PART

A

LIMIT THEOREMS FOR PRODUCTS OF
RANDOM MATRICES

INTRODUCTION

This part is devoted to limit theorems for products of i.i.d.
invertible random matrices. The subject matter, initiated by Bellman,
was fully developed by Furstenberg, Guivarc'h, Kesten, Le Page and
Raugi. This text is intented to serve as an introduction to their work.
We have chosen to keep the level as elementary as possible.
This had sometimes led us to write lengthy proofs when shorter one s are
available and to omit some important topics. On the other hand the text
is self-contained and should be accessible to readers familiar with
probability theory as usually developed at graduate level. In
particular, no prior knowledge of group theory is assumed.
Let us roughly describe our general line of approach.
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The other results require a detailed study of the Markov cha in
Its essential properties will be derived from the fact
that, loosely speaking, the random matriees
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We shall prove, following Guivare 'h and Raugi 1)4], that under
fairly weak assumptions,
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This property is of primary importanee. For instanee it yields
easily that the Markovehain
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probability measure. Mare erueially we shall see, following Le PaGe

G9] ,

that (1) is the eornerstone on whieh rest the proofs of tne

central limit theorem, the estimate for large deviations and many
further results. We might say that, in some sense, this inequality
replaees Daeblin's eanditian under whieh the preeise limit theorems for
funetionalsof Markov ehains are usually available.
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Let Y1 ~ Y2 ~ '" ~ Yd
with the sequence (Yn )
Since

be the Lyapunov exponents associated
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Y1 > Y2 .
The main purpose of the first three chapters is to derive the

our first task is to show that

inequality Y1 > Y2 from a careful analysis of the qualitative
behaviour of the Markov chain (Sn x).
In Chapter I we introduce the basic properties of the upper
Lyapunov exponent

Y1

In Chapter II we restrict ourselves to

2 x 2

matrices. For

pedagogical purpose we first develop in this simple setting the general
argument leading to a proof of this inequality. Most of the results
which are needed in part B can already be found here.
Chapter III treats the case of matrices of arbitrary order.
In Chapter IV we digress from the main line. We apply the
preceding results to the study of all the Lyapunov exponents. We also
briefly present the link between these exponents and the boundary
theory of Furstenberg.
In Chapter V we derive the main limit theorem on

Log
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Y1 > Y2 . Further results, sueh as limit theorems
for the coefficients of the matrices Sn' are prov ed in Chapter VI.
from the inequality

All the main results proved in this text come from Furstenberg
[21J ' Guivare' hand Raugi [34J

and Le Page [49J . We hope that our

exposition entices the reader to go back to these profound original
works.
Despite its importanee, we have chosen not to consider
Osseledec's theorem. The reason is twofold. Firstly we have tried to
keep the prerequisites to a minimum and to give a self-eontained
account of the subject. Secondly Ledrappier has already given in [4~
a beautiful treatment of the applications of this theorem to products
of i.i.d. random matrices. We felt there was nothing to gain by a
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reproduction of this material. In our opinion, the reader who wants to
have a full picture of random products has to read Ledrappier's
monograph. It will then be an easyand useful exercise to him to check
how some of our proofs can be shortened by making use of his results.
We have not considered positive matrices (except in some
exercises). We understand that Joel Cohen is writing a book on this
subject.
For the sake of simplicity of notation we have restricted
ourselves to matrices with real entries. But all the statements are
also true in the complex case (the proofs carry over immediately to
this case by replacing everywhere

1R by

[) .

Some chapters contain "complements" sections. They develop
some additional material which is not used elsewhere and the reader can
skip them. Some of their proofs are only outlined and may be of a more
advanced level.

