Applied Mathematical Sciences I Volume 41

Applied Mathematical Sciences

I. John: Partial Differential Equations, 4th ed.

2. Sirovich: Techniques of Asymptotic Analysis.
3.
4.
5.
6.

7.
9.
II.
12.
13.
14.

15.
16.

17.
18.
20.
21.
22.
23.
24.
25.

26.
27.
28.
29.

30.
31.

32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.

43.
44.
45.
46.
47.
48.

49.
50.
51.
52.

53.
54.

Hale: Theory of Functional Differential Equations, 2nd ed.
Percus: Combinatorial Methods.
von Mises/Friedrichs: Fluid Dynamics.
Freiberger/Grenander: A Short Course in Computational Probability and Statistics.
Pipkin: Lectures on Viscoelasticity Theory.
Friedrichs: Spectral Theory of Operators in Hilbert Space.
Wolovich: Linear Multivariable Systems.
Berkovitz: Optimal Control Theory.
Blurnan/Cole: Similarity Methods for Differential Equations.
Yoshizawa: Stability Theory and the Existence of Periodic Solution and Almost Periodic SOlutions.
Braun: Differential Equations and Their Applications, 3rd ed.
Lefschetz: Applications of Algebraic Topology.
Collatz/Wetterling: Optimization Problems.
Grenander: Pattern Synthesis: Lectures in Pattern Theory, Vol I.
Driver: Ordinary and Delay Differential Equations.
Courant/Friedrichs: Supersonic Flow and Shock Waves.
Rouche/Habets/Laloy: Stability Theory by Liapunov's Direct Method.
Lamperti: Stochastic Processes: A Survey of the Mathematical Theory.
Grenander: Pattern Analysis: Lectures in Pattern Theory, Vol. II.
Davies: Integral Transforms and Their Applications, 2nd ed.
Kushner/Clark: Stochastic Approximation Methods for Constrained and Unconstrained Systems
de Boor: A Practical Guide to Splines.
Keilson: Markov Chain Models-Rarity and Exponentiality.
de Veubeke: A Course in Elasticity.
Sniatycki: Geometric Quantization and Quantum Mechanics.
Reid: Sturmian Theory for, Ordinary Differential Equations.
Meis/Markowitz: Numerical Solution of Partial Differential Equations.
Grenander: Regular Structures: Lectures in Pattern Tbeory, Vol. III.
Kevorkian/Cole: Perturbation methods in Applied Mathematics.
Carr: Applications of Centre Manifold Theory.
BengtssoniGhillKiilLen: Dynamic Meteorology: Data Assimilation Methods.
Saperstone: Semidynamical Systems in Infinite Dimensional Spaces.
Lichtenberg/Lieberman: Regular and Stochastic Motion.
PicciniiStampacchialVidossich: Ordinary Differential Equations in Rn.
Naylor/Sell: Linear Operator Theory in Engineering and Science.
Sparrow: The Lorenz Equations: Bifurcations, Chaos, and Strange Attractors.
Guckenheimer/Holmes: Nonlinear Qscillations, Dynamical Systems and Bifurcations of Vector Fields.
Ockendon/Tayler: Inviscid Fluid Flows.
Pazy: Semigroups of Linear Operators and Applications to Partial Differential Equations.
GlashofflGustafson: Linear Optimization and Approximation: An Introduction to the Theoretical Analysis
and Numerical Treatment of Semi-Infinite Programs.
Wilcox: Scattering Theory for Diffraction Gratings.
Hale et al.: An Introduction to Infinite Dimensional Dynamical Systems-Geometric Theory.
Murray: Asymptotic Analysis.
Ladyzhenskaya: The Boundary-Value Problems of Mathematical Physics.
Wilcox: Sound Propagation in Stratified Fluids.
Golubitsky/Schaeffer: Bifurcation and Groups in Bifurcation Theory, Vol. I.
Chipot: Variational Inequalities and Flow in Porous Media.
Majda: Compressible Fluid Flow and Systems of Conservation Laws in Several Space Variables.
Wasow: Linear Turning Point Theory.

Colin Sparrow

The Lorenz Equations:
Bifurcations, Chaos,
and Strange Attractors
With 91 Illustrations

Springer-Verlag
New York Heidelberg Berlin

Colin Sparrow
King's College
Cambridge
U.K.

Mathematical Subject Classification Codes: 35B32, 25Q20, 86AlO

Library of Congress Cataloging in Publication Data
Sparrow, Colin.
The Lorenz equations.
(Applied mathematical sciences; v. 41)
Bibliography: p.
Includes index.
I. Lorenz equations. 2. Bifurcation theory.
I. Title. II. Series: Applied mathematical sciences
(Springer-Verlag New York Inc.); v. 41.
QA1.A647 vol. 41 [QA372] 5108 [515.3'52]
82-19435

© 1982 by Springer-Verlag New York Inc.
All rights reserved. No part of this book may be translated or reproduced in any form
without written permission from Springer-Verlag, 175 Fifth Avenue, New York, New
York 10010, U.S.A.

9 8 7 6 54 32
ISBN- 13: 97X-O-3X7-90775-X
DOl: 1O.1007/97X-I-4612-5767-7

c-ISBN- 13: 97X-I-4612-5767-7

Preface

The equations which we are going to study in these notes were first
presented in 1963 by E. N. Lorenz. They define a three-dimensional system
of ordinary differential equations that depends on three real positive
parameters. As we vary the parameters, we change the behaviour of the
flow determined by the equations. For some parameter values, numerically
computed solutions of the equations oscillate, apparently forever, in the
pseudo-random way we now call "chaotic"; this is the main reason for the
immense amount of interest generated by the equations in the eighteen
years since Lorenz first presented them. In addition, there are some
parameter values for which we see "preturbulence", a phenomenon in which
trajectories oscillate chaotically for long periods of time before finally
settling down to stable stationary or stable periodic behaviour, others
in which we see "intermittent chaos", where trajectories alternate between chaotic and apparently stable periodic behaviours, and yet others in
which we see "noisy periodicity", where trajectories appear chaotic though
they stay very close to a non-stable periodic orbit.
Though the Lorenz equations were not much studied in the years between 1963 and 1975, the number of man, woman, and computer hours spent
on them in recent years - since they came to the general attention of
mathematicians and other researchers - must be truly immense. Besides
this mainstream of "Lorenz" research, countless authors have quoted the
equations as an example or referred to them in the course of some debate
or other. Despite all this interest, there has never been an attempt to
tie together all the various different parameter ranges. The first purpose of these notes is to attempt to fill that gap.
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PREFACE

For some parts of these notes I can claim no great originality. I
have, wherever possible, referenced other authors, but should warn that
these notes are not intended to be a complete review of the literature.
I have been guided by what I have seen, and apologize to those authors
whom I have omitted or unintentionally misinterpreted. As often, the
most notable omissions are likely to be Russian authors. Nowhere should
my references be taken to indicate any firm belief that the author references wrote either the first, or the best, paper on a subject. In attempting to give as thorough a description as possible of the various bifurcations which lead from one well studied parameter range to another, I
hope that I have added to, rather than subtracted from, the various
separate contributions so far.
These notes are also intended to illustrate an approach. It cannot be claimed that the Lorenz equations show all the different behaviours
of a general set of chaotic ordinary differential equations. Indeed, they
possess certain special properties (such as a symmetry) that indicate that
this cannot be so. Nonetheless, many other systems behave in ways which
seem to be very similar to one or more of the behaviours shown by the
Lorenz equations, and an understanding of the Lorenz equations can be expected to increase our understanding of these other systems. The way in
which we obtain this understanding is to move constantly back and forth
between theory, models which demonstrate those properties which we deem
to be important at any particular time, and numerical experiments on the
equations themselves. Thus, we avoid some of the pitfalls of more singleminded approaches. Those who seek to know, with mathematical certainty,
what the Lorenz equations "do" will be disappointed. Most often we proceed only to the point where we know "beyond all reasonable doubt", and
readers should always bear in mind that much of these notes is dependent
on computer generated numerical output which can always be misleading for
reasons outside our control or even outside our comprehension.
It is my hope that these notes will be comprehensible to those
readers with no previous knowledge of the Lorenz equations (or any other
chaotic differential equations), as well as being informative and interesting to the "experts". It is assumed that readers know a little about
differential equations and the various simpler bifurcations which can
occur as parameters change.
Readers may notice that there is very little discussion of the problem of "real world" turbulence. This is a deliberate policy. It is not
that I believe that the study of chaotic ordinary differential equations
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can never be helpful in understanding real world phenomena; rather, I believe that until we know more about the behaviour of the finite-dimensional approximations that model the partial differential equations that
model the world, I do not think I have anything very useful to say on the
subject.
These notes are divided into nine chapters and eleven appendices.
The first four chapters review what is known about the Lorenz equations
in the most widely studied parameter ranges. Chapter I contains some general remarks and a description of those simple properties of the equations
that can be deduced mathematically. In Chapter 2, we study the bifurcation associated with a homoclinic orbit. This study is more general than
usual, since we shall see that there are many important homoclinic bifurcations in the Lorenz system. In Chapter 3, we describe the parameter
range where it is believed that we have a well understood strange attractor in a whole interval of parameter values. Chapter 4 contains a description of the results of some simple numerical experiments in a parameter range where period doubling is observed. In Chapter 5, we attempt
to reconcile Chapters 3 and 4. Using a combination of different numerical techniques and a careful theoretical analysis of the changes in the
behaviour of the unstable manifold of the origin (which is dependent on
our general knowledge of homoclinic bifurcations), we show how the behaviour changes from strange attractor to period doublings. In the process, we uncover various new properties of the Lorenz equations, including indications that our simple numerical experiments from Chapter 4 are
misleading in various ways. Chapter 5 is probably not comprehensible
without at least a quick reading of Chapters I through 4.
Chapter 6 is an attempt to justify the methods we have used earlier
in the text to describe periodic orbits and other trajectories using sequences of symbols. In the process of this justification, we study the
behaviour of the stable manifolds of the stationary points other than the
origin. Chapter 6 could be omitted.
Chapter 7 contains an outline of an analysis of the behaviour when
one of the parameters becomes large. This analysis goes considerably
beyond earlier analyses and suggests that the "large r" behaviour may be
qualitatively more complicated when the other two parameters are allowed
to take values other than the usual ones. Chapter 7 could be read in
isolation.
Chapter 8 contains a study of the Lorenz equations for parameter
values suggested by Chapter 7. The expectations of qualitatively more
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complicated behaviour are confirmed. Nonetheless, the general theory
and approach of Chapters 1 through 7 shows us that we can, with very few
numerical experiments, make a large number of interesting statements about
this more complicated behaviour. In particular, we discover a kind of
bifurcation not previously observed in the Lorenz equations, and can explain exactly how this bifurcation fits into the more general picture.
Chapter 9 contains a brief summary, a quick examination of some of
the approaches used by other authors on the Lorenz equations, and a brief
discussion of some Lorenz-like equations at present under investigation.
Throughout Chapters 1-9, I have attempted to confine my attention to
those things with direct relevance to the actual Lorenz equations (as
opposed to models or simplifications of the equations). The Appendices
are of several types. Some contain little bits of mathematics which,
though of direct relevance to the discussion in the main body of the text,
have been relegated to an appendix so as to avoid breaking the flow of
the description; often we can proceed just by quoting the results from
the relevant appendix. Some appendices are self-contained and describe
results with application to more than the Lorenz equations. Examples
are the appendices on homoclinic bifurcations, and on numerical techniques
for the location and following (with changing parameter) of non-stable
periodic orbits. These appendices may be of separate use to some readers;
in any case it is convenient to have these results in one place since they
are referred to several times in the main body of the text. One appendix
contains a review of work on a geometric model of the Lorenz equations in
a parameter range where the strange attractor is believed to exist.
The numerical integration of differential equations, on which these
notes depend, was done using standard integrating packages. Most of the
simulations have been done on two different machines, using different
packages. These were variously based on Merson's method, a variable order Adam's method, and a variable order Runge-Kutta method, all of which
produced similar results.

Colin Sparrow
Berkeley, California
April 1982
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