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Preface

Let XD denote the Hilbert modular surface H � H
�=SL2.OD/, where H is the

complex upper half plane, H
� is the complex lower half plane, OD is a real

quadratic order of discriminant D, and SL2.OD/ acts on H � H
� by the Möbius

transformations given by the two embeddings SL2.OD/ ! SL2.R/. Originally, the
interest in Hilbert modular surfaces arose from Hilbert’s aim to find an analytic
function which plays the same role for arbitrary algebraic number fields as the
exponential function does in Kronecker’s Theorem about abelian extensions of Q
(compare [vdG88]).

Later, algebraic curves on Hilbert modular surfaces came more into the focus of
research. This was triggered by an astonishing result of Hirzebruch and Zagier: they
introduced twisted diagonals, which are nowadays also called Hirzebruch–Zagier
cycles, via maps H ! H � H

� with z 7! .Mz; �M �z/, where M 2 GLC
2 .K/

and � denotes the Galois conjugate, and they found out that the intersection
numbers of certain twisted diagonals can be interpreted as the Fourier coefficients
of holomorphic elliptic modular forms of weight two (see [HZ76]). This is the main
reason why twisted diagonals have been extensively treated in the literature. For
instance, it is well known how to calculate the volume of twisted diagonals.

The projection of a twisted diagonal to XD yields a Kobayashi curve, i.e., an
algebraic curve which is a geodesic for the Kobayashi metric on XD . So far, there
have been found only few examples of Kobayashi curves on XD that do not stem
from twisted diagonals. These rare examples come from Teichmüller curves and
have been constructed implicitly by Calta and McMullen. Teichmüller curves are
algebraic curves in the moduli space of Riemann surfaces Mg, which are geodesic
for the Kobayashi metric. Under the Torelli map the image of such a Teichmüller
curve constructed by Calta and McMullen lies in XD and yields a Kobayashi curve.
This implies that in the universal cover the curve is of the form z 7! .z; '.z// for
some holomorphic map '.

�The author is partially supported by the ERC-StG 257137.
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viii Preface

In these notes, a new class of algebraic curves on Hilbert modular surfaces is
introduced: a possibility to construct even more Kobayashi curves on XD is to
consider the projection of z 7! .Mz; M �'.z// to XD where again M 2 GLC

2 .K/.
These curves are called twisted Teichmüller curves, because their construction is
very reminiscent of Hirzebruch–Zagier cycles. These new objects are analyzed
in detail in these notes and their main properties are described. In particular,
the volume of twisted Teichmüller curves is calculated and their components are
partially classified.

Structure of the Notes

These notes are organized as follows:
Chapter 1 is the introduction and summarizes the results proven in the following

chapters.
In Chap. 2, we give an overview of the basic concepts which are used everywhere

else in these notes. We recall well-known results about real quadratic number fields,
Fuchsian groups, moduli spaces, and Hilbert modular surfaces. This chapter will
be helpful in particular for people who are not already familiar with the mentioned
topics.

In Chap. 3, we introduce Teichmüller curves. In particular, we recall Calta’s
and McMullen’s construction of Teichmüller curves in M2, which was already
mentioned above.

In Chap. 4, the main new objects of these notes, namely twisted Teichmüller
curves, are defined. Only some main properties of twisted Teichmüller curves are
derived here. Most importantly, it is shown that twisted Teichmüller curves yield
indeed Kobayashi curves.

In Chap. 5, we describe the relation between the stabilizer of the graph of the
Teichmüller curve and the commensurator of the Veech group. Furthermore we
introduce the notion of pseudo parabolic maximal Fuchsian groups and show why
this property is useful for calculating the stabilizer.

In Chap. 6, the volume of twisted Teichmüller curves is calculated for most
matrices M if the class number of OD is equal to 1. From this the classification
of twisted Teichmüller curves can be derived. Finally, we present some ideas how
quantities like the number of elliptic fixed points and the number of cusps and the
genus of twisted Teichmüller curves can be calculated in some special cases.

In Chap. 7, we recall McMullen’s construction of Teichmüller curves in M3 and
M4 using Prym varieties. Also these Teichmüller curves yield Kobayashi curves
on XD.

In Chap. 8, we recall Oseledet’s Theorem on the existence of Lyapunov expo-
nents and introduce the Kontsevich–Zorich cocycle over Teichmüller curves. Fur-
thermore the connection of the Teichmüller flow to the geodesic flow on T 1

H is
discussed.

In Chap. 9, it is proven by using Lyapunov exponents that the Teichmüller curves
from Chap. 8 are never twists of Teichmüller curves in M2.
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