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Preface

This monograph grew out of my Ph.D. thesis, which I wrote at Bielefeld University
between 2008 and 2012. Its main objective is the analysis of numerical methods,
which approximate solutions to stochastic evolution equations (SEEq) on infinite
dimensional state spaces. I therefore invite the reader to join me at the meeting point
of several fascinating mathematical fields: numerical analysis, probability theory
and stochastic analysis, PDE theory, and functional analysis.

For me the study of numerical methods always has the convenient advantage
that I can investigate my object of interest not only theoretically but also during
computer experiments. In moments of doubts, a numerical simulation may motivate
me to look harder for a theoretical proof or it helps avoid wasting time on a dead
end if I am on the wrong track. Computer experiments also serve as a constant
well of inspiration by making me stumbling over unexpected phenomena, whose
understanding often raises interesting theoretical questions.

To this respect numerical methods for SEEqs are a very grateful study object.
Even without changing the initial parameters one may be able to see many different
kinds behaviors just by the presence of the random forcing terms. A very interesting
task is then to puzzle out which phenomena are due to the underlying stochastic
evolution equation and which stems from the application of a numerical method
and their inevitable errors.

For this it is of course necessary to first have a closer look at stochastic evolution
equations and their properties. As this book is mainly written from the viewpoint
of a numerical analyst, we concentrate on basic questions which are important for
the design and the behavior of numerical schemes. In particular, we study existence,
uniqueness, and spatio-temporal regularity of solutions to SEEqs.

After having made ourselves familiar with the object which we want to approxi-
mate, we next have to think about the aim of the approximation. Shall our numerical
scheme give a good pathwise approximation of the solution or shall it just closely
reproduce certain statistical properties? The two possibilities are related to the two
different kinds of errors which we study in this monograph.

On the one hand, there is the so-called strong error of convergence, which is
measured in terms of the L”-norm for random variables. This error is small if
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for a given initial state and a given sample path of the forcing random noise the
corresponding trajectories of the exact solution and the numerical scheme are close
to each other.

On the other hand, the weak error of convergence is already small if the laws of
the exact solution and the numerical scheme almost coincide. Usually, a strongly
convergent scheme is also weakly convergent and the strong order of convergence
is a lower bound for the weak order of convergence. However, a well-known rule of
thumb states that for many numerical schemes the weak order is actually twice the
strong order of convergence.

While the analysis of the strong error often relies on similar techniques as for
the deterministic problem, the weak error analysis is often much more demanding
and usually builds upon the solution to Kolmogorov’s equation associated with the
SEEq. Consequently, the theory concerning the weak error analysis is by far not so
mature and much more restrictive as for the strong error.

To some degree the same holds true for this monograph: While the strong error
analysis is carried out for more general SEEqs with multiplicative noise, we only
consider linear SEEqs with additive noise in the discussion of the weak error.
But for the latter, my main intention is to introduce the reader to the beautiful
theory of the Malliavin Calculus. I hope that the introduction to this topic is
particularly accessible to readers who have already gained some familiarity with
Wiener processes and appreciate a more functional analytical approach as in the
standard literature.

The Malliavin Calculus is then used to open a new path to the weak error
analysis, which completely bypasses Kolmogorov’s equation. This new approach
enjoys several advantages as, for example, the possibility to consider the weak
error for SEEqs with non-autonomous stochastic coefficients. But concerning the
treatment of equations with multiplicative noise much more research needs to be
done.

I tried to do my best in order to keep this monograph mostly self-contained.
However, I did not succeed everywhere: At the very least the reader should have
a basic knowledge of standard techniques in functional analysis. It is also helpful
if the reader is familiar with numerical methods for finite dimensional stochastic
differential equations. More advanced topics such as Wiener processes on Hilbert
spaces, strongly continuous semigroups, and Galerkin finite elements are provided
without proof.

Notation

In order not to hide easily understandable ideas behind a complicated notation, I
tried to keep everything as standard and simple as possible. However, since these
notes are written in the intersection of several different mathematical fields, some
collisions were inevitable.
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For example, in stochastic analysis it is very common to denote the time
evaluation of a stochastic process by an index, thatis X (¢) = X,. However, this habit
collides with the notation in numerical analysis, where the spatial discretization of a
function u is usually denoted by u;,. From my point of view, it generates much less
confusion if I stick to the classical notation in analysis to write X (¢) for the time
evaluation of a stochastic process and I do not change the notation for the numerical
methods to something nonstandard. Please accept my apologies in advance if this is
the cause of new confusion which I was not able to foresee.

Further, throughout this book I apply the concept of generic constants. Usually
denoted by the letter C, I understand by a generic constant a positive and finite
entity, which may vary from occurrence to occurrence and depends on exogenous
parameters such as the final time T, the Lipschitz constants of the nonlinearities f
and g, or the norm of the initial value X(y. However, C is always chosen in a way
that it is independent of endogenous parameters of the numerical method such as
the spatial and temporal step sizes i and k.

By this means, perhaps interesting relationships between the exogenous param-
eters may remain hidden and it is unclear, in which way the constant C behaves,
if exogenous parameters are varied. On the other hand, the derivation of explicit
representations of all constants would have complicated many proofs and possibly
distracted the reader from the underlying ideas and techniques.

Otherwise, new notation is usually explained at first appearance or found in the
symbol list.
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Almost surely

Experimental order of convergence, p. 137

Stochastic evolution equation, p. 20

Stochastic partial differential equation, p. 22

Stochastic ordinary differential equation, p. 25

With respect to

Set of all positive integers 1,2, 3, ...

Set of all real numbers

A positive real number, usually denoting the upper bound of an
interval [0, T

Minimumof s, € R

Maximumof s, € R

Kronecker-6: thatis §; ; = 1ifi = j,else §; ; =0

Separable Hilbert spaces

Dual space of H

Inner product of a given Hilbert space U

Inner product of the Hilbert space H

Hilbert space Q 2 U),p. 14

A Banach space

Domain of an operator A

Space of all continuous mappings f:[0, 7] — B

Space of all continuous mappings f:H; — H», which are
k-times continuously Fréchet-differentiable

Space of all f € C*¥(H,; H), such that f and all its derivatives
are at most polynomially growing

Space of all f € C*¥(H,; H), such that f and all its derivatives
are bounded

Space of all p-fold integrable H -valued random variables which
are differentiable w.r.t. Malliavin derivative, p. 92

A measure space on a set S with o-field ¢ and measure p
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Probability space
E[Z] = [, Z(w) dP(w), expectation of Z
Borel-o-field of S
o-field of predictable stochastic processes, p. 17
Lebesgue measure with respect to integration variables ¢, x, o
Sobolev space of square-integrable functions on [0, 1] with
existing weak derivatives up to order k € N
Sobolev space of square-integrable functions on [0, 1] with
existing first order weak derivative and zero boundary conditions
H’ = dom(A?), domain of A%, p. 162
Space of predictable stochastic processes, p-fold integrable,
p. 27
Space of all p-fold integrable mappings f:S — B, p > 1
LP(S;B) = L?(S,9, u; B), if 4 and p are known
Space of bounded linear operators from U, to U,
LU)=LUU)
Hilbert space of all Hilbert—Schmidt operators from U; to U,
p. 16
L,(U) = L (U, U)
ég :_LE(UO, H),rp. 16
0. = Ly(Uo. H').p. 22
Set of all stochastic processes, [to-integrable w.r.t. W, p. 17
Set of smooth and cylindrical random variables with values in
H,p.86
Norm of a given Banach space B
Norm of the Hilbert space H or its induced operator norm in
L(H)
Norm of the Hilbert space H*, pp. 20, 162
Norm on A2(0,T; H), p. 17
Duality pairing between H~' and H', p. 55
Adjoint of an operator A
Identity operator Idy: U — U in L(U)
Indicator function for the measurable set A
Interpolation operator, p. 130
Finitely based interpolation operator, p. 135
Ritz projector, p. 54
Semigroup generated by —A, pp. 20, 159
Tensor productof h € H andu € U, p. 86
Traceof Q € L(U), p. 11
A family of independent, real-valued Brownian motions,
Wiener process, p. 12
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