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To Karen



Preface

This book aims to give a systematic and self-contained introduction to the
theory of symplectic Dirac operators and to reflect the current state of the
subject. At the same time, it is intended to establish the idea that symplec-
tic spin geometry and symplectic Dirac operators may give valuable tools in
symplectic geometry and symplectic topology, which have become important
fields and very active areas of mathematical research.

The basic idea of symplectic spin geometry goes back to the early 1970s,
when Bertram Kostant introduced symplectic spinors in order to give the
construction of the half-form bundle and the half-form pairings in the context
of geometric quantization [37]. During the next two decades, however, almost
no attention has been given to a closer study of symplectic spin geometry
itself.

In 1995, the first author introduced symplectic Dirac operators [24] and
started a systematical investigation [25, 26, 27]. These symplectic Dirac oper-
ators are called Dirac operators, since they are defined in an analogous way as
the classical Riemannian Dirac operator known from Riemannian spin geom-
etry (cf. e.g. [21]). They are called symplectic because they are constructed by
use of the symplectic setting of the underlying symplectic manifold. All tools
which were necessary for that construction have already been known and ac-
cepted, mainly in mathematical physics. These are the symplectic Clifford
algebra (also known as Weyl algebra), the metaplectic group, the metaplectic
representation (Segal-Shale—Weil representation) acting on L?(R™), metaplec-
tic structures, and symplectic connections.

One of the basic ideas in differential geometry is that the study of analytic
properties of certain differential operators acting on sections of vector bundles
yields geometric and topological properties of the underlying base manifold.
There are several classical results in that direction. An example is Hodge—
de Rham theory. Here, one considers the Hodge-Laplace-Beltrami operator A
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acting on differential forms. This operator is one of the most studied operators
in global Riemannian geometry and his spectrum gives important topological
invariants. In particular, the dimension of the kernel of A on p-forms over a
closed Riemannian manifold is the p-th Betti number. Other well known and
well studied operators are the Kodaira—Hodge—Laplace operator on differen-
tial forms with values in a holomorphic vector bundle or the classical Dirac
operator on Riemannian manifolds. Now, symplectic spinor fields are sections
in an L?(R")-Hilbert space bundle over a symplectic manifold and symplectic
Dirac operators, acting on symplectic spinor fields, are associated to the sym-
plectic manifold in a very natural way. Hence they may be expected to give
interesting applications in symplectic geometry and symplectic topology.

It is our opinion that, besides the already stated, there are further close re-
lations to mathematical physics. Some steps towards this direction have been
made by the first author and Andreas Klein in [28, 29, 30].

Another perspective could be the extension of Clifford analysis and spin geom-
etry to super differential geometry. According to the most used version of
super geometry developed by Bertram Kostant, geometrical structures over a
supermanifold consist of Zs-graded objects and thus have an even as well as
an odd part. Then one can imagine that a metric has to satisfy some kind of
graded symmetry which, roughly speaking, corresponds to a symmetric object
on the even part as well as to a skew symmetric object on the odd part of the
supermanifold. For the first one, we have the classical Riemannian spin geom-
etry, whereas the second one is basically given by symplectic spin geometry.
The main aspects of that idea are treated in a paper by Frank Sommen [45].

Although the construction of symplectic Dirac operators follows the same
procedure as for the classical Riemannian Dirac operator, using the symplectic
structure of the underlying manifold instead of the Riemannian metric, there
are essential differences to the Riemannian case. These are caused by the fact
that the algebraic structure of the symplectic Clifford algebra is completely
different from that of Riemannian spin geometry. For the classical Clifford
algebra, we have the relation v? = —||v||?, whereas the algebraic structure of
the symplectic Clifford algebra is given by v-w — w - v = —wp(v, w). This
implies essentially different properties for the Clifford multiplications, which
enter into the definition of the Dirac operators.

Moreover, the non-compactness of the symplectic group leads to analytic dif-
ficulties. Namely, since the typical fiber of the symplectic spinor bundle is the
Hilbert space L?(R"), we deal with operators acting on sections of a vector
bundle of infinite rank. For elliptic formally self-adjoint pseudo-differential
operators with positive definite leading symbol acting on sections in a vector
bundle of finite rank, one has a completely developed theory. So, in order to
be able to apply these techniques, we are interested in equivariance properties
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of our operators with respect to a certain decomposition of the symplectic
spinor bundle into a series of subbundles of finite rank. It turns out that an
associated second order operator respects this decomposition provided that a
technical assumption, which always can be realized, holds true.

Let us now briefly describe the content of each chapter of this book. The first
chapter is introductory. It contains preliminaries and basic material needed
for our considerations. Chapter 2 is devoted to symplectic connections. In
particular, we introduce a further Ricci tensor, which we will call symplectic
Ricci tensor. To our knowledge, no attention has been given to this tensor in
previous studies. In fact, this symplectic Ricci tensor is a new object in the
case of non-vanishing torsion. To date, mostly only torsion-free symplectic
connections have been considered. It turns out that, in our context, it is
convenient to work also with symplectic connections with torsion and that the
symplectic Ricci tensor is more suitable for our purposes. The next chapter
introduces the symplectic spinor bundle and the spinor derivative and analyzes
a splitting property of the spinor bundle. In Chapter 4, we give the definition of
symplectic Dirac operators and describe in detail how these operators depend
on the objects from which they are built. Chapter 5 is concerned with an
associated second order operator of Laplace type and addresses properties of
this operator. The objective of Chapter 6 is the situation for a special class of
symplectic manifolds, namely Kéhler manifolds. Here, we also investigate the
example of CP'. The aim of Chapter 7 is to construct a Fourier transform for
symplectic spinor fields and to derive consequences for the symplectic Dirac
operators. The last chapter focuses on relations to mathematical physics, in
particular to quantization. This closes the circle to the beginnings by Bertram
Kostant.

The present text is originated in research ideas of the first author and provides
an extended version of her “Habilitationsschrift”, which was never published
separately. Starting with helpful discussions from the beginning of the inves-
tigations and proposing many improvements in the selection and presentation
of the material, the second author became more and more involved into the
subject. We decided to write this book tree years ago and, for this book, he
made a thorough revision of the material, in particular, to improve the strict-
ness of the presentation. Then it took time to compose it in a natural and
organic way. Furthermore, our working places are no longer as close to each
other as before and it became difficult to keep our discussions at its intensive
level. Now we consider the text ready for publication and hope to present the
reader a mature work.

During the work on the book, we received financial support from DFG, the
German Research Foundation, contract HA 3056/1-1,2. Many thanks are due
to our students Paul Rosenthal and Steffen Rudnick for proof-reading the
ETEX-type-written manuscript.
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We dedicate this book to our daughter Karen. She accepts our mathematical
family circle and enriches it with her interest. We are grateful to being able
to give her an understanding of the fascination of mathematics. Karen, you
are a wonderful teenager which makes us enjoying the challenge of teaching
mathematics.

Gottingen and Greifswald, Katharina & Lutz Habermann
November 2004
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