Part II

Numerical Analysis

For readers’ convenience, we resume here the basic facts from Part I. By recalling
the complexiﬁcation cited in Remark 3.1, we assume xðtÞ 2 Cd and the state space
X ¼ Cð½s; 0; Cd Þ. Then, in Part III, we turn back to Cð½s; 0; Rd Þ for
applications.
For L : X ! Cd a linear and bounded functional, the linear autonomous DDE
x0 ðtÞ ¼ Lxt ; t 2 R;

ðII:1Þ

can be restated as the abstract linear ODE in the inﬁnite dimensional space X
u0 ðtÞ ¼ AuðtÞ; t 2 R;
where uðtÞ ¼ xt and A is the inﬁnitesimal generator of the SO-semigroup
fTðtÞgt  0 . For t  0, the (linear and bounded) solution operator TðtÞ : X ! X is
TðtÞu ¼ xt ð; uÞ; u 2 X;
where xð; uÞ is the solution of the Cauchy problem for (II.1) with initial function
x0 ¼ u at time t ¼ 0. The (linear and unbounded) inﬁnitesimal generator A :
DðAÞ  X ! X is
(
DðAÞ ¼ fu 2 X : u0 2 X and u0 ð0Þ ¼ Lug;
Au ¼ u0 :
The eigenvalues of A are the characteristic roots of (II.1) and we are interested in
their numerical computation. We present two approaches: the IG approach, based on
discretizing the inﬁnitesimal generator, and the SO approach, based on discretizing
an arbitrary solution operator TðtÞ. In the former, we compute numerical approximations of the eigenvalues of A, giving the characteristic roots directly. In the latter,
we compute numerical approximations of the nonzero eigenvalues of TðtÞ: being of
type ekt for k a characteristic root, only ReðkÞ can be recovered.
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Unlike the IG approach, the SO approach can be used on the more general
linear nonautonomous DDEs
x0 ðtÞ ¼ LðtÞxt ; t 2 I;

ðII:2Þ

where, for any t 2 I, LðtÞ : X ! Cd is a linear and bounded functional. In this more
general case, the evolution family fTðt; sÞgt  s replaces the SO-semigroup. For
t  s in I, the (linear and bounded) evolution operator Tðt; sÞ : X ! X is
T ðt; sÞu ¼ xt ð; s; uÞ; u 2 X;
where xð; s; uÞ is the solution of the Cauchy problem for (II.2) with initial function
xs ¼ u at time t ¼ s. The SO approach is used for the numerical computation of the
nonzero eigenvalues of an arbitrary evolution operator Tðt; sÞ and, in particular, for
the computation of the characteristic multipliers of periodic DDEs, i.e., the
eigenvalues of Tðx; 0Þ where x is the (minimal) period of the function t 7! LðtÞ.
Eventually, we remark that a similar discretization can be used for computing the
Lyapunov exponents for the general case (II.2) as done in [49] (see also [32, 83]).

