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PREFACE
The aim of these notes is to pursue a line of research
adopted by many authors (We Feller, M.G. Krein, 1.5.

Kac,

F.V. Atkinson, W.T. Reid, among others) in order to develop a
qualitative and spectral theory of Volterra-Stieltjes integral
equations with specific applications to real ordinary differential and difference equations of the second order.
We begin by an extension of the classical results of
Sturm (comparison theorem, separation theorem) to this more
general setting.

In chapter 2 we study the oscillation theory

of such equations and, in Chapters 3,4,5, apply some aspects of
it to the study of the spectrum of the operators generated by
certain generalized ordinary differential expressions associated
with the above-mentioned integral equations.
In order to make these notes self-contained some appendices have been added which include results fundamental to the
main text.

Care has been taken to give due credit to those

researchers who have contributed to the development of the theory
presented herein - any omissions or errors are the author's sole
responsibility.
I am greatly indebted to Professor F.V. Atkinson at
whose hands I learned the subject and I also take this opportunity
to acknowledge with thanks the assistance of the Natural Sciences
and Engineering Research Council of Canada for continued financial support.

My sincere thanks go to Mrs. Frances Mitchell

VI

for her expert typing of the manuscript.
Finally, I am deeply grateful to my wife Leslie
Jean for her constant encouragement and patience and I also
wish to thank Professor A. Dold for the possibility to
publish the manuscript in the Lecture Note series.

Angelo B. Mingarelli
Ottawa, April 1980.

TABLE OF CONTENTS

x

INTRODUCTION
CHAPTER 1
Introduction

1

1.1.

Comparison Theorems for Stieltjes IntegroDifferential Equations
.. . . . . . . . . . . . . . . . .

1.2.

Separation Theorems

20

1. 3.

The Green's Function

25

4

CHAPTER 2
Introduction
2.1.

Non-Oscillation Criteria for Linear
Volterra-Stieltjes Integral Equations

28
29

2.1A. Applications to Differential Equations

52

2.1B. Applications to Difference Equations

60

2.2.

74

Oscillation Criteria

2.2A. Applications to Differential Equations

80

2.2B. Applications to Difference Equations

82

2.3.

An Oscillation Theorem in the Nonlinear
Case
. . . . . . . .. . . . . .. . .. . .. . . . . . . . . .. . . . . .

Addenda

87
113

CHAPTER 3
Introduction

118

3.1.

120

Generalized Derivatives

VIII

CHAPTER 3 (continued)
3.2.

Generalized Differential Expressions of
the Second Order

123

3.3.

The Weyl Classification

129

3.4.

Applications

143

3.5.

Limit-Point and Limit-Circle Criteria

147

3.6.

J-Self-Adjointness of Generalized
Differential Operators . . . . . . . . . . . . . . . . • .

156

3.7.

Dirichlet Integrals Associated with
Generalized Differential Expressions

180

3.8.

Dirichlet Conditions for Three-Term
Recurrence Relations ....•..•...•....•.•.

183

CHAPTER 4
Introduction

197

4.1.

Sturm-Liouville Difference Equations with
an Indefinite Weight-Function .

199

4.2.

Sturm-Liouville Differential Equations
with an Indefinite Weight-Function

212

CHAPTER 5
Introduction

225

5.1.

The Discrete Spectrum of Generalized
Differential Operators . . . . . . . . . . . . . . . . . .

226

5.2.

The Continuous Spectrum of Generalized
Differential Operators .. . . . . . . . . . . . . . . . .

242

1.1.

Functions of Bounded Variation

256

1.2.

The Riemann-Stieltjes Integral

258

1.3.

General Theory of Volterra-Stieltjes
Integral Equations

264

1.4.

Construction of the Green's Function

273

APPENDIX I

IX

APPENDIX II
ILL

Compactness in L

P

280

and Other Spaces

APPENDIX III
III.l.

Eigenvalues of Generalized Differential
Equations
.

292

III. 2.

Linear Operators in a Hilbert Space

296

III. 3.

Linear Operators in a Krein Space

299

III. 4.

Formally Self-Adjoint Even Order
Differential Equations with an
Indefinite Weight-Function

.

303

BIBLIOGRAPHY

309

Subject Index

318

INTRODUCTION
Let p,q: 1-+ IR, p(t) > 0

a.e.

Lebesgue measure) and lip, q E L(I)

(in the sense of
[a,b]

where I

c

IR

Consider the formally symmetric differential equation

= 0,

(p(t)y')' - q(t)y

t

E

(1)

1.

By a solution of (1) we will mean a function y: I -+ C ,
Y E AC(I),

(i.e., absolutely continuous on I) such that

py'E AC(I) and y(t) satisfies (1) a.e. on I.

Let y E I.

Then a quadrature gives, for t E l ,
p(t)y' (t)

=

13 +

t

J

y(s)q(s)ds

Y

(py') (y).

where 13
a(t)

Jt
a

Since q E L(I)

its indefinite integral

q(s)ds exists for t E l and a E AC(I).

Hence y

will be a solution of (1) if and only if y(t) satisfies a
Stieltjes integro-differential equation of the form
p(t)y' (t.)

=

13 +

Jt

y(s)da(s),

tEl,

(2)

y

where the integral may be interpreted, say, in the RiemannStieltjes sense.
whenever

On the other hand (2) also has a meaning

a E BV(I)

is continuous on I.

(i.e., bounded variation on I) and y
Hence equations of the form (2) may be

used to deal with differential equations (1).
need not be continuous on I

Moreover a

(as long as we require a solution

of (2) to be continuous on I) and so (2) can be used to treat
discrete problems, e.g., difference equations (or threeterm recurrence relations) as well as continuous problems

XI

as we have seen.
<t

m
p,a

b

More precisely let t_

BV(I) as follows:

p,a

=

a<tO<t

l

... <tm- l

Define step-functions

be a fixed partition of 1.

E

l

will be right-continuous on

I and their only jumps, if any, will be at the points {t.}
l

defined above with the saltus of a being given by
a (t ) -

a (t -

n

where

b

n,

=

n

n

P (t )
n-

sequence.

l' n

b

n

'

O,l, ... ,m-l, is a given real finite sequence,

and p is defined on

where C

a)

=

[a,b] upon setting
C

n-l

(t -t
)
n n-l'

= 0,1, ... ,

m

t

E

[t n- l , tn)

is a given positive real finite

with these identifications one finds that the

corresponding real solutions of (2) will be continuous
polygonal curves whose vertices (t ,y(t ))
n
n

=

(t ,y ) have
n n

their ordinates, y , satisfying the formally symmetric
n

second-order linear difference equation

(3)
for n

=

0,1, ..• , m-l, and

operator, 6Yn

= Yn+l-

Yn.

6

is the forward difference

So use of (2) now leads one

to

understand that solutions of (3) should perhaps be interpreted as continuous functions defined on I and not just
as the finite sequence Y-l'YO' ... 'Ym as one may at first
sight suspect.

That for

(3) solutions are to be interpreted

as continuous functions, has its historical precedents.
For example, M. Bacher noted in his survey article

[ 6]
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that a Sturmian theory could be naturally developed for

(3)

if "solutions" were treated as continuous functions (in fact,
the same polygonal curves that were mentioned above).

The

advantage in using (2) is that a Sturmian theory can be
developed for

(2) thus simultaneously yielding such a theory

for each of (1) and (3).
If in (2) one chooses
I)

0

C(I)

E

(i.e., continuous on

then (2) is a pure Stieltjes integro-differential equation.

If, in addition, p

C(I) say, then (2) may be integrated

E

once again to yield the VOlterra-Stieltjes integral equation
y (t.)

=

C(

t

ds
p (s)

s J

+

Y

+

t

J

(t-s) Y (s) do (s)

t

E

I

Y

Note that (2 ) also includes equations of mixed type obtained
by, say, setting

0

E

points or by defining

Cl(I) except at a finite number of
0

to be a cl-function on a part of I

and a step-function elsewhere.
An

intensive study of equations of the form (2) was

undertaken by

'\4 Atkinson [3J in his monograph,

the fundamental paper of Krein [39J
of W.T. Reid

(See also

and the related papers

[79J, [80J ).

In order to derive a spectral theory for (2) one
needs to use (2) in order to define an operator on some
suitable space.

To this end, note that if

y

is a solution

of (2) then
{p(t)y'(t) -

t

J y(s)do(s)}

v

o

(4)

XII'

and conversely if one defines a solution of (4) as a function
y E AC(I) for which p(t)y' (t) -

f

t

y(s)do(s) E AC(I).

We can

y

then recover (2) from (4).

On the other hand the left-side

of (4) defines a generalized differential expression, viz.
HyJ (t) =

d

- dt {p (t) y' (t.) -

f t y (s) do (s) }.

y

and such an expression may then be used to define a linear
operator on L

2(I)

with due care for domain considerations.

If one wishes to treat boundary problems for
Sturm-Liouville equations with a weight-function ret) E L(I),
-(p(t)y')' + q(t)y

xr

(t) y,

consideration of the generalized ordinary differential
expression
d
HyJ(t) = - dv(t) {p(t)y' (t) -

t

J y(s)do(s)},(5)

y

may be made, where the generalized derivative appearing on
the right is, in general, a Radon-Nikodym derivative.
case ret) >0 corresponds to

The

vet) non-decreasing and the

case of unrestricted ret) corresponds to V(t)E BV(I).
In the former case the operator defined by the differential
expression is formally symmetric (under suitable domain
2

restrictions) in the weighted Hilbert space L (I,dv).

In

the latter case the operator is J-symmetric in a Krein
(Pontrjagin) space, since the measure induced by vet) is a
signed measure.
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Expressions of the form (5) were first considered by

w.

Feller [68J,[69J,[70J,[71J,[72J,[73J in the case when

aCt) :: constant on I, p(t)
function on I,
a

E

:: I, and

v a given non-decreasing

(cf., also Langer [41J).

The more general case

BV(I) was treated by 1.5. Kac [35J,[36J,[37J when v is

monotone, cf., [46,p.49J.

