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PREFACE
This monograph is a contribution to the study of the identification
problem: the problem of identifying an item from a known class us-

ing positive and negative examples. This problem is considered to be
an important component of the process of inductive learning, and as
such has been studied extensively. In the overview we shall explain
the objectives of this work and its place in the overall fabric of learning
research.

Context.

Learning occurs in many forms; the only form we are treat-

ing here is inductive learning, roughly characterized as the process of
forming general concepts from specific examples. Computer Science has
found three basic approaches to this problem:
• Select a specific learning task, possibly part of a larger task, and
construct a computer program to solve that task .
• Study cognitive models of learning in humans and extrapolate
from them general principles to explain learning behavior. Then
construct machine programs to test and illustrate these models.
xi

PREFACE

Xll

• Formulate a mathematical theory to capture key features of the
induction process.
This work belongs to the third category.
The various studies of learning utilize training examples (data) in
different ways. The three principal ones are:
• Similarity-based (or empirical) learning, in which a collection of
examples is used to select an explanation from a class of possible
rules.
• Explanation-based learning, in which each example is analyzed
individually within the context of a base of knowledge about the
domain, the learning goals, and other non-information-theoretic
properties. The result of the analysis is then generalized, thereby
enlarging the knowledge base.
• Network models of learning, in which large numbers of similar elementary units are interconnected, usually in a fixed topology. The
network parameters can be adjusted as examples are presented,
until the network as a whole exhibits the desired behavior.
The work described here pertains only to the first approach.
A significant collection of similarity-based theoretical results exists
for inferring classes of recursive functions from examples of their values
at sample points of the domain. (See, for example, [14], [19], [44].) I
shall not adopt this approach. Instead, I prefer to focus on less expressive, more specific domains whose concrete properties can be utilized in
constructing the algorithms.
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Scope of the Field.

The overall goal of this, and related, research

is to devise and study good mathematical models of the inductiveinference process. Although many papers with this purpose have been
written, the "right" model (by general consensus) has not emerged.
What should a good model accomplish? AB a minimum, the model
should be descriptive of many of the domains and techniques used in
artificial intelligence (AI) experiments and applications. And it should
be specific enough to permit us to devise algorithms and to reason about
their complexity. That this has not yet been done may be illustrated
by the fact that there is no general agreement about the requirements
of an inductive inference domain, what exactly is meant by a "training
example" , or what the most appropriate methods are for presenting information.
Once one has proposed such a model, he or she must then determine
what the model has to say about previous research, both experimental and mathematical. Inevitably the model will succeed in capturing
certain aspects but not others. We often learn as much from the deficiencies of a model as from its successes, for the fact that a particular phenomenon of induction cannot be implemented within the current
model implies that the phenomenon entails new ideas and is probably
worthy of independent research.

Justification.

Judging from the rapid growth of interest in the field,

there is little disagreement that inductive learning is an important problem for computer science. Two of the applications most often envisioned
for a successful theory are the automatic construction and refinement
of large knowledge bases for expert systems and the recognition and

xiv
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classification of data patterns for robotics control software. Apart from
these, there is the significant scientific problem of understanding a fundamental and widespread phenomenon such as learning. Even though
we cannot even define precisely what learning is, we have a strong sense
that there are profound and unifying principles underlying the diversity
of behaviors that apparently exhibit some form of learning. To give an
analogy, the study of the physics of gases in the mid-nineteenth century
proceeded on the basis of the assumption that the many observed laws
of gases could be explained by suitably applying the fundamental laws
of mechanics. The outgrowth of this idea was the theory of statistical
mechanics, which was both mathematically satisfying and useful for engineering applications and further scientific research.
But why a mathematical theory? Are we yet to the point where we
understand the problem of inductive learning well enough to formulate
it mathematically? To date, theoretical research in inductive inference
has played a rather minor part in the design and implementation of
computer programs, and it is unlikely that the results in this report will
alter this state of affairs.
Nevertheless we need the theory, for these reasons:
• Theory, whether mathematical or not, serves to distill from the
mass of experimental details that core of ideas that apply to a
more general range of problem settings. A recent critical review
of the research noted that "a significant problem in current research on inductive learning is that each research goup is using
a different notation and terminology. This not only makes the
exchange of research results difficult, but it also makes it hard
for new researchers to enter the field." ([22]). Noteworthy cases
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where theory has identified general concepts include the Version
Space theory of [46], the Model Inference System of Shapiro ([65]),
and the work on approximation by sampling ([71], [15]).
• An essential aspect of theoretical modeling is simplification. In exchange for the detail the theory leaves out, one gains the perspective of which ideas should be given priority, the ability to reason
more clearly about the problem, and the potential to unify phenomena that would otherwise appear unrelated. An instance of
this process at work is the research of Shapiro ([66]) in which the
inductive inference of logical theories, the identification of functions, and the systematic debugging of programs are all shown to
be closely related.
• Even when the theory contributes nothing to practice, it may
strongly affect the way we conceptualize the problem. No programmer constructing or coding an algorithm refers explicitly to
the theory of Turing machines (or any other basic model of effective computation). Yet the concept of a finite control with an
infinite store dominates the way we think about sequential computation.

Organization.

The results that follow are in two parts. Part One de-

velops a model for the identification problem that captures the strategy
of generalization and specialization of hypotheses based on counterexamples. This approach to the identification problem has been the basis
of much research over the years.
Chapter One introduces our formal model of the identification problem, when rules are to be learned in the limit from an arbitrary but
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thorough teacher. The model is general enough to apply directly to a
wide class of commonly studied domains.
Chapter Two defines the relations that are used in generalizing and
specializing. For unity we call both the generalizing and the specializing relations refinement relations, since they enjoy the same algebraic
properties. We also present general algorithms for the identification
problem using refinements.
Chapter Three considers the problem of designing refinements that
are less general but more useful. To do so, we consider domains with specific, but common, properties and devise relations that take advantage
of these properties. In addition we show how to construct refinement
relations for refinements themselves, and argue that the search for an
appropriate inductive bias can be understood as a process of refinement.
From this theory, we gain the following:
• A clear definition of what constitutes a domain for an identification problem, what we mean by "examples", and a simple characterization of the operators that are useful for generalization and
specialization.
• Abstraction of many of the common aspects of different identification algorithms.
• Recognition of some basic limitations of this approach, particularly the fixed representation language and the lack of meaningful
complexity measures for comparing algorithms.
In Part Two we adopt a different model of the identification problem, one in which examples are drawn independently from an unknown
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distribution. Chapter Four defines the model and two criteria for identication: stochastic identification in the limit, and pac-identification as
defined by Valiant ([71]). An advantage of this model is that we can
measure the complexity of identification over many domains. Another
is that the effects of random noise in the examples can be studied: this
is the subject of Chapter Five. From the analysis we reach a clear
.understanding of how the strategy of identification from noisy examples generalizes the corresponding strategy for reliable examples. Thus
along with useful mathematical results, such as bounds for the number
of training examples required, we obtain a general conceptual principle
for the design of noise-tolerant identification algorithms.

About the presentation. In order that the contents of this book be
accessible to more than just those in the fields of machine learning and
theoretical computer science, I have chosen to present the mathematical
results with rather more motivational and expository remarks than is
currently fashionable. My hope is that readers will be able follow the
main lines of the development without reading the mathematical details.
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