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Foreword

The book by Michel Grabisch is about a fascinating mathematical object that
has received different names and has been studied by different communities: set
functions, capacities, pseudo-Boolean functions, and cooperative games, to mention
just a few. Results on these objects were often proven several times, often under
slightly different forms, in different communities. The book has two main parts.

The first one is devoted to a detailed presentation of this mathematical object
and its main properties. In particular, Michel gives a detailed presentation of the
notion of core and of the integrals based on nonadditive measures. In this first part,
the learning curve is steep, but the reward is quite worth the effort. Many results
scattered in the literature are arranged and proved here in a unified framework. I
have no doubt that this first part will serve as a reference text for all persons working
in the field.

The second part deals with applications of this mathematical object. Three of
them are emphasized: decision-making under risk and uncertainty, multiple criteria
decision-making, and belief and plausibility measures in the spirit of Dempster and
Shafer. A reader interested in these areas of application can directly start reading the
book with one of these chapters. The style of exposition is such that the reader is
given many useful hints and precise references to the first part of the book. It will be
most useful to anyone willing to use the tools and concepts in his/her own research.

The book is quite rich and very pleasant to read. The technical parts are well
organized, and difficult points are always illustrated by figures and examples. The
application parts are lucidly written and should be accessible to many readers.

This should not be surprising. Michel has been a major figure in the area since
nearly 30 years. He has fully succeeded in transforming his deep knowledge of the
field into a very rich and quite readable text.

CNRS and Université Paris Dauphine Denis Bouyssou
Paris, France
March 2016
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Preface

Set functions are mappings that assign to subsets of a universal set a real number
and appear in many fields of mathematics (pure and applied) and computer sciences:
combinatorics, measure and integration theory, combinatorial optimization, relia-
bility, graph theory, cryptography, operations research in general, decision theory,
game theory, etc. While additive nonnegative set functions (called measures) have
been studied in depth and from a long time in measure theory, nonadditive set
functions received less attention and only from, roughly speaking, the last 50 or
60 years. As the foregoing list shows, (nonadditive) set functions appeared in many
different fields, under different names, and most often in an independent way. As
far as possible, we have tried to give the historical origins of the concepts presented
in this monograph. One of the most prominent seminal work is undoubtedly the one
of Gustave Choquet, who proposed in 1953 the concept of capacity (monotone set
function). Largely ignored during several decades, reinvented in 1974 by Michio
Sugeno under the name fuzzy measures, capacities have become a central tool
in all areas of decision-making, in particular, owing to the pioneering work of
David Schmeidler in 1986. At the same time of Choquet’s work on capacities,
Lloyd Shapley studied another type of set functions, namely, transferable utility
games in characteristic form (which we call here “game” for brevity), introduced
by John von Neumann and Oskar Morgenstern, giving rise to what is known
today as cooperative game theory. Submodular games happened to be of particular
importance in combinatorial optimization through the work of Jack Edmonds, and
many results concerning this class of games have been shown independently in both
domains. Lastly, set functions, viewed as real-valued functions on the vertices of the
unit hypercube, have been studied in the 1960s by Peter Hammer under the name
pseudo-Boolean functions and constitute an important tool in operations research.
This brief historical perspective, first, explains the title of this book, which is a
compromise between the laconic “set functions” and the verbose “set functions,
capacities, games, and pseudo-Boolean functions in decision-making, game theory,
and operations research,” and, second, gives an idea about the difficulty to have
a clear view about what is known on set functions, from a mathematical point of
view. As it is common in sciences and especially in our times where specialization
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viii Preface

reigns (a feature that will certainly worsen with the mania of evaluation and
bibliometrics), scientific communities work independently and ignore that some of
them share the same (mathematical) concerns. This book is an attempt to give a
unified view of set functions and their avatars in the above-mentioned fields, mainly
decision-making, cooperative game theory, and operations research, focusing on
mathematical properties and presented in a way which is free of any particular
applicative context. I mainly work with a finite universal set, first because most
of the application fields concerned here consider finite sets (with the exception
of decision under uncertainty and risk) and second because infinite sets require
radically different mathematical tools, in the present case, close to those of measure
theory (needless to say, a rigorous treatment of this would require a second volume,
at least as thick as this one, a task which is probably beyond my capabilities!). The
seven chapters are divided into three parts:

• Chapter 1 (introductive) establishes the notation and gathers the main mathemat-
ical ingredients which are necessary to understand the book.

• Chapters 2–4 (fundamental), which represent almost 2/3 of the book, form the
mathematical core of the book. They give the mathematical properties of set
functions, games, and capacities (Chap. 2), of the core of games, that is, the set of
measures dominating a given game (Chap. 3), and of the various integrals defined
w.r.t. games and capacities, mainly the Choquet and Sugeno integrals. At very
few exceptions, all proofs are given.

• Chapters 5–7 (applicative) are devoted to applied domains: decision under
risk and uncertainty (Chap. 5), decision with multiple criteria (Chap. 6), and
Dempster-Shafer and possibility theory (Chap. 7). Clearly, each of these topics
would have required a whole book, and at least for the two first ones, already
many books are available on the topic. My philosophy was therefore different
from the other chapters, and I tried to emphasize there the use of capacities. For
these reasons, few proofs are given, but those given concern results which are
either new or difficult to find in the literature. Chapter 7 is a bit in the spirit of
the fundamental chapters, and therefore almost all proofs are provided. This is
because, unlike the two chapters on decision-making, the topic is not so well
known and still lacks comprehensive monographs.

The applicative chapters can be read independently from one another. It is also
possible to read them without having studied in depth the fundamental chapters,
because necessary concepts and results from these chapters are always clearly
indicated and referenced.

The idea of writing this book germinated in my mind many years ago while
teaching a course on capacities and Choquet integral applied to decision-making to
second year master’s students. I started the writing in 2012 and realized that it will
take much time and go far beyond the initial project, when I saw that the first three
pages of my handwritten lecture notes developed little by little into the hundred
pages of Chap. 2. Anyway, the trip through the world of set functions was long,
exhausting, but fascinating. Such a trip would have never existed if Prof. Michio
Sugeno would not have permitted me to stay 1 year in his laboratory in 1989–1990,
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where I discovered his work on fuzzy measures and fuzzy integrals. I owe him to
have introduced me to this beautiful world, which has become my main topic of
research, and for this, I would like to express my most sincere gratitude to him.
Many thanks are due also to his colleague of that time Toshiaki Murofushi, from
whom I learned so much. My thoughts go also to the late Jean-Yves Jaffray and
Ivan Kramosil, who were outstanding scientists in this domain and good friends.

I would like to thank many colleagues who have accepted to spend time
in reading parts of this book. Needless to say, they greatly contributed to the
quality of the book. In particular, many thanks are due to Alain Chateauneuf,
Miguel Couceiro, Yves Crama, Denis Feyel, Peter Klement, Ehud Lehrer, Jean-
Luc Marichal, Massimo Marinacci, Michel Maurin, Radko Mesiar, Pedro Miranda,
Bernard Monjardet, Hans Peters, and Peter Sudhölter. Special thanks go to Ulrich
Faigle for providing a proof of Theorem 3.24 and material on Walsh basis; Tomáš
Kroupa for providing material on the Fourier transform and drawing my attention to
the cone of supermodular games; Peter Wakker for invaluable comments on Chap. 5
(as well as on English!); Denis Bouyssou, Christophe Labreuche, Patrice Perny, and
Marc Pirlot for in-depth discussion on Chap. 6; and finally to Thierry Denœux and
Didier Dubois for fruitful discussion on Chap. 7 and drawing my attention to the
possibilistic core, as well as to the ontic vs. epistemic view of sets.

This long task of writing would not have been possible without enough free time
to do it and without the support of my institution. My sincere gratitude goes to
Bernard Cornet, head of the research unit, and to Institut Universitaire de France,
for having protected me against too many administrative and teaching tasks. Last but
not least, countless thanks are due to my wife, Agnieszka Rusinowska, researcher
in mathematical economics, for her unfailing support, understanding, and love, as
well as for many comments on the last three chapters.

Despite all my efforts (and those of my colleagues), the book may contain typos,
errors, gaps, and inaccuracies. Readers are encouraged to report them to me for
future editions (if any), and all that remains for me now is to wish the readers a nice
trip in the world of set functions.

Paris, France Michel Grabisch
January 2016
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