N, Joodmn'n work on the theory of conatruetiona
anu lult out xltogeiher, since it would not ensily be fiited into the
frapework of the other developpenta sad o would consume too much space.

¥o have mo doubt tiat thars are =%11] many isperfections in thie prasen-
tation 3 it hardly needs umying that the authors will be grsteful lor
aerrors, aiaprinte, sdditions Se the bibliography beding bdrought o thedr
attention.

Tha comtents of the present volupe are primarily teohnical in oharac$er
but 4t 1o to be hoped that the materisl will not inspire & thought. and
pind-less paltiplication of matarathematical reaults, witheut s thought
opont om Sheir poamible significonce for an analysis of intuitionistic baaic
netiona apd for foundations of mathemsatics in gemeral. On thke cther hand,
the "philozopaical interest" of the subjeot ie not promoted Ty unoritical
amalysio. (A single sxampla : the imterest of the wall knowr disjunetion

proporty |AVE = A or B, and the explieit definability for exiaten-
ticl ztatements are frequently overrated, espeoially as a oriterion for the
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*sonstructive choracter” of the systea considered. Ses e.g. the discuasion
in Iroelsirn A.} As reguride potential ‘philosophical inbersst”, i% seess

o m to bo more promising (bui =lwe more difficult) to look for now wyoosulto
for well-known ayetems (posgibly different jp kind from the results dis-
supssd in thie voluaw), instead of tryirg tc extend notn results to sbronger
and =iremger systems. OFf course, to be potemticlly intersosing, the new
reoylts should eleo have & clasr intuitive meaning (n terms of thoe intexnded
interprotation of the ayxtexa ccnzidere:d,

Dizections Tor ypa, In order to help the resder fimd hir way, there is
an analytical tabdle of contents at the begirming, a bibliographry, and lists
of notiona and nototionz at the end, Reference to he Mbliography are
self-oxplanstory. § 3.5 refers (except in the appesdix) teo chapter III,
£ %, ote.

Tae parte on arithoetic sad closely relsted systems are sors or leas
gelf-contained. A= =uch we pention espeoinily s Chapter I, §% 1.8, 5§ 10,
113 ohoapter II, 6§ 1.4 (2.4.45 oxcepted), § 5, § T (exocpt where remultn
of § 6 are uaed)jy chapter III, § 1 (3.1.1-18), § 2 (5.2.1-285 5.2.33),
§ 4 (3.8.1-147 3.4.29), § 5 (3.5.1-115 35,16 (3}, (144)}) 1 § 6 (3.5.1-
3.6.96), § 7 (3.7.128), § & (excopt 5.8.7), § 93 ochapter TV, £§ 1.4
chapter ¥, 5§ 1-6.

Chapter I ocomtains all gevcorslftiesz, and ahould usually Yo consulted
whan neodad only.

Acknovlsdgazents, As regards =y own copiribution de this volume, I um
espeoially indebtaed to 3. Kreisael, vho permitted the use of wnpudlished
paterial in his course notes (apart from the general indebtednesc expressed
by the dedicmtiom), to J.I. Zucker, for hiz patisent and eareful realing of
drafts of my ¢hapters, cuggeoting ouny stylisiie, expository and sathemat-
i¢al improvements and ocorrections, cwnd to Miss Judith wan Witeen, who
undertook the seeningly ondloses taxk of typinmg “he manuscript. Some other
acknowledgeronts have bean oelde in footroten,

Aazterdam, June 1975.

As 5. Trowlatrs
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