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Foreword
Mathematical tapas... but what are tapas? Tapas is a Spanish word (in the
Basque country, one would also say pintxos) for small savory dishes typically
served in bars, with drinks, shared with friends in a relaxed ambience. The
oﬀer is varied: it may be meat, ﬁsh, vegetables,... Each of the guests of the
party selects the tapas he likes most at the moment. This is the spirit of the
mathematical tapas that we present to the reader here.
The tapas that we oﬀer are of the same character as in our previous
volume, published with the same title, but which was aimed at the undergraduate level.1 However, the tapas in this volume are more substantial;
they therefore could be called raciones instead. Consisting of mathematical
questions to answer – exercises (more than long problems, in their spirit) of
various types – these raciones concern mathematics ranging from the undergraduate to the graduate level (roughly speaking, this corresponds to the end
of the third year and the fourth year at university);2 they do not cover the
whole spectrum of mathematics, of course. Clearly, they reﬂect the mathematical interests and teaching experience of the author:
Metric, normed, Banach, inner-product and Hilbert spaces:
basic calculus with distances and norms, convergent or Cauchy sequences,
oddities in the inﬁnite-dimensional setting;
Diﬀerential calculus:
calculus rules, applications to unconstrained optimization problems in
various settings;
Integration:
examples of eﬀective calculations of integrals, nothing on the theoretical
aspects;
Matrices:
especially symmetric and positive semideﬁnite, links with quadratic
functions, interplays with geometry, convexity and optimization;
Convexity:
convex sets, convex functions, their use in optimization;
Optimization or “variational” problems:
arising in geometry (triangles or polyhedrons), unconstrained or constrained
(mainly with equality constraints).
To reﬂect the variety of mathematics, there is no speciﬁc ordering of topics: the tapas are more or less “randomly” presented, even if some gatherings
have been carried out (for example, on mean value theorems, on weakly converging sequences in Hilbert spaces, etc.)
1 J.-B. Hiriart-Urruty, Mathematical tapas. Vol. 1 (for Undergraduates). Springer
Undergraduate Mathematics Series (September 2016).
2 Called “Licence 3” and “Master 1” in the European Higher Education system.
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How have they been chosen?
- Firstly, because “I like them” and have tested them. In other words, each
tapa reveals something: it could be an interesting inequality among integrals,
a useful or surprising property of some mathematical objects (especially in
the inﬁnite-dimensional setting), or simply an elegant formula... I am just
sensitive to the aesthetics of mathematics.
- Secondly, because they illustrate the following motto: “if you solve it,
you learn something”. During my career, I have taught hundreds of students
and, therefore, posed thousands of exercises (in directed sessions of problem
solving, for exams, etc.); but I have not included here (standard) questions
whose objective is just to test the ability to calculate a gradient, sums of
series or integrals, eigenvalues, etc. I have therefore limited my choice of
tapas for this second volume to the (symbolic) number of 222.
Where have they been chosen from?
I have observed that, year after year, some questions give rise to interest or surprise among students. These mathematical tapas are chosen from
them, and also from my favorite journals posing such challenges: the American Mathematical Monthly, and the French mathematical journals Revue de
la Filière Mathématique (formerly Revue de Mathématiques Spéciales) and
Quadrature. From time to time, I have posed or solved questions posted in
these journals. Some longer or more substantial tapas have been reconstituted from those already present, in a similar form, in the books that I have
written in French in the past (see the references at the end). However, for
many tapas, I must confess that I could not remember their origin or history.
How are they classiﬁed?
As in restaurant guides, each tapa has one, two or three stars ():
- One star (). Tapas of the ﬁrst level, for students at the end of their
undergraduate studies.
- Two stars (). Tapas of a more advanced level. That does not mean
that solving them necessarily requires more expertise or wit than for onestarred tapas, but sometimes just more maturity (or prerequisite deﬁnitions)
in mathematics.
- Three stars (). The upper level in the proposed tapas, typically
for students in the ﬁrst years of their graduate studies. Some may be tough
and need more chewing.
We admit that this classiﬁcation is somewhat arbitrary for some of the
problems, as it depends on the reader’s background.
How are they presented?
Each tapa begins with a statement, of course. The statement may contain
the answers to the posed questions; this is the case when the questions or
proposals are formulated as “Show that... ” or “Prove that”.
There are no detailed solutions to all questions, as that would have inﬂated
this booklet by a factor of three or four. Moreover, in mathematics, there is
no uniform and unique way to write down answers. But, to help solve the
posed challenges, I have proposed hints... They suggest a path to follow. A
vi

question without any indication could be labelled “can’t be done” or too timeconsuming... ; the same question with “spoon-fed” steps could be considered
too easy. We have tried to strike a balance between the two postures which
reﬂects the variety of the tapas. Of course, an interested reader is asked to
try to chew and swallow the tapas without having recourse to the hints.
When they are not integrated into the statements, we provide answers to
questions, numerical results for example.
From time to time, we add some comments: on the context of the question, on its origin, on a possible extension.
Not all questions in mathematics have known answers... To illustrate this,
at the end we have added 8 open problems or conjectures. This is our open
bar section... the reader helps himself. Of course, there are neither hints
nor answers for them since they are unknown... I have chosen these open
problems to match the level and topics considered in this volume (numbers,
real analysis, matrices, optimization,... ): easy to understand, concerning
various areas of mathematics, original for some of them. They are marked
with the symbol (♣♣♣).
In spite of my eﬀorts, some misprints or even mistakes may have slipped
in; I just hope that they are not irreparable.
An essential characteristic of mathematics is to be universal and thus
international. So, imagine a student or someone who has some knowledge
in mathematics (say, undergraduate level) in seclusion for some time on an
isolated island, or just put into jail... With a book like the one containing
these tapas, he might even enjoy his time and savour some of them.
Bon appétit !
J.-B. Hiriart-Urruty (JBHU)
Toulouse and the Basque country (2015–2016).
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Notations
All the notations, abbreviations and appellations we use are standard;
however, here we make some of them more precise.
vs, abbreviation of versus: in opposition with, or faced with.
i.e., abbreviation of id est: that is to say.
N: the set of natural integers, that is, {0, 1, 2...} .
x positive means x > 0; x nonnegative means x  0. This varies from
country to country, sometimes positive is used for nonnegative and strictly
positive for positive. Here, we stand by the ﬁrst appellations.
f : I → R is increasing on the interval I means that f (x)  f (y) whenever
x < y in I; to call such functions nondecreasing is a mistake from the logical
viewpoint.
f : I → R is strictly increasing on the interval I means that f (x) < f (y)
whenever x < y in I.
[a, b] denotes the closed interval of R with end-points a and b.
(a, b) is a somewhat ambiguous notation used to denote the open interval
with end-points a and b; in some countries the (better) notation ]a, b[ is used
instead.
log
 orln: used indiﬀerently for the natural (or Napierian) logarithm.
n
n!
; also denoted Cnk in some countries.
= k!(n−k)!
k
For two vectors u = (u1 , ... , un ) and v = (v1 , ... , vn ) in Rn , u  v means
componentwise inequality: ui  vi for all i = 1, ... , n.
· : unless otherwise speciﬁed, this denotes the usual Euclidean norm in
Rn .
trA or trace(A) stands for the trace of A.
detA stands for the determinant of A.
Sn (R) is the set of n × n real symmetric matrices. Semideﬁnite and
positive deﬁnite matrices are always symmetric; this is often recalled, and
assumed if not.
A  0 (resp. A  0) means that the (symmetric) matrix A is positive
semideﬁnite (resp. positive deﬁnite).
·, · is the generic notation for an inner-product (or scalar product). However, for the usual inner product of two vectors u and v in Rd , we also use
the notation uT v for u, v; for example, the quadratic form on Rd associated
T
with A ∈ Sd (R) is denoted Ax, x or
 xd Ax. Moreover, to make a distinction with the usual Euclidean space R , ·, · , we make use of the notation
U, V  = tr(U T V ) for the standard scalar product in Mm,n (R).
f : H → R is a primitive or an anti-gradient of the mapping g : H → H
if f is diﬀerentiable and ∇f = g.
ix

A point x is called critical (or stationary) for the diﬀerentiable function
f : H → R whenever ∇f (x) = 0.
If f : Rn → R is twice diﬀerentiable at x, ∇2 f (x) or Hf (x) stands for
the Hessian matrix of f at x, i.e., the n × n symmetric matrix whose entries
2
f
(x).
are the second-order partial derivatives ∂x∂i ∂x
j
co(A): the convex hull of A, i.e., the smallest convex set containing A.
co(A): the closed convex hull of A, i.e., the smallest closed convex set
containing A, which is also the closure of co(A).
1S : the indicator function of S ⊂ E. By deﬁnition, 1S (x) = 1 if x ∈ S,
/ S.
1S (x) = 0 if x ∈
b
Integrals: The notations a f (x)
of the con
 dx (the Riemann integral
tinuous function f on [a, b]) and [a,b] f (x) dλ(x), or even [a,b] f (x) dx (the
Lebesgue integral of the measurable function f on [a, b]) cohabit in the text.
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Classiﬁcation by levels of diﬃculty
1–103: 
104–189: 
190–222: 
223–230: ♣♣♣
Classiﬁcation by topics
Banach spaces: 29, 41, 56, 96, 119, 190, 222
Calculus of lengths, of areas: 12, 31, 86, 87, 122, 123, 124, 125, 219,
228
Cauchy sequences in a metric space, in a Banach space, in a Hilbert
space: 26, 27, 28, 29, 40, 41, 118, 224
Continuous (or bounded) linear operators on normed vector
spaces: 48, 49, 50, 51, 52, 57, 190, 222
Convex functions (of real variables, of matrices, in Hilbert spaces):
4, 13, 22, 63, 64, 65, 70, 75, 133, 134, 141, 158, 160, 161, 163, 166, 167, 168,
169, 199, 200
Convex hull function: 196, 197
Convex sets (convex cones, convex polyhedrons, sets deﬁned by linear
inequalities): 106, 107, 109, 110, 122, 123, 124, 125, 137, 138, 139, 140, 141,
146, 147, 148, 149, 171, 172, 173, 174, 176, 192, 193, 195, 198, 205, 206, 219
Diﬀerential calculus (ﬁnite-dimensional and inﬁnite-dimensional contexts, ﬁrst and higher-order diﬀerentials): 62, 66, 67, 94, 101, 103, 108, 115,
116, 128, 148, 153, 154, 155, 156, 157, 158, 159, 160, 162, 169, 170, 196, 198,
203, 204, 206, 214, 215, 220
Diﬀerential equations: 98, 99, 130, 213
Eigenvalues of matrices: 70, 135, 173, 174, 199
Fixed point problems: 32, 60, 119, 120
Fourier transform: 208, 209, 210
Functions of a real variable: 13, 101, 120, 121, 191
Functions on a metric space, on a normed vector space: 20, 21,
22, 25, 32, 117
Hilbert spaces: 39, 40, 43, 44, 61, 66, 72, 73, 74, 95, 114, 142, 146, 147,
148, 149, 150, 151, 206, 207
Identities on real numbers: 6, 76
Inner product spaces (or prehilbertian spaces): 33, 35, 36, 37, 38,
42, 97, 111, 112, 113. See also Hilbert spaces
Integers (including prime numbers): 6, 76, 77, 218, 223, 230
Integrals of functions: 7, 84, 86, 87, 102, 103, 125, 126, 166, 189, 194,
208, 209, 210, 211, 217
Lebesgue measure (usually denoted λ): 131, 132, 166
Lebesgue spaces Lp : 95, 115, 116, 143, 205, 206, 208, 210, 211, 215
xi

Lipschitz functions or mappings: 20, 21, 23, 24, 25, 58, 59, 71, 120,
157, 158, 203
Matrix analysis (general, positive deﬁnite matrices, positive semideﬁnite matrices): 9, 10, 11, 70, 85, 129, 135, 152, 161, 164, 165, 177, 178, 185,
216, 225, 226, 229
Mean value theorems: 1, 2, 3, 4, 5, 128, 133, 134
Metric spaces: 19, 116, 117, 118
Minimization algorithms: 220
Multilinear forms (including determinants): 136, 155, 162, 164, 226
Multivariate functions: 8, 127, 170, 175
Normed vector spaces: 30, 34. See also Banach spaces
Norms (see also Normed vector spaces): 14, 15, 16, 17, 18, 45, 46,
47, 117
Optimization problems, variational problems (unconstrained, with
equality or inequality constraints): 59, 67, 68, 69, 79, 80, 82, 83, 88, 89, 90,
91, 92, 93, 94, 100, 112, 113, 127, 151, 152, 161, 164, 175, 176, 178, 179, 180,
182, 183, 184, 185, 186, 187, 188, 197, 212, 216, 221, 227, 228
Polynomial functions: 17, 105, 208
Positive (semi-)deﬁnite matrices, see Matrix analysis
Prime numbers, see Integers
Quadratic forms, quadratic functions: 69, 90, 91, 92, 152, 157, 188,
199, 201, 202, 216
Sequences in a Hilbert space (weakly convergent, strongly convergent): 142, 143, 144, 145, 207
Sequences of functions: 71, 120, 121
Topology in Rd : 8, 86, 165
Topology in normed vector spaces, in metric spaces: 53, 54, 55,
58, 116, 118
Triangles, quadrilaterals, polygons, tetrahedrons: 78, 79, 80, 81,
179, 180, 181, 182, 184, 219
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