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Preface

The extensive application of modern mathematical teehniques to
theoretical and mathematical physics requires a fresh approach to
the course of equations of mathematical physics. This is especially
true with regards to such a fundamental concept as the 80lution of
a boundary value problem. The concept of a generalized solution
considerably broadens the field of problems and enables solving
from a unified position the most interesting problems that cannot be
solved by applying elassical methods. To this end two new courses
have been written at the Department of Higher Mathematics at the
Moscow Physics anrl Technology Institute, namely, "Equations of
Mathematical Physics" by V.S. Vladimirov and "Partial Differential
Equations" by V.P. Mikhailov (both books have been translated
into English by Mir Publishers, the first in 1984 and the second
in 1978).
The present collection of problems is based on these courses and
amplifies them considerably. Besides the classical boundary value
problems, we have ineluded a large number of boundary value
problems that have only generalized solutions. Solution of these
requires using the methods and results of various branches of modern
analysis. For this reason we have ineluded problems in Lebesgue integration, problems involving function spaces (especially spaces of
generalized differentiable functions) and generalized functions (with
Fourier and Laplace transforms), and integral equations.
The book is aimed at undergraduate and graduate students in the
physical sciences, engineering, and applied mathematics who have
taken the typical "methods" course that includes vector analysis,
elementary complex variables, and an introduction to Fourier series
and boundary value problems. Asterisks denote the more difficult
problems.
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We would like to express our gratitude to all who helped with
constructive comment to improve this book, our colleagues at the
Department of Higher Mathematics at the Moscow Physics and
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Symbols and Definitions
1. We denote areal n-dimensional Euclidean space by Rn and its
points by x = (Xl' x 2, . .. , xn),y = (YI' Y2" .. , Yn), ~ and the like.
2. dx = dXI dX2 ... dx n,

~ f (x) dx =

)

f (Xi' ... , x n) dX 1

•••

dx n·

Rn

3. a = (al> a 2 , • • • , an) is a multi-index, with the aj nonnegative
integers. We will also use the abbreviations

4. (x, y) = X1Yl
7=

+ X2Y2 + ... + XnYn
lxi

=

V(X, x)=Vx~+x;+ •.. +x~.

5. U (xo; R) = {x: ! x - Xo I < R} is an open ball of radius R
centered at point xo, and S (xo; R) = {x: I x - Xo I = R} is a sphere
of radius R centered at Xo; UR = U (0, R) and SR = S (0; R).
6. A set A will be said to be lying strictly in a region GeRn
(this is denoted by A ~ G) if it is bounded and A c G.
7. A function f (x) is said to be locally integrable in a region Gif it is absolutely integrable in every subregion G' ~ G. Functions
that are locally integrable in Rn will be said to be simply locally
integrable.

8. Daf (x)

=

8 1al / (Xl,

X2'

••• ,

Xn)

8x~1 ax~2 ..• ax~n

9. CP (G) is a class of functions t that are continuous together
with the derivatives Dat, I a I ::s; p (0 ::s; p < 00) in the region
GeRn. The functions f of class CP (G) for which all the derivatives
Dat, I a I ::s; p, allow continuous continuation into the closure G
form the class CP (G); C (G) = Co (G), C (G) = Co (G). We denote
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the class of functions belonging to CP (G) for all p's by Coo (G); the
class Coo (G) is defined in a similar manner.
10. The uniform convergence of a sequence of functions {/k} to
a function f on a set A is denoted by
xEA

fk (x) => f (x), k

-+ 00

11. A U B is the union of sets A and B, A

nB

is the interseetion

of A and B, A ""B is the complement of B with respect to A, and

A X B is the direct product (or simply product) of A and B (the set
of pairs (a, b) with a E A and bEB).
12. The support of a continuous function f is denoted by supp f
and is the closure of the set of all points x for which f (x) is nonzero.
If a function f (x) that is measurable on a region G vanishes almost
everywhere in G" GI, where GI ~ G, then it is finite in G; a function
that is finite in Rn is said to be simply finite.

a2

13. VZ = "vX2
l

o
14.

=

8
+ "a2 + ... + --;;-"'2
2

2

uX2

a
at
2

uXn

-

is the heat conduction operator.

2'\72

r+ = {x, t: at> lxi}

15. <l>

,

Laplace s operator;

a 2y 2 is the wave operator; [Ji = 0;

2

:t - a

•

IS

m= :2,,;

is a future cone.

~

~ e- z2 / 2 dz
-00

.
1(i.

{ Cee-e 2/(e 2 -lxI2)
(t)e(x)= 0,

where Cp,=e-nx

!

lxi ~e,
Ixl>e,

1

~ e- 1/(1-x 2) dx,

=

o
«(t) e is the averaging kernei, or "cap").
17. C is the complex plane.
18. e (x) is the Heaviside unit function:

e(x) = {
19.

(J

n

=~

SI

ds --

2,,;n/2

r

(n/2)

1 if x~O,
0 if x< O.

is the surface area of the unit sphere

S1 in Rn.
20. In CP (G) the norm is
11

f IlcP(G) = ~ max IDa.f (x) I
1a.I~p

xeG
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21. The totality of (measurable) functions 1 (x) for which
is integrable on G is denoted by L p (G). In L p (G) the norm is

11I IIL

p = [I I/IPdxT'p"

IfIP

1~p< 00.

(G)

G

11 1 liLoo(G) == vrai sup 1I (x) I,
xEG

p=

00

The scalar product in L 2 (G) is introduced thus:
(f,g)=\/gdx,l,gELt,(G).
J

G

22. Let p (x) be a continuous positive-valued function in a region
G. The totality of (measurable) functions 1 (x) for which p (x) I 1 (x) 12
is integrable on G is denoted by L 2 ,p (G) and constitutes a Hilbert
space with the scalar product
(I, g)L 2t p (G) =

Jr pli dx.

G

23. Cylinder functions.
(a) Bessel functions:
00

"

(-1)k

( x

J..,(X)=L,J f(k+v+1)f(k+1) 2"

)2k+

V

-oo<x<oo;

'

h.=O

(b) Neumann 's Bessel functions:

= Sin
"1 :n;v [J..,(x)cosnv-J_..,(x)], v=!=n,
( ) _.!. [ ßJ.., (x) _ (_1)n ßL.., (x)
_.
X - n
ßv
ßv
,v - n,

N..,(x)

N
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(c) Hankel functions:
H~ll (x) = J.., (x)

+ iN.., (x),

H~2>

(x) = J.., (X) - iN y (x);

(d) modified BesseI and HankeI functions:
1t

"

1t

ni eT
I .., (x) = e-T..,tJ.., (ix), K y ()
x =""2

ViH<1l (" )
v zx.

